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Scattering theory
for the coupled Klein-Gordon-Schrodinger equations
in two space dimensions II
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Abstract. We study the scattering theory for the coupled Klein-Gordon-Schrodinger
equation with the Yukawa type interaction in two space dimensions. The scattering
problem for this equation belongs to the borderline between the short range case and the
long range one. We show the existence of the wave operators to this equation without
any size restriction on the Klein-Gordon component of the final state and any restriction
on the support of the Fourier transform of the final state.
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1. Introduction

We study the scattering theory for the coupled Klein-Gordon-Schrédin-
ger equation with the Yukawa type interaction in two space dimensions:

. 1
10pu + §Au = uv, (KGS)

02v — Av+v = —|ul?

Here u and v are complex and real valued unknown functions of (¢, x) € R x
R?, respectively. This paper is a sequel to the previous paper [21]. In the
present paper, we prove the existence of the wave operators to the equation
(KGS) without any size restriction on the Klein-Gordon component of the
final state and any restriction on the support of the Fourier transform of
the final state.

A large amount of works has been devoted to the asymptotic behavior of
solutions for the nonlinear Schrédinger equation and for the nonlinear Klein-
Gordon equation. We consider the scattering theory for systems centering
on the Schrodinger equation, in particular, the Klein-Gordon-Schrédinger,
the Wave-Schrodinger and the Maxwell-Schrodinger equations. In the scat-
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tering theory for the linear Schrédinger equation, the (ordinary) wave opera-
tors are defined as follows. Assume that for a solution of the free Schrédinger
equation with given initial data ¢, there exists a unique time global solu-
tion u for the perturbed Schrédinger equation such that u behaves like the
given free solution as ¢ — oco. (This case is called the short range case, and
otherwise we call the long range case). Then we define the wave operator
W, by the mapping from ¢ to u|—o. In the long range case, ordinary wave
operators do not exist and we have to construct modified wave operators
including a suitable phase correction in their definition. For the nonlinear
Schrodinger equation, the nonlinear wave equation and systems centering on
the Schrodinger equation, we can define the wave operators and introduce
the modified wave operators in the same way. According to linear scattering
theory, it seems that the equation (KGS) in two space dimensions belongs
to the borderline between the short range case and the long range one, be-
cause the equation (KGS) has quadratic nonlinearities, and the solutions of
the free Schrédinger equation and the free Klein-Gordon equation decay as
t~1in L>® as t — oo in two space dimensions. The Maxwell-Schrédinger
equation and the Wave-Schrodinger equation in three space dimensions also
belong to the same case.

There are some results of the long range scattering for nonlinear equa-
tions and systems. Ozawa [15] and Ginibre and Ozawa [4] proved the ex-
istence of modified wave operators in the borderline case for the nonlinear
Schrodinger equation in one space dimension and in two and three space
dimensions, respectively. Their methods were applied to the Klein-Gordon-
Schrodinger equation in two space dimensions by Ozawa and Tsutsumi [16]
and to the Maxwell-Schrédinger equation under the Coulomb gauge condi-
tion in three space dimensions by Tsutsumi [23]. In all results mentioned
above, the restriction on the size of the final state is assumed. Further-
more in [16], the support of the Fourier transform of the Schrodinger data
is restricted outside the unit disk in order to use the difference between the
propagation property of the Schrédinger wave and the Klein-Gordon wave
and to obtain additional time decay estimates for the nonlinear term uwv,
because we can not apply the method of the phase correction mentioned
above to this nonlinear term by the fact that all derivatives of the solution
for the free Klein-Gordon equation decay as fast as itself. In [23], the Fourier
transform of the Schrédinger data vanishes in a neighborhood of the unit
sphere by the same reason.
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Recently Ginibre and Velo [5, 6, 7] have proved the existence of the
modified wave operators for the Hartree equations with long range potentials
with no restriction on the size of the final state. They decomposed the
unknown function u into the complex amplitude w and the real phase ¢, and
solved the system for w and ¢. Constructing the modified wave operators for
those equations such that the domain and the range of them are same space,
Nakanishi [13, 14] extended their results. Using the methods in [5, 6, 7],
Ginibre and Velo showed the existence of modified wave operators for the
Wave-Schrdodinger equation ([8]) and for the Maxwell-Schrodinger equation
under the Coulomb gauge condition ([9]) in three space dimensions with no
restriction on the size of the final state. (The restriction on the support of
the Fourier transform of the final state mentioned above is assumed in [8],
and the vanishing asymptotic magnetic field is considered in [9]).

On the other hand, recently, the author has proved the existence of
wave operators for the two dimensional Klein-Gordon-Schrédinger equa-
tion in [18], and the modified wave operators to the three dimensional
Wave-Schrodinger equation in [17] and to the three dimensional Maxwell-
Schrédinger equations under the Coulomb and the Lorentz gauge conditions
in [19] for small scattered states without any restrictions on the support of
the Fourier transform of them. The proof for the Klein-Gordon-Schrodinger
equation is mainly based on the construction of suitable second correction
term (@,v1) of the solution to that equation so that (i0; + (1/2)A)u; —
ugvp and (92 — A + 1)vy + |ug|? decay faster than ugvg and —|ug|? as t —
0o, respectively, and that the Cook-Kuroda method is applicable. Here ug
and vy are the solutions of the free Schrédinger and the free Klein-Gordon
equations, respectively. Furthermore combining idea of [8] with that of [17],
Ginibre and Velo [10] have proved the existence of modified wave operators
for the three dimensional Wave-Schrodinger equation with restrictions on
neither size of the scattered states nor the support of the Fourier transform
of them.

In the previous paper [21], the author proved the existence of the wave
operators for the equation (KGS) without any size restriction on the Klein-
Gordon component of the final state. But in [21], the smallness of the
Schrodinger data is assumed, and the support of the Fourier transform of
the Schrodinger data is restricted outside the unit disk as in [16]. In order
to remove the size restriction on the Klein-Gordon data from Ozawa and
Tsutsumi [16], the difference between the exact solution for that equation
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and the asymptotic profile have to decay more rapidly than the derivatives
of it as in [20] (see Proposition 2.1). That difference decays as t=* (1 <
k < 2) ast — oo in L?, though the decay rate of that difference is order
t~1 in [16, 18]. Because of this difficulty, we assumed the restriction on the
support of the Fourier transform of the Schrédinger data in order to obtain
an improved time decay estimate for the nonlinear term wv in [21]. For the
Schrodinger component, the method of the phase correction was applied
in order to handle slowly decaying terms caused by the second correction
terms.

In this paper, we prove the existence of the wave operators to the equa-
tion (KGS) without any size restriction on the Klein-Gordon component of
the final state and any support restriction on the Fourier transform of the
Schrodinger component of the final state. Namely we remove the support
restriction on the Fourier transform of the Schrédinger data from the previ-
ous result [21]. We only assume the smallness of the Schrédinger data. The
proof is mainly based on the choice of a suitable asymptotic profile which
approximates the equation (KGS) better than that in [18] for large time.
More precisely, we construct second correction terms and third ones of the
asymptotic profile, while, as mentioned above, we only constructed the sec-
ond correction terms in [18]. For the Schrédinger component, the method
of the phase correction is also applied in order to handle slowly decaying
terms caused by the second correction terms as in [21].

Before stating our main result, we introduce some notations.

Notations We use the following symbols:

0 0
Oy = 0y = E 0; = o,
0% =05 = 01"05* for a multi-index o = (o, a2),

V = (01, &), A=8+02

for j =1, 2,

for t € R and = = (z1, 22) € R2.
Let

/
L9 = LY(R?) = {w: 9]l = (/R2 !¢($)|qu>1 "< Oo}
for 1< ¢q< o0,

1% = 12(R?) = {1 ||| = esssup i(x)| < oo}
z€ER2
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We use the L2-scalar product

(0. 9) = | o) e

S denotes the Schwartz class, that is, the set of rapidly decreasing
functions on R?. Let S’ be the set of tempered distributions on R%. For
w € 8, we denote the Fourier transform of w by w. For w € L*(R"), o is
represented as

w(E) = (2m) 2 / w(z)e ™€ da.

n

For s, m € R, we introduce the weighted Sobolev spaces H®™ corre-
sponding to the Lebesgue space L? as follows:

H*" = {4 € §"c [l gam = [[(1+ |2*)™2(1 = A)29]| 2 < oo}

H*® denotes H*Y. For 1 < p < oo and a positive integer k, we define the
Sobolev space Wzﬁ“ corresponding to the Lebesgue space LP by

wh={ver ol = X 100l < ool

lor| <k
Note that for a positive integer k, H* = W} and the norms || - || yx and
I| - HWQ;c are equivalent. '
For s > 0, we define the homogeneous Sobolev spaces H® by the com-
pletion of S with respect to the norm

w7 = 1(=2)*2wl] 2. (1.1)

H* is a Banach space with the norm (1.1) for s > 0.
We set for t € R,
Ut)y=e2% a=1-0)"2 w=(-A)"2
K@) =Q 'sinQt, K(t) = cost,

1
L=id+ A, K=0}-A+1, O=0?-A.

C denotes various constants, and they may differ from line to line, when
it does not cause any confusion.

Let (u4, vy, 04) be a final state. uy and (vy, v4) are the Schrodinger
and the Klein-Gordon components, respectively. We introduce the following
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asymptotic functions:

UO(t, x) _ (U(t)efi\.|2/2t67iS(t,7iV)u+)(x)

1 o oisiars) . (@ (1.2)
= = lef/2-iSt /t)m(;),
att,n) = (Ve e sl ) )
2 (1.3)
_ _T;eux\?/zt—w(t,x/tmm (%) 7
i (t, 2) = _%fl (%) a0 (%) iy (%) oilel? /268 (1. /) in /o]
(1.4)
b (2) oG (3) st T
vo(t, 2) = (K (t)vy)(z) + (K (t)i4) (), (1.5)
vi(t, x) = _t% Uy (%) ‘2, (1.6)
i i z2\*? /., /a TENE
ult o) = 5 ( - 752> (1 (7)o (F)]a+ (5)] )
(e
for (t, x) € [1, o0) x R?, where
2
hie)= 55 _2(;’2):’52‘ i op for <l (1.8)
2(1 — |z?)
g1(x) = T ‘$|2)33/32 P for |z| <1, (1.9)
7 . T
2(1 = [2P?) {”* <<1 - |x|2>1/2>
() = . (1.10)
oL ~i(1 = 222, (_<1—i|2)1/2>] if 2] < 1,
0 if [z > 1,
S(t, x) = %(\M(w)lz +lao(@)]*f1(2) — lao(2) *g1(2)). (1.11)

The functions ug and vy are principal terms of the asymptotic profile. Note
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that ug is an approximate solution for the free Schrodinger equation and
vg is the solution for the free Klein-Gordon equation. It is well-known that
the function

L (f) Vel 1 (f)efi\/thw

t t t t
is the leading term of the asymptotic expansion of the solution for the free
Klein-Gordon equation in two space dimensions (see Lemma 3.2 below).

Let D denote the unit disk in R?. We define the functions §; and g in

the unit disk D:

~ 1 a 1
g1(z) = 21— 222 — a2 g2(x) = (1—|x[2)3/2 — |2|2 (

1.12)
Throughout this paper, we assume that the space dimension is two.
The main result is as follows.

Theorem Let uy € H?8, gl%0%, € L?(D) for |a| < 6 and §3350%0 €
L?(D) for|a| <4,vy € S and vy € S. Assume that ||uy |22 is sufficiently
small. Let 1 < k < 2. Then the equation (KGS) has a unique solution (u, v)
satisfying

uweC(R;H?), veCR;H)NCYR;HY),
igrf(t"”Hu(t) —ug(t) — (ua(t) +a(t))ll 2

+ tlu(t) = uo(t) = (ur(t) + a1 (t))|| =) < o0,
jgll)[t’“(llv(t) —vo(t) — (vi(t) + 01(t)) || i1

+ [[0¢(v(t) = vo(t) — (vi(t) + 01(¢)))l[22)

+ t([Jv(t) —vo(t) — (v1(t) + 01(E) | g1z
+ [10:(v(t) —vo(t) — (vi(t) +01()) || 1) < o0
In particular,
[ut) = U)ut|[ 2 + [[o(t) — vo(t)[| g2
+ [0 (t) = dpvo(t) || 111 — O,

ast — +o00.
Furthermore for the equation (KGS), the wave operator

Wi (uy, vy, 04) = (u(0), v(0), 9rv(0))
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is well-defined.
A similar result holds for negative time.

Remark 1.1 In Theorem, neither the size restriction on the Klein-Gordon
component (vy, 04) of the final state nor the restriction on the support of
the Fourier transform of the final state is assumed, while we restrict the
restriction on the size of the Schréodinger component w4 of the final state.

Remark 1.2 Since the function g; has a singularity on some circle con-
tained in the unit disk D, the singular assumption §i°0%i, € L?*(D) for
|| < 6 in Theorem implies that 0*Gy vanishes on that circle as in [18].
The assumption §7§50%, € L?(D) for |a| < 4 also causes a similar phe-
nomenon.

Remark 1.3 It is well-known that the equation (KGS) is globally well-
posed in C(R; H?) @ [C(R; H?) N C1(R; H')] (see Bachelot [1], Baillon and
Chadam [2], Fukuda and Tsutsumi [3] and Hayashi and von Wahl [11]).

We briefly explain how to construct the approximate solution (ug, vg)
for large time to the equation (KGS). (We explain the details in Section 3).
We find it of the form (ug, vg) = (ug + (u1 + @1) + ug, vo + (v1 + 1) + v2),
(ug, vo > uq, U1, v1, U1 > ug, v2). In order to construct a solution (u, v)
which approaches the profile (uq, v,) as t — oo without any size restrictions
on the Klein-Gordon data (vy, v4) and any support restrictions on the
Fourier transform 44 of the Schrodinger data, we have to find a profile
(tq, vq) such that the functions Lu, — uav, and Kuvg + |u,|?, which are the
errors of the approximation (u,, v,) for the equation (KGS), decay as ¢ 3
in H? and H', respectively. (See Proposition 2.1 below). Let the principal
term vy of v, be the solution for the free Klein-Gordon equation. We can
calculate

Ltg — uqve = L(ug +uy) + Lug + (L — ugV ©)
— (u1 + 1)V — vy —ugV W — iy
— ug(vo — (VO + V) — (ug + @) (vg — V)
— ((u1 + 1) + u2)(v1 + V1) — uvp — UL,

Kva + |ua|? = Kvg + (Kvr + |ug|?) + (K1 + 2 Re(aga))
+ (Kvg + 2Re(tgu)) + 2 Re(tgus) (1.14)
+ |u1 4 @y + ugf?,

(1.13)
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where V(0 and V() are the first and the second terms of the asymptotic
expansion of the free solution vg for the Klein-Gordon equation, which have
the form VU (¢, z) = 2Re(tilfjaj(x/t)ei(t2*‘x|2)1/2), suppa; C {z;|z| <
1}, (j = 0, 1). Since vy solves the free Klein-Gordon equation, the first
term vy in the right hand side of (1.14) vanishes. We define ug+wu; by the
asymptotics of the free solution U(t)us for the Schrédinger equation with
a phase correction. (ug is the leading term of u,). We do not determine a
phase function S explicitly in this step. We consider the second term vy +
|ug|? and the forth term KCvg + 2 Re(@iguy). in the right hand side of (1.14).
Since |ug|? and 2gu; decay as t~! and ¢~2 in L2, we construct the second
correction term vy and the third one vy of v, such that v+ |u0|2 and vy +
2 Re(uguy) decay as t=2 in H'. We consider the third term La; — upV©
in the right hand side of (1.13). The function oV decays as ¢~ in L2
In order to overcome this difficulty, noting that 1oV (?) has oscillations such
as exp(ilz|?/2t — iS(t,z/t) + i(t> — |z[*)/?) and exp(i|z|?/2t — iS(t,x/t) —
i(t?> — |z[>)%/?) which are not the Schrédinger wave (but a product of the
Schrodinger wave and the Klein-Gordon one), and hence regarding it as an
external force, we construct a second correction term w, such that Lu; —
ugV'©) decays as t=2 in H2. For the third term Ko +2Re(@gi,) in the right
hand side of (1.14), by the similar idea as in the construction of v; and vy,
we construct a correction term o7 such that o1 + 2 Re(ugt1) decays as t=3
in H', while @ipti; decays as t~2 in L?. Finally we split the right hand side
of (1.13) into three parts:

Lug — UgVq = q1 + ¢ + O(tf?’), in H?,

1 T
q1 = L(up +u1) — a2l (;) U,

q2 = Luz — 2Re (Cl (%) Gl L oS (%) 62i(t2—|z|2)1/2>
% %353 (%) gilal?/26=iS (b 1),

where  and ¢ (j = 1, 2, 3) are some real and complex valued functions,
respectively. We remark that the nonlinear terms in ¢ and ¢o decay as t =2 in
L?. We note that oscillations of the nonlinear term in ¢; are the Schrédinger
wave. Therefore regarding the function t~2n(z/t) as a potential, we can
apply the phase correction method to this part and we determine a phase
function S explicitly so that q; decays =3 in H2. (In this step, we can
determine the functions wg, w; and @; explicitly). On the other hand,



414 A. Shimomura

oscillations of the nonlinear term in g are not the Schrodinger wave (but a
product of the Schréodinger wave and the Klein-Gordon ones with masses 1
and 2). Regarding this nonlinear term as an external force, we can construct
a third correction term wus of u, in the same manner as in the construction
of 41 so that ¢ decays as t=3 in H2. The terms in the right hand side of
(1.14) which are not mentioned above decay as ¢t~ in H!. We remark that
since the third correction terms uo and vo decay faster than the difference
of the exact solution (u, v) and the asymptotic profile, they are negligible
in the statement of Theorem. (In fact, us and vy decay as t~2 in H? and
H', respectively, while the convergence rate of that defference is t=* with
1 < k < 2 in the same spaces).

The outline of this paper is as follows. In Section 2, we solve the final
value problem for the equation (KGS) for the asymptotic profile satisfying
suitable conditions (see Proposition 2.1). In Section 3, we determine an
asymptotic profile satisfying the assumptions of above final value problem.

2. The final value problem

In this section, we solve the final value problem, that is, the Cauchy
problem at infinity, for the equation (KGS) of general form. Namely, for
an asymptotic profile (A, B) satisfying suitable assumptions, we construct
a unique solution (u, v) for the equation (KGS) which approaches (A4, B)
as t — o0.

Let (A, B) be an asymptotic profile. Here A and B are complex and
real valued, respectively. We introduce the following functions:

Ri[A, Bl = LA — AB, (2.1)
Ro[A, Bl = KB+ |A]2. (2.2)

Proposition 2.1 Assume that there exist positive constants 0, Ly, Lo L3
and Ly such that fort > 1,

JA®t)lwe < 6t~ + Lyt ™2,
IB(#)|lwz, < Lat™,

IR1[A, Bl(t)|| g2 < Lat >,
| Ra[A, B](8)[| g1 < Lat ™,
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and assume that § > 0 is sufficiently small. Let 1 < k < 2. Then there
exists a constant T > 1, depending only on &, L1, Lo, Lg and Ly, such that
the equation (KGS) has a unique solution (u, v) satisfying

u € C([T, 00); H?), wve C([T, 0o); H*) NCH([T, 00); HY), (2.7)
f;lg(tkllu(t) — AWz + tllut) = A@D)]| 72) < o0, (2.8)

suplt* ([o(t) = BOll + [00(t) = 2B (®)12)
(o) = Bl g + 180(t) — 3B )] < oo

We can prove this proposition exactly in same way as in the proof of
Proposition 2.1 in [21]. Therefore we omit the proof of this proposition.

Remark 2.1 In Proposition 2.1, the asymptotic profile (A, B) is not de-
termined explicitly. In Section 3, we construct the asymptotic profile satis-
fying the assumptions of Proposition 2.1.

Remark 2.2 In Proposition 2.1, we do not restrict the size of the positive
constants L1, Lo Lg and L4, though the smallness on the constant § > 0 is
assumed.

Remark 2.3 By the global well-posedness of the equation (KGS), the
solution (u, v) on the time interval [T, co) for the equation (KGS) obtained
in Proposition 2.1 can be extended all times.

3. Asymptotics and proof of theorem

In this section, by constructing an asymptotic profile (uq, v,) satisfying
the assumptions of Proposition 2.1 under suitable conditions on the final
state, we prove Theorem. Let (u4, vy, ©4) be a final state. Throughout
this section, we assume that all the assumptions in the Theorem are sat-
isfied. Namely, we assume that uy € H*® §i%9%u, € L*(D) for |a| < 6,
37950% € L*(D) for |a] < 4, vy € S, v € S, and that ||uy |22 < 1
is sufficiently small. Let C(uy), C(vy, v4) and C(u4, vy, 04) denote var-
ious positive finite constants depending on u4, (vy, 04+) and (uy, vy, V4),
respectively, and that may differ from line to line.

We find an asymptotic profile of the form

(Uq, Vq) = (up + (u1 + 1) + uz, vo + (v1 + 01) + v2). (3.1)
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ug and vg are the principal terms of u, and v,, respectively. uq+u1 and v+
¥1 are the second correction terms, and us and vy are the third correction
ones of ug and v,. (ug > uq, U1 > ug, vy > v1, U1 > ve2). It is natural to
expect that (ug, vg) is the free profile or the modified free profile.

As in [21], we set

wolt, @) = (K(Hoy) (@) + (K (£)os)(2).

vp is a solution of the free Klein-Gordon equation with initial data (vy, 04).
The time decay estimates of vy are well-known. (See, e.g., Lemmas 2.2 and
2.3 in Ozawa and Tsutsumi [16]).

Lemma 3.1 There exists a constant C(v4, v4+) > 0 such that fort > 1,
[vo(®)[l 2 < Clvy, 04),
lvo(t)[lwz < Clug, o)t

We recall the asymptotic expansion of the free profile vg for the Klein-
Gordon equation. The following lemma is well-known (see, e.g., Section 7.2
in Hérmander [12] and Lemma 2.1 in Sunagawa [22]).

Lemma 3.2 For any positive integer N, and any multi-index o € Zi,
there exists a constant Cn (v, 04) > 0 such that

N—1
@ 1 x i 2_|x|2
09 {vo(t, x) —2 E Re<tj+1aj <;> eVt =zl >H
=0

< CN,a (U-i-u i}-‘r

for (t, z) € [1, 00) x R2, where the functions aj € C*(R%;C), j=0,1,2, ...,
satisfy the following:
o aj(x)=0if x| > 1.
e For any positive integer m and any multi-index o € Z2 , there exists a
constant Cj o m(vy, 04) > 0 such that

0% ()| < Cjam(vy, 03)(1 = |z[*)™  for || < 1.
In particular, ag is given by (1.10).

Remark 3.1 According to Section 7.2 in Hérmander [12], the function a;
in above lemma has the following form
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~ X .
aj(x) = (1 —z[*)
0 if |[z] > 1

with a suitable function a; € S.

We use the asymptotic expansion of vy in Lemma 3.2 for N = 1 and
N = 2. We introduce the following functions:

001~ o ()N )T

v, z) = lal (f) eVl | lal (f)e*i\/m,
t2 t t2 t
where the functions ag and a; appear in Lemma 3.2. According to Lemma
3.2, the functions V(© and V(© 4+ V) are asymptotic forms of vy for large
time.
Let Ry and Ry be defined by (2.1) and (2.2), respectively. We consider
the asymptotic profile (ug4, v,), which has the form (3.1). Then we see that

Rl [um Ua] = Eua — UqVq
= L(ug + u1) + Lug + (L — ugV®)
— (w1 + @)V —ugvy —ugV M — ugdy (3.2)

—ug(vo — (VO + V) — (ug + i) (vg — V)
— ((u1 + ay1) 4+ uz)(v1 + 01) — ugvp — UV,
Ra[ta, va] = Kvg + |ugl?
= (Kv1 + |uo|?) + (K91 + 2 Re(tot1))
+ (Kva + 2Re(uguy)) + 2 Re(apuz)
+ |u1 + @1 + uzl?.
In the second equality of (3.3), we have used the fact vy = 0.
Hereafter we construct functions ug, w1, 41, ug, v1, 1 and v such that
the asymptotic profile (ug, v4) of the form (3.1) and the functions Rj[ug, vg]

and Ralug, v, satisfy the assumptions in Proposition 2.1.
Recall that the function

ERIOREENC
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is an asymptotics of the free profile U(t)¢ for the Schrodinger equation. In
view of this, as in [21] we define

uo(t, ©)=(U(t)e™"" |2/2te_is(t7_iv)u+) (x)

1 €T . 2 .
— 5 Y\ ilz|?/2t—iS (t,x/t)
itu+(t)e !
il 122t —iS(—iv) il - 7
ui(t, x)=(U(t)e e : o5y U+ (x)

1 TN\ .2 .
= {l — ’L|£E‘ /2t7’LS(t7x/t)
Aty ( " ) e .

We will determine a real phase function S satisfying the following estimate
later: If |o| <4 and j = 0, 1, then there exist constants

C(uy, v4,04) >0 and C(ug)>0

such that

'CAD
o
S—

S 7)) < Clug, vy, 04)|gy(x) M Hl=1=7if 2] < 1,
T Clus )yt if 2| > 1

for t > 1, where the function g; is defined by (1.12).

We consider the first term Kv; + |ug|? in the right hand side of the equa-
tion (3.3). Because |ug|? = t72|ay(x/t)[%, |||luo(t)[?]| > decays as O(t™).
|uo|? does not satisfy the assumption (2.6) on Ry in Proposition 2.1. In
order to obtain improved time decay estimates of Ro, we choose the second
correction term vy of v, such that Kvy + |ug|? decays faster than |ug|? =
t=2|ay (x/t)|? as in [16, 18, 21]. We put

1. T\ |2
uilt, @) = —fuot, o) =~ |as (7)] -

This function coincides with the right hand side of (1.6). Note that \uolz is

independent of a choice of the real phase function S though it has not yet

determined explicitly. (As mentioned above, S will be determined later).

i (3)):

By a direct calculation, we have the following lemma.

1
KUl(t7 x) =+ ’uo(ta x)‘Q =-U <t2
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Lemma 3.3 Let k=0, 1, 2. There exists a constant C(uy) > 0 such that
fort>1,

lwFvr (B g2 < Clug)t™

Y %o ()= < Clug)t™*2,
|a|=k

11 (2) + [uo ()|l < Clusg)t™.

We consider the third term Li; — uoV (@ in right hand side of the
equality (3.2). Because uoV(®) decays as t~ in L? as t — oo, it does not
satisfy the assumption (2.5) on R; of Proposition 2.1. Since all derivatives
of V() decay as fast as itself (= O(t~') in L*), we can not apply the
method of the phase correction to the slowly decaying term uoV(®. In
order to overcome this difficulty, we find a second correction term % such
that L1 —uoV(?) decays faster than uoV(® as t — oo as in [18].

Let b > 1, m € R\ {0}, let P be a function on R? supported in the unit
disk {x € R?;|z| < 1}, and let

1 x i|z|2/2t—1 T
F(t, x) = EP (¥> il /2t—iS(t,z/t)

By a direct calculation, we have

r (;be"m‘/thPF(t, a:))
2

B A OO S - B W v S
(=) et ey) it
2

i _(‘x’2/t2) tma/t2—|z|?
g (b)Y E

im x/t im /t2—|:l“2 ~
T (|$|2/t2))1/26 F(t, )

m z/t ima /2 —lz2 T
tﬂla—«uéﬁ%yme ovs (v ) P

1 .
+ t—bemvt2—|$|2£F(t, z), (3.5)

where

- 1 T\ ilel2 /2 iS (b
F(tax) = EVP (z) e‘ |#/2t—iS(t, /t)
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Remark 3.2 Noting the equality

1

£, 0) = e G (eS|

22

s 3 e (),

we see that if the phase function S satisfies (3.4) and P is a polynomial
of 44 and its derivative, then the first term in the right hand side of (3.5)
decays as t7%, the second and the third ones decay as =1, and the last
two terms decay as t "2 as t — oo in H?. Indeed, the first term in the
right hand side of (3.5) is the principal part, and the other terms are the
remainder ones.

By the definitions of ug and V©) we see that

uo(t, 2)V O (¢, x):%ei\/m <1a0 (gt”) @y (t) ilz|? /2t—iS(¢, z/t))

it

LN <1a0<9§)u+ (t) il /2-is (. z/t))

t 1t

In view of this, we construct a second correction term 7 of the form
in(t, ) = 7 VIR R, 2) 4 1o VIR G (),

where
Fi(t,x)= ,lPl (%) eilrl?/2t=i5@We /) qupp Py ¢ {zeR%|z| <1},
Cilt, )= Qo (5) P2 uppy € fwre R% 2] <1,

Applying the equality (3.5) to the cases of (b, m) = (1, 1) and (b, m) =
(1, —1), we see that

Ly (t, )
ENC=r

ﬂ-\b—\

Filt, 2) + 7o VPG, )

1
fl(x/t) g1(z/t)
2 — (|z|?/t? i /2172
( (| | / ;3/2> e || Fl(t, x)
( )
)

2(1 — (|l=[?/t?)
2
> eWVEIPG (¢, 1)

w‘@

2 (el
—(laP /)7

Tz\@
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{ x/t AT =
- BT A (3.
+ ! z/t —iy/E—a]? él(t, )

t2 (1= (|? /752))1/2

1 x/t PR -
1 x/t e .

* %elmﬁﬂ(tv z) + %e’i\/mﬁGl(t, 2),
where
Fy(t, z) = %VP1 (%) gilel?/2t=iS(talt),
Gi(t, z) = %VQ1 (%) gilal/2t=iS(t.a/t)

and the functions f; and g; are defined by (1.8) and (1.9), respectively.
We note that the first and the second terms in the right hand side of (3.6)
decay most slowly if the phase function S satisfies the estimate (3.4) (see
Remark 3.2). If we choose the functions P; and @7 such that

wolt, VOt 2) — 11\/9 T /)F1(t, 2)
(3.7)
+%e—i\/t2—lxl2 (x/t)Gl(t )

holds, then La; — uoV'© decays faster than uoV(©). In fact, if we set

Pi(z) = —fi(@)ao(2)is (), Qi(z) = g1(x)ao(x)iy(z),  (3.8)

then the equality (3.7) is satisfied. It follows from definitions (3.8) of P,
and () that

i (t, x):%ei PP Ry (8, x) + %e*ivt"’*leFQ(t, x)
:—%ﬁ( ) <9§>U+ <t> 2|2 /2t —iS (1,2 )t)+in/C—]a]?
1
J_t%gl( )ao (x) (f) ifa]2 /26— (b2 /1) i/ P [a]?
1

t
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By the equality (3.6), we have
Ly (t, ) —up(t, ©)VO(t, x)

= ¢ 2_(‘$|2/t2) i /t2—|xz|2
=i (1 ) A )

) — (|z|?/t2 a2
_(1_2(2 (lz[*/t%) >6_szl(t’x)

2\ 21 (JaP/P)PP

] x/t iz &
“Ra eyt R )

7 x/t i JP_mE A
R (\xlé/ti’))lme VETER - Gat, o)

1 x/t
TR (1 (/)"

1 x/t AT .
+72(1 — (=22 2¢ Vel g s (t, ;) Gi(t, z)

1.
—l—ge“/ P2 L Fy (¢, 2)

(3.9)

el g (t, %) Fi(t, x)

+%e‘i\/t2_|m‘2£G1(t, z).

From this equality and Remark 3.2, we see that £i; — ugV(© decays as
t=2 in H? if the phase function S satisfies the estimate (3.4). Here we
have used the assumption §'%0%i, € L?(D) for |a| < 6. This term does
not satisfy the assumption (2.5) on R; in Proposition 2.1 though it decays
faster than ugV(?), which decays as t~ in L2. To overcome difficulty, we
have to construct a third correction term wug for the Schrédinger component.
This will be done at the end of the choice of an asymptotic profile (ug, vq)
in the same manner.

Before constructing a third correction term us for the Schrédinger com-
ponent, we have to find another second correction term o7 for the Klein-
Gordon component in order to obtain an improved time decay estimate for
the second term Ko; + 2Re(upay) in the right hand side of the equality
(3.3). From the definitions of uy and @;, we see
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i o ()] =

—ore[ g (a (5)m (5) + o (2) @1 (3) )V )
where the functions P; and @Q; are defined by (3.8). Here we note that
the function 2Re(upu;) is independent of a choice of the phase function
S though it has not been yet determined explicitly. It follows from the
above equality that the function 2Re(uot;) decays as t=2 in L? and that
this term does not satisfy the assumption (2.6) on Ry in Proposition 2.1.
We construct a second correction term o7 for the Klein-Gordon component
such that 1 4+ 2 Re(uor) decays faster than 2 Re(upt). In view of the
equality (3.10), we find a second correction term o; of the form

1 .
v1(t, x) = 2Re <th <%> e'v t2|x|2) )

where b > 1 and Y is a function on R? supported in the unit disk {z €
R?; |z| < 1}. We determine the constant b and the function Y.
By a direct calculation, we have

(b (2) )
3.11
ety (yen(br ()

BT (1= (a2

It is easyly seen that the first term in the right hand side of (3.11) decays
as t = in L? and the second one decays as t ! in the same space. Namely

the first term is the leading term. Now we put
b=2, (3.12)

Y(2) = — 51~ [2) 2@ @) ) + i (2)Q1 ()

= %(1 — l2HY2(f1(x) — g1(2))ao(x)|iy (z)|?

(3.13)
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so that the equality

—2Re(up(t, z)uy(t, z))
1 2(b— 1) T\ i /2122
= 2re (e ey (7))

holds. Therefore we determine the second correction term ¢7 for the Klein-
Gordon component by

01(t, x) = 2Re (;Y (%) eV t2_x|2> , (3.15)

where the function Y is defined by (3.13). Note that this function coincides
with the right hand side of (1.7). It follows from the equalities (3.10), (3.11),
(3.14) and (3.15) that

(3.14)

Ko1(t, ) + 2Re(ug(t, z)uy (¢, x))

= 2Re HD <tlzy (f)) } ei\/m} .

By the equalities (3.15) and (3.16), we obtain the following lemma.

(3.16)

Lemma 3.4 There exists a constant C(u4, vy, 04) > 0 such that fort >
1

7

[01(8) || 772 < Cug, vy 0007
lon () lwz. < Cluy, vy, o)t
1oL (£) + 2 Re(uo (£)iia ()| i < Cluy, v, 04 )t

Remark 3.3 In this lemma, we have used the assumption §i’0%i, €
L%(D) for |a| < 6, where §; is defined by (1.12) and D is the unit disk in
R?, because the function ¢; appears in the definition of the function 7.

We next consider the third term Kve + 2Re(upui) in the right hand
side of the equation (3.3). By the definitions of ug and uy, |[upu1 2 decays
as O(t72). This is not sufficient to satisfy the assumption (2.6) on R of
Proposition 2.1. In order to obtain improved time decay estimates of Ra,
we choose the third correction term ve of v, such that Kve + 2 Re(upuq)
decays faster than 2 Re(upuq) in the same manner as in [21]. We put
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va(t, x)=—2Re(upuy)

— g (s (7)aa, (5))-

Here we note that the function 2 Re(uou;) is independent of a choice of the
phase function S though it has not yet determined explicitly. Then

Kus(t, x) + 2 Re(iipur) = —0 ng Im <a+(f)m+ (f))] .

By a direct calculation, we have the following lemma.

Lemma 3.5 Letk =0, 1, 2. There exists a constant C(uy) > 0 such that
fort>1,

o2 (8|2 < Clug)t™*2,

S 0%ua(t)lle < Cluy)t

|a|=F

[Kv2(t) + 2 Re(ug(t)u (1)) || a1 < Cus )t

Finally we construct a real phase function S, which appears in the

definitions of ug and w1, and a third correction term us of the Schrodinger

component u,.
By the definitions of ug, V() and @y, we see that

al (ta ‘T)V(O) (t7 [L‘)

()0 () o)

L Laveerl (E) P (E) gilal? /265 (1.2 1)
t2 it t t

(3.17)

n %e—QiWiao ({)Ql (E) gilal?/2=iS(tat).
t it t t
where P; and @) are defined by (3.8). By the equalities (3.2), (3.9) and
(3.17), we decompose Rj[u,, v,] into three parts:

Riluq, va] = ¢1 + q2 + g5, (3.18)

where
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mctu s~ o~ 5 (1.2) - (2) o (]
Lo+ ) (3.19)
T\ |2 x x T\ |2
x: [f‘+ (P + (5 (F) =9 (5)) oo (7)] }“Ov
=Ly — (i1 VO + 1oV 4 ug0,)

) — (|x 2 12 2
—(1+2(2 P/t )elmﬂ(t,x)

t2

)
)
(1 s ) VG,

2 = (|2 /£2))3/>

{ x/t TR =
(- (|xé/t2))1/2 VIR R, @) (3.20)

1 x/t iz A
gy VTG

_ le2i\/t2f|m|2ia0 (E) P1< ) ilz|2 /2t—iS (.2 /t)
t2 it t t

_glml <x>Q1( ) i|x|2/2t—iS(t,:c/t)]’

Q3:—u0(v0 - (vO 4 v<1>)) — (u1 + 1) (vo — V@)

—((u1 + 11) + u2)(v1 + 01) — ugvo — UgV2

1 ZE/t iy/12—|z|2 x
BT e Vs (6 ) Rk G2

! J:/t —iy/t2—|x|? x
T o G G LG

1. 1 .
+¥61\/t27|x\2[’F1(t7 ) + Zefz\/ﬁfbchGl(t? 2).

We choose a real phase function S such that ¢; defined by (3.19) decays
as t3 in H? as t — oo (see assumption (2.5) in Proposition 2.1). We set

X i
W =Wy+ Wi, Wyt, z) =1u4(z), Wit,z)= 72—tAu+(x).
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Then by a direct calculation, we have
. 1
q=MDe™ " [i@tWo + <z'8tW1 + 2t2AW0>
(8t8+ (2 + oy = aalPg) ) W+ (05)15

“rﬁAWl

2t2 (VS . VW + WAS) - 7|v5| W]

:MDe_iS|: <8tS + —= (|U+|2 + |a0| fi— |CL0|291)> Wo + (atS)Wl

1
topai-

2t2 (2VS - VW + WAS) — —|v5| W]

where M and D are the following operators:

(P ) = #P2G), (Do)t ) =g (1 )

In the same way as in [21], we determine

S(t, x) = %(M(%)\Q +lao(2)* f1(x) — lao(2)*g1(x))

so that
9 S(t, x) = —t%(\fw(w)? +lao(@)]*f1(z) — lao(2) *g1(x))

for (t, x) € [1, oo) x R2. Then

. 1
= MDe % |(8,S)W; + 5z A
(3.22)

1 2
—ﬁ@VS VW + WAS) — 2152|VS| Wi,
We note that the function S defined above coincides with the right hand
side of (1.11) and that it satisfies the time decay estimate (3.4). Therefore
ug, w1 and @; are determined completely, and they are equal to the right
hand sides of (1.2), (1.3) and (1.4), respectively.

By using Lemma 3.2 and noting the equation (3.22), we have the fol-
lowing lemma exactly in the same way as in the derivation of Lemma 3.4 in
[21].
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Lemma 3.6 There exist constants C > 0 and C(uy, vy, 04) such that
fort>1,

luo(®) |2 < Clluy g2 + Clug, vy, 04 )t

luo@)llwz, < Cllugllm2at™ + Cluy, vi, 04)t72
[ur(®) |2 < Cluy, vy, D),
a1 (t) |2 < Cluy, vy, 00)E 1,
I
a1 ()2 < Clus, vy, 04)7°,

Here the constant C' is independent of (us, vy, 04), and the constant
C(ug, v4, 04 ) depends on them.

)
)
)
Mz, < Cluy, vy, 00)t2,
)
)

(
(
(
[ (¢
(
(

uy(t ||W2 < C(U+, U+, U+)t 2’

Remark 3.4 In this lemma, we have used the assumption g{“aam €
L?(D) for |a| < 6, where g is defined by (1.12) and D is the unit disk in
R2, because the function g, appears in the definitions of the functions @
and S.

We next construct a third correction term ug for the Schrodinger com-
ponent such that go decays as t~3 in H? as t — oo (see assumption (2.5)
in Proposition 2.1) exactly in the same way as in the construction of the
second correction term #%;. Recalling the definitions of wug, u1, V(O), v
and 01, we rewrite ¢ defined in (3.20) as

o = Luy — | 2eiVETP Lg) () eftar=isears
t2 it t
1 e Ll (E) pile|2/2t—iS(t,a /1)
it t
(3.23)
4 Loai/ERr Ly <£> cilel?/2t—iS (b /1)
it t

—2i /P2 L g (2) <§> ei|:p2/2ti5(t,:p/t):|
it t ’

where
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. 2 |z|?
(ID(l)(x):Z <1 + 2(1_’x’|2|))3/2> P1(x)
+(1_‘i5,2)1/2 VP (z) — %Aﬁ+($)ao(as)

Fiy (z)ar(z) + i (2)Y (2),
. 2 — |z|?
T (z)=i (1 — 2(1_|:U’|2‘))3/2> Q1(z)

(1_?332)1/2 - VQi(z) — %Aa+(x)m

Fiy (z)ar(z) + by (2)Y (2),
&) (z)=ag(z)Pi(x),
U3 (2)=ag(2)Q1 ().
We construct a third correction term wus such that go decays faster than

[...] in the right hand side of (3.23), which decays as t~2 in L?. We find uy
of the form

us(t, 2)= VIR x>+ie-ivt2—'x‘20u<t z)
1 leFQQ(t l') \/t _‘$|2G22(‘[: $)

where
Fyi(t, )= —ng (t) ilef? /26=i5(1, x/t) suppP27jC{x€R2;|a:]<1},
G27j(t, a:) QQ]( ) ilz|?/2t— zS(tac/t) SUpr27jC{$€R2;’m‘<1}

for j =1, 2. We determine the functions P ; and Q2; (j =1, 2).

Applying the equality (3.5) to the cases of (b, m) = (2, 1), (2, —1),
(2, 2), (2, —2) and noting Remark 3.2, we see that the principal part of Lug
is

-5 Wﬁ( />F2’1“’ D+ e mm( iy 2t )
_t%e%\/m e /t)FQ 2(t, x)+t226 2\/mgg(i/t)c!2’2(t’ ),

where the functions f; and g; are defined by (1.8) and (1.9), respectively,



430 A. Shimomura

and
1= Jaf?
— f <1,
P = e ey O
1 _ 2
g2(z) = 2 for |x| < 1.

2((1— o) ~ o)

As in the construction of 4, we put
Pyj(x) = —f;(2)®V(z), (j=1,2),
Q2(2) = g;(@) ¥V (2), (j=1,2)

so that the principal term of Lus mentioned above coincides with [...] in
the right hand side of (3.23). Then we see that g2 decays faster than [...]
in the right hand side of (3.23).

Therefore, recalling Lemma 3.2, we have the following estimates.

Lemma 3.7 There exists a constant C(u4, vy, v4) such that fort > 1,
sl < Clus, vy, 91)e 2,
luz®)llwz, < Clus, vg, 040t
g2 ()]l g2 < Cuy, vy, 04 )t

Remark 3.5 In this lemma, we have used the assumptions §i%0%u, €
L%*(D) for |a| < 6 and §3§50%u, € L?(D) for |a| < 4, where §; and go are
defined by (1.12) and D is the unit disk in R?, as in Lemma 3.6. (Note that
the function go appears in the definition of the function wuy).

Now the asymptotic profile (uq, v,) of the form (3.1) is determined ex-
plicitly. Noting Lemmas 3.1-3.7 and Remark 3.2 and using the Hoélder in-
equality and the Sobolev embedding theorem, we have the following lemma.

Lemma 3.8 There exists a constant C(u4, v4, 04) such that fort > 1,

lgs()]| g2 < Cug, vy, vy )t 3.

Recalling the definitions of the functions (uq, vg), Ri[tq, ve] and
Ro[ug,v,] and using Lemmas 3.1-3.8, the Holder inequality and the Sobolev
embedding theorem, we obtain the following time decay estimates for u,,
Va, Ri[Ua, vq] and Ralug, vg).
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Lemma 3.9 There exist constants C > 0 and C(uy, vy, 04+) such that
fort>1,

[ua(®llwz, < Cllutllgzat™ + Cluy, vy, 04)t72,

[va(t)llwz, < Clug, vy, o)t
1R [ua, va] ()] 2 < Clus, v, 04)t72,
[ Roftia, va] @)1 < Clug, vy, 04)17°

Here the constant C' is independent of (u4, vy, 04), and the constant
C(uy, vy, 04) depends on them.

Proof of Theorem. We assume that all the assumptions of Theorem are
satisfied. If we put

(A, B) = (um Ua)a
6 = Cllutll 22,
L1 = LQ = L3 = L4 == C(’UJ+, V4, Z.JJF),

where C' > 0 and C(u4, vy, 04) are the constants which appear in Lemma
3.9, then the assumptions in Proposition 2.1 are satisfied. By Proposition
2.1, if ||uy || g2.2 is sufficiently small and if T > 1, which depends on ||uy || 2.2
and C(u4, v4, 04), is sufficiently large, then there exists a unique solution
(u,v) satisfying

u € C([T, 00); H?), v e C([T, oo); H*) N CYH([T, o00); HY), (3.24)

fgg(tkHU(t) — ua ()| L2 + tu(t) = ua(®)ll =) < o0, (3.25)

sup(t*([[o(t) = va ()l + 100 (1) — Opva(t)l|2)
t>T (3.26)

+t(lv(t) = va®)ll a2 + [10:0(E) = va(t) || g1)] < oo

Since the equation (KGS) is globally well-posed in C(R; H?) @ [C(R; H?) N
CH(R; HY)] (see Bachelot [1], Baillon and Chadam [2], Fukuda and Tsut-
sumi [3] and Hayashi and von Wahl [11]), the unique solution (u, v) on the
time interval [T, co) obtained above can be extended to all times. Since
luz(t)]| 2 = O(t~2) and ||v2(t)|| g2 = O(t~2) (see Lemmas 3.5 and 3.7) and
since 1 < k < 2, the third correction terms uy and ve are negligible in the
estimates (3.25) and (3.26), respectively. This completes the proof of The-
orem. (]
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