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Abstract. Considered is a quantum system of N (≥ 2) charged particles moving in

the plane R2 under the influence of a perpendicular magnetic field concenrated on the

positions where the particle exsists. The gauge potential which gives this magnetic field

is called a winding gauge potential. Properties of the momentum operators with a wind-

ing gauge potential are investigated. The momentum operators with a winding gauge

potential are represented by the fibre direct integral of Arai’s momentum operators [1].

Using this fibre direct integral decomposition, commutation properties of the momentum

operators are investigated. A notion of local quantization of the magnetic flux is intro-

duced to characterize the strong commutativity of the momentum operators. Aspects of

the representation of the canonical commutation relations (CCR) are discussed. There is

an interesting relation between the representation of the CCR with respect to this system

and Arai’s representation. Some applications of those results are also discussed.

Key words: momentum operators with a winding gauge potential, strong commutativity,

representation of the CCR.

1. Introduction

In Ref. [1, 2, 3, 4], A. Arai investigated commutation properties of two
dimensional momentum operators with a strongly singular gauge potential.
In those papers, he showed some interesting results. Especially, there exsists
a beautiful relation between representations of the canonical commutation
relations (CCR) and the local quantization of the magnetic flux.

The main aim of this paper is to analyze a quantum system of N (≥ 2)
particles moving in R2 under the influence of a perpendicular magnetic field
concenrated on the positions where the particle exsists. The gauge potential
which gives this magnetic field is said to be a winding gauge potential, and
is strongly singular. We note that R.B. Laughlin et al. [5, 6] discussed
this system in connection with the fractional statics gas (their discussions
in [5, 6] are heuristic). Hence, to investigate this sytem is also important
from a physical point of view.

We show that the momentum operators with a winding gauge poten-
tial can be represented as the direct integral of Arai’s momentum operator.
In this sense, our result is a natural extension of Arai’s work [1, 2, 3, 4].
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It is also important whether the magnetic flux is locally quantized or not.
Indeed, we see that the local quantization of the magnetic flux is closely con-
nected with the Schrödinger representation of the CCR’s. As an application
of those results, we study a class of Schrödinger operators with a winding
gauge potential. Moreover, there are some other important properties about
this system. In particular, we see that there is an interesting correspondence
between bosons and fermions, so called the statistical transformation.

The outline of the present paper is as follows. In Section 2, we introduce
a winding gauge potential and show the self-adjointness of the momentum
operators with a winding gauge potential. We also investigate the com-
mutation relations (in the strong sense) of the momentum operators with
a winding gauge potential. To do this, we express the momentum operators
as direct integrals of Arai’s momentum operator. By using this expression,
we prove that the momentum operators strongly commute if and only if
the magnetic flux is locally quantized. In Section 3, we apply the preced-
ing results to the theory of reperesentaion of the CCR. We show that the
momentum operators with a winding gauge potential and the position op-
erators fulfills the Weyl relation if and only if the magnetic flux is locally
quantized. Furthermore, we discuss a relation between direct integral repre-
sentation of Arai’s representation of the CCR and our system. In Section 4,
we define the Hamiltonian with a winding gauge potential and investigate
the properties of this Hamiltonian. We note that formal discussion of this
Hamiltonian is found in Ref. [5, 6]. Moreover, we introduce the statistical
transformation and disscus some applications. This transformation gives
the correspondence between bosons and fermions, and comes from the two
dimensionality of the sytem.

2. Momentum operators with a winding gauge potential

2.1. Definition of the momentum operators with a winding gauge
potential

We consider a quantum system of N (≥ 2) charged particles with charge
q ∈ R \ {0}, where each particle feels a perpendicular magnetic field Bj
(j = 1, . . . , N) given by a real distribution of the form

Bj(r1, . . . , rN ) = γ
∑

i6=j
δ(ri − rj), r1, . . . , rN ∈ R2, rj = (xj , yj),
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where γ ∈ R and δ(r) is the Dirac’s delta distribution. Gauge potentials Aj
(j = 1, . . . , N) of the magnetic field Bj are defined to be R2-valued functions
Aj = (Aj1, Aj2) on the domain

MN :=
{
(r1, . . . , rN ) ∈ R2N

∣∣ ri 6= rj (i 6= j)
}

such that

Bj = DxjAj2 −DyjAj1

in the sense of distribution on R2N , where Dxj and Dyj denote the distri-
butional partial differential operators in xj and yj , respectively.

We denote by ∆j (j = 1, . . . , N) the 2 dimensional Laplacian

∆j := D2
xj

+D2
yj
.

Using the well-known formula

∆j log |rj − rk| = 2πδ(rj − rk) (k 6= j),

we see that the distribution

φN (r1, . . . , rN ) :=
∑

i<j

γ

2π
log |ri − rj |

satisfies

∆jφN (r1, . . . , rN ) = Bj(r1, . . . , rN ).

From this fact, we can take as a gauge potential of the magnetic field

Aj = (Aj1, Aj2) = (−DyjφN , DxjφN ), j = 1, . . . , N.

Explicitely, we have

Aj1(r1, . . . , rN ) = − γ

2π

∑

i6=j

yj − yi
|ri − rj |2 , (1)

Aj2(r1, . . . , rN ) =
γ

2π

∑

i6=j

xj − xi
|ri − rj |2 . (2)

Definition 2.1 The gauge potential Aj = (Aj1, Aj2) (j = 1, . . . N) given
by (1) and (2) is called the winding gauge potential.

We use a system of units where the light speed c and the Planck
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constant ~ are equal to 1. Let

pj1 := −iDxj , pj2 := −iDyj (j = 1, . . . , N),

in L2(R2N ). The momentum operator Pj = (Pj1, Pj2) with the gauge po-
tential Aj is defined by

Pjα := pjα − qAjα, (j = 1, . . . , N, α = 1, 2)

in L2(R2N ) with domain dom(Pjα) = dom(pjα) ∩ dom(Ajα).

Remark 2.2 We note that almost all discussions in this paper can be
extended to following more general case:

Bj(r1, . . . , rN ) =
∑

i6=j
γijδ(ri − rj), (r1, . . . , rj ∈ R2), (3)

where γij ∈ R (i, j = 1, . . . , N , i 6= j), γij = γji. But to simplify our
discussions, we only consider the case γij = γ (i, j = 1, . . . , N).

2.2. Self-adjointness
Let

S(N)
1 :=

{
(r1, . . . , rN ) ∈ R2N

∣∣ ri = (xi, yi) ∈ R2, yi 6= yj (i 6= j)
}
,

S(N)
2 :=

{
(r1, . . . , rN ) ∈ R2N

∣∣ ri = (xi, yi) ∈ R2, xi 6= xj (i 6= j)
}

and

ψj1(r1, . . . , rN ) := − γ

2π

∑

i6=j
Arctan

(xj − xi
yj − yi

)
,

ψj2(r1, . . . , rN ) :=
γ

2π

∑

i6=j
Arctan

( yj − yi
xj − xi

)
.

Then it is easy to check that ψjα ∈ C∞(S(N)
α ) and

Aj1 = Dxjψj1 on S(N)
1 , (4)

Aj2 = Dyjψj2 on S(N)
2 . (5)

Theorem 2.3 For each j = 1, . . . , N and α = 1, 2, Pjα is essentially
self-adjoint on C∞(S(N)

α ).



Momentum operators with a winding gauge potential 163

Proof. Since ψjα ∈ C∞(S(N)
α ), eiqψjα is a unitary operator such that

eiqψjαC∞0 (S(N)
α ) = C∞0 (S(N)

α ).

By (4) and (5), we have

Pjα = eiqψjαpjαe−iqψjα on C∞0 (S(N)
α ).

On the other hand, it is easy to see that pjα is essentially self-adjoint on
C∞0 (S(N)

α ). Hence we have the desired result. ¤

2.3. Commutation relations of the momentum operators with
the winding gauge potential

For r = (x, y) ∈ R2, s, t ∈ R, we introduce a path C(r; s, t) which is
the rectangular curve:

r → r + (s, 0) → r + (s, t) → r + (0, t) → r.

Let D(r; s, t) be the interior of C(r; s, t) and

ε(s) :=

{
1 (s ≥ 0)

−1 (s < 0)
.

We denote the closure of Pjα by Pjα

Theorem 2.4 For each s, t ∈ R and j, k = 1, . . . , N , we have
(i) eisPj1 eitPk2 = exp(−iqΦ(s,t)

j,k ) eitPk2 eisPj1,

(ii) eisPjα eitPkα = eitPkα eisPjα (α = 1, 2),
where, for each (r1, . . . , rN ) ∈ R2N with ri = (xi, yi) ∈ R2, we define

Φ(s,t)
j,k (r1, . . . , rN )

:=

{
γε(s)ε(t)#

{
i
∣∣ i 6= k, ri ∈ D(rk; s, t)

}
(j = k)

γε(s)ε(t)#
{
(j, k)

∣∣ (xk, yj) ∈ D((xj , yk); s, t)
}

(j 6= k)
,

(#A means the cardinality of the set A).

Definition 2.5 ([1]) We say that the magnetic flux associated with the
winding gauge potential is locally quantized if Φ(s,t)

j,k is a 2πZ/q-valued func-
tion for all s, t ∈ R.

Corollary 2.6 The momentum operators Pjα strongly commute to each
other if ond only if γ/θ0 ∈ Z, where θ0 := 2π/q the flux quanta, equivalently,
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the magnetic flux associated with the winding gauge potential is locally quan-
tized.

To prove Theorem 3.2, we need some preparations. Let

R2N = R2
1 × · · · × R2

N ,

where each R2
i (i = 1, . . . , N) is a copy of R2. For each j, k = 1, . . . , N , we

define

Ωjk :=

{
R2

1 × · · · × R̂2
j × · · · × R̂2

k × · · · × R2
N (j 6= k)

R2
1 × · · · × R̂2

j × · · · × R2
N (j = k)

,

where R̂2
i indicates the omission of R2

i .
Let ωjk := (a1, . . . ,aj−1,aj+1, . . . ,ak−1,ak+1, . . . ,aN ) ∈ Ωjk (if j = k,

then ωjj is given by ωjj = (a1, . . . ,aj−1,aj+1, . . . ,aN ) ∈ Ωjj). Then we de-
fine the multiplication operators Ãlα(ωjk) on L2(R2

j ×R2
k) l = j, k if (j 6= k)

and Ãjα(ωjj) on L2(R2
j ) by

Ãlα(ωjk)(rj , rk)

:= Alα(a1, . . . ,aj−1, rj ,aj+1, . . . ,ak−1, rk,ak+1, . . . ,aN )

(l = j, k, j 6= k),

Ãjα(ωjj)(rj)

:= Ajα(a1, . . . ,aj−1, rj ,aj+1, . . . ,aN ),

respectively. We set

Hjk =

{
L2(R2

j × R2
k) (j 6= k)

L2(R2
j ) (j = k)

.

Then relative to the direct integral decomposition

L2(R2N ) =
∫ ⊕

Ωjk

Hjk dωjk, (6)

we can represent the multiplication operators Ajα, Akα as

Ajα =
∫ ⊕

Ωjk

Ãjα(ωjk) dωjk, Akα =
∫ ⊕

Ωjk

Ãkα(ωjk) dωjk. (7)
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On the other hand, we set

p̃i1 := −iDxi , p̃i2 := −iDyi (i = j, k)

acting in Hjk, where we also denote the distributional partial differential
operators in xi and yi acting in Hjk by Dxi and Dyi . Then p̃iα (i = j, k,
α = 1, 2) is a self-adjoint operator. Moreover, it is clear that

pjα =
∫ ⊕

Ωjk

p̃jα dωjk, pkα =
∫ ⊕

Ωjk

p̃kα dωjk (8)

for α = 1, 2.
For each ωjk ∈ Ωjk, we define

Pjα(ωjk) := p̃jα − qÃjα(ωjk),

dom(Pjα(ωjk)) := dom(p̃jα) ∩ dom(Ãjα(ωjk))

and

Pkα(ωjk) := p̃kα − qÃkα(ωjk),

dom(Pkα(ωjk)) := dom(p̃kα) ∩ dom(Ãkα(ωjk)).

Remark 2.7 If j = k, then the operator Pjα(ωjj) is called Arai’s momen-
tum operator ([1]).

Now, we have a following useful lemma.

Lemma 2.8 Let Pjα(ωjk) and Pkα(ωjk) be as above. Then, for all ωjk ∈
Ωjk and α = 1, 2, Pjα(ωjk) and Pkα(ωjk) are essentially self-adjoint.

Proof. If j = k, then we can apply [1, Theorem 3.2]. Hence we only prove
the assertion in the case j 6= k. For each ωjk = (a1, . . . ,aj−1,aj+1, . . . ,

ak−1,ak+1, . . . ,aN ) ∈ Ωjk (ai = (ai1, ai2) ∈ R2
i ), let

S̃
(N)
j1 (ωjk) :=

{
(rj , rk) ∈ R2

j × R2
k

∣∣ yj 6= yk, yj 6= ai2,

(i = 1, . . . , ĵ, . . . , k̂, . . . , N)
}
.

We introduce the function ψ̃j1(ωjk) on R2
j × R2

k by

ψ̃j1(ωjk)(rj , rk)

:= ψj1(a1, . . . , rj , . . . , rk, . . . ,aN )
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= − γ

2π

{
Arctan

(xj − xk
yj − yk

)
+

∑

i6=j, k
Arctan

(xj − ai1
yj − ai2

)}

for each (rj , rk) ∈ S̃
(N)
j1 (ωjk). Then it is easy to check that ψ̃j1(ωjk) ∈

C∞(S̃(N)
j1 (ωjk)) and

Dxj ψ̃j1(ωjk)(rj , rk) = Ãj1(ωjk)(rj , rk) ((rj , rk) ∈ S̃(N)
j1 (ωjk)).

Hence eiqψ̃j1(ωjk) is a unitary operator such that

eiqψ̃j1(ωjk)C∞0 (S̃(N)
j1 (ωjk)) = C∞0 (S̃(N)

j1 (ωjk))

and

Pj1(ωjk) = eiqψ̃j1(ωjk)p̃jαe−iqψ̃j1(ωjk)

on C∞0 (S̃(N)
j1 (ωjk)). Since p̃j1 is essentially self-adjoint on C∞0 (S̃(N)

j1 (ωjk)),
we have the desired result. By the similar way, we can prove the assertions
about Pj2(ωjk), Pk1(ωjk) and Pk2(ωjk). ¤

We denote the closure of Pjα(ωjk) (resp. Pkα(ωjk)) by Pjα(ωjk)
(resp. Pkα(ωjk)).

To state the next result, we introduce some basic definitions of operator-
valued measurable mappings. Let (Λ, µ) be a measure space and X be
a Hilbert space. We denote the set of bounded operators on X by B(X )
and the set of linear operators on X by L(X ). For a self-adjoint operator T ,
we denote its spectral measure by ET (J), where J ∈ B1 (the Borel field
of R).

For a B(X )-valued mapping B : Λ 3 λ → B(λ) ∈ B(X ), we say that
the mapping λ → B(λ) is measurable if the mapping λ → 〈φ,B(λ)φ〉X is
measurable for each φ ∈ X .

Let A : Λ 3 λ → A(λ) ∈ L(X ) be a L(X )-valued mapping. We call
that the mapping λ → A(λ) is self-adjoint mapping if A(λ) is self-adjoint
for µ-a.e. λ.

Let λ → A(λ) be a self-adjoint mapping. If the B(X )-valued mapping
λ → EA(λ)(J) is measurable for each J ∈ B1, we say that the mapping
λ→ A(λ) is measurable. For a measurable self-adjoint mapping λ→ A(λ),
we can define a self-adjoint operator acting in

∫ ⊕
Λ X dµ(λ) by
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dom(A) :=
{

Ψ ∈
∫ ⊕

Λ
H dµ(λ)

∣∣∣∣ Ψ(λ) ∈ dom(A(λ)) µ-a.e. λ,

λ→ A(λ)Ψ(λ) is measurable,∫

Λ
‖A(λ)Ψ(λ)‖2

H dµ(λ) <∞
}
,

(AΨ)(λ) := A(λ)Ψ(λ) µ-a.e. λ,Ψ ∈ dom(A).

The operator A is said to be the direct integral of A(λ) and written by

A =
∫ ⊕

Λ
A(λ) dµ(λ).

More details on these objects, see Appendix A.

Proposition 2.9 For each j, k = 1, . . . , N , α = 1, 2, the mapping ωjk →
Piα(ωjk) (i = j, k, α = 1, 2) is a measurable self-adjoint mapping and

Pjα =
∫ ⊕

Ωjk

Pjα(ωjk) dωjk, Pkα =
∫ ⊕

Ωjk

Pkα(ωjk) dωjk.

Proof. By Theorem 2.3 and Lemma 2.8, Pjα and Pjα(ωjk) are essentially
self-adjoint. Combing this with (7) and (8), we have the desired result by
Theorem A.7. ¤

Proof of Theorem 2.4. By Propostion 2.9, we have

exp(itPlα) =
∫ ⊕

Ωjk

exp(itPlα(ωjk)) dωjk (l = j, k)

for each t ∈ R. Hence it suffices to disscus the commutation relations in the
theorem at each fibre.

If j = k, then we can apply [1, Theorem 2.1] and obtain

exp(isPj1(ωjj)) exp(itPj2(ωjj))

= exp
(−iqΦ(s,t)

j,j (ωjj)
)
exp(itPj2(ωjj)) exp(isPj1(ωjj)),

where Φ(s,t)
j,j (ωjj) is a multiplication operator defined by

Φ(s,t)
j,j (ωjj)(rj)

:= γε(s)ε(t)#
{
i
∣∣ i 6= j, ωjj(i) ∈ D(rj ; s, t)

}
,
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where ωjj = (ωjj(1), . . . , ωjj(N − 1)) ∈ Ωjj . Hence we have the desired
result in this case.

Next we prove the assertion in the case j 6= k. We can apply the Trotter
product formula (e.g., [8, Theorem VIII 31]) to each Plα(ωjk) (l = j, k) to
obtain

exp(itPlα(ωjk))

= s-lim
n→∞

(
exp(itp̃lα/n) exp(−itqÃlα(ωjk)/n)

)n (l = j, k)

for each t ∈ R. Using the fact that

(eitp̃j1Ψ)(rj , rk) = Ψ(rj + (t, 0), rk) a.e. (rj , rk) ∈ R2
j × R2

k, s ∈ R,
we can show that

(exp(itPj1(ωjk))Ψ)(rj , rk)

= exp
(
−iq

∫ t

0
Ãj1(ωjk)(rj + (x′j , 0), rk) dx′j

)
Ψ(rj + (t, 0), rk)

for a.e. (rj , rk) ∈ R2
j × R2

k and each Ψ ∈ L2(R2
j × R2

k). Similarly we have

(exp(itPk2(ωjk))Ψ)(rj , rk)

= exp
(
−iq

∫ t

0
Ãk2(ωjk)(rj , rk + (0, y′k)) dy′k

)
Ψ(rj , rk + (0, t))

for a.e. (rj , rk) ∈ R2
j ×R2

k and each Ψ ∈ L2(R2
j ×R2

k). Using these formulas,
we obtain

exp(isPj1(ωjk)) exp(itPk2(ωjk))

= exp
(−iqΦ(s,t)

j,k (ωjk)
)
exp(itPk2(ωjk)) exp(isPj1(ωjk)),

where

Φ(s,t)
j,k (ωjk)(rj , rk)

=
∫ s

0
Ãj1(ωjk)(rj + (x′j , 0), rk) dx′j

+
∫ t

0
Ãk2(ωjk)(rj + (s, 0), rk + (0, y′k)) dy′k

−
∫ t

0
Ãk2(ωjk)(rj , rk + (0, y′k)) dy′k
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−
∫ s

0
Ãj1(ωjk)(rj + (x′j , 0), rk + (0, t)) dx′j

for a.e. (rj , rk) ∈ R2
j × R2

k. To calculate Φ(s,t)
j,k (ωjk), we introduce some

notations:

ajk,1(rj , rk) := − γ

2π
yj − yk
|rj − rk|2 , ajk,2(rj , rk) :=

γ

2π
xk − xj
|rj − rk|2 ,

bjk,1(ωjk)(rj , rk) := − γ

2π

∑

i6=j, k

yj − ωjk(i)2
|rj − ωjk(i)|2 ,

bjk,2 :=
γ

2π

∑

i6=j, k

xk − ωjk(i)1
|rk − ωjk(i)|2 ,

where we use the notations ωjk=(ωjk(1), . . . , ω̂jk(j), . . . , ω̂jk(k), . . . ,ωjk(N))∈
Ωjk, ωjk(i)=(ωjk(i)1,ωjk(i)2)∈R2

i . Then it is clear that

Ãj1(ωjk) = ajk,1 + bjk,1(ωjk), Ãk2(ωjk) = ajk,2 + bjk,2(ωjk).

Next, we introduce the new coordinate:

rjk := (xk, yj), rjk := (xj , yk)

for each rj = (xj , yj) ∈ R2
j , rk = (xk, yk) ∈ R2

k. Then we can regard ajk,α
(α = 1, 2) as the function with two variables rjk, rjk:

ãjk,α(rjk, rjk) = ajk,α(rj , rk), α = 1, 2.

On the one hand, we have
∫ s

0
ajk,1(rj +(x′j ,0),rk)dx′j +

∫ t

0
ajk,2(rj +(s,0),rk +(0, y′k))dy′k

−
∫ t

0
ajk,2(rj ,rk +(0, y′k))dy′k−

∫ s

0
ajk,1(rj +(x′j ,0),rk +(0, t))dx′j

=
∫

C(rjk;s,t)
ãjk(rjk,r ′jk) ·dr ′jk (ãjk := (ãjk,1, ãjk,2))

=
∫

D(rjk;s,t)
(Dx′j ãjk,1−Dy′k

ãjk,2)dr ′jk (by Green’s theorem)

=−γε(s)ε(t)#{
(j, k)

∣∣ rjk ∈D(rjk;s, t)
}
,

where we use the fact

Dxj ãjk,1(rjk, rjk)−Dyk
ãjk,2(rjk, rjk) = −γδ(rjk − rjk).



170 T. Miyao

On the other hand, we obtain
∫ s

0
bjk,1(ωjk)(rj + (x′j , 0), rk) dx′j

+
∫ t

0
bjk,2(ωjk)(rj + (s, 0), rk + (0, y′k)) dy′k

−
∫ t

0
bjk,2(ωjk)(rj , rk + (0, y′k)) dy′k

−
∫ s

0
bjk,1(ωjk)(rj + (x′j , 0), rk + (0, t)) dx′j

= 0.

Combining these facts, we have

Φ(s,t)
j,k (ωjk)(rj , rk) = −γε(s)ε(t)#{

(j, k)
∣∣ rjk ∈ D(rjk; s, t)

}
.

Therefore we have the assertion about Pj1, Pk2. By a similar way, we have
the assertions about Pj1, Pk1 and Pj2, Pk2. ¤

3. Representation of the CCR

3.1. Schrödinger representation and local quantization of the
magnetic flux

Let H be a Hilbert space, D be a dense subspace of H and {pj , qj}nj=1

be a set of self-adjoint operators on H. The set

π :=
{H, D, {pj , qj}nj=1

}

is called a representation of the CCR with n degree of freedom on D if it
satisfies
(i) dom(pj), dom(qj) ⊂ D (j = 1, . . . , n);
(ii) pjD ⊂ D, qjD ⊂ D (j = 1, . . . , n);
(iii) {pj , qj}nj=1 satisfy the canonical commutation relations (CCR) on D:

[pj , qk]ψ = −iδjkψ,

[pj , pk]ψ = 0 = [qj , qk]ψ (j, k = 1, . . . , N).

for all ψ in D.
We often write D(π) for D. Our main aim of this section is to investigate the
momentum operators with the winding gauge potential from the viewpoint
of the representation of the CCR.
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For a representation of the CCR π :=
{H, D, {pj , qj}nj=1

}
, we introduce

the strong commutant of π as follows:

(π)′s :=
{
T ∈ B(H)

∣∣ TD ⊂ D, pjTφ = Tpjφ,

qjTφ = Tqjφ, φ ∈ D, j = 1, . . . , n
}
,

where we denote the set of all bounded operators on H by B(H). We say
that π is irreducible if (π)′s = CI.

Proposition 3.1 Let Qj1, Qj2 (j = 1, . . . , N) be the multiplication oper-
ators by the coordinate functions xj and yj, respectively. Then

πA :=
{
L2(R2N ), C∞0 (MN ),

{
Pjα, Qjα

∣∣ j = 1, . . . , N, α = 1, 2
}}

is an irreducible representation of the CCR of 2N degree of freedom.

Proof. It is not difficult to show that πA is a representation of the CCR.
So we only prove the irrudicibility of πA.

Let T be an element in (πA)′s. Then, for each φ ∈ C∞0 (MN ), we have

TQjαφ = QjαTφ (j = 1, . . . , n, α = 1, 2).

Since each Qjα is essentially self-adjoint on C∞0 (MN ), we can conclude that
TQjα ⊂ QjαT . Hence, we obtain

T eisQjα = eisQjαT

for all s ∈ R. Therefore, there exists a function F ∈ L∞(R2N ) such that

Tφ = Fφ

for each φ ∈ L2(R2N ). Since T commutes with Pjα on C∞0 (MN ), T also
commutes with pjα on C∞0 (MN ). Hence we have

eispjαT = T eispjα

for all s ∈ R. Since eispjα is the translation, we can conclude that F is
constant almost everywhere. ¤

As for the CCRs in the Weyl form, we have the following result.

Theorem 3.2 The set
{
Pjα, Qjα

∣∣ j = 1, . . . , N, α = 1, 2
}

of self-adjoint
operators fullfills the Weyl relations if and only if γ/θ0 ∈ Z, i.e., the mag-
netic flux is locally quantized.
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Proof. In a similar way to the proof of Theorem 2.4, we can prove

exp(isQjα) exp(itPkβ) = exp(−istδjkδαβ) exp(itPkβ) exp(isQjα)

for all s, t ∈ R, j, k = 1, . . . , N , α, β = 1, 2. Combining these facts with
Theorem 2.4, we have the desired assertion. ¤

Let π1 =
{Hπ1 , D(π1), {pπ1j , qπ1j}nj=1

}
and π2 =

{Hπ2 , D(π2),
{pπ2j , qπ2j}nj=1

}
be representations of the CCR of n degree of freedom. If

there exists a unitary operator U from Hπ1 onto Hπ2 such that

Upπ1U
∗ = pπ2 , Uqπ1U

∗ = qπ2 ,

for each j = 1, . . . , n, then we say that π1 and π2 are unitarily equivalent.
To state a corollary of the above theorem, we need some notations. Let

pjα be the free momentum operators defined in the preveous section. Then
it is not difficult to check that pjα, Qjα are self-adjoint and satisfy the CCR
on C∞0 (MN ). Hence

πS =
{
L2(R2N ), C∞0 (MN ),

{
pjα, Qjα

∣∣ j = 1, . . . , N, α = 1, 2
}}

is an irreducible representation of the CCR. πS is said to be the Schrödinger
representation on C∞0 (MN ).

Corollary 3.3 πA is unitarily equivalent to πS if and only if γ/θ0 ∈ Z.
Furtheremore, the unitary operator which gives this unitary equivalence has
the follwing formula:

UN (θ0, γ) = exp
(
i
γ

θ0
ηN

)
,

ηN (r1, . . . , rN ) :=
1
i

∑

k<j

log
zk − zj
|zk − zj | ,

where zk = xk + iyk. That is, for each j = 1, . . . , N , α = 1, 2,

UN (θ0, γ)pjαUN (θ0, γ)∗ = Pjα, UN (θ0, γ)QjαUN (θ0, γ)∗ = Qjα.

Proof. The first half immediately follows from Proposition 3.1, Theo-
rem 3.2 and [8, Theorem VIII 14].

Note that ηN is real valued. Indeed, since

zk − zj = |zk − zj |eiθ(zk,zj),
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where θzk,zj is a real valued function defined by

θ(zk, zj) =
1
i
log

zk − zj
|zk − zj | ,

we can conclude that

ηN (r1, . . . , rN ) =
∑

i<j

θ(zi − zj)

is also real valued. Thus eiθ0ηN is a unitary operator. It is easy to see that
eiθ0ηNC∞0 (S(N)

1 ) = C∞0 (S(N)
1 ). By a direct calculation, we can check that

Dxk
ηN (r1, . . . , rN ) =

2π
γ
Ak1(r1, . . . , rN ), (r1, . . . , rN ) ∈ S(N)

1 .

Hence we have

ei(γ/θ0)ηNpk1e−i(γ/θ0)ηN = Pk1 on C∞0 (S(N)
1 ).

By a similar way, we can show the assertion about Pk2. ¤

3.2. Fibre direct integral representation of the CCR and Arai’s
representation

For each subset I ⊂ {1, . . . , N}, we introduce

πA(I) :=
{
L2(R2N ), C∞0 (MN ),

{
Piα, Qiα

∣∣ i ∈ I, α = 1, 2
}}
.

Then it is clear that πA(I) is a representation of the CCR of 2×#I degree
of freedom (#I means the cardinality of the set I). In this subsection, we
derive the direct integral decomposition of πA(I).

Let I = {i1, . . . , ik} ⊂ {1, . . . , N} (i1 < i2 < · · · < ik) be fixed. Then
we introduce

ΩI := R2
1 × · · · × R̂2

i1 × · · · × R̂2
ik
× · · · × R2

N ,

R2(I) := R2
i1 × · · · × R2

ik
.

For each ωI = (a1, . . . , âi1 , . . . , âik , . . . ,aN ) ∈ ΩI , we define the multiplica-
tion operator Ãiα(ωI) (i ∈ I) on L2(R2(I)) by

Ãiα(ωI)(ri1 , . . . , rik) := Aiα(a1, . . . , ri1 , . . . , rik , . . . ,aN ).
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Relative to the direct integral decomposition

L2(R2N ) =
∫ ⊕

ΩI

L2(R2(I)) dωI ,

it is not difficult to see that

Aiα =
∫ ⊕

ΩI

Ãiα(ωI) dωI , piα =
∫ ⊕

ΩI

p̃iα dωI

for each α = 1, 2, i ∈ I, where we denote the self-adjoint operators −iDxi ,
−iDyi (i ∈ I) acting in L2(R2(I)) by p̃i1 and p̃i2, respectively. For each
ωI ∈ ΩI , we define

Piα(ωI) := p̃iα − qÃiα(ωI),

dom(Piα(ωI)) := dom(p̃iα) ∩ dom(Ãiα(ωI)).

Then, by a similar way to the proof of Lemma 2.8, we can prove that for
each ωI ∈ ΩI , Piα(ωI) is essentially self-adjoint and measurable. Moreover,

Piα =
∫ ⊕

ΩI

Piα(ωI) dωI (i ∈ I, α = 1, 2), (9)

where we denote the closure of Piα(ωI) by Piα(ωI).
Let I = {i1, . . . , ik} (k ≤ N) be a subset of {1, . . . , N}. For each ω =

(a1, . . . ,aN−k) ∈ Ω(I), we introduce

MN (ω) :=
{
(ri1 , . . . , rik) ∈Mk

∣∣ rim 6= aj
(m = 1, . . . , k, j = 1, . . . , N − k)

}
.

The following proposition can be easily proven.

Proposition 3.4 For each ω ∈ ΩI ,

πIA(ω) :=
{
L2(R2(I)),C∞0 (MN (ω)),

{
Piα(ω),Qiα

∣∣ i∈ I, α=1, 2
}}

is a representation of the CCR of #I × 2 degree of freedom.

Remark 3.5 If #I = 1, then πIA(ω) is called Arai’s representation [1].

Let K =
∫ ⊕
Λ H dµ(λ) be the direct intgral of H over a measure space

(Λ, µ). Suppose that

π =
{K,D, {pi, qi | i = 1, . . . , N}}
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be a representation of the CCR of N degree of freedom. If for µ-a.e. λ ∈ Λ,
there exsists a representation of the CCR of N degree of freedom

πλ =
{H,Dλ, {pj(λ), qj(λ) | j = 1, . . . , N}}

such that
(i) for each j = 1, . . . , N , the self-adjoint mappings λ ∈ Λ → pj(λ), qj(λ)

are measurable and

pj =
∫ ⊕

Λ
pj(λ) dµ(λ), qj =

∫ ⊕

Λ
qj(λ) dµ(λ),

(ii) for all Ψ ∈ D, Ψ(λ) ∈ Dλ µ-a.e.,
then we say that π is decomposable or direct integal of {πλ}λ∈Λ and write

π =
∫ ⊕

Λ
πλ dµ(λ).

Theorem 3.6 Let πA be the representation of the CCR defined in the
preceeding subsection. Then, for each I ⊂ {1, . . . , N}, we have

πA(I) =
∫ ⊕

ΩI

πIA(ωI) dωI .

Especially, if #I = 1, then πA(I) is a direct integral of Arai’s representations
{πIA(ω)}ω∈ΩI

.

Proof. By using (9), we can easily prove this theorem. ¤

Theorem 3.7 Let I be a subset of {1, . . . , N}. Suppose that ω, ω′ ∈ ΩI .
Then we have the following:
(i) If the magnetic flux is locally quantized, then πIA(ω) and πIA(ω′) are

unitarily equivalent to each other for all ω, ω′ ∈ ΩI .
(ii) If the magnetic flux is not locally quantized, then πIA(ω) and πIA(ω′)

are unitarily equivalent if and only if ω = ω′.

Proof. We will prove this theorem for the case N = 2, I = {1}. To extend
the proof for this simple case to the proof for more general case is not
difficult. In this simple case, it is clear that p11 = −iDx, p12 = −iDy and

A11(ω)(r) = − γ

2π
y − ω2

|r− ω|2 , A12(ω)(r) =
γ

2π
x− ω1

|r− ω|2 ,

where r = (x, y) ∈ R2
1, ω = (ω1, ω2) ∈ ΩI = R2

2. Hence, πIA(ω) is Arai’s
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representation.
(i) If the magnetic flux is locally quantized, then applying [1, Theo-

rem 4.2], πIA(ω) is unitarily equivalent to the Schrödinger representation.
Thus we have the desired result.

(ii) If ω = ω′, then it is clear that πIA(ω) and πIA(ω′) are unitarily
equivalent. Conversely, for ω, ω′ ∈ ΩI , ω 6= ω′, assume that πIA(ω) and
πIA(ω′) are unitarily equivalent to each other. Then there exists a unitary
operator U satisfying

UP1α(ω)U−1 = P1α(ω′), (10)

UQ1αU
−1 = Q1α (11)

for each α = 1, 2. It follows from (11) that, for each F ∈ L∞(R2
1),

UFU−1 = F.

Combing this with (10), we have

Up1αU−1 − qA1α(ω) = p1α − qA1α(ω′).

Using this equation, it is not hard to prove that

Up1αU
−1 = p1α − q(A1α(ω′)−A1α(ω)). (12)

We denote the R.H.S. of equation (12) by P1α(ω, ω′). It is clear that
{Up1αU

−1, Q1α | α = 1, 2} satisfies the Weyl relations. On the other hand,
applying [1, Theorem 2.1], we obtain

eisP11(ω,ω′)eitP12(ω,ω′) = e−iqΦs,t(ω,ω′)eitP12(ω,ω′)eisP11(ω,ω′)

for all s, t ∈ R, where

Φs,t(ω, ω′)(r) :=





ε(s)ε(t)γ (ω /∈ D(r; s, t), ω′ ∈ D(r; s, t))

−ε(s)ε(t)γ (ω ∈ D(r; s, t), ω′ /∈ D(r; s, t))

0 (otherwise)

.

Since the magnetic flux is not locally quantized, {P1α(ω, ω′), Q1α | α = 1, 2}
does not satisfy the Weyl relations. Hence we have a contradiction. ¤

Remark 3.8 Suppose that the magnetic flux is not locally quantized.
Then, by Theorem 3.7 (ii), we can conclude that there exist uncountably
many representations of the CCR which are inequivalent to each other.



Momentum operators with a winding gauge potential 177

Corollary 3.9 Suppose that the magnetic flux is not locally quantized.
Then, for each subset I ⊂ {1, . . . , N}, πA(I) is a direct integral of mutually
inequivalent representations of the CCR.

4. Applications

4.1. Schrödinger operators for systems with the winding gauge
potential

Let V (r1, . . . , rN ) be a real valued Borel measurable function on R2N .
Here, we investigate the Schrödinger operator on L2(R2N ) defined by

H =
N∑

j=1

(
−iDxj +

γq

2π

∑

k 6=j

yj − yk
|rj − rk|2

)2

+
N∑

j=1

(
−iDyj −

γq

2π

∑

k 6=j

xj − xk
|rj − rk|2

)2

+ V (r1, . . . , rN ).

For this purpose, we introduce an operator H0 defined by

H0 := −∆ + V,

where ∆ is the 2N dimensional Laplacian.
We assume the following conditions:
(A.1) H0 is essentially self-adjoint.
(A.2) γ/θ0 ∈ Z.

Theorem 4.1 Under the assumption (A.1) and (A.2), we have the follow-
ing.
(i) H is essentially self-adjoint.
(ii) σ(H) = σ(H0), where σ(A) denots the spectrum of the linear opera-

tor A.
(iii) σp(H) = σp(H0), where σp(A) denotes the point spectrum of A. Es-

pecially, if E ∈ σp(H0), then

ker(H−E)=
{∏

k<j(zk−zj)γ/θ0 |zk−zj |−γ/θ0Ψ
∣∣∣Ψ∈ker(H0−E)

}
.

Proof. (i) The Hamiltonian H can be expressed as

H =
N∑

j=1

P2
j + V,
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where Pj := (Pj1, Pj2). Hence, by Cororally 3.3, we have

H = UN (θ0, γ)H0UN (θ0, γ)∗

on dom(H). Hence

H = UN (θ0, γ)H0UN (θ0, γ)∗. (13)

Since H0 is self-adjoint, it follows that H is self-adjoint. Parts (ii) and (iii)
follow from (13). ¤

4.2. Statistical transformation
Throughout this subsection, we assume the following condition:

γ

θ0
∈ Z. (14)

Under this condition, the representation of the CCR

πA =
{
L2(R2N ), C∞0 (MN ),

{
Pjα, Qjα

∣∣ j = 1, . . . , N, α = 1, 2
}}

is unitarily equivalent to the Schrödinger representation πS by Cororally 3.3.
Hence, the system satisfying (14) seems to be trivial at first glance. But
there are some interesting structures in this system.

Let H := L2(R2). For each N ≥ 2, it is well-known that L2(R2N ) =
⊗NH. We introduce the following closed subspaces of ⊗NH:

⊗Ns H := SN (⊗NH),

⊗NasH := AN (⊗NH),

where we denote by SN (resp. AN ) the symmetrizer (resp. the antisym-
metrizer) on ⊗NH.

Proposition 4.2 Suppose that the condtion (14) is satisfied. Then we
have
(i) if γ/θ0 is even, then

UN (θ0, γ)SN = SNUN (θ0, γ), UN (θ0, γ)AN = ANUN (θ0, γ);

(ii) if γ/θ0 is odd, then

UN (θ0, γ)AN = SNUN (θ0, γ).

Hence, the unitary operator UN (θ0, γ) gives a natural correspondence
between ⊗Ns H and ⊗NasH.
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Proof. Let SN be the group of permutations of a set of cardinality N . For
each φ1, . . . , φN ∈ H and σ ∈ SN , we define

Uσφ1 ⊗ · · · ⊗ φN := φσ(1) ⊗ · · · ⊗ φσ(N).

Then it is easy to see that Uσ can be extended to a unitary operator on
⊗NH. We denote it by the same symbol Uσ.

For each (r1, . . . , rN ) ∈MN , we have

UN (θ0, γ)(r1, . . . , rN ) =
∏
i<j

(
zi − zj
|zi − zj |

)γ/θ0

.

Hence if γ/θ0 is even, then for each Φ ∈ C∞0 (MN ), we have

UN (θ0, γ)UσΦ = UσUN (θ0, γ)Φ.

Since C∞0 (MN ) is dense in ⊗NH, we obtain

UN (θ0, γ)Uσ = UσUN (θ0, γ).

On the other hand, if γ/θ0 is odd, we can easily check that

UN (θ0, γ)Uσ = sgn(σ)UσUN (θ0, γ).

From these facts, we have the desired results. ¤

Let A be a self-adjoint operator acting in ⊗NH. We denote the pure
point spectrum of A by σp(A). Then we introduce the closed subspaces of
⊗NH by

H(A) :=
⊕

λ∈σp(A)

ker(A− λ)

and

Hs(A) := SNH(A), Has(A) := ANH(A).

It is clear that

Hs(A) =
⊕

λ∈σp(A)

kers(A− λ),

Has(A) =
⊕

λ∈σp(A)

keras(A− λ),

where kers(A− λ) := SN ker(A− λ) and keras(A− λ) := AN ker(A− λ).
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Proposition 4.3 Let H and H0 be the Schrödinger operators defined in
the preceding subsection. Suppose that the conditions (A.1) are satisfied.
Moreover, if θ0/γ is odd, we have the following.
(i) For each λ ∈ σp(H0),

kers(H − λ) = UN (θ0, γ) keras(H0 − λ),

keras(H − λ) = UN (θ0, γ) kers(H0 − λ).

(ii) Hs(H) = UN (θ0, γ)Has(H0),

Has(H) = UN (θ0, γ)Hs(H0).

Proof. These are simple applications of Theorem 4.1 and Proposition 4.2.
¤

A. Decomposable self-adjoint operators

In this appendix, we summarize some basic properties of decomposable
self-adjoint operators.

Let (Λ, µ) be a measure space and H be a Hilbert space. We denote the
set of bounded operators on H by B(H) and the set of linear operators on H
by L(H). It is clear that B(H) ⊂ L(H). For a self-adjoint operator T , we
denote its spectral measure by ET (J), where J ∈ B1 (the Borel field of R).

For a B(H)-valued mapping B : Λ 3 λ → B(λ) ∈ B(H), we say that
the mapping λ → B(λ) is measurable if the mapping λ → 〈φ,B(λ)φ〉H is
measurable for each φ ∈ H.

Let A : Λ 3 λ → A(λ) ∈ L(H) be a L(H)-valued mapping. We call
that the mapping λ → A(λ) is self-adjoint mapping if A(λ) is self-adjoint
for µ-a.e. λ.

Definition A.1 Let λ→ A(λ) be a self-adjoint mapping. If the
B(H)-valued mapping λ → EA(λ)(J) is measurable for each J ∈ B1, we
say that the mapping λ→ A(λ) is measurable.

Lemma A.2 Suppose that λ → A(λ) is a measurable self-adjoint map-
ping. Then, for each F ∈ L∞(R), the B(H)-valued mapping λ → F (A(λ))
is measurable, where F (A(λ)) is given by the operational calculas.

Proof. Since we can easily prove the assertion for characteristic functions,
we have the desired result. ¤
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Theorem A.3 Suppose that λ → A(λ) is a self-adjoint mapping. Then
the following three statements are equivalent to each other:
(i) λ→ A(λ) is measurable.
(ii) λ→ eitA(λ) is a B(H)-valued measurable mapping for each t ∈ R.
(iii) λ → Rz(A(λ)) is a B(H)-valued measurable mapping for each z ∈

C \ R, where Rz(T ) = (T − z)−1.

Proof. (i)⇒(ii): Use Lemma A.2.
(ii)⇒(iii): Use the following well-known formula:

Rz(A(λ)) =

{
−i

∫∞
0 eisA(λ)e−isz ds (Im z < 0)

i
∫ 0
−∞ eisA(λ)e−isz ds (Im z > 0)

.

(iii)⇒(i): By Stone’s formula, the mapping λ → EA(λ)((a, b)) is mea-
surable for each a, b ∈ R, a < b. Hence, by the limiting argument, we can
conclude (i). ¤

Theorem A.4 Suppose that λ → A(λ) is a self-adjoint mapping. Then
the following three statements are equivalent to each other:
(i) λ→ A(λ) is measurable.
(ii) λ→ eiA(λ) is a B(H)-valued measurable mapping.
(iii) λ→ Ri(A(λ)) is a B(H)-valued measurable mapping.

Proof. Theorem A.3 (ii)⇒(ii): Clear.
(ii)⇒Theorem A.3 (ii): For each t ∈ Q, we can easily show that the

mapping λ→ eitA(λ) is measurable. Hence, we can extend the measurability
of eitA(λ) (t ∈ Q) to that of eitA(λ) (t ∈ R) by the strong continuity of eisA(λ)

in s ∈ R.
Theorem A.3 (iii)⇒(iii): Clear.
(iii)⇒Theorem A.3 (iii): For each z∈C\R such that |z−i|·‖Ri(A(λ))‖<

1, it is well-known that

Rz(A(λ)) =
∞∑

n=0

(i− z)nRi(A(λ))

in operator norm topology. Hence, for such z, the mapping λ→ Rz(A(λ)) is
measurable. Repeating this argument, we can conclude Theorem A.3 (iii).

¤

Let λ → A(λ) be a measurable self-adjoint mapping. Then we define
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an operator A acting in
∫ ⊕
Λ H dµ(λ) by

dom(A)

:=
{

Ψ∈
∫ ⊕

Λ
Hdµ(λ)

∣∣∣∣ Ψ(λ)∈dom(A(λ)) µ-a.e. λ,

λ→A(λ)Ψ(λ) is measurable,
∫

Λ
‖A(λ)Ψ(λ)‖2

H dµ(λ)<∞
}
,

(AΨ)(λ)

:=A(λ)Ψ(λ) µ-a.e. λ, Ψ∈dom(A).

Definition A.5 The operator A is said to be the direct integral of A(λ)
and written by

A =
∫ ⊕

Λ
A(λ) dµ(λ).

Proposition A.6 Suppose that λ→ A(λ) is measurable self-adjoint map-
ping. Then, the operator

∫ ⊕
Λ A(λ) dµ(λ) is self-ajoint.

Proof. See [9, Theorem XIII. 85]. ¤

Theorem A.7 Suppose that λ → A(λ) and λ → B(λ) are measurable
self-adjoint mappings. Let

A =
∫ ⊕

Λ
A(λ) dµ(λ), B =

∫ ⊕

Λ
B(λ) dµ(λ).

Suppose that C(λ) := A(λ) + B(λ) is essentially self-ajoint for µ-a.e. λ.
Then we have the following:
(i) λ→ C(λ) is a measurable self-adjoint mapping.
(ii) Let C :=

∫ ⊕
Λ C(λ) dµ(λ). If A+B is essentially self-adjoint, then

C = A+B.

Proof. (i) By Trotter’s product formula, we have

eitC(λ) = s-lim
N→∞

(
eitA(λ)/NeitB(λ)/N

)N
.

Since λ→ eitA(λ)/NeitB(λ)/N is a B(H)-valued measurable mapping, we have
the desired result.

(ii) For each Ψ ∈ dom(A) ∩ dom(B), we have

‖C(λ)Ψ(λ)‖2
H ≤ 2(‖A(λ)Ψ(λ)‖2

H + ‖B(λ)Ψ(λ)‖2
H) µ-a.e. λ.
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Hence, we obtain

‖CΨ‖2 ≤ 2(‖AΨ‖2 + ‖BΨ‖2) <∞,

i.e., dom(A) ∩ dom(B) ⊂ dom(C). Moreover,

(CΨ)(λ) = C(λ)Ψ(λ) = A(λ)Ψ(λ) +B(λ)Ψ(λ)

for µ-a.e. λ. Thus we conclude that C ⊃ A + B. Since C, A+B are self-
adjoint, we have the desired result. ¤

Corollary A.8 Suppose that λ → A(λ) and λ → B(λ) are measurable
self-adjoint mappings. Let

A =
∫ ⊕

Λ
A(λ) dµ(λ), B =

∫ ⊕

Λ
B(λ) dµ(λ).

If A and B strongly commute, then C(λ) = A(λ) +B(λ) is essentially self-
adjoint for µ-a.e. λ and λ → C(λ) is a measurable self-adjoint mapping.
Moreover

∫ ⊕

Λ
C(λ) dµ(λ) = A+B.

Proof. Since A and B strongly commute, A+B is essentially self-adjoint.
On the other hand, we can easily check that A(λ) and B(λ) strongly com-
mute µ-a.e. λ. Hence, C(λ) is essentially self-adjoint for µ-a.e. λ. Combining
these facts with Theorem A.7, we have the desired result. ¤
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