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Mixed basic subgroups
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Abstract. Every torsion abelian group has basic subgroups and all its basic subgroups

are isomorphic. We extend the concept of basic subgroups from torsion abelian groups

to arbitrary abelian groups. The generalized basic subgroups are called mixed basic

subgroups. An example of a mixed group is given in which not all mixed basic subgroups

are isomorphic. This example also shows that a mixed basic subgroup of a splitting group

need not be splitting.
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1. Introduction

We extend the concept of basic subgroups from p–groups to arbitrary
abelian groups. Mixed basic subgroups of arbitrary abelian groups are de-
fined as follows. Let G be an abelian group and T the maximal torsion
subgroup of G. Then there exists a subgroup L of G such that

G/T (L) = L/T (L)⊕ T/T (L),

T (L) is a basic subgroup of T . (1.1)

Such a subgroup L satisfies the following three conditions:
(1) T (L) is a direct sum of cyclic groups;
(2) L is pure in G;
(3) G/L is torsion divisible.
Conversely, if a subgroup L of G satisfies the above three conditions, then
L satisfies the equation (1.1). The following questions arise.

Problem 1 Are all mixed basic subgroups of an abelian group isomor-
phic ?

Problem 2 Which properties of a mixed group can be translated into
corresponding properties of a mixed basic subgroup and thus reduced to
the case that the torsion part is a direct sum of cyclic groups ?
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In this note, we consider Problem 1.
In Section 3, we give the definition and a few properties of mixed ba-

sic subgroups. In Section 4, we give an example of a mixed group that
shows that the answer to the Problem 1 is no and that not all mixed basic
subgroups of splitting groups are splitting.

All groups considered in this note are arbitrary abelian groups unless
stated otherwise. The terminologies and notations not expressly introduced
follow the usage of [1]. Throughout this note, Z denotes the ring of integers,
N the set of all positive integers, P the set of all prime integers, p always
denotes a prime, T the maximal torsion subgroup, and Gp the p–component
of an abelian group G.

2. Notation and basics

We recall definitions and properties mentioned in [2]. We frequently
use them in this note.

From the definition [2, Definition 1.1] of p–almost–dense subgroups
and its characterization [2, Proposition 1.3, Proposition 1.4], we can de-
fine almost–dense subgroups as follows.

Definition 2.1 A subgroup A of a group G is said to be almost–dense in
G if, for all integers n = 0 and for every p ∈ P,

pnG[p] ⊆ A + pn+1G.

Recall definition of purifiable subgroups in a group G.

Definition 2.2 Let G be a group. A subgroup A of G is said to be
purifiable in G if, among the pure subgroups of G containing A, there exists
a minimal one. Such a minimal pure subgroup is called a pure hull of A.

Proposition 2.3 [2, Theorem 1.8, Theorem 1.11] Let G be a group and
A a subgroup of G. Let H be a pure subgroup of G containing A. Then
H is a pure hull of A in G if and only if the following three conditions are
satisfied:
(1) A is almost–dense in H;
(2) H/A is torsion;
(3) [for every p ∈ P,] there exists a nonnegative integer mp such that

pmpH[p] ⊆ A.
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From Proposition 2.3, for purifiable torsion–free subgroups, we imme-
diately obtain the following.

Corollary 2.4 Let G be a group and A a subgroup of G. Suppose that A

is purifiable in G. Let H be a pure hull of A in G. If A is torsion–free,
then Hp is bounded for all p ∈ P.

The following is a relationship between purifiability and p–purifiability.

Proposition 2.5 [2, Theorem 1.12] Let G be a group. A subgroup A of
G is purifiable in G if and only if, for every p ∈ P, A is p–purifiable in G.

Definition 2.6 Let G be a group and A a subgroup of G. For every
nonnegative integer n, we define the nth p–overhang of A in G to be the
vector space

Vp, n(G, A) =
(A + pn+1G) ∩ pnG[p]

(A ∩ pnG)[p] + pn+1G[p]
.

Moreover, the set

OG
A(p) = {t | Vp, t(G, A) 6= 0}. (2.7)

is called the p–overhang set of A in G.

We immediately obtain the following properties.

Proposition 2.8 Let G be a group and A a subgroup of G. If Gp = 0,
then OG

A(p) = ∅.
Proposition 2.9 [2, Proposition 2.2] Let G be a group and A a subgroup
of G. For p–pure subgroup K of G containing A,

OG
A(p) = OK

A (p).

The following is useful when we consider purifiable torsion–free sub-
groups. A proof was written in [5, Corollary 2.15].

Corollary 2.10 Let G be a group and A a subgroup of G. Suppose that
A is purifiable torsion–free in G. Let H be a pure hull of A in G. Then the
following are equivalent:
(1) OG

A(p) = ∅ for all p ∈ P;
(2) H is torsion–free.

We conclude this section with definition of N–high subgroups.
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Definition 2.11 Let G be a group and let A and N be subgroups of G.
If A is maximal with respect to the property of being disjoint from N , then
A is called an N–high subgroup of G.

3. Mixed basic subgroups

It is well–known that there exist basic subgroups for all torsion groups.
In this section we extend the concept of basic subgroups from torsion groups
to arbitrary abelian groups.

Proposition 3.1 Let G be a group and A a T–high subgroup of G. Then
there exists a subgroup L containing A such that

G/T (L) = L/T (L)⊕ T/T (L) (3.2)

and T (L) is a basic subgroup of T .

Proof. Let B be a basic subgroup of T . Since T/B is divisible, T/B is an
absolute direct summand of G/B. Since (A+B)/B∩T/B = 0, there exists
a subgroup L of G containing A such that

G/B = L/B ⊕ T/B.

Since L/B is torsion–free, B = T (L). ¤

The subgroup L in Proposition 3.1 satisfying (3.2) satisfies the following
three conditions:
(1) T (L) is a direct sum of cyclic groups;
(2) L is pure in G;
(3) G/L is torsion divisible.
It is well–known that, if G is torsion, then a subgroup L of G satisfying the
above three conditions is a basic subgroup of G. In general, we show that,
for any group G, the conditions (1)–(3) imply (3.2).

Theorem 3.3 Let L be a subgroup of a group G. Then L satisfies the
following three condition:
(1) T (L) is a direct sum of cyclic groups;
(2) L is pure in G;
(3) G/L is torsion divisible,
if and only if

G/T (L) = L/T (L)⊕ T/T (L)
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and T (L) is a basic subgroup of T .

Proof. It suffices to show necessity. First we prove that G = T + L. Let
g ∈ G. By the conditions (3) and (2), mg ∈ L∩mG = mL for some integer
m. Then we have mg = mx for some x ∈ L. Since g − x ∈ T , g ∈ T + L.
Hence G = T + L and so G/T (L) = L/T (L)⊕ T/T (L).

By the condition (3), T/T (L) is divisible. Hence, by the condition (1),
T (L) is a basic subgroup of T . ¤

Proposition 3.1 and Theorem 3.3 establish the existence of mixed basic
subgroups of arbitrary abelian groups.

Definition 3.4 A subgroup L of a group G is said to be a mixed basic
subgroup of G if L satisfies the following three conditions:
(1) T (L) is a direct sum of cyclic groups;
(2) L is pure in G;
(3) G/L is torsion divisible.

By Proposition 3.1, Theorem 3.3, and [1, Lemma 35.1], we immediately
have the following corollary.

Corollary 3.5 Let G be a group. If Gp is unbounded for some p ∈ P,
then we obtain an infinite properly decreasing chain

L1 ⊃ L2 ⊃ · · · ⊃ Ln ⊃ . . .

where every subgroup Li is a mixed basic subgroup of G for i = 1 such that
T (Li) are all isomorphic.

Proposition 3.1 and Theorem 3.3 combined lead to the following useful
property.

Corollary 3.6 Let G be a group. Let A be any subgroup such that A∩T =
0 and B any basic subgroup of T . Then there exists a mixed basic subgroup
L containing A such that B = T (L).

4. An example

By definition of purifiable subgroups, the following is immediate.

Proposition 4.1 Let G be a group and A a torsion–free subgroup of G.
If A is purifiable in some mixed basic subgroup of G, then A is purifiable in
G.
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We now present a splitting mixed group G containing a purifiable
torsion–free subgroup A and a mixed basic subgroup L such that A ⊆ L

but A is not purifiable in L. This example also shows that not all mixed
basic subgroups of splitting groups are splitting and not all mixed basic
subgroups are isomorphic.

Example 4.2 Let G = A⊕ B where A = Z[p−1] = {m
pn | m ∈ Z, n ∈ N}

and B =
⊕∞

n=1〈xn〉 with o(xn) = pn. Let a = 1 and an = 1
pn . Define

L = 〈an + xn | n = 1〉.
Then we have the following properties. First, by Definition 3.4, we

obtain:

Property 4.3 G is a mixed basic subgroup of G and T (G) = B.

By the definition of purifiability and Proposition 2.3, we have:

Property 4.4 〈a〉 is purifiable in G and A is a pure hull of 〈a〉 in G.

We will show that L is a mixed basic subgroup of G by verifying the
conditions of Definition 3.4.

Property 4.5 For every n = 1, let yn = xn − pxn+1. Then the following
hold.
(1) yn ∈ L for all n = 1.
(2) Let B′ = 〈yn | n = 1〉. Then

B′ =
∞⊕

n=1

〈yn〉

is pure in B and the maximal torsion subgroup of L.
(3) xn 6∈ B′ for all n = 1.
(4) B/B′ is divisible. Hence B′ is a proper basic subgroup of B.

Proof. (1) By definition, an − pan+1 = 0. Hence

yn = xn − pxn+1

= (an + xn)− p(an+1 + xn+1)− (an − pan+1)

= (an + xn)− p(an+1 + xn+1)

and so yn ∈ L.
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Except for B′ = T (L), all assertions are clear by [1, Lemma 35.1]. So we
prove B′ = T (L).

We show L[p] = B′[p]. Let x ∈ L[p]. Then

x =
k∑

i=1

βi(ai + xi) and px = 0 (4.6)

where βi is an integer for 1 5 i 5 k. Since G = A⊕B, we have

k∑

i=1

βiai = 0, x =
k∑

i=1

βixi. (4.7)

Since px = 0, by (4.7),
∑k

i=1 βipxi = 0. Since {xi} is p–independent in B,
we have βi = pi−1β′i for some integer β′i. By (4.7),

∑k
i=1 β′ip

i−1ai = 0. Note
that, by definition, pi−1ai = a1. Therefore

k∑

i=1

β′i = 0. (4.8)

and

x =
k−1∑

i=1

β′ip
i−1xi

= β′1(x1 − px2) + (β′1 + β′2)px2 +
k∑

i=3

β′ip
i−1xi

= β′1(x1 − px2) + (β′1 + β′2)p(x2 − px3)

+ (β′1 + β′2 + β′3)p
2x3 +

k∑

i=4

βip
i−1xi

= . . .

= β′1(x1 − px2) + (β′1 + β′2)p(x2 − px3)

+ (β′1 + β′2 + β′3)p
2(x3 − px4) + . . .

+ (β′1 + β′2 + · · ·+ β′k−1)p
k−2(xk−1 − pxk)

+
( k∑

i=1

β′i

)
pk−1xk
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=
k−1∑

i=1

( i∑

j=1

β′j

)
pi−1yi +

( k∑

i=1

β′i

)
pk−1xk

(4.8)
=

k−1∑

i=1

( i∑

j=1

β′j

)
pi−1yi ∈ B′[p].

Hence we have

L[p] = B′[p]. (4.9)

Note that B′ ⊆ T (L) ⊆ B. By Property 4.5(2), B′ is pure in B and in T (L).
Further, by (4.9), B′ = T (L) is the maximal torsion subgroup of L. ¤

Property 4.10 L is a proper mixed basic subgroup of G.

Proof. By definition, G = L + B. By Property 4.5(2), G/B′ = L/B′ ⊕
B/B′ and B′ = T (L). Further, by Property 4.5(4), B′ = T (L) is a proper
basic subgroup of B. Hence, by Theorem 3.3, L is a proper mixed basic
subgroup of G. ¤

Before showing a few properties of G, we need the following lemma.

Lemma 4.11 Let G be a group and H a pure subgroup of G such that
G/H is torsion. Then the following hold.
(1) G = H + T .
(2) If Gp = Hp⊕Up for every p ∈ P, then G = H⊕U where U = ⊕p∈PUp.
(3) Suppose that A is purifiable in G. Let K be a pure hull of A in G. If

G/A is torsion, then G = K ⊕ T ′ for some subgroup T ′ of T .

Proof. (1) Let g ∈ G. Since G/H is torsion, ng ∈ H ∩ nG = nH for
some n ∈ Z. Then we have ng = nh for some h ∈ H and g − h ∈ T . Hence
G = H + T .
(2) By hypothesis and (1), the assertion is clear.
(3) By Proposition 2.5 and Corollary 2.4, for every p ∈ P, Kp is bounded
and so Kp is a direct summand of Gp. If G/A is torsion, then, by (2), the
assertion is confirmed. ¤

In [4, Theorem], we proved that all pure hulls of purifiable torsion–free
subgroups are isomorphic. However, in the group G of Example 4.2, we can
easily prove directly that all pure hulls of 〈a〉 in G are isomorphic.

Property 4.12 All pure hulls of 〈a〉 in G are isomorphic.
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Proof. By Property 4.4, A is a pure hull of 〈a〉 in G. Let K be another pure
hull of 〈a〉 in G. Note that G/〈a〉 is torsion. Thus, by Lemma 4.11, G = K⊕
T ′ for some subgroup T ′ of B. Since A is torsion–free, by Proposition 2.8,
OA
〈a〉(p) = ∅. By Proposition 2.9, OK

〈a〉(p) = ∅. Further, by Corollary 2.10,
K is torsion–free. Therefore T ′ = T (G) = B. Hence A ∼= G/B ∼= K. ¤

Property 4.13 L is not splitting.

Proof. Suppose that L is splitting. Then L = F ⊕B′ where F is a torsion–
free subgroup of L. Since G = L + B, we have

G = L + B = F + B + B′ = F ⊕B.

Hence A ∼= G/B ∼= F and F is p–divisible. Since A is the maximal p–
divisible subgroup of G, F ⊆ A and hence F = A. This contradicts x1 6∈ L.
Hence L is not splitting. ¤

Property 4.13 leads to the following general result.

Corollary 4.14 There exist splitting groups with a mixed subgroup that is
not splitting.

Property 4.13 also leads to the following result.

Property 4.15 L 6∼= G.

Property 4.15 leads to the following general result.

Corollary 4.16 There exist groups that contain non–isomorphic mixed
subgroups.

Property 4.17 〈a〉 is not purifiable in L.

Proof. Suppose that 〈a〉 is purifiable in L. Let M be a pure hull of 〈a〉 in
L. By definition of G, L/〈a〉 is torsion. Hence, by Lemma 4.11, L = M ⊕U

for some subgroup U of B′. Since A is torsion–free, by Proposition 2.8,
OA
〈a〉(p) = ∅ for all p ∈ P. By Proposition 2.9, OM

〈a〉(p) = ∅ for all p ∈
P. Further, by Corollary 2.10, M is torsion–free and L is splitting. This
contradicts Property 4.13. Hence 〈a〉 is not purifiable in L. ¤

Property 4.17 also follows from [3, Theorem 3.2], because hL
p (a) = ω.
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