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Analysis of conforming and nonconforming quadrilateral
finite element methods for the Helmholtz equation
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Abstract. In this paper we analyze numerical dispersion relation of some conforming
and nonconforming quadrilateral finite elements. The elements employed in this analysis
are the standard Q1 conforming finite element, the DSSY nonconforming element [5] and
the Pi-nonconforming quadrilateral finite element [14]. Several aspects of comparative
analyses of the above three elements for two or three dimensional problems are shown.
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1. Introduction

The Helmholtz equation —(w?/c?)u — Au = 0 in a domain €2 may be
either an eigenvalue problem or a uniquely solvable problem, depending on
the boundary condition on the boundary 9€). Indeed, under the classical
Dirichlet or Neumann boundary condition, an integration by parts of the
L?(9) inner-product yields that there exists an eigensolution u associated
with the angular eigenfrequency w such that w? = [, [Vu|?*dz/ [, |u/c|*dz.
However, if the boundary condition is replaced by an absorbing boundary
condition of the type i(w/c)u + du/Ov = 0, the problem turns out to be a
uniquely solvable problem for all w # 0 ([4]). The latter case supports an
interesting idea to solve the time-domain wave equation in the frequency-
space formulation in massively parallel computer using a different process for
different non-zero frequency. Such a direction was introduced by Douglas-
Santos-Sheen-Bennethum in [4]; also in the same paper a first rigorous finite
element error analysis was carried out for the one-dimensional Helmholtz
problem. The L?(Q) and H'(f2) finite element error estimates turn out to
depend essentially the multiplication of the frequency and the mesh size.

Later, Babuska and Ihlenburg [12], and their colleges, looked deeply into
this dependence and raised an important issue, what is called the “pollution
effect”. The discrete solutions using the standard Galerkin finite element
method results in inaccurate solutions if the mesh size is not sufficiently
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small compared to the size of wave number [1, 12, 11, 10, 4, 3]. Numerical
dispersion seems to be a major source for the pollution effect. Therefore,
unless the size of wave number k is sufficiently small, some kind of specific
finite element techniques, such as hp methods, need to be employed. See
also extensive surveys on numerical methods for Helmholtz problems [8, 16].

In this paper we will examine the dispersion effects in solving Helmholtz
problems by the finite element method using quadrilateral or rectangular
elements of lowest order. Specifically, the following three conforming and
nonconforming element methods will be analyzed: (1) the standard @4
conforming element (abbreviated as the “Q; element”); (2) the DSSY non-
conforming element introduced by Douglas et al. [5] (abbreviated as the
“DSSY NC” element, or the “DSSY” element) which is a modified rotated
@1 element of Rannacher and Turek [15]; and (3) the P;-nonconforming
quadrilateral(hexahedron) element [14] (abbreviated as the “ P;-NC ele-
ment”). Santos et al. [20] and Zyserman et al. [19] gave detailed dispersion
analyses for solving the Helmholtz equation, and elastic and viscoelastic
equations by comparing between the ()1 conforming and the DSSY NC fi-
nite element methods. It is shown in [1, 20, 19] that the L?-error of the
DSSY NC element behaves better in reducing numerical dispersion than
that of @1 element based on the same size of grids. However, it has been
questionable if the DSSY NC element is actually cheaper than the ()1 con-
forming element to achieve desired accuracy. One of the purposes of the our
paper is to investigate the actual costs of computation to reduce errors up
to certain tolerance instead of estimating errors based on the size of meshes.
In the numerical experiments we concentrate on the number of elements and
the degrees of freedom necessary to guarantee the L? and broken H' errors
which are smaller than given tolerance €. Our results imply that the P;-NC
quadrilateral element requires the least degrees of freedom among the three
elements.

The organization of this paper is as follows. In Section 2, the dispersion
relation and model problem are stated. In Section 3 a brief review of the P;-
NC quadrilateral element [14] is also given together its weak formulation.
In Section 4, numerical dispersion relations are shown for two and three
dimensional problems when the P-NC quadrilateral elements are employed.
In Section 5, we analyze the dispersion relation and investigate the pollution
effects by comparing the three finite elements. Finally conclusions are given
in Section 6.
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2. Dispersion relation and model problem

In the approximation of wave propagation the two most annoying
sources of numerical errors are numerical dissipation and dispersion. Nu-
merical dissipations result in usually reducing or sometimes magnifying wave
amplitudes. Numerical dispersions are related with phase changes of com-
puted wave forms and thus may result in some erroneous approximation of
the wave velocity [13, 17].

Consider the following wave equation

1
— — Au=0. 2.1
ozt w (2.1)

whose typical plane wave solution is given in the form
u(x, t) = A", (2.2)

where A, k = Vp and w = —9¢/0t denote the amplitude, the wave vector,
and the angular frequency, with the wavelength A = 27/w [18]. The phase
©(x, t) = wt — k - x determines phase surfaces {(x, t): ¢(x, t) = constant}
for each constant. Then the equation (2.1) with the solution (2.2) reduces
to w?/c? — |k|* = 0, with which the dispersion relation, phase and group
velocities are given in the form

dw(k)

w=wlk) = 4ok, o=k ¢ =20

(2.3)

where k = |k| and k= %k. Since the wave equation is linear, the phase
speed should not differ from the speed ¢ of wave propagation.

Let up(x, t) be a numerical approximate solution to (2.1). While the
normalized plane wave solution u(x, t) = e“*=K%) has the value u(x;1,, nAt)
= ellwnAt=kx;r) 4t the nodal point Xjr = (jh, kh) at nAt, the numerical
solution uj, may have a different value with a possible amplitude change.
However, the nodal values of the numerical solution will approximate the
feature of wave structure with an approximate angular frequency and an
approximate wave vector, denoted by w” and k", respectively. Representing
the numerical dissipative or amplifying factor by " (assuming that o” €

R), the numerical solution at the nodal point x;;, at nAt has the value
up (Xjp, nAL) = (7" T A=kt X (2.4)

Usually careful schemes are chosen so that ¢" = 0, independent of the
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numerical wave vector k”. With such numerical methods, the numerical
dispersion relation is defined by the relation bewteen the approximate an-
gular frequency and wave vector in the form:

wh = Wh(KM), (2.5)
with the numerical phase and group velocities given by

h wh(kh)Ah h_ 3wh(kh)

N
PORLE Cg = with kh:F. (2.6)

Let us turn to the Helmholtz equation, —(w?/c?)u — A% = 0, which
circumvents the time variable and thus it does not suffer from numerical
dissipation or amplification. In this case, (2.4) is replaced by up(x;i) =
e~ "%t and the w"’s in (2.5) and (2.6) should be replaced by w. How-
ever, its numerical solutions in the high frequency range exhibit malicious
numerical errors, mainly due to numerical dispersions in the approximation
of the Helmholtz equation, which will be our subject to investigate in the

paper.
2.1. The Helmholtz model problem

Let Q be a simply-connected bounded open polygonal (polyhedral) do-
main with an artificial boundary I' = 9. Assume that the origin O is con-
tained in 2. With the convenient first-order absorbing boundary condition
(2.7b) imposed on the I, one then has the following Helmholtz problem:

2

—i—2u(x, w)—Au(x, w) = f(x,w) in€Q, (2.7a)
i%u(x, w) + %(x, w) = 0 onT. (2.7b)

Here, and in what follows, the hats (7) on the functions uw and f will
be dropped to simplify notations. Denote by L?*(Q) and L*(T) the com-
plex Hilbert spaces of square integrable functions in 2 and I' with the
inner products (-, -) and (-, -)r, respectively; the corresponding norms
are denoted by [lullo = [[q \u|2dx]1/2 and [ulor = [[5q \u|2do(x)]1/2. The
standard notations for Sobolev spaces will be used; for instance, H'(Q) =
{v € L3(Q);|Vv| € L*(Q)}. with its seminorm and norm given by |u|; =
[ [Vul?dx] Y2 and lully = [llulld + |ulf] Y2 respectively.

The weak formulation for (2.7) is then given by finding u € H'(Q) such
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that
a(u, v) = F(v), Yve HY(Q), (2.8)

where
2

1
au, v) = —(w—Qu, v) + (Vu, Vo) +iw <—u, v> ; F(v) = (f, v).
c c r
The well-posedness of Problem (2.8) is well understood [4, 3] and elliptic

regularity estimates are given in [6].

3. The nonconforming finite elements

In this section we briefly review the P;-nonconforming element on quad-
rilaterals in [14].

3.1. The Pj-nonconforming element on quadrilaterals

Let @ be a (convex) quadrilateral with the vertices v; and the midpoints
m; of edges, such that m; = (v;_1+v;)/2, 1 < j < 4, with the identification
vg = v4 as shown in Fig. 1. Throughout the paper, all quadrilaterals are
assumed to be convex. Set P;(Q) = Span{l, z1, z2}. Then the following
holds [14]:

Proposition 3.1 Let Q € R? be a quadrilateral. If u € Pi(Q), then
u(my) + u(ms) = u(ma) + u(ma). Conversely, if uj is a given value at m;
for1 < j <4, satisfying u1 +ug = ua+uy, then there is a unique u € Py(Q)
such that u(m;) = uj, 1 < j < 4.

For 1 < j <4, let ggj € P1(Q) be defined such that

~ {1, k=7, j+1 (mod4),

¢5(mi) = 0, otherwise. (3.1)

For examples, if ) is the unit square [—1,A1]2 with the midpoints m (0, —1),
ma(1, 0), m3(0, 1) and m4(—1, 0), then ¢1(x1, z2) = (1/2)(1+x1—22). The
following holds [14]:

Proposition 3.2 Span{a, aﬁ; @,a} = Pi(Q). Indeed, any three of
¢17 ¢27 ¢37 ¢4 span PI(Q)

Notice that the centroid C' in Fig. 1 is indeed the center of the four
vertices of equal mass [9]. Given a two-dimensional decomposition 7,2 of
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my

Fig. 1. The midpoints m;, 1 < j < 4, forms a parallelogram in the quadrilateral
with vertices v;, 1 < j <4, and C denotes their centroid.

Q C R? into nonoverlapping quadrilaterals, let Ng, Ny, and Ng denote the
numbers of quadrilaterals, vertices, and edges, respectively, in Th2. Then set

Nq
%QZ{QLQ?;"WQNQ}; Uajzﬁ7
7=1

Vi={v1, va, ..., vny } : the set of all vertices of in 7,2,
2 ={s1, s, ..., SNyt the set of all edges in T2,
M3 ={my, ma, ..., my,}: the set of all edge-midpoints in 7;2.

For each vertex v; € VZ, £2(j) denotes the set of all edges e € £ which
contain the vertex vj, and M2 (j) the set of all midpoints m in E7(j). Set

NC?={vy: vyl € P1(Q) for all Q€ T;2, vy, is continuous on M3 }.
Let ¢; € NC? be defined by

1 if m e M2(j),

?3(m) = {0 if m e M; \ M3 (). (3:2)

The dimension and basis functions for A C,% for the two-dimensional
case are given as follows [14].
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Theorem 3.3 Let ¢; be the function defined in (3.2) with each vertex v; €
V2 j=1,..., Ny. Choose any vertex v;, € V3. Then {¢1, ¢2, ..., &y} \
{¢jo} forms a basis for NC?. Moreover, dim(NC?) = Ng — Ng = Ny — 1.
That is, the degrees of freedom for NC,% are equal to the number of vertices
n ’2;12 minus 1.

Proof. The proof is given in [14] using a dimensional argument with dual
basis. Instead, here we will give a short proof. Notice that the total degrees
of freedom are equal to the number of edges in 25 minus the number of
restrictions that the sum of values at the opposite midpoints should be
equal in every quadrilateral, that is, Ng — Ng. By Euler formula, it is
equal to Ny — 1. It is an easy consequence of dimensional argument that

{¢1, ¢2, ..., &Ny} \ {@)} forms a basis for NC3. O

3.2. The P;-nonconforming element on hexahedron

We turn to three dimension. Consider an arbitrary hexahedron H, and,
for j =1,...,6, let ¢; be the centroid of each face of H. By a centroid of
face, we will mean the centroid of the four vertices of face. For example, if
v1, V2, U3, U4 are the vertices of a face of H, then the centroid c of the face
is defined by

_ U1+ U2+ vzt g
= 1 .

Moreover, assume that ¢; and ¢ are opposite if j+k = 7 as shown in Fig. 2.
Then one has the following [14]:

(3.3)

Proposition 3.4 Let H € R? be a hexahedron with centroids cj,J =
1,...,6. Ifue Pi(H), then

u(er) +ulcg) = u(ca) + u(es) = u(es) + ulca). (3.4)

Conversely, if uj is a given value at cj for 1 < j <6, satisfying uy + ug =
ug + us = us + w4, then there is a unique v € Pi(H) such that u(c;) =

For 1 < j < 8, associated with the vertex v; of H let = Pi(H) be
defined such that

1 at the centroid of face whose vertices contain v,

~

¢j(ck) = < 0 at the centroid of face

whose vertices does not contain v;.
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Fig. 2. v; denote the vertices, j = 1, ..., 8, and ¢, the centroids of the faces,

k=1,...,6.

Then the following holds [7]:

Proposition 3.5 /S\pan{a, ;b;, ce g/b;} = Py(H). Indeed there exist four
among ¢1, ¢2, .., ¢s which span Py(H).

Given a three-dimensional decomposition ’];13 of Q C R? into nonover-
lapping hexahedrons, let N, Ng, Ny, and Ng denote the numbers of hex-
ahedrons, faces, vertices, and edges, respectively, in ’Z;? . Then set

Ny
’Z;L?’:{Hl,HQ,...,HNH}; Uﬁjzﬁ’
j=1

H; ={Hy, Ho, ..., Hy, }: the set of all hexahedrons He7;?,
Fp={F, F,..., Fx,}: the set of all faces in 7,2,
Vi ={v1, v, ..., vn, }: the set of all vertices in 7,2,

M3 ={m1, ma, ..., my,}: the set of all centroids of faces F;eFp.

For each vertex v; € V3, F3(j) denotes the set of all faces f € F} whose
vertices contain v;, and M3 (j) the set of all centroids m in F7 (). Set

./\/’C}?:{Uh: vplg € P1(Q) for all QE’ThS, vy, 18 continuous on M%}

Let ¢; € NC} be defined by
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Lo iftme M),
¢j(m) = {o it m e M3\ M3()). (3:5)

Similarly to the two-dimensional case, the dimension for A/ C’g is given as
follows [7]:

Theorem 3.6 Let Np and Ny denote the numbers of faces and hexahe-
drons in NC3. Then

dim(NC}) = Nr — 2Npg. (3.6)

That is, the degrees of freedom for NC’,?{ are equal to the number of faces in
’2;13 minus twice that of hexahedrons.

Proof. Notice that the total degrees of freedom are equal to the number
of faces in §2;, minus the number of restrictions that the sum of values at
the opposite midpoints should be equal in every hexahedron, that is, Np —
2Ng. O

4. Numerical dispersion of P;-NC finite element solutions

From now on, we denote by NCJ' the P; NC finite element space N'C?
or N C'}?; depending on its dimension n. The nonconforming Galerkin ap-
proximation is then to find the solution up € NC}' of the equation

ap(up, v) = F(v), YveNCE, (4.1)
where
2
ap(u, v) = —(ucj—Qu, v> + Z (Vu, Vo)g +iw<<%u, v>>r.
QeTy

Here, and in what follows, I' = U;I'; will mean the disjoint union of bound-
ary edges in 7,2 or boundary faces in 7,2 of the domain €2, and ((u, v))p =
> {{u, v))r; with ((-, -))r, denoting the approximation to the complex in-
ner product (-, -)r; in L*(T;) by the one-point quadrature at the midpoint
or centroid &; of I';:

({u, v))r; = (uv)(&;)[T5]-

For dispersion analysis, we follow the idea given in [20, 19], by setting
the source term in (2.7) to zero and neglecting the boundary condition. Also
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Fig. 3. wv; denotes the vertex and m;; the midpoints of the vertices v; and wvy.
The global test function ¢g for P; NC element is constructed to have
values 1 at mys, mas, msg, msg and 0 at the other midpoints.

c is assumed to be constant in the dispersion analysis. The weak formulation
(4.1) is then reduced to
2
Sl 0)+ Y (Vup, Voo =0, Vo e NC. (4.2)
c
QeTy

4.1. The two-dimensional case

Let us restrict ourselves to a portion of the domain far away from the
artificial boundaries, say, [~h, h]?, and then re-index the variables as shown
in Fig. 3. Let up(x, w) = Z?Zl a;j¢j(x) and choose a test function ¢ = ¢5
in (4.2) to get

2 2
w?(h/2)*T11 1
*M [*al + 2a2 + -az + 2a4

c? 3 3
+ 2 s + 206 + 2ar + 205+ » }
—a a —-a a —a
3 5 6 3 7 8 3 9
+ [~2a1 — 2a3 + 8as — 2a7 — 2ag] = 0. (4.3)

Here, as an example, we designate our global basis function ¢5 associated
with the vertex vs, as shown in Fig. 3, as the piecewise-linear polynomial:
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¢rp  in
in
b5 = oLB in 0z, (4.4)
¢LT m 937
Grr  in Ly,

where ¢rp is the linear polynomial in £2; and have the value of which is 1 at
mas, msg and 0 at mog, mge. The function values of ¢5 in the other elements
are similarly defined. Consider the plane wave solution in the direction of
propagation k = (ki, ko) of (2.7a) with f = 0 of the form

u(xy, 2, w) = e~ kzithora) (4.5)

with the dispersion relation k? + k2 = w?/c?.

To derive a numerical dis-
persion relation, we attempt to replace the coeflicients a;, i =1, ...,9, b
the nodal values of the numerical solution up(xjk, w) = e_i(kh'xj), X; =
v;,j =1,...,9, with the numerical wave vector k" = (k' k}). Due to
Proposition 3.1 and the definition (3.2) of basis functions, the coefficients
ay’s should be determined by averaging the values of plane wave solutions
at the two vertices which share an edge-midpoint.

For example, since the value at mio of the numerical solution is deter-
mined by the values at v; and wve, we also impose that the value at this
midpoint be determined by the plane wave solutions at the vertices v; and

vo. Therefore, using
1. . . 1 .
5 [ez(k“kg)h - e’k?h] = iem{bh(l + cos(khh) + isin(khh))

h
— pi(RI+EE /2)h oo (%) 7

in order to reduce the numerical dispersion we have the requirement:

h
ay + ag = ek Hk3/2)h COS(%). (4.6)

The other midpoint values at m; S give similar relations, resulting, together
with (4.6), in the following linear system for a;, j =1, ..., 9:
h h
a1 +ag = ei(k%kgmh cos(%) , a4+t as= ei(kg/z)h cos(%) ,

h h
az+as = e F1/2 cog (leh> , a1tag= ikt /2 k) cos(%)
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h
az +az= ik =3 /2)h cos(%) ,
; khh
as + ag = e'("F3/2)0 cos(QT) , (4.7)
h
a3+ ag = el (k1 /2= k5)h cos(%) ,
h
2 )

h
as+ag = e R/ o <l<:12_h) ,

h
ag + ag = 62(_k?/2_k§)h CcOS (kl_h>
2 )

h
ay + ag = 62(—k?+k§/2)h CcOS (M)
2 )

h
ag +ag = ei(_k{L_kg/mh cos (M> .
2

One can verify that the above linear system (4.7) is consistent of rank 8:
for instance, the first four equations in (4.7) are consistent and rank one
deficient, and hence the fourth depends on the first three equations, and so
on. Thus aj, j =2, ..., 9, can be written in terms of a; and h, ki, ka. A
simple computation replacing the values of aj, j = 2, ..., 9 in (4.3) leads
to the numerical dispersion relation:

" 2v/6¢ 1 — cos(k'h) cos(kbh)
h 5+ 3(cos(klh) + cos(kBh)) + cos(kl'h) cos(kBh)

L (4.8)

We summarize the above result as in the following theorem:

Theorem 4.1 The dispersion relation for the P, nonconforming quadri-
lateral element method for the Helmholtz equation (2.7a) is given by (4.8).

Remark 4.1 If the )1 conforming finite element is adopted, one has the
following dispersion relation:

C
— V128
W h

4 — cos(kh) — cos(kbh) — cos((k? + kB )h) — cos((k} — k})R)
4(cos(klh) + cos(klh)) + cos((k} + kB)h) + cos((k — kB)h) + 8
(4.9)
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Instead with the DSSY NC element employed, Zyserman, Gauzellino, and
Santos obtained the following dispersion relation: [20]

cos(klh/2) cos(kbh/2)
w=2/6; \/2 + cos(kPh/2) co (kzbh/z)' (4.10)

4.2. The three-dimensional case

In the three-dimensional case, we analyze the numerical dispersion re-
lation with the numerical solution uy(z1, z2, T3, W) = e—i(kiz1+kizo+kias)
with the numerical wave number vector k = (kf, k%, k). Analogous to
the two-dimensional case, the dispersion relation is derived as stated in the

following theorem.

Theorem 4.2 The dispersion relation for the P, nonconforming hexahe-
dral element method for the Helmholtz equation (2.7a) is as follows:

¢ |3+A—B-3C
u)_‘/gﬁ\/ 3+24+B (411)

where

A= cos(k'h) + cos(kh) + cos(kLh),
B = cos(k}'h) cos(kih) + cos(khh) cos(kh)

+ cos(k2h) cos(klh), (4.12)
C = cos(k'h) cos(kih) cos(kbh).

Proof. As in the two dimensional case, we restrict the computational do-
main to [—h, h]?, which is then divided into eight congruent subcubes.

Introduce the following notations, aji, 7, k, I = 0, £1, 0w, J, k, | =
0, £1, £1/2, Rju, j, k, | = £. To avoid possible confusion between arith-
metics and indices, we will use the convention that j* means —j. For
examples, ajpy means the value at the vertex (h, 0, —h), M11/2/1/2 Means
the value at the point (h, —h/2, h/2), and R;_, represents the subcube
{(z1, 2, 23): 0 < 21 < h, —h < 22 < 0,0 < z3 < 0}, and so on. Let
up(x1, x2, T3, W) = Zj,k,l:o,:tl ajri®;(x1, T2, x3) and assume that up(x;, w)
= e~ k"%; for all 27 vertices of the eight subcubes, where a;’s are deter-
mined by the function values at the centroid of 36 faces. We choose a test
function ¢ = ¢ggp in (4.2) to get
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++4

Fig. 4. (a) a;j, denotes the value at the vertex (ih, jk, kh), i, j, k=0, —1, 1.
Nijk is the value at the centroid of the rectangular containing
(th, jk, kh), which i, j, k are one of 0, 1, 1’, 1/2 and (1/2)’. Here (1/2)’
means —1/2. (b) the hexahedral element divided with the eight regions,
whichare R4y, Ry, Ry 4y, Ry R . R . R _,and R___.

w?(h/2)3 78 8
B e— [_a()l’l’ + savor + - aoor + a0 + 50011

c? 3 3 3 3 3
+ 8 + 52 + 8 + 32 + 32
3611'1/0 3 ap10 3a11/0 3 a1'00 apoo
n 32 n 8 n 32 n n 8
—_— —Qan’ —_— —Qa — /
3 @100 3a1 10 3 ao10 3 110 3001 1
8 8
+ §a1/o1 + anm + §a101 + gaon]

+g[—6a1/1/1/ — dag11r — 6ayry — 4ayer + 8agerr — 4aer
—6a111r — 4agrr — 6a1117 + Bap1g + 8aigp + 48anno
+ 8ajoo + 8ap1o — 6ayr111 — 4agry — 6arr — 4argr
+ 8ago1 — 4a101 — 6ay11 — 4ap11 — 6a111] = 0. (4.13)

Consider the approximation at the centroid (h, h/2, h/2). The value at
this centroid is determined by the values of plane wave solution at the
four vertices of the face containing the centroid. In the region R4 . :=
{(z1, z2, x3): 0 < x1, x9, 3 < h}, the 6 centroids determine 6 equations.
Utilizing the following type of trigonometry,
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[e—ik{bh+e—i(k§1+kg)h 4 (KRR +e—i(k{b+k§+k§)h] (4.14)

o |

iL.h iL.h i (Lh h
=€
4

o~ iUKE /24K /2)h oo ( th) cos ( th) ;

one can write

a100 + a110 + a1o1 + a111

ko ih h klh Kkl
—e Z(k1+k2/2+k’3/2) COS( 22 )COS(ST) = ’[71%%’ (415&)
ap10 + a110 + ap11 + @111
i1k horh kMh ki h
ik /2R RS /2R 008(17> COS<3T> =y (4.15b)
apo1 + a101 + ap11 + @111
4 k'h khh
= ik /2Hk3 [24k3)h cos(lT) COS(ZT) =g, (4.15¢)
apoo + a100 + ap10 + a11o0
—i(kh/2+kE /2)h kih k3h .
= ¢k /2R3 /2)h cos( 5 )COS<T> =111, (4.15d)
apoo + ao10 + apo1 + ao11
h h
—i(kl /24Kl /2)R kzh k3h .
= ¢ ilky /2H+k5/2) COS(T) Cos<7> =1,1 L (4.15¢e)
apopo + a100 + aoo1 + @101
h h
—i(kh /24Kl /2)h k1h k'sh .
= Uk /24k5/2) cos(T) Cos<7> =11 (4.15f)

Notice that the six equations in (4.15) are of rank 4, but consistent. Using
only the four linearly independent equations (4.15f), (4.15e), (4.15d) and
(4.15¢), the following four values at the vertices can be expressed in terms
of the other four vertex values and the values at the centroids:

a1 = Mgl — (ao0o + @100 + aoo1), (4.16a)
o1l =111 — (apoo + ao10 + aoo1), (4.16Db)
a110 ="M1ig (aooo + a100 + ao10), (4.16¢)
arn =111y — (aoo1 + @101 + ao11)

=M1l (ago1 + Mol — (@poo + @100 + aoo1)

+ Moll — (@poo + ao10 + aoo1))
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=711; Nl + (2a000 + @100 + ao10 + ago1). (4.16d)

11
22
Now, we consider the other three subcubes each of which shares a centroid
of Ryy4,say, R_44+, Ry_y, Ry, (Fig. 4). Each subcube has additional
5 centroids. Similarly to the above, the following equations are obtained on
the region R_, :

air00 + a1/10 + @101 + a1/11

_ i —kkE /24KE [2)h COS(#) COS("%LT}‘) =i, (4.17a)
ap10 + a1710 + @o,1,1 + a1/11 B

_ oi(—K /2K KL 2)h COSC“?T}L) cos(%lTh) =1, (4.17b)
apo1 + aro1 + aoi1 + aii o

— iRl /24K 24k R COS(’“%) COS("ngh) =111, (4.17¢)
apoo + @1/00 1 ao1o + ai’1o o

_ (=Kl /2R /2R COS(#) Cos(’f%h) =101y, (4.17d)
apoo + @1/00 + @oo1 + a1/01 e

_ o=k /24K /2)h COS(@) COS("“Q_}I) =1 (4.17e)

2 2 2 02

The argument from (4.15) to (4.16) will apply to (4.17), and in this case, we
have additional three (instead of four) independent relations which provide
the following relations:

4101 = 11/o1 (aooo + @100 + ago1), (4.18a)

avio = 1119 — (@000 + a0 + ao10); (4.18b)

a1 =111y (aoo1 + a1 + ao11)

=My (a001 + Mgl — (@goo + a1700 + ago1)
+ 111 — (aooo + ao1o + aoo1))
=11y~ M1 ~ M1y (2a000 + a1700 + ao1o + acot)- (4.18c)
notice that there are some patterns. Similarly, on each Ry_4 and Ry _, five
equations of type (4.17) and three equations of type (4.18) can be derived.

Next, we consider the regions R__,, Ry__ and R_,_. Each region
has four equations which reduce to two relations between vertex-wise values
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and values at centroids:
a1 + airi’o + arol + ar
_ e—i(—k;l—kg/mg/mCOS(’%h) cos(%31) =,
aopr’o + airiro + apr1 + arin
= e_i(_k{l/Q_kg'Fkg/Q)h cos(k{LTh) cos<k§—h
aopo1 + aro1 + apr’1 + arin
_ e—i(—k?/Z—ké/mg)hCOS(’f?Th) COS("’@) =
apoo + ai/0o + ao1/o + a1
= e_i(_k{bm_kg/mh cos(kiLTh) cos(@> =M.
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2 230
and
a0 =110~ (aooo + @100 + ao170),
=M1y — (ago1 + avo1 + aoi1),
=My (ago1 + Mig1 — (aooo + @100 + aoo1)
+gars — (aooo + aoro + aoo1))
=M1y Mg~ Tl + (2a000 + @100 + ao1/o + ago1)-
Finally, we consider the region R___. Similarly, the following three equa-

tions and one relation can be obtained:
ayrgo + a1/170 + a1 + @111
h h
i ph_1h/9_Lh kZh kZh
= e Uk =k /2 k3/2)hcos<2—) COS(3—> =My,
2 2
ap1’o + a17170 + Qo1 + @111
h h
i kh o1k Lk k"h k%h
S VEE s S C TRAL R (fad S ey (v L) NS
2 3 g7
apo1’ + aror + aory + ayyy

h
_ (=Kl /2K kDA COS(%

N——
Q
@}
0
/N
o
DO NS
>=
N—
I
3
N[
N[=
)_\‘\

and

arr =mn1r1r, — (agor + aror + aor1)
2 2
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I

Niriry, — (agor + Mirg1’ = (aooo + @100 + ago1’)

171
2 2

+ Moy’ — (aooo + o170 + agor’))

N1y — N1 — Nyarar + (2a000 + @100 + aorro + agor)-
2 2 2 2 2 2
Up to now, we have total 36 equations and 20 relations. Notice that the
degrees of freedom are indeed 20 as stated in Theorem 3.6. Set
G1 = a100 + ao10 + aoo1 + @100 + @010 + o1,
G2 = a110 + ao11 + a101 + arr1o + ao1 + a1
+ ap1/1 + aiorr + ao11r + air1ro + o' + arov,
Gs=ain + a1 + a1 + any + ey + arvr + ariy + ayvy.
Then by using the 20 relations, one can rewrite G2 and G3 as follows:
G2 :’]”0%% +7/]0%%/ +7’]0%/% +770%/%/ +7’]%0% +77%0%/ +’r]%/0%
F01g1 F 011 T N1+ 0110+ 011 — 12a000 — 4G,
2 72 22 22 2 2 2 2
Co =y g F iy £y F iy 0y £y
Ty = 2oy oy oyry + oy y +Mjof oy
+M1917 + N17g1r) + 16ageo + 4G
272 2 2

Similarly to the process of reducing the equation (4.3) in the two-dimension-
al case, one can deduce from (4.13) that

" \/§£\/24a000 + 4G — 2Go — 3G3
a h 12ag00 + 4G1 + G2 .

(4.19)

Observe that in the expression (4.19) the numerator and denominator in
the square root are independent of aggy and G1, but dependent only on 7’s:
more precisely,

24ag00 + 4G1 — 2G4 — 3G (4.20a)
= 40hy3 + o+ Toyy + oy yr M0 + 0y
oy nyoy) =304y
MRS TR R PED
20330+ My g0 F Mo 0y
12ag0g + 4G1 + Go (4.20b)
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— 11 7] 11/ 171 171/ 191 1701
770_2 2 055 ,,7072 2 77072 2 77202 77§ OE
7]101, 1]1/01/ 7]1 1“ ,”1/10 ]]l 1,0 771,1/0‘
272 2 2 22 2 2 22 2 2

Using the elementary formulae from trigonometry

cos? (g) _ 1+ c;s(20)7

one sees that
—i(kh/2)h
e~ k2 /2) ,

ei(kg /2)h’

ik /2h)

)
)
)e—i(kg/Q)h7
)

77101' +?71/01/ :20082
272 2 V2

and therefore,

exp(—if) + exp(i6) = 2 cos(0),

909

(4.21)

ik /24K /2)h cos(kgh),
e—i(—k{1/2+k§/2)h cos(k‘gh),
e~ (=1 /2=k3 /2)h cos(klh),

e~ ikY /2=k3 /2)h cos(k;’;}h),
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kPR kbh .
1 ) cos(%)e_z(kgmh cos(kh),

2
khh Ebhy .
1 ) cos(%)e’(kgﬂ)h cos(kih),

which implies that

77%%1"’ %%1/4‘?71/1/ +771/1/1,+771/11+771/11,+T}11/ +7711/1,
klth hh
= ( >cos ( )cos(kgh)
= 2(1 + cos(k'h))(1 + cos(kLh) cos(k2h). (4.22)
Also, since
khh kbh h
_ 2 (%1 R\ —i(kh/2)h
Mo+ 1y = 2008 (S5 cos (57 )04/,
Elh EBRN o
) R 2(Rk1h 20\ i(kh/2)h
Tyt + gy = 2007 (S5 ) cos(Z57 )M,
one has
M350 T30 Ty T
khh kb
=4co (1—> cos2(2—h)
2 2
= (1 + cos(kh))(1 + cos(k2h)). (4.23)

Thus, combining (4.20a) with (4.21)-(4.23). one arrives at

24agn + 4Gy — 2G4 — 3G3
= 4((1 + cos(kyh))(1 + cos(k4h)) + (1 + cos(kh))(1 + cos(k5h)))
— 6(1 + cos(klh))
x (1 + cos(kih) cos(k2h) — 2(1 + cos(kh)) (1 + cos(kih)))
=6+24—2B—6C. (4.24)

Also, a combination of (4.20b) with (4.21) and (4.23) leads to

12a000 + 4G + G2 = (1 + cos(kih)) (1 + cos(kih))
+ (1 4 cos(kTh)) (1 + cos(khh)) + (1 + cos(k'h)) (1 + cos(kih))
=3+2A+ B. (4.25)
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Finally, the equation (4.11) is a consequence of the equation (4.19) by ap-
plying the equations (4.24) and (4.25). O

Remark 4.2 If the three-dimensional (); conforming finite element is
adopted, one has the following dispersion relation:

c 4—-B-C
= V18— :
“ 8h¢8+4A+2B+C” (4.26)

where the coefficients A, B, C' are given by (4.12). If the three-dimensional
DSSY NC element is used Zyserman and Gauzellino show the following

dispersion relation:

w— 2\/— B2v273 + Baviys + Baiye (4.27)
(M2 + 7273 +v3m1)
where
(1) (H4) (54
= cos( 21— = cos| 2= = cos

ga! 9 , )2 9 y V3= 9 s

h h h

3

h).

By = sin(%): By = sin(%), f3 = Sln<k2

5. Analysis of the numerical dispersion

Let A be the wavelength and G the number of grid points per wavelength
such that G = A\/h. The dimensionless phase and group velocities, ¢ and
Q, are given by

1 w 1 1
_z ’ - “Vw- - —Kk" 5.1
Using the dispersion relations in Section 4, the phase and group velocities

can be calculated depending on the elements adopted.

5.1. Dispersion curves according to the quadrilateral and hexa-
hedral finite elements

In the two-dimensional case, we set k" = (kf', k&) = k"(cos#, sin6),
here k" = ‘kh‘ is the numerical wave number 27/X and 6 represents the
direction of plane wave propagation, measured from the axis xo. Fig. 5
shows the relation between the phase velocity ¢ and the reciprocal of G
with the propagation directions § = 0, /8, w/4. From Fig. 5, we observe
that among the three simplest finite elements the DSSY NC element requires
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1.1

0 0.1 0.2 0.3 0.4 0.5 "o 0.1 0.2 0.3 0.4 0.5 "o 0.1 0.2 03 0.4 05
H H H

(a) 8 =0 (b) 6 =m/8 (c)d=m/4

Fig. 5. Phase and group velocities for the two-dimensional problem. H in z-axis
means the reciprocal of the number of grid points, and the values on
y-axis are the phase and group velocities according to the propagation
direction § = 0,7/8,7/4.

wave direction(6) ‘ Q1 element ‘ P; NC element | DSSY NC element

0 22.2 22.2 11.1
/8 19.3 15.7 7.6
/4 15.7 45 45

Table 1. The grid points G per wavelength needed the error within 1% in the
two dimensional case.

the least number of grid points per wavelength to achieve certain accuracy.
The behavior of dispersion relation of P; NC element is identical to that
of Q1 element for § = 0 (see Fig. 5(a)), and that of DSSY NC element for
6 = m/4 (see Fig. 5(c)). We also compute the number of grid points per
wavelength needed in order to keep the error in group velocity within 1%.
Taking into account of the grid points G per wavelength with group velocity,
as shown in Table 1, one sees that the grid points G per wavelength of Q-
and P; NC elements are required nearly twice to three times those of DSSY
NC element depending on the wave propagation direction.
In the three-dimensional case, we set



Analysis of conforming and nonconforming quadrilateral element methods 913

12"

0 0.1 0.2 03 0.4 05 0 0.1 0.2 03 0.4 05 0 0.1 0.2 03 0.4 05
H H H

(a)0=¢p=0 (b)) =¢=1/6 (c)d=p=m/4
Fig. 6. Phase and group velocities for the three-dimensional problem. H in
z-axis means the reciprocal of the number of grid points, and the values
on y-axis are the phase and group velocities according to the
propagation direction 6 = 0, 7 /6, 7/4.

K" = (K, kR, ER) = kM (cos o cos B, cos psin 6, sin ),

where 6 represents the angle measured from the positive xi-axis to the
vector (ki, k2, 0) and ¢ the angle measured from the vector (k1, k2, 0) to
the vector k. Fig. 6 shows the relation of phase velocity ¢ and the number
of grid points G with the propagation directions 6 = ¢ = 0, 7/6, and 7/4.
From Fig. 6, we observe that among the three simplest finite elements the
P; NC element requires the least number of grid points per wavelength to
achieve the accuracy we want at several wave propagation directions. We
remark that this is different from the case of two dimension. Table 2 shows
the grid points G per wavelength to have the errors in group velocities
within 1%. We compute G with the direction § = ¢ = 0, /6, and w/4.
In contrast to the two dimensional case, we realize that the use of P; NC
element requires less number of grids per wavelength than the other two
elements except for the case § = ¢ = 0.
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wave direction(f = ¢) ‘ Q1 element | P; NC element | DSSY NC element

0 22.2 22.2 4.6
/6 14.3 9.2 12.1
w/4 13.6 11.1 12.4

Table 2. The grid points G per wavelength to have the error within 1% in the
three-dimensional case.

5.2. Comparison of relative errors according the degrees of free-
dom
To investigate the behavior of wave number, we choose the computa-
tional domain to be Q2 = [0, 1]? or [0, 1]® depending on its dimension and the
source function f to be zero in (2.7) by taking a non-homogeneous boundary
condition [1, 20]. The following relative error norms are then used:

~u—upllon

EO - _ |U - uh|17h
[[ullo,n

, El.=
|ul1,n

where

1/2 1/2
lullon = (D uliBe,) ™ Juhn = (3 lulg,)
J J

Given tolerance €, let DOF(e) denote the least degrees of freedom with
which the error is less than or equal to the desired tolerance in the numer-
ical experiments. For standard elliptic problem, the logarithm of DOF(¢)
increases with constant speed as e decreases regardless of using conforming
or nonconforming elements. For Helmholtz type of problems this is not the
case any more. Due to the pollution effect, i.e., the non-robust behavior
with respect to the wave number, the logarithm of DOF(¢) does not grow
in constant speed any more and it may tend to infinity although e is quite
small [1, 3, 4, 11].

We restrict ourselves to the case that the mesh size h satisfy hk < 7/4 so
that the grid points per wave length are at least 8. To investigate comparing
the errors with respect to the degrees of freedom, we fix the wave number
k and vary the mesh size h. Due to the result of Cummings and Feng [2]
on the elliptic regularity estimate for the Helmholtz equation in terms of
k, one can easily modify the result of [3] on the L?(f2)-error estimate such
that there exists a positive constants K such that
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log, E*

14

16 16
log, DOF log, DOF

(a) 0 =7/8 (b) 6 =m/8

E° and E! according the degrees of freedom for wave number k for the
two-dimensional problem

——Q1
* PINC
-8-DSSY

——Q1
+ PINC
-8-DSSY

24 24

22 22
log, DOF log, DOF

(a)  =m/4 and p = 7/6 (b) 8 =7/4 and ¢ = 7/6
E° and E! according the degrees of freedom for wave number k for the
three-dimensional problem

lu —upllo < Ko(14 k)R?| f]| for large k. (5.2)

(5.2) implies that as the frequency becomes larger, the error grows at most

linearly
Fig

in k.

. 7 shows the log-log plots of the E? and E' norms for k = 65 with

the propagation direction for our two-dimensional problem. For the three-
dimensional problem, Fig. 8 shows the log-log plots of E° and E' for k =

65.
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Since E° < Cy(k, f)h? and E' < Co(k, f)h, we have
log E <logCy +2logh, logE' <logCy +logh, (5.3)

where the constants C; and Cs depend not on the mesh size A but on
the frequency w, the source function, and the finite elements. If the step
size h is sufficiently small, the log-log plots for the relative errors show the
slopes 2 and 1. We observe that regardless of its dimension, the error E°
using Py NC element is smallest among those using the three elements.
However, concerning the error E', the Q7 conforming element shows the
best performance when the mesh size is sufficiently small.

6. Conclusion

In this paper, we investigated in several features of using the P; NC
element in solving two or three dimensional Helmholtz problems. Numerical
dispersion analysis was carried out. Since the P; NC element is linear,
the behavior is very similar to that of (); conforming element. On the
other hand, since the P; NC element is nonconforming, it reflects a similar
property as the DSSY NC finite element. A primary benefit for using the
Py NC element is of course that it requires less DOF(e) than the other Qg
conforming and DSSY NC elements within 1 % dispersion error in three-
dimensional space. In case the wave number k increases under the same
number of elements, for two-dimensional problems, the P; NC element is
more sensitive to the wave number than the DSSY NC element. However,
for three-dimensional problems, the P; NC element is less sensitive to the
wave number than the other two )1 conforming and DSSY NC elements.
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