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Local well-posedness and smoothing effects of strong
solutions for nonlinear Schrodinger equations
with potentials and magnetic fields
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Abstract. In this paper, we study the existence and the regularity of local strong
solutions for the Cauchy problem of nonlinear Schrédinger equations with time-dependent
potentials and magnetic fields. We consider these equations when the nonlinear term is
the critical and/or power type which is, for example, equal to A|lu[P~lu with some 1 <
p < 0o, A € C. We prove local well-posedness of strong solutions under the additional
assumption 1 < p < oo for space dimension n =4, 1 <p<1+4/(n—4) for n > 5, and
local smoothing effects of it under the additional assumption 1 < p < 1+2/(n —4) when
n > 5 without any restrictions on n.

Key words: nonlinear Schrodinger equations with time-dependent potentials and magnetic
fields, well-posedeness of the Cauchy problem with the subcritical/critical power, local
smoothing effects.

1. Introduction

We study local well-posedness and smoothing effects of the following
nonlinear Schrodinger equation with magnetic fields:

n

D= 53— APt Vi @,
(t.x) e R xR",
u(0,2) = ¢(x), = ecR", -2

where u is a complex valued unknown function on R x R", the initial data ¢
is a complex valued given function on R", the components of the vector
potential A; (j =1,...,n) are real valued given functions on R x R", the
linear scalar potential V is a real valued given function on R x R”, and
the nonlinear function F' is a complex valued given function on C. We can
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find this type equation, for example, in the Maxwell Schrodinger equations,
which are the classical approximation to the quantum field equations for an
electrodynamical nonrelativistic many body system (see, e.g., Shimomura
[19] and Tsutsumi [26, 27]).

We will construct the strong solutions by using the contraction methods.
For (1.1), the corresponding time-dependent linear Schrédinger equation is
as follows:

10w = H(t)u, (LS)

where

1, .
j=1 (1.3)
1 1 1
= —gAFiA() - V+ VAR ) + 514, NP+ V(L)

is time-dependent Schrédinger operator acting in L?(R"). In [31], Yajima
constructed the fundamental solution generated by this Hamiltonian as an
extension of Fujiwara’s results [4, 5]. We will solve the integral equation
corresponding to (1.1)—(1.2) by using some properties of the propagator to
this Hamiltonian. In what follows, we set

V(t) = %v CA(t) + %]A(t)\Q +V(1).

The Cauchy problem for nonlinear Schrédinger equations with sub-
critical and/or critical power nonlinearities and linear potentials or mag-
netic fields has been investigated by many authors. (see also [3, 1, 6, 7, 10,
11, 12, 16, 24, 25] and references therein). Especially, de Bouard [3] studied
on (1.1)-(1.2) with A and V independent of ¢ (cf. Remark 1.7), the first au-
thor [16] studied well-posedness of weak solution to (1.1)—(1.2) with A and V'
depending on t. For the proof of well-posedness for nonlinear Schrodinger
equations, we usually employ the Strichartz estimate, which is an estimate
on a space-time integral of solutions to the linear problem. For the free
Schrodinger group, this was proved by Strichartz [23] (see also [7, 11, 29]).
It is well-known that this estimate also holds for A = 0 and V' # 0 with
some conditions (cf. [8, 11, 13]). In this paper, we use the Strichartz estimate
with A # 0 and V' # 0 which is obtained by Yajima [31] (Lemma 2.5). We
also use so-called the endpoint Strichartz estimates obtained by Keel and
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Tao [14].

On the other hand, solutions of the Schrodinger type equations have
smoothing effects, that is, the solution is smoother than the initial data for
almost all time ¢. For the free Schrodinger group, Sjolin [20] has proved the
following inequality to exhibit this property

| tettaa - a) e paza < ) s,
fel? peCRmR)

(cf. [2, 28]). Yajima [30] has proved it for the equation (LS), which we
will quote as Lemma 4.1 below. Recently, Yajima and Zhang [32, 33] have
proved this property for (LS) and well-posedness for (1.1)—(1.2), when A =0
and V is superquadratic at infinity. When 1 < n < 7, the first author [15]
and Sjolin [21] showed this property for the strong solutions to (1.1)—(1.2)
with A =V = 0. We will prove the smoothing effects of the strong solu-
tions to (1.1)—(1.2) with scalar potentials and magnetic fields for all space
dimensions, time-locally. This property for the weak solutions to (1.1)—(1.2)
with potentials and magnetic fields was studied in the previous paper [16]
(cf. [22] for the case A=V =0).

We make the following assumptions on the vector potential and the
scalar potential, which are introduced by Yajima [30, 31].

Assumption (A) Forj=1,...,n, A;is a continuous function of (¢, z) €
R x R™ and a C* class function of z for each t. 9% A; is a C! class function
of (t,x) € R x R" for any multi-index «. A satisfies for |a| > 1,

102 Bji(t, 2)| < Cafa) ™%,

|07 A(t, )| + 10,07 A(t, 7)| < Ca
with some € > 0, where A(t,z) = (Ai(t,x),...,An(t,x)), Bj(t,z) =
ajAk(t, LU) - 8kAJ (t, l‘)

Assumption (V) V is a continuous function of (f,z) € R x R" and
a C'° class function of z for each ¢t. ¢V is a continuous function of (¢, z) €
R x R" for any multi-index . V satisfies

|05V (t,z)| < Cy

for |a| > 2.
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We also assume the following assumptions on the nonlinear function F'.

(cf. [10, 11])
Assumption (F1) F € C1(C,C) in the real sense with F'(0) = 0.

Let F € CY(C,C). For z € C, we define the linear operator F’(z) on C
by

F'(2)w = 0.F(2)w + 0:F(2)®, for w € C,

where 0, = (1/2)(0: — i0,) and 0z = (1/2)(0¢ + i0,) with z = & + in,
&, nekR.

Assumption (F2) There exists M > 0 such that for |z| > 1,
|F'(2)| = max{|0.F ()], |0:F (2)|} < M[z["~
with some 1 < p < oc0.
We introduce the following function spaces. We set for k =0,1,...,
S(k) = {f € L*: [|fllsg) < oo},
fllsw = D a*d2fla,
la+p|<k
|al, 18120

and let X(—k) be the dual space of (k). Then X (k) is a Banach space with
the norm || - [|5)-

Definition We call the components (g, 7) an admissible pair if they satisfy

L (i2)
and

2<¢< if n=1,

2<g< o if n=2,

2<¢g<2n/(n—2) if n>3.
Let

Xr= (LU, L%,  Xp=XrnC(r, L), (1.5)
(g,r)
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where (g, r) is every admissible pair and I = [0,T].

Remark 1.1 For this definition, we take the results of Keel and Tao [14]
into consideration.

We state the main results of this paper.

Theorem 1 Suppose that Assumptions (A), (V) and (F1) are satisfied.
In addition, suppose that Assumption (F2) with 1 < p < oo if n = 4, with
1 <p<1+4/(n—4)if n > 5 is satisfied. Let ¢ € 3(2), in addition
with ||¢||s ) sufficiently small if n > 5 and p = 1+ 4/(n —4). Then
there exists T > 0 depending only on ||¢||s) such that (1.1)-(1.2) has
a unique solution u in C(Ip,3(2)). Furthermore Oyu € Xp, in particular
u € C(Ir,%(2)) N CY(I7, L?). Moreover this solution depends on the initial
datum continuously. Namely if ¢, — ¢ as m — oo in 3(2), then the
coresponding solution u, € C(It,,%(2)) to the datum ¢y, converges to u in
C(I1y,%(2)), where Ty > 0 depends only on [|¢||s(2)-

Theorem 2 Suppose that Assumptions (A), (V) and (F1) are satisfied.
In addition, suppose that Assumption (F2) with 1 < p < oo if n = 4, with
1<p<142/(n—4) ifn > 5 is satisfied. Let u be the solution of (1.1)—(1.2)
obtained in Theorem 1. Then for p > 1/2,

() =#=5/2(D,)?u(t) |3 dt < oo,
It

where (D) = (I — A)Y/2.

Remark 1.2 Whenn > 5, we prove local well-posedness of (1.1)—(1.2) un-
der the assumption 1 < p < 144/(n—4). On the other hand, we obtain local
smoothing effects only in the case of 1 <p <14 2/(n —4), because for the
solution u of (1.1)—(1.2) we have only the fact that the nonlinear term F'(u),
the time derivative 0,F (u), |z|?F(u) and z;0,F (u), j, k = 1,...,n, belong
to L'(I7; L?(R™)) by the Sobolev embedding theorem (see Lemma 4.2).

Remark 1.3 For our solution u, we have no information on 0%u, |a| = 2,
except Au € L (I7; L?) (cf. [1, 11, 12)).

Remark 1.4 If A =0 then for n > 5 and F(u) = |u|P~!u with p = 1 +
4/(n — 4), we don’t need the assumption on the size of the initial datum.

(ct. [1]).
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Remark 1.5 Following the argument below, we can construct X(k)-solu-
tion with positive integer k. In fact, for, e.g., F'(u) = M;|u|l(F+1/2=1qy 4
My |u|* =2k, with n > 2k and [(k +1)/2] — 1 < 4/(n — 2k), we may use
the contraction arguement in the following Banach space:

X ={u e C(Ir, H*) | z*0l0Pu € L"(I; LY), |o| + 21 + |B| = k,
la] =0,1,...,k, 1=0,1,...,[k/2],
8] =0,....k—2[k/2]}

where (g, r) is the admissible pair with 1/q = (k—1)/k+1/(k*p — k? + 2k).
We note that %(k) € L*=%*2 and k — 2[k/2] = 0 or 1. In this paper,
we treat the case of k = 2, especially. Because when we regard (1.1) as
L?-valued ordinary differential equation, ¥(2) is included in D(H(t)), the
space corresponding to the strong solution to (1.1).

Remark 1.6 In fact the fundamental solution of (LS) can be constructed
for the scalar potentials with singularities under the suitable conditions (see
Theorem 7 in Yajima [31]). Thus using this property, we can show the local
well-posedness of (1.1)—(1.2) for these scalar potentials with singularities.
But since we do not have the local smoothing property of the propagator
of (LS) for singular potentials even when A = F' = 0, we need to assume
the continuity for the scalar potentials to prove the local smoothing effects
of (1.1)—(1.2).

Remark 1.7 When A and V are independent of ¢, that is, H(t) = H, it is
rather easy to prove Theorem 1 because 0 is commutable with H. If V sat-
isfies the some growth conditions, which are weaker than Assumption (V),
then H defined on C§° is essentially self-adjoint in L?(R") (see [9] and,
e.g., pp- 199 in [18]). Thus we can prove theorems by using e~ instead of
U(t,0), where H is the self-adjoint realization of H. (cf. [3]).

Notations Let LY(R") = {¢: [[¢|lq = (Jgan [¥(2)| dm)l/q < oo} for 1 <
q < o0, and let L®(R™) = {¢: [|¢)||oc = esssup,ecrn [(z)| < c0}. Let the
Sobolev space H¥(R") = {4 [|¢||gr = 2 laj<k 109912 < o0}, for positive
integer k. For simplicity, we denote the space L4(R"™) by L? and the space
HF (R™) by H k_ respectively. For a Banach space X and an interval Iy =
[0,T], let C(Ir,X) be the set of X-valued strongly continuous functions
on Ip, and let LI(Ip, X) be the set of X-valued Li-functions on Ir. We put
LT.(X) = L"(I7,X) with the norm
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1/r
ufnL;(X):(/I Hf(a-)\&dt) L i<r<oo
T

[fllzge (x) = esssupgepy. [1F (2 )] x-

We denote the set of rapidly decreasing functions on R™ by S(R"™). We
denote various constants by C', M and so forth. They may differ from line
to line, when it does not cause any confusion.

We use the following symbols:

0 0
Oh=—, Op=—-— tfork=1,...
t o’ k Dy or ) y 1y
ag:alalag”’ xa::[]?l...;vgn

for any multi-index o = (a1, ..., ay),
V=(01...,00), A=+ - 40,
(2) = (1+ o)1,
a Vb= max{a,b}.

Outline of this paper is as follows. In Section 2, we introduce some
results of (LS) obtained in Yajima [31]. In Section 3, we prove Theorem 1,
that is, the local well-posedness of the strong solutions to (1.1)—(1.2) by the
contraction argument in the suitable function spaces. In Section 4, we prove
Theorem 2, that is, the local smoothing effects of the strong solutions to
(1.1)—(1.2) by using the smoothing property of (LS) obtained in Yajima [30].

2. Preliminaries
We introduce some results for the linear equation (LS) in Yajima [31].

Lemma 2.1 (Yajima [31]) Assume Assumptions (A) and (V). Then there
exists a unique propagator {U(t,s)}: ser for (LS) satisfying the following
properties:

1. For anyt # s, U(t,s) maps S(R™) into S(R™) continuously and ez-
tends a unitary operator in L*(R™) which satisfies U(t,r)U(r,s) =
Ult,s).

2. Forv € X(2), U(-," )y € C(R%,%(2)) N CYR2, L?), and the following
equations hold:

10U (t, s)y = H(t)U(t, s)y,
105U (t,s)p = —U(t, s)H(s)1.
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Furthermore there exists T > 0 such that for 0 < |t —s| < T, U(t,s) can be
represented as in the form of oscillatory integral

(Ut 5) ) () = @mi(t — 5)) ™ / eSESTDY(t s, 2, y) f(y) dy.

n

Then {U(t,s): [t —s| < T, t, s € R} is strongly continuous in L*(R™).
Here S(t,s,z,y) and b(t,s,z,y) are uniquely determined functions satisfy
some properties.

The following lemma is the LP-L? estimate for U(t, s).

Lemma 2.2 (Yajima [31]) Let T be the same constant as in Lemma 2.1.
For any 2 < ¢ < o0 and for 0 < |t —s| < T, t # s, there exists a constant
C = C(n,q) such that

U, 5)fllq < Clt = s|~"V27VD| £,
where ¢’ is the dual of q.

We define linear operators U and G as follows:

Ug)(t) =U(t,0)¢, teR,

(G () = /0 Ult,s)f(s)ds, t€R.

These operators have the following properties (see Yajima [30], [31]).
Let I be a compact sub-interval of [0, 7.

Lemma 2.3 U is a bounded operator from L? into C(I, L>)NAC(I,%(—2))
satisfying

i0Up =H(t)Ug
for € L? and a.e. t € I in B(—2), where AC(I,%(—2)) is the class of

Y (—2)-valued absolutely continuous functions.

Lemma 2.4 If f € L'(I,L?), then Gf € C(I,L*) N AC(I,%(—2)) and it
follows that

10:Gf =H({t)Gf +if
for a.e. t € I in X(-2).
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The following Strichartz estimates are obtained in Yajima [31]. Let
Iy =10,T] C [0,T].

Lemma 2.5 Assume that the components (g;, i) are arbitrary admissible
pairs, where i = 0, 1, 2, and let (¢},r}) be dual of (qi,7i), namely 1/q; +
1/¢, =1 and 1/r; + 1/r, = 1. Then U is a bounded operator from L? into
LT.(L?), and G is a bounded operator from L;:Q (L%) into L (L%), with the
bounds independent of T. Namely, there exist C, C' > 0 independent of T
such that

U Lr ey < Cll]2,
NG F g any < CUIIFIL,

sy

Furthez“more, Up € C(Ir,L?) and Gf € C(Ir,L?) for any ¢ € L? and
ferLpzLe).

Remark 2.1 We can obtain the endpoint estimates of U(t, s) by the same

argument as in [14]. We remark that these estimates hold locally in time.

Remark 2.2 Under Assumptions (A) and (V), it is easily seen that there
exists C' > 0, depending on 7', such that

AL, 2)| < Cla),
V(t,2)] < C(x)?,
|0,V (t,z)| < C(x)
for any t € I and x € R". Then we have
02V (t,2)| < C(x)
for any t € I, z € R" and || > 1.

Remark 2.3 Under Assumptions (F1) and (F2), it is easily seen that
F can be decomposed in the form

F=F+F, F, FbecCYC,C), Fi(0)=F0)=0,

[F1(2)| < Milz|,  |Fi(2)] < My,

[Ba(2)] < MalzlP,  |F3(2)] < Moz~

for z € C (see Kato [11]).
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3. Proof of Theorem 1

We only prove the case n > 4. The lower dimension cases are much
simple and we omit them. We note that 1 <p < ooifn=4,1<p<1+
4/(n —4) if n > 5.

Let It = [0,T] for 0 < T < T, where T is introduced in Lemma 2.2.
And set | = (n/4)(1 —1/p) sothat 0 <1 <1,v=2/land p=4p/(p+1).
We introduce the following function spaces and their norms.

X = LP(L*) N LL(L),

lullxz = llullzge 2y V lull Ly (o),

Xp = Ly(L?) + L (L7),

[vllx; = inf{HleLlT(p) + HvzHL;;(L,J/): v=wv1 + vz},
Xr = C(Ir, L*) N L(L*),

where p’ and 7/ are the dual of p and ~, respectively, namely p’ = 4p/(3p—1)
and v = 2/(2 — ). We note that X7 and X/ are Banach spaces.

Remark 3.1 The pairs (2,00) and (p,y) are admissible.

We define the function space Z as follows:

Zp =A{u: ||lullz, < oo},
Zr ={u € Zp: u € O(Ir,%(2)), dwu € C(Ir, L?)},

where

n
lull zr = llullLger2y V [ Aull e (22) V ( > ijf?kUIIXT>
Jr k=1

Ve Pull g V|0l x-
Then Zr is a Banach space.

Remark 3.2 Sincel <p<oifn=4and1<p<1+44/(n—4)ifn >5,
it follows from the Sobolev embedding theorem that

$(2)  H? s H2 s 122, (3.1)
Recall that [ = (n/4)(1 —1/p)
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Lemma 3.1 Let ¢ € S(R"), f € SR, and let v=U¢ — iGf. Then
020 = U(82¢) — iG[(2V)v + 2(0, V) Opv

0 . 5 (3.2)
+i0; A - Vo + 200, A - O,Vv + 05 f1,
20,0 = U(2;0k¢) — iG[x;(0kV)v + iz;0p A - Vv (33
+ (95 = 144) 0k + 20 f,
zp2v = U(xp?¢) — iG 221 (0 — iAR)v + v + 22 f). (3.4)

Proof. We differentiate the equation v = U¢p — iGf. Then we have
0w =H(t)v+ f

and hence,
i0)(wjv) = aiH(t)o + a3 f

= H(t)(ajv) = [H(t), ai]v + 23 f
= H(t)(z3v) + 22, (0p — iAp)v + v + 22 f.

Noting that (22v)(0) = 3¢, we have (3.4). In a similar way, we can
prove (3.2) and (3.3). O

Lemma 3.2 If T > 0 is sufficiently small, U is a bounded operator from
Y¥(2) into Zp, with the bound independent of T. Namely, if T > 0 is
sufficiently small, there exists C1 > 0 independent of T such that

108l 2y < Chllllz2)- (3.5)
Furthermore, Up € Zp for any ¢ € %(2).
Proof. We first assume ¢ € S(R"™). By Lemma 2.5, we have

U@l Lge(r2) < clloll2- (3.6)

By the application of Lemma 2.5 to the equalities in Lemma 3.1, we have
the following estimates

AU x+

< HU(A¢) — z’G[(Af/)Ugb +2(VV) - (VU@)

+ 23 2(00A) - (VOLU9) +i(A4) - (VU9)|
k=1

Xr
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< c||Agllz + c|[(AV)US +2(VV) - (VU¢)

+2i > (0pA) - (VORUS) +i(AA) - (VU )
k=1

LL.(L2)
< c|Adlla + T ([[{2) Ul Lo (12) + [[{2) VU | Lo 12y
+ AU e (22) + IVU S| L5 (22))

< c||Adll2 + CT<||U¢||L39(L2) + |||95\2U¢HL;°(L2)

3 iUl ) + HAU¢||L%O(L2)>,
7, k=1

120k U | x1
< NU(z;0k) — iGlix;(0kA) - VU
+(9) — iA)) U + 230 V)U ]|l x
< cllz;Okdll2 + T iz; (0 A) - VU
+(0; —iA;)0U¢ + ij(akv)UWLlT(L?)
< cllzjkgll2 + T (||, VUS| e 12y + IAU S| Lo (12
+ [(2)OU | 2o (z2) + |2 (@)U | oo (12

< cll;dkbl2 + cT(||U¢||L%o<Lz> £ S U bl e
j, k=1

2 PUSl e 2y + HAUqauL%o(L?))

and
BRI
< HU(\xFqs) 16| Y {20~ iAUS} + U0 '
k=1 X7
< clllelP@ll2 + ¢ D _{20x(0k — iANUS} + nUo
k=1 Ly (L?)

< dlllz[gllz + T (lz - VUS| Lge(12)
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+ ”|=T\2U¢HL§9(L2) + Ul Lo (L))

< clllx!¢llz+cT< > 20Ul 022

7, k=1
#lePUGl Lz + 100z )
We have used Remark 2.2. By Lemmas 2.3 and 2.5, we obtain

10:U || x,
< [HOUS| xr
< c(108Lsr + el Uslley + 3 Ies0holxy + 1AVl ).
g k=1
From the above estimates, it follows that
US|z < clldlls) + LU 2,

Therefore, if 7' > 0 is small enough, (3.5) holds for ¢ € S(R"). By the
density argument, we see that if 77 > 0 is small enough, (3.5) holds for
any ¢ € X(2). Actually, Up € Zr for any ¢ € X(2). This follows from
Lemmas 2.3 and 2.5 immediately. O

Remark 3.3 According to the proof of Lemma 3.2, we see that AU¢ €
X7 for any ¢ € 2(2).

Recall that (Gf)(t fo s)ds, t € R.

Lemma 3.3 Let f € L%O(LQ) and Btf, \z|2f, x;jO0pf € Xk for j, k =
1,...,n. Assume that T > 0 is sufficiently small and that f(0) € L? exists.
Then Gf € Zp. Furthermore there exists Co > 0 independent of T such that

1Gfllzr < CQ(HfHL;?(L?) 1= fllx, + D w0kl
g k=1
+ ”atf”X’T>- (3.7)
In particular, if f € C(Ir,L?), then Gf € Zr.
Proof. First we assume that f € S(R"™!). By Lemma 2.5, we have

1Gfllge(r2) < el fllrze



50 Y. Nakamura and A. Shimomura

and that Gf € C (I, L?). By the application of Lemma 2.5 to the equalities
in Lemma 3.1, we have the following estimates

201G fll xr

<||Glxj(OV)Gf +izjoRA-VGf+(0; —iA))hGf + a0k f]| ,

< (16 H oG i+ S hes0hG e
k=1

n HAGfHL;O(Lz)) el Onf xs
and

G £llxr

< HG[Z{m@k —iAWG) +nGf + rxﬁf} ‘
k=1

Xr

< cT<||Ger%0(L2) © S s 0G e + |||w|2GfHL%o(Lz>)
7, k=1

+clll* £l

We have used Remark 2.2. Recall that V(t,z) = (i/2)V - A(t,z) +
(1/2)|A(t,z)|? + V(t,), (t,z) € R x R". Since

G f = Gatf+Uf(O)+%(AGf—GAf)

. ) (3.8)
—G{(A-V —iV)f} + (A-V —iV)GY,
and, from (3.2),
AGSf — GAf
- —ZG[(AV)G f+i(AA)-VGf 59)
+2(VV) - VGf +2i i (ajAk)ajkGf] :
k=1

it follows from Lemma 2.5 that

10:G fl xr
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< C<Hatf||X’T 1Az 22y + 1F O 2 + Nz Fllx;,

S Jadefl + POy + 30 ij'o‘kcfuxT)

J. k=1 g, k=1
+ T AG || Lo (12)-

By (1.3), Lemmas 2.4 and 2.5, we have

IAGfllLge(r2)
< |20.Gf —2A-VGf +2iVGf + 2 || e (12)

< ( S 206G laseqr) + oG ey
3, k=1

+10uf x, + 12y ey + £ Oz + [l £l x,

+ Y w0 fllxy, + ||fHLg:>(L2)> + cTAGS | g (22)
k=1

and hence for T > 0 sufficiently small,

IAGfllpge(r2)

< ( S s OG ez + 1a2G fll ez, + 10l
k=1

0 leaceey + 1FO 2 + 2P fllx, + Y 0k flx,
4, k=1

+ HfHL%O(P))-

From the above estimates, we have

1Gfllzr < C(!flLlT(Lz) £z + 11l 22y + N2> £l x;,

3 asons g + uatfux%) TGz,
k=1

Therefore, if T > 0 is sufficiently small,
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1Gfllz < c<||f|rL1T(L2) FIFO) s + 1l
n (3.10)
el + S a0kl + uater/T)

j k=1

for f € S(R"!). By the density argument, (3.10) holds for any f sat-
isfying the assumptions of this lemma. Since [|fllz1z2) < TIIfllzse(z2),
1£(O)ll2 < [ fllLge(r2), this implies (3.7) for T > 0 sufficiently small. In view
of Lemma 2.5 and (3.8), it is easy to see that 0;Gf € C(Ir, L?). Therefore
we see that G'f € Zp if in addition f € C(Ir, L?). O

Remark 3.4 Note that AGf does not always belong to the auxiliary
space LJ.(LP) for f satisfying the assumptions of Lemma 3.3. On the other
hand, for ¥(1)-solution u, VGF'(u) belongs to the auxiliary space (cf. [16]).

To estimate the nonlinear term, we need the following two lemmas in
Kato [11].

Lemma 3.4 F maps L? into L? continuously, and maps any bounded set
of L into a bounded set of L?.

Let # =1 —[. Recall that I = (n/4)(1 —1/p).
Lemma 3.5 There exists C' > 0 independent of T such that
[u(t) = u(s)ll2 < Clt = s| [lull 2,
lu(t) = u(s)ll2p < CIt = sI°||ull 2,
foranyu e Zr and t, s € Ip.

We prove Theorem 1 by the contraction mapping argument. We
introduce the following integral equation

u(t) = (Up)(t) — i(GF(u))(t)- (3.11)
We define the operator

K(u)=U¢ —iGF(u)
and the ball in Zp

Brr=A{u€ Zp: |lullz, < R, u(0) = ¢}
for T, R > 0.
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Remark 3.5 Br g is a complete metric space in X7 metric. We can prove
this property following, e.g., the proof of Proposition 6.6 in Kato [11].

Recall that we prove the case of n > 4.

Proposition 3.1 Let ¢ € X(2). Suppose that F(u) satisfies Assump-
tions (F1) and (F2) with1 <p <1+44/(n—4). K maps Br g into Br g if
R is sufficiently large and T is sufficiently small, depending only on [|¢||s(2)-

Proof. Let u € By g. By the Holder inequality and (3.1), we have

Il F )l <Al g ey Mallo PPy
<Mool g a2y + MaT a1l

<MT el pge 12y + Mo T |l Pull 1y oy 1l

1
L2 (L?%P)

oo
T

<Ml z, +cMaT? |[ully,.

We have used 1/7' —1/y =6 >0and (p—1)/2p+1/p =1/p'. Similarly
we have

208 F (u) x;, < MiT|ul| zg + eMoT?|Jullly,.,
10:F ()| x7. < MiT ||ul| zg + eMoT||ull%, .
By Remark 2.3, we have for z1, 29 € C,
[F1(21) — F1(22)] < Mifz1 — 2],
|Fo(21) = Fa(22)] < Ma|z1 — 2o (|21 [P~ + [22[P71).
From Lemma 3.5, (3.1) and the Holder inequality, we have

[F1 (u(t)) = Fi(u(s))lle < Miflu(t) —uls)]2

(3.12)
< Mt — s[||ullz,

and
[Fo(u(t)) = Fa(u(s)) |2 < Ma|[[u(t) — u(s)|(lu@) P~ +[u(s)[P~ )]l

< Mallu(t) —u(s)llap(u®)l[5, + luls)|5, ")
§CM2]t—s\€HuH%T (3.13)
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for any t, s € I7. Therefore from Lemma 3.4, we obtain

IE ()l zse 2y < 1F(D)|Lge 2y + [1F(w) = F(9) | 2o (22)

SO (314
< clllls@) + eMiT|ullz + cMoT7|[ully,,

where u(0) = ¢. From these estimates, if 7' > 0 is small enough, we can
apply Lemma 3.3 with f = F'(u). Then we have
IGF )22 < ¢lldllne) + eMiT|ul 2y + Mo |lullf,
for T sufficiently small. By Lemma 3.2, we see that if ' > 0 is small enough,
1K ()]l zp < ellglls@) + eMiT )|z + cMaT?|ulf, . (3.15)
The fact u € By g implies
1K (u)l 2y < clldlln@) + cMiTR + cMyTRP.

Hence we can choose R > 0 sufficiently large and 7" > 0 sufficiently small
so that

cl[¢lls) + cMITR + eMsTRP < R.
It follows from (3.15) that
| (W)lze < R -

Proposition 3.2  Suppose that F(u) satisfies Assumptions (F1) and (F2)
with 1 <p <1+4/(n—4). If R is sufficiently large and T is sufficiently
small, K maps By r onto itself and it is contraction in the metric of X
over By r, where R and T depend only on ||¢||s(2)-

Proof. Let u, v € Br r. By the definition of K, we see
K(u) — K(v) = —i(GF(u) — GF (v)).
Then as in the proof of Proposition 3.1, we have
IK (W) — K)lxy < (M T + MR lu— vllxye (3.16)

We can choose R sufficiently large and T sufficiently small, depending only
on s, so that

1
cMT + eMyTORP™ < 5
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The proof of this proposition completes. U
Now we prove Theorem 1.

Proof of Theorem 1. First we consider the subcritical case, that is, we
assume that n > 4 and that 1 <p <14 4/(n —4). We show the existence
result. By Remark 3.5, Propositions 3.1 and 3.2, if R is sufficiently large
and T is sufficiently small, K has a unique fixed point v in By g. Namely,
u is a unique solution of (3.11) in By r. By (3.12) and (3.13), we see
that F(u) € C(I, L?). Therefore u € Z7 follows from Lemmas 3.2 and 3.3.
Since F(u) € C(Ir, L?), u is a solution of (1.1)—(1.2) by Lemmas 2.3 and 2.4.

We next prove the uniqueness of the solution. Let u, v € C'(Ip,3(2))
be solutions of (1.1) with u(0) = v(0) = ¢. Then u, v satisfy the integral
equation (3.11). Therefore, as in the proof of Proposition 3.2,

lu—vlx, = [|GF(u) = GF ()| xr
< {CMlT + CMQTQ(HuHi%l(E(Q)) + HUH]Z%l(z(Q)))}HU — V|| xrp-

We can choose T' > 0 sufficiently small, depending only on [[¢||5(2), so that

N |

eMT + eMoT ([l s + Il o) <
Hence, if T' > 0 sufficiently small, we have
-
We next show that du € Xp. From (3.8), we note that
i0u = H(t) U + i0,GF(u)
— H()U$ + iGOF (u) — iU F($) — %(AGF(u) ~ GAF(u))
+G{(A-V—iV)F(u)} — (A-V —iV)GF(u). (3.17)

Since terms in RHS of (3.17) except the 1st, the 4th and the last terms are
images of U or G, they are in Xp. For any (¢, r) satisfying (1.4), we can see
that, in the exactly same way as the proof of (3.5), (3.7),

[H@®)US| 1r(Lay < clldllse2),
and that
|AGF(u) — GAF(u)]| Ly (La), [I(A-V = iV)GF(u)HLTT(LQ)
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< c(umu)uW) FePF@Ix + 3 lei0eF )],
g, k=1

n uatF<u>||XfT).

We have used Lemma 2.5 for the estimate of the first and the last terms,
and (3.9) for that of the 4th term, respectively. Thus we obtain dyu € Xrp.
Since u € Zp, we have Oyu € Xp.

Finally we show the continuous dependence on the initial datum.
Assume that ¢ € ¥(2) and that u € C(Ig,,X(2)) is a solution of (1.1)
with u(0) = ¢. We also assume that ¢, € 3(2) for m = 1,2,..., and
that ¢, — ¢ as m — oo in ¥(2). By standard continuation argument, it is
sufficient to prove that u,, — u in Zp for T' > 0 sufficiently small depending
only on [|¢[|5;(2)- Let

Ky (v) = U¢p, — iGF(v)

for m = 1,2,.... By the same argument as above, we can show that if
T > 0 is sufficiently small and R > 0 is sufficiently large, depending only
on ||@ls(2), u is a unique fixed point of K in By g, and K, has a unique
fixed point u,, in Bt g for m sufficiently large. Then wu,, is a unique solution
of (1.1) in C(Ir, X(2)) with 4y, (0) = ¢p,. As in the proof of Proposition 3.2,
we see that
[tm — ullxy = [[Km(um) = K(u)| x;

SUbm = Udllxy + |GF (um) — GF(u)]| xr

< elldm = lla + (eMIT + eMaT? RP ) || ury — ]| xy
This implies that if T" > 0 is small enough,

[um = ullxp < clldom — 9llse2)-

We obtain that u, — u in Xp C L$¥(L?). On the other hand, since
um )|l g2 < llumllze < R, it follows that wu, — u in L°(H?) for any
[ < 1. By Lemmas 3.2 and 3.3, we see that

[ — ull zg

< cl|pm — 9lls(2)

n c(HF<um> — F (@)l + 122 (F (o) — F ()l
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n
+ Z 1" () Ok (um, — u)”X’T
J, k=1

+ Y I () = F'(w))aj 0kl xy,
g k=1

+ [1F () (Optian — Opw)l| ez, + [[(F (um) — F'(U)Wtﬂllx;)-
As in the proof of Proposition 3.1, we have
1 (um) = F(u) || e (£2) < Cllum —ul 2y,
[? (F (um) = F ()l x5, < MaT ] (i — )| £ (122)
+ MT? RP ] (i — ) 10
< (MIT +MT Rl (i —w) | -
1 F () 25O (g, — ) || x7, < (ML T+ MoT R ™) |20 (i — ) || 1
| F' () (Ot — Opur) | x,, < (ML T+ MyT? RP~H) || 0stty, — O] x.--
It remains to prove
(F'(um) — F'(u))0pu — 0, (3.18)
(F'(um) — F'(u))zj0ku — 0, (3.19)
as m — oo in X/.. By Lemma 2.5 and the Holder inequality, it is easily seen
I(F" (um) = F (u)) O] x,
<N (F (um) = Fi () Orull g 2y + | (Fy(um) = Fy () Opu]
< TN (Fy (wm) — F{(U))atUHLg?(B)
T (Ftm) = P ) 19

Ly (L)

Then noting Remark 2.3, we see that
I(FY (um) = F{(w))Oeul Lo (12) — O,

as m — oo, by Remark 4.3 in Kato [11], the dominated convergence theorem
and the fact d;u € Xp C L (L?), and by Lemma 4.2 in Kato [11] and the
fact that wu, — u in L¥(H?) for any [ < 1, we have

||F2,(Un) - FQI(u)HL%o (L2p/(p—1)) - 07
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asm — 0o. These imply (3.18). Similarly, we can prove (3.19) since z;0,u €
Xr C LE(L?).

In the critical case, namely, when n > 5 and p = 1+4/(n —4), we have
0 = 0. If C1||¢||s2) < 0 for C1 > 0 appeared in Lemma 3.2 and sufficiently
small § > 0, then for R > 0 satisfying cMaRP~! < 1/2 and T > 0 depending
only on §, we have

d+ cM{TR + CMQRP < R.

Thus for these R and T', the assertions in Propositions 3.1 and 3.2 hold, and
we have K has a unique fixed point u in By gr. We can prove the remained
parts in the same way as above. We remark that wu,, — u in L(H?) in
this case. We omit the details. O

4. Proof of Theorem 2

Before the proof of Theorem 2, We introduce the following results of
Yajima [30].

Lemma 4.1 (Yajima [30]) Assume Assumptions (A) and (V). Let T' > 0
be sufficiently small, u > 1/2 and p > 0. There exists a constant C' > 0,
depending on p and p, such that for s € R and f € S(R™)

/:;T () = (Da) U (¢, ) f113 dt < CI|(Da)~"/2 £3.
Using Lemma 4.1, we prove Theorem 2.
Proof of Theorem 2. By (3.11), (1.3), Lemma 2.4 and (3.8), we have
() 5D,
= (2) Do) PU G — ifa) T (Dy) PG F (u)

= (@) THDy) P UG + 2(a) Dy PUF(0)

+2(z) 7 5/2< o) P GOF (u) (4.1)
+i(z) MDA (AGF (u) — GAF (u))
— ()T DO)Y2G[2A - VF(u) — 2iV F (u) + iF (u)]
+ 2i(z) P2 (D)2 F (u).

First we estimate the 1st and 2nd term in the RHS of (4.1). By Lemma 4.1,
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it is easily seen that
A ()~ =>/2(Da)*2(UG) () I[3 dt < ell(Da)* I3 < oe,
[{2)=#=>2(Da) VAU F(9)) ()13 dt < ¢ F(9)]I3 < oo
We have used (3.1) and Lemma 3.4 in the second estimate. To estimate

the 3rd, the 4th and the 5th terms in the RHS of (4.1), we need the following
lemma (cf. [2, 15, 16, 17, 21, 22]).

Lemma 4.2 For p > 1/2, there exists C > 0, depending on p such that
1/2
([ 1@ 2 a GnoiBar) <l
T

Proof. Let g € C3°(I7 x R™). By Lemma 4.1 and the Schwarz inequality,
we obtain

[ (@D G e.000) dt\

/I/\ “HVHDANRU (L, 8) f(s),9(t)) | ds dt
/ (@) 2D )2U (t,5) £ (5) 2 llg (t) |12 dt ds

I

< /1( I(a) 2D, 20 0,5) (9 I/st)mumﬂm)

<c< / Hf($)||2d8>HQHLZ(ITan),
T

where (-, -) is the L?(R"™) scalar product. By the duality argument, we
have this lemma. O

For the 4th term in the RHS of (4.1), we have
1/2
< |[(x) 52D )2 ((AGF (u))(t) — (GAF (u )H2dt>

< c(HGF<u>HL1T<L2> v el GF ()l 1 1oy
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VY 10 GF Wl IAGF )y
j, k=1

< cT|GF(u)| 2y

< 0T<||F(u)|L;O(L2) FePF)llx, + > 0 F (u)]lx;,
4, k=1

ol )

Since w € Zr, it is clear that the RHS of above inequality is finite.
According to Lemma 4.2, to estimate the L?(I7 x R"™)-norm of the 3rd
term in the RHS of (4.1), it is sufficient to show

O F (u) = F'(u)du € LA (L?), (4.2)

and to estimate the L?(I7 x R™)-norm of the 5th term in the RHS of (4.1),
it is enough to prove

F(u) € LA(L?), (4.3)
|«|*F(u) € Lp(L?), :
2;OpF(u) = F'(u)(x;0ru) € L (L?). (4.5)

On the other hand, to estimate the L?(I7 x R™)-norm of the 6th term in
the RHS of (4.1), it is sufficient to prove

F(u) € L*(I7 x R™), (4.6)
VF(u) = F'(u)Vu € L*(Ir x R"). (4.7)

(4.3) and (4.6) follow from (3.14). We show (4.2). When n < 3, since u €
C(Ir,%(2)) — L®(Ir x R") and dyu € L (L?), we have 0;F(u) € LL(L?).
When n > 4, since u € L(H?), we see that u € L¥(L?) for 2 < ¢ < o0
when n = 4 and for 2 < ¢ < 2n/(n —4) when n > 5. For proving in the
case of n > 5, we note that there exist the real constants a, b satisfying

p—1 1 1
a +b_ ’
1 2 1 1 1 1 1 1
s—-<-<5, S;--<.<s
2 nT a2 2 n b 2

Therefore we obtain that, by the Holder inequality and the fact d,u € X,

”F/(U)atUHLlT(B)
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< M T Opull 0 2y + eMaT V2| [uP~ Oyl 21y xmny

-1
< eMT 0 e (12 + M2l o 100 2.0

— —1
< CMlTHatUHL%O(p) + cMoT? l/r”uuﬁ%o(m)||atu||LTT(Lb)
< 00,

where r is a constant such that (b, ) is an admissible pair, and when n > 5
we can estimate in the similar way. We have (4.2).

By (3.11), (3.4) and (3.3), we see that |z|?u and z;0;u are represented
as the sum of the images of U or G. Thus |z|?u, z;0,u € Xr. In the exactly
same way as the proof of (4.2), we can show (4.4) and (4.5).

We can also show (4.7) in the similar way to (4.2). Proof of Theorem 2
is completed. [l
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