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On dispersion for Klein Gordon equation
with periodic potential in 1D

Scipio CUCCAGNA
(Received June 8, 2007)

Abstract. By exploiting estimates on Bloch functions obtained in a previous paper,
we prove decay estimates for Klein Gordon equations with a time independent potential
periodic in space in 1D and with generic mass.
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tors.

1. Introduction

We consider Schrodinger operators of the form H = Hy + P(z) with,

Hy = —d?/dz?, P(x) a smooth nonconstant real valued periodic function,

Plz+1) = (:c), with spectrum X(H) = Up,>0%y, formed by bands X, =

[AF An+1] with A} < A, < A, for any n € NU{0}. We normalize H
so that A = 0. We then show:

Theorem 1.1 Under the above hypotheses consider for u > 0 the solu-
tions of the following Cauchy problem for the Klein Gordon equation

up + Hu+pu =0, u(0,z) =0, u(0,z)=g(x). (1.1)

Then there exists a bounded discrete set D C (0, +00) such that for any u €
(0, +00)\D there is a C,, > 0 such that the following dispersive estimate
holds:

ult, )l zoe ) < Cult) N9 () llwrs gy- (1.2)

Maybe D is empty. The exact condition defining D is given in Lemma
3.1 below. The proof is based on results in [C] where proofs are explicitly
done only for the generic case when all the spectral gaps are nonempty. Since
the generic case contains all the crucial difficulties, there is no problem at
extending the results in [C] to the non generic case, and we will assume this
as a fact (and if this is unconvincing the reader can assume that ¢, = n
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below). To illustrate Theorem 1.1 consider P(x) = 2x?sn?(z, k) for k €
(0, 1), with sn(z, &) the Jacobian elliptic function. Then X(H) = [k?, 1] U
[1+ k2, +00) and by Theorem 1.1 for generic u > —x? we get (1.2). Notice
that for ;4 = 0 this example resembles the flat Klein Gordon rather than
the flat wave equation, because we have Ag = r? > 0. For H = H, the
equation uy + Hu — |ulP = 0 for any p > 1 is not globally well posed for
small initial data in C§°(R) while if p > 1 this is the case for H with
P(z) = 2k?sn?(x, k) or P(z) = sin?(z). In the latter case all the gaps are
non empty. The proof in this paper mixes results from [C] with a specific
computation in Marshall et al. [MSW], specifically Lemma 5 therein.

2. Reformulation, spectrum, band and Bloch functions
We will prove:

Theorem 2.1 Let H be as in Theorem 1.1, that is with a smooth periodic
potential, and such that AZ = 0. Then, there is a set D like in Theorem 1.1
such that for any p € (0, +00)\D there is a Cy, > 0 such that the following
dispersive estimate holds:

| sin(t/H + ) (H + )4 LNR) — LX®R)] < Cul) 2. (2.1)

The u in (1.1) is, for 1/4 > ¢ > 0, G = (H + p)Y*(Hy + 1)~'/>*¢ and
h= (Ho +1)!/*~¢g,
sin(tv/H + )

u(t) = WGh.

This implies

sin(tvH + p) ‘

(H + p)>/4
We have [[2]1 < Cllgllwrs, Gz < C(w), with C(0) = O(1), s0 (2.1)
implies (1.2). (2.1) is a consequence of the following estimate:

)l < |

N Ll P A

Proposition 2.2 There is a set D like in Theorems 1.1-2 such that for
any p € (0, +00)\D there is a C,, > 0 such that the following estimate holds

for any (t, x, y):
|(sin(t/H + p)(H + 1) =) (2, y)| < Cu(ty™'/7. (2:2)

We will prove Proposition 2.2 in the case when the spectrum 3(H) is
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formed by infinitely many bands, the finitely many bands case being easier.
To prove (2.2) we express the integral kernel in (2.2) in terms of Bloch
functions, see below. We express X(H) = U2 (X, with ¥, = [A}, A ]
with A} < A, < At for any n € NU{0}, with Aj = 0. Set for n >0,

atf = Ay and aF, = —at. Forn > 0 set 0, = [a}}, a,, 4] and 0_,, =
—0p. Set 0 = U2 op, With each two intervals o,, and 0,41 separated by

a non empty gap gp. For |g,| the length of the gap g, we have the following
classical result, see [E] ch. 4:

no G-
Then 3 a strictly increasing sequence {{y, € Z}necz and a fived constant C
such that

Theorem 2.3 Let P(x) be smooth. Seto, = [a,}, a, ] and g, =]a

lay — Lom| + |af — Lym| < C,) 7L
VY N 3 a fized constant C such that |gn| < Cn{€,)™N V n.

We review band and Bloch functions. V w € C4 (the open upper half
plane) 3 a unique k € C, such that there are two solutions of (H —w?)u =
0 of the form ¢i(z, w) = eF*¢, (z, w) with &x(x + 1, w) = Ex(x, w)
and with ggi(O, w) = 1. The correspondence between w and the ”quasi-
momentum” k is a conformal map between C; and a "comb” K = C, —
Unzo[nm, €nm+ihy,] with £, satisfying the conclusions of Theorem 2.3, with
lgn| < 2h,, < C|gn| for a fixed C. For generic potentials, ¢, = n. The map
k(w) extends into a continuous map in C; with k(o) = [(n7, yi17), with
k(w) a one to one and onto map between o, and [{,7, {,117], and with
k(gn) =|lnm, by + thy]. k(w) extends into a conformal map from C —
Un0gn into K = C — Uy, with v, = [0y — ihy, €, + ihy,]. Next set
N2(w) = fol by (x, w)p_ (z, w)dr. We have N2(w) = fol ¢ (2, w)[2dz > 0
for w € o, N*(w) # 0 for any w € C\Up,20G5. We set mY (z, w)m® (y, w) =
& (z, w)é_(y, w)N~2(w) and mY.(x, w) = £} (z, w)/N(w) with N(w) >0
for w € 0. We express w = w(k) for k € K and with an abuse of notation
we write ¢ (z, k) for ¢+ (z, w(k)) and mY.(x, k) for mY (z, w(k)). We call
b+ (z, k) = et*® ¢, (z, k) Bloch functions. In [C] we had to work with w
complex, but here we focus only on w € . The band function is E(k) =
w?(k). Now we have the following well known fact:
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Theorem 2.4 Set f(k) = Jg 9+ (v, k) f(y)dy for any k € R\nZ. Then:
2, £rIN2 _ 3
Qf(y)l dy= [ WPk, f@) = [ o0k
Hf(k) = E(k)f(k).

In particular we have

sin(tvH + ) (2. 1)
(H -+t
— e—i(x—y)kSin(t E(k) +N)m z m
-/ o et e Km o, Ky (2.3)

We will show that the generalized integral (2.3) is a function which
satisfies (2.2).

3. Estimates on band and Bloch functions

We set f = df /dk, f' = df /dw and n(k) = \/E(k) + u. We compute

. E . E B2
T=oEm 02 "TAET )2 AE 4 pp 2
i E __B3BE__ 3E (3.1)
20E + )2 A(E+p)32  8(E+ p)/?
- B g

2E+ )2 2

Lemma 3.1 3 D C (0, +00), bounded and discrete, such that ¥ p €
(0, +00)\D the system ij(k) = 1 (k) = 0, or equivalently (3.2) below, has no
solutions in R:
; E2
o —
2(E + p)
For the case A =0 and u = 0 see Korotyaev [K1].

E =0. (3.2)

Proof of Lemma 3.1. We start by focusing on low energies. |E| < Ej
implies |k| < ko for a fixed kg = ko(Ep). By [K2] we have the following two
facts:
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Lemma 3.2 (a) On each band, E = 0 holds exactly at the extremes of
the band.

(b)  On each band, there is exactly one solution of E =0, contained in the
interior of each band.

Here recall we are assuming the bands to be bounded. By (a), for |k| <
ko (3.2) cannot hold near the extremes of the bands. So there is a fixed
¢ > 0, such that, if k is a root of (3.2), then k is in the set, which we denote
by J, formed by the k whose distance from the nearest edge is at least c.
E = 0 has finitely many solutions in .J. Indeed, E # 0, is holomorphic in
K and J C K. So except for at most finitely u’s with g > 0, (3.2) has no
solutions for |k| < k. O

Next we consider Lemma 3.1 in the high energy case. Recall E = w?

and assume that (3.2) is satisfied at some value wg. Since E is even we can
assume wo > 0, in particular wy € [}, a,,,4]. We have a;f = w((£,m)T),

with ¢, € N. We have the following facts:

Lemma 3.3 (1) There is a fized C > 0 such that for

Apyq — C’B,l/fl’gnﬂfz/?’ <w < a,,, we have E <.

(2)  For any given C1 > 1 there are ng and ¢y > 0 such that for n > ng
and for

- 1/3 2/3 - 1/3 2/3
iy — C1l 0 g PP < w < ap oy — C6YL | gna |

we have |E| > coﬁgi1|gn+1|_2/3 > 1.

(3) Ifa, , < oo then there exists exactly one point wy, w1 € (a}, a, ),
with k" (wy) = 0. For w € [a;}, wy) we have k" (w) < 0. Furthermore, there
are positive constants Cy, C1, Co, a such that for any n > ng, for any
w > a, ; — a we have

C w ) C Cop(w
<w;380(4)2k (w) > <w§3* Oi( ),
) (a:—&-l - a;+1)2
p(w) :

lw — a;+1\3/2|w - az+l’3/27

(4)  Foray + |gal"* <w < agyy — |ga1[¥® we have [ — 1+ Qo/k?| <
Clk|™ for a fized C, with Qo := (1/2) [} P(z)dz. Furthermore, E = 2k +
O(k72) and E = k* +2Qq + O(k™2) with in either case |O(k~2)| < Ck~2
for a fixed C.
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(1) is a consequence of Lemma 4.2 [C], (2) is Lemma 4.3 [C]. In (3) the
information on the sign of £’ (w) is in [K1] and the inequality is in Lemma 7.3
[C]. In (4) the inequalities for w and E are proved in Lemma 7.1 [C], the
inequality for E' is proved in Lemma 5.4 [C].

We return to Lemma 3.1. E > 0 at wp by (3.2). By (1) Lemma 3.3, wy <

Appq — C’Erl/f’llgnﬂp/g. By E = 0 at wp and by (2) Lemma 3.3 then wy <

Ap1 — Clﬁi{fl]gn_ﬂ\wg for some Cy > 1. By (3) Lemma 3.3 in this region
k" < 0. Hence we have the inequality £ = 2(w)? — 2w(w)*k" > 2(w)?2.
Suppose a;f + C163|g,| < wo. By (4) Lemma 3.3 we have v = 1 — Qo /k? +
O(k~3). So

2 Qo _
E22<1—2ﬁ)+0(k: ), (1)
On the other hand for wy = w(k) by (4) Lemma 3.3 we have
BT (k+ O(k™2))?
C2E+p) TkK2+2Q0+p+O0(k2)
4Qo0 + p _
=2— —2 O(k™3)

The last formula is incompatible with (1) for g > pg > 0 with u fixed and
for |k| > 1/p. Hence at large energies and for a;” + C143]g,| < w, for some
fixed C7 > 0, there are no solutions of (3.2). Let a;f < w < a;f + C1£3|gy|.
The following lemma, see Lemma 4.3 [C], shows wg & [a,}} + c|gn|, a;f +
|gn|?/7] for ¢ >> 1 fixed:

Lemma 3.4 For a} + clgn| < w < af + [ga]*/® for ¢ > 1 a fived large
constant, |E| is very large.

Finally wo € [a,}, a;} + c|gn|] because by the following lemma, see Lem-
mas 7.1 and 7.4 [C], and by Lemma 2.3 for |u — a;| < |gn| then E =
E?/{2(E + )} cannot hold:

Lemma 3.5 For |u — a| < c|gn| for ¢ > 0 fized there are ng, C; > 0
and Cy > 0 such that for any n > ng we have |E| > Cily|gn|™ and |E| <

Colpr/u — a,'i[/|gn|.

Finally for later use we state the following, see Lemma 7.1 [C]:
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Lemma 3.6 3 C; > Cy > 0 such that Vm and Yw € op, = [a},, a,, ] we
have for

_ ‘gm|2
A) = o T P w — a % lgm )P

\9m+1|2

(A1 — w)l/?(a;n+1 — W+ |gm+1])

1+ Cy(Aw) + <w1>2) > K'(w) > 1+ C1A(w).

Correspondingly for k € [lpy7, byi17] and for w = dw/dk we have

1 . 1
15 Co(Aw) - L)) =Y = T5 CrAw)

—+

3/2

4. Decomposition of (2.3) and estimates on the single parts
We decompose (sin(tv/H + p)/(H +p)3?) (zy) =3, K(t, 7, y) with

K"(t, z, y)
Unmlyt17] 773/2(k)

A basic ingredient in the proof is the stationary phase theorem, see p. 334

[S]:

m? (z, kymS (y, k)dk. (4.1)

Lemma 4.1 Suppose ¢(z) is real valued and smooth in [a, b] with | ()|
> ¢m >0 ina, b form > 1. For m = 1 assume furthermore that ¢'(z) is
monotonic in |a, b[. Then we have for Cp, = 5-2m"1 —2;

b
/ eiw(u’fi)w(x)dw‘

b
< Conlemp) /" [minflo(@)l, [} + [ |9/(2)]da].

The following two lemmas are special cases of Lemmas 4.4 & 4.5 in [C]:

Lemma 4.2 There are fized constants C' > 0, C3 > 0, ' > 0 and ¢ > 0

such that for all x, all n we have:

(1) Vw € [af +C303|gnl, Qi —C’3€2+1|gn+1|] we have |m9r(x, EYm? (y, k)
—1| < C/(k);
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(2) 3 fized C > 0 such that forall k € R we have |mY (z, k)m® (y, k)| <
C.

Lemma 4.3 There are fixed constants C > 0 and Cy > 0, with Cy < Cs,

such that for all x, all n we have:

(1) for all a)f +|gn|** < k < (a)f +a;,1)/2, then |0x(m® (2, k)mY.(y, k))|
< C/(klk — Tty

(2) forall (a)f +ap,1)/2<k<a, ,— |gns1]?/®, then
O, Kyml (3, )| < CJ(k[E — wlsa]);

(3)  for w in the remaining part of [a)}, a, ] we have for m = n (resp.
m = n+ 1) near a;} (resp. a,, ;) |Op(m® (z, k)ymY (y, k))| < C/(|k —
T + o).

By Lemmas 4.1-3 and Lemma 3.1 we conclude:

Lemma 4.4 3D C (0,+00), bounded discrete, such thatV p € (0,400)\D
and and for any ng bands then there exists a C = C(u,ng) > 0 such that

for all z,y and for allt > 0 we have |3, <,  Kn(t,z,y)| < C<t>_%.

As a consequence of Lemma 4.4, in order to prove Proposition 2.2 it is
enough to look at K™ in (4.1) with large n. It is not restrictive to sum over
n > 1. We split further in (4.1). We introduce a smooth, even, compactly
supported cutoff xo(t) € [0, 1] with x = 0 near 1 and yo = 1 near 0. Set
X1 =1 —xo. For ¢ > 1 fixed we split each K" in (4.1) as K" = 3.° K7
partitioning the identity in oy, = [a;}, a,, 4],

w—al w—al w—a;
Lo, (w) = Xo(*n ) +X1<7n )Xo(in )
7 c|gn| c|gnl |gn |1/
w—a;

Qi — W Apiq — W Ay — W
+X1< )Xl( - >+X0<7>X1(7)
|gn 1/ |gn1[3/5 |gn+1[3/5 c|gn+1l

a, .4 — W
+ X0 ( n+1 ) )
C|gn+1|

By ¢ > 1 we have v ~ 1 for w € [a,} + ¢|gn|, a,,; — ¢|gn+1]], Lemma 3.6.

Lemma 4.5 3 a fired C > 0 st |K}| < Ct7/2|g,|"? and |K?| <
Ot~ 2| ['/2.

Lemma 4.6 There are an € > 0 and C such that |[K3| < Ct=3|g,|°.

Lemma 4.7 There are an € > 0 and C, such that |[K}| < Ct=3|g,11|°.
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Lemmas 4.5-7 imply >, 227&3 o K7z, y)| < C max{t~1/3, t=1/2},
Turning to K%, set K3 = > KZ. The following lemma completes the
proof of Proposition 2.2:

Lemma 4.8 There is a fized C such that |K3(t, x, y)| < C(t)~1/3.

We prove Lemmas 4.5-7 in § 5 and Lemma 4.8 in § 6.

5. Proof of Lemmas 4.5-7
For all the j # 3 and for ¢ (k) the corresponding cutoff, we consider

n _ —i(z—y)kLitn(k),,,0
H] (t, Z, y) - / € (@=y) n( )m_(ﬂz, ]{3)

[Enﬂ',fn+17r]
x m (y, k=2 (k)w(k)dk.
Lemma 4.5 is an immediate consequence of:

Lemma 5.1 3 a fited C' such that |H}| < Ct=Y2|g,|'/? and |HP| <
Ot~ g |2,

Proof. We will prove the j = 1 case. Recall from formula (3.1)
=27 E(E + p)" V2 —am B2 (B 4 )32,

For 0 < w—a; < |gn| by Lemma 3.6 we have 0 < w < (w—a;})2|g,|~1/? <
1 and so in particular £2 < ¢2. By Lemma 3.5 we have |E| > cf,|g,| ™! for
some fixed ¢ > 0. Hence |j| > |gn|~'. Then, by Lemmas 4.1-3 we obtain

at+c n
H (e 2, )] < EV19al / wreoel(dh/dw)dw
LA n \/7? a,f ‘kiﬂ€n|+|gn|'

We have dk/dw ~ \/|gn|(w — a;)~1? and so |k — 7l,| = \/]gn|Vw — aif .

Hence

+
C antelgn| . / Cor/
|HT (t, x, y)| < ! 9] dw < 2 |gn|
Vgnlt Jai w— ay Vit

2

21 and |E| > clyp|gnia |

O

The argument for Hf is the same, by E2<y¢

Lemma 4.6 is an immediate consequence of the following lemma:
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Lemma 5.2 There is C > 0 such that
|HY| < Cmin{(¢,)3/2t=121og(1/|gal), lgn|"/*}.

Proof. HY is defined by an integral for w € [a + ¢|gn|, ai + |gn|'/*]. We
claim we have [ij| > (k). Assume this inequality. By Lemma 3.6 we have
dk/dw =~ 1, w — a;} =k —ml,. So by Lemmas 4.1-3, by k — 7l,, = |g,| and
proceeding as in Lemma 5.1

a7+1+|9n|1/4
‘Hg‘ < Clt_1/2<£n>3/2/ (dk/dw)dw
at +clgn ‘k - 7[-671’ + ’gn’

az+\gn|1/4
< Cgt_1/2<€n>3/2/ dw — < Cgt—1/2<£n>3/2 log L

af+elgn| W T Gn Inl

1/4 3

By Lemma 4.2 we have also |K%| < C|gy| To prove |ij| 2 (k)™ we
write 4ij = (2(E + p)E — E?)(E 4 p)~%? with E = k% + 2Qo + O(k™2),
E? = 4k + O(1/k):

(2F — k2 + 2E(2Qq + p) + O(1/k)
A(E + p)3/2

7=

For w € [a} + ¢|gnl, a;f + |gn|"/*] we have k” < 0 and so as in Lemma 3.3

E=20w)? = 2w(w)?k” > 2(w)? = 2(1 — 2Qok 2 + O(k®)).

So we get 77 > (u+ O(k™1))(E + p)~3/? and our claim is proved. O
Lemma 4.7 is an immediate consequence of the following lemma.

Lemma 5.3 There is a C s.t. ]HZL*1| < Ct=Y3| g1 |13,

Proof. Hy™'is defined by an integral for w € [a;, —|gn|*/®, a;; —c|gn|]. By
Lemma 4.3 [C] we have | 77| > |g,|~'/'°. By Lemma 3.6 we have dk/dw ~ 1,
a, —w =~ wly, —k, and so by Lemmas 4.1-3 and proceeding as in Lemma 5.1

an —Lnlgnl dw

1] < oy, [

a:L,‘gnP/S ap — W

1
< Clt71/3‘gn|1/30 log ——.

|9n]



On dispersion for Klein Gordon equation with periodic potential in 1D 637

6. Proof of Lemma 4.8

For K3 =) K3 we show |K3(t, z, y)| < C(t)~1/3 for C fixed by re-
ducing to the flat case of Lemma 5 [MSW], whose proof permeates this

section. Set xins(k) = 32, x1(w — @t /lga] /)1 (@ — w/lgnsa[*5) sup-
ported inside the union of sets a; + |g,|/* < w < Uy — |gns1|?/°. Then
for R=x—1y

Ks(t, @, y) = 2 /O " cos(Rk) sin(tn(k))n=3/2(k)
x m2 (, k)mS (y, k) Xins (k) dk.

We split the integral between [0, ¢] and [¢, co). By Lemma 4.2 and by
n(k) ~ (k) the [t, 0o) integral has absolute value less than C(t)~/? for a
fixed C' > 0. Next write

ha(k) = tn(k) + Rk

) = [ O Ky . KO

It is not restrictive to assume R = x —y > 0. We start with I_ ().
Lemma 6.1 There is a fized C such that |I_(t)| < C(t)~1/3.
Proof. The proof ends in Lemmas 6.16. We set I_(t) = I1(t) + I2(t) with

L(t) = /0 M0 =32(1) (0 (a, kYO (y, k) — 1)xine (k) dk

t (6.2)
L(t) = /0 B =312 () xine (k) dk

To prove Lemma 6.1 we use:

Lemma 6.2 In supp(xint) N [0, t] we have for fized constants:
(1) 0<1—n(k) < Qok™*+O(k™?);
(2) di(k) 2 (k)=* and so |h(k)| = t]ii(k)| Z tun=> ~ t(k)~>.

(3) There is a fired C > 0 such that for any n sufficiently large we have

|E(k) —2k| < =5 for af +L3]gal <w <ap g — 6 ilgnil.

(k)2

(4) There are fixed constants C' > 0, C1 > 0 and ¢ > 0 such that for any
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n and any k € [lym, byya7], that is for any w € [a}, a, 4], we have:
+ _ 1/3 2/3 I 1 €n|9n’2
a, + C‘gn| S w S an+1 — Cl£n+1‘gn+1‘ / = F ~ 5 + m
Proof.  For (3) see Lemma 7.1 [C], for (4) see Lemmas 4.2 and 7.4 [C]. (2)
is proved as in Lemma 5.2. By construction supp(Xint) N [0, 00) C [k, o0)
for some k ~ ng > 1. The following for k > 1, which uses (3) here and (4)
Lemma 3.3, proves (1):
E B 2k + O(k™?)

"B T 2k 1 2Q0 1 O(-2)12
=1-Qok 24+ 0(k™3).

O

The following lemma coincides with Lemma 4.7 [C]|, with the proof
scattered in Lemmas 5.2, 7.1, 7.4 and 7.6 [C]:

Lemma 6.3 In the support of Xint we have w =k, w =1+ O(k™2), i =
O(k=3). We can extend w from the support of Xint to the whole of R so that
the extension (which we denote again with w) satisfies the same relations
and is an odd function.

Thanks to Lemma 6.3 we obtain:

Lemma 6.4 We can extend n(k) = \/w?(k) + p to all R so that there are
fized positive c1, ca so that ii(k) > ci (k)™ and |1 — n(k)| < co(k)™2, and
positive c3, ¢4 such that in R\[—1, 1], ¢35 > n(k) > c4. Furthermore, from

7 = ww/+/w? + p where p > g > 0, from Lemma 6.3, ng = ng(uo) can be
chosen and the extension in Lemma 6.3 be done so that || <1 in R.

In the rest of the paper by n(k) we will mean this extension and we will
set h(k) = tn(k) — Rk. We have:

Lemma 6.5 Consider the h(k) just introduced.

(1) Ift < R then |h(k)| = R — tni(k) > ct|k|~2 for a fized ¢ > 0.

(2) Ift > R then h(k) has ezactly one zero in [0, +00) which we denote
by k‘o.

(3) In case (2), if ko > 2, for 1 < k < ko/2 and for k > 2ky we have
\h(E)| > ct|k|=2. If ko < 2 for k > 2k we have |h(k)| > ct|k| 2.
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Proof. || <1 implies (1). Consider t > R. By h = tw(w? + )~/ — R
we have 7(0) = —R and by Lemma 6.3 h ~ t — R > 0 for k — co. So
there is a zero which by h = tij > ¢1t(k)~® > 0 is unique. We denote it by
ko. This gives us (2). We set [a, b] = [1, t] N [ko/2, 2ko]. For k € (1, a) by
Lemma 6.5 we have h(k) < h(2k) < 0. So for some k € [k, 2k]

\h(k)| > h(2k) — h(k) = h(k)k > ctk 2.
For k > b > 2ky we have h(k) > h(k/2) > 0 and for some k € [k/2, k|
\h(k)| > h(k) — h(k/2) = h(k)k/2 > ctk™2.

Lemmas 4.1 and 6.2-4 imply:

Lemma 6.6 Let H(k) = e"®) with H(0) = 0. Then for a fized ¢ > 0 we
have |H (k)| < ct=Y2(k)3/2 for all k € [0, t].

Next, we have the following analogue of Lemma 5 [MSW]:
Lemma 6.7 For |[g(k)| = O((k)~%/?) we have

‘/tH(k)g(k)dk <Oy~ (1)
0

Proof. By Lemma 6.6, |H (k)| < (t)='/? for |k| < 2. If R > t by Lemma 6.4
we have |h(k)| > ctk=2. Then by Lemma 4.1 for k > 1 we have |H (k) —
HE@)| < et 2. By [H@)| < C{)~" and by |g(k)| = O((k)>/2) we

obtain (1). If R < ¢ by Lemma 6.4 h(k) has one zero which we denote by
ko. If kg < 2 we can repeat the above argument. If kg > 2 set [a, ] =
[1, t]N[ko/2, 2ko] as in Lemma 6.5. For k € (1, a) and p < k by Lemma 6.5

\h(p)| > ctp™2 > Ctk~2.
By Lemmas 4.1 and 6.5 |H (k)| < ck*t~!. Then we get
‘/ H(k)g(k)dk| < ct= V2.
1

For &k > p > b > 2ky by Lemma 6.5

\h(p)| > etp™2 > Ctk™2
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By Lemmas 4.1 and 6.6 |H (k) — H(b)| < ck*t~!. Then we get
‘/bt(H(ki) - H(b))g(k:)dk;‘ <2,

By Lemma 6.6
‘/th(b)g(k)dk‘ < Ot 12(p)3/2p=3/2,

Finally

2ko
k)dk‘gC’t‘l/Q/ dk
ko/2 K

< Ct*1/2210g 2.

Lemma 6.8 There is a fized C such that for the I5(t) in (6.2), |I2(t)] <

C(t)y=1/3.
Proof. Write th( ) — Xext (k) and correspondlngly L(t) = In(t) —
Ina(t) with Ing (t)= [ e® —3/2 (k)dk and Ina(t)= [ € *) yoxe (k) =3/2 (k) dk.

Then:

Lemma 6.9 There is a fized C such that |1y (t)| < C(t)~1/2.
Lemma 6.10 There is a fized C' such that |Ios(t)| < C(t)~1/3.
Proof of Lemma 6.9. We have

Do (t / H (k)2 (k) (k) dk + H ()~ 3/2(8).

H(8)] < tand 5(t) ~ {t) imply [H()n~¥/2(t)] < (6712 We have (k) ~ k
and |7 < 1. So g(k) := n~2(k)a(k) = O((k)~>?). Then Lemma 6.7
implies Lemma 6.9. U

Proof of Lemma 6.10. For J, = [(,m — C|gn|?/?, lym + C|gn|'/4] for some
fixed C > 1, set

t .
Io(t) = / GZh(k)n_3/2(k)Xext(k)dk = —1I1(t) — Io22(%),
0
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o d 3
Iggl(t) = Z/Otnjn Xext(k) dkn (k)dk,

Iooa(t) := Z/ Hy (k)™ (k) Xext (k) dE,
0 /10,400

with H, (k) = ¢"*®) H,(£,) = 0. By h(k) = tij(k), c1 (k)™ < ii(k), |n| < 1
and Lemma 6.6 which implies |H,, (k)| < Ct=/2(k)3/2 for C fixed,

| Ho () Xext ()52 (k)i(k)| < Ot (kY32 (k) =5/
50 |Ipaa ()] < C+ V232 ()1 < 712 1og . By
|H, (k)| < Cmin{t~1/2(k >3/2) !gn\”‘*}

/ | Ha (k)12 (k) Xext (K)|dk < min{t ™12, g [V/4(2,,)~%/%}.

[0,t]NJn

This by Theorem 2.3 implies [Ipgo(t)| < Ct=1/3. O
Lemma 6.11 There is a fized C such that |I,(t)| < C(t)~1/3.
Proof. We fix some small € > 0 and split I1(¢) = I11(t) + I12(t) with

Xint (k) = Z X1 (5_1(k —7ly))x1 (5_1(€n+17r —k))
I (t) == /O t M By =3/2 (1) (mP (x, k)mS. (y, k) — 1) Xins (k) dk

Lia(t) == /Ot eih(k)n_3/2(k)(m9 (z, k‘)mg_(y, k) — 1)
X Xint (k) (1 = Xint (k))dk.

Lemma 6.12 There is a fized C such that |11 (t)] < C(t)~/2.

Proof. 'We have m? (z,k)mY (y, k)—1 = O(k™') and 9 (m2 (z, k)mY (y, k))
= O(k~!) in the support of Xin(k). Then Lemma 6.7 implies Lemma 6.12.
(]

Lemma 6.13 There is a fized C such that |I12(t)| < C(t)~1/3.

Proof.  We consider Iia(t) = >, ITy(t), IT5(t) == ;“ﬁ“w ek f(k)dk

Flk) = U (k)n32(k) (m° (z, k)ymS.(y, k) — 1) where
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U, (k) :=x (Tg_;g>><1 <T;::1\_1/I:)X0(k —Eﬂﬁn)xo (5n+1;r — k)

O

Observe that U, (k) = Upi(k) + VYuo(k) with W,1(k) supported in
|gn|1/4 < k—7l, < e and with W,5(k) supported in ¢ 2 7l — k 2
|gn+1]?/°. Correspondingly write f = f1 + fo and I}, = Iy + I7%. We have:

Lemma 6.14 For a fized C and for j=1,2: Y I ()] < C(t)~ 2| log t|.

Proof. We focus on T, the proof for I’ being almost the same. We have

(bn+1/2)7
It 2, y) = / Ha(h) fu(k)dk  with
l

k
Hy(k) = / M) g
l

For I the proof is the same but with H, (k) = leiﬂw ) d1! - We get
Iy (1) = —I{5, (t) — I (t)  with
(tnt1/2)m o
BhO = [ 00 w)

nT

x (m? (z, k)ymS (y, k) — 1)dk

(bn+1/2)

B0 = [ H R k)
n <O (m (, k)ym (3, k) — 1)dk.

U

Lemma 6.15 There is a fived C > 0 such that Y0, [T (t)] < C(t)~1/3.

Proof. Set

8k(‘11n1(]€)7]’3/2(k‘)) :_g‘llnl(k) 5/2(k) (k)—i-\lfnl(k) 3/2(]€)

=: a(k) + b(k).
We have a(k) = O(k~%?) and
b(k)] < C (e k= xry () + lgul ™K~ xp, ()
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with length of I} ~ ¢ and length of I ~ |g,|'/%. Recall by Lemma 4.2,
(m? (x, k)ymY.(y, k) —1) = O(k™1).

For t < R then h > ct(k)~2. From the estimates on a(k) and b(k) we get
[ ()] < ctle, M2, Summing up over £, <t we get much less than t~1/3,
For t > R and for the critical point kg > 2 (otherwise proceed as above)

distinguish between two cases

Case 1: 7, outside [ko/2 — 7, 2ko+]. Then |h| > ct(k)~2 by Lemma 6.5
and |I{y; (t)| < cte,"?. Summing up over £, < t we get O(t~1/2).

Case 2: wly, inside [ko/2 — 7, 2kg + m|. Then by Lemma 6.4 we have
|H,, (k)| < Ct=Y2(k)3/? and |14 (t)| < Ct~Y/2¢;'. Summing up over £, ~
ko we get O(t~1/2). O

Lemma 6.16 There is a fized C' > 0 such that 300 | |} (t)] < C(t)~1/3.
(1) Suppose t > R. Then |h(k)| > ct(k)~2. For a fixed C by Lemma 4.1

k
| / ) g1t < min{C B2, [k — 76} (6.3)
bnm
Next we split I75(t) = ;“;:H ' f/;j:tl/ ? . By Lemma 4.3

| /+ £ W ()2 ()00 (m (&, K)mS (3, £))|

b+t~ 1 (64)
ke — 7l ||k — 7l |71 (0,) 7% 2dk = Ct1(0,,) 7572

o

and

(bn+1/2)m (bn+1/2)m
‘/ ’ g/ CtL (k)2 |k — by " (0) ™52 (6.5)
V4

nmt—1 bpm+t—1

and so |17, (t)] < C(€,)~ 2t logt. Then 3 |1 (t)| < Ct~/?logt.

(2) Suppose t < R. Then there is a unique kg > 0 with A(kg) = 0. If
ko < 2 we have h(k) > ct(k)~2 in the support of the integrands and we can
apply the argument in (1). If kg > 2 set [a, b] = [1, t] N [ko/2, 2ko]. Then
consider ¢, < a — 7/2. Then for a fixed C' we get (6.3) and by proceeding
as in the case t > R we can split again and obtain estimates (6.4-5). Same
is true for ¢, > b. Summing up over all these £, <t we get > [I79(t)] <
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Ct~1/2logt. For a — /2 < £, < b for a fixed C

k
’/ Gith() g1
Y

Next we split

Cpmtt=1/203/2 (bn+1/2)7
1?22(75):/ +/
¢ ¢

< min{Ct~V2k%2 | |k — 7l,]|}.

3/2...

N nTHt— /207
But now
Lt 1/203/2 Lo t—1/2¢3/2
| <c e — [k — b ()2
bpm o
_ —1/2p—1
=t V%
and
(bn+1/2)7 (bn+1/2)7
~1/2 1) \—1
VAR Y S TR
Camtt—1/24%/ Camt—1/24%/

and so [I7h(t)] < C(,) /2 logt. Then 3 |17 (t)| < Ct~/?logt.

To complete the proof of Lemma 4.8 we have to prove the following
lemma whose proof is analogous to the proof for I_(t) in the easier case
t < R and which we skip:

Lemma 6.17 There is a fized C' such that |I.(t)] < C(t)~1/3.
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