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1. Introduction

The fundamental result that makes complex analysis into a new discipline, inde-
pendent from the theory of real variables, is the Cauchy formula, which allows
the representation of any holomorphic function through a reproducing holomor-
phic kernel. This result is in fact an almost immediate application of the Stokes
formula, which, in the more general case, offers an integral representation for-
mula for C! functions. This general representation formula is often known as the
Pompeiu formula and can be stated as follows.

THEOREM 1.1 (Pompeiu formula). Let U C C be a bounded open set such that
its boundary consists of a union of a finite number of C' Jordan curves. If f e
cl(U), we have

() = L( /(@) dz+/ 0/9z dz/\dZ), cel.
U

2ri \Jov 2 —¢

It is clear that, when f is actually holomorphic on U, the Pompeiu formula be-
comes the usual Cauchy integral formula.

A classical direction for contemporary research has been the search for the ana-
logue of the theory of complex variables when one considers instead functions
from the algebra H of quaternions into itself, or even functions from the Euclidean
space R"*! into the real Clifford algebra R,,. Although several possible theories
have been proposed, it is fair to say that the most successful theory in the case of
quaternionic functions is the theory of regular functions in the sense of Cauchy—
Fueter, which was originally introduced by Fueter and whose main results are
summarized in [8; 15; 16]. In the case of Clifford algebra—valued functions, the
most successful theory has been the theory of monogenic functions, for which
we refer the readers to [1]. In both cases it is possible to reconstruct analogues of
the Cauchy kernel and to prove versions of the Cauchy formula. An analogue of
the Pompeiu formula is available as well; see [1, Thm. 9.5].

In the last several years, two new notions of hyperholomorphic functions have
been suggested by Gentili and Struppa (in the case of quaternionic-valued functions
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defined on the space of quaternions; see [13; 14] for the theory of slice regular func-
tions) and by the authors (in the case of Clifford algebra—valued functions defined
on a suitable Euclidean space; see [5; 10; 11; 12] for the theory of slice mono-
genic functions). The two settings are quite different, but the two theories have
several similarities and together offer a rather far-reaching analogue of the clas-
sical theory of holomorphic functions. Among the most important results are that
in both cases it is possible to define the analogue of the Cauchy kernel (despite
the noncommutative nature of the settings) and that it is possible also to prove an
analogue of the Cauchy formula. What makes these new theories fairly attractive
is that polynomials in the quaternionic (resp. paravector) variables are in fact slice
regular (resp. slice monogenic) functions. This allows, in particular, the possibil-
ity of considering power series expansions in a way that was not possible in the
classical theory of regular or monogenic functions. It is also worth noticing that
these new definitions have allowed the authors and their collaborators to develop a
new functional calculus for quaternionic operators [3; 4; 6] as well as for n-tuples
of noncommuting operators [5; 9]. Therefore, it is of intrinsic interest to see what
can be proved in this new context.

In this paper we will show that a recent structure theorem for slice regular and
slice monogenic functions (see [2] and [5], respectively) can be used to prove a
new quaternionic and Clifford algebra version of the Pompeiu formula. The re-
sult that we prove is particularly interesting because it offers more than the simple
representation of a C' function and, in fact, portrays a new phenomenon.

In order to make our paper self-contained, we have recalled the basic properties
of slice regular functions in Section 2, where we also restate their fundamental
representation theorem. Section 3 gives the proof of the Pompeiu formula in the
quaternionic setting. Finally, Section 4 shows that these same ideas can be used
to prove a Pompeiu formula in the setting of Clifford algebras.

2. Preliminaries on Slice Regular Functions

Let H be the real associative algebra of quaternions endowed with the standard
basis {1, i, j, k} satisfying the relations
P=jl=k>=-1, ij=—ji=k,
Jjk=—kj =1, ki = —ik=j.

We will write a quaternion g as ¢ = xo + ix; + jx» + kx3 (x; € R). As is cus-
tomary, we will denote its conjugate xo — ix; — jx, — kx3 by ¢, its real part xy by
Re(g), and its imaginary part ix; + jx, + kx3 by Im(q). The square of the module
lg| of a quaternion ¢ can be obtained as |¢|> = ¢4.

In the sequel, we will use the symbol S to denote the 2-sphere of purely imagi-
nary, unit quaternions:

S={q =ixi+ jxa+kx3 |x12+x22+x32=1}.

We will often use the fact that any nonreal quaternion g can be written in a unique
way asq = x + I,y forx,y € R, y > 0, and /; € S. The imaginary unit /, is
defined as
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Im(q)
I, =1 Im@)]
any element of S otherwise.

if Im(q) # 0,

As pointed out in the Introduction, a major weakness of the classical Fueter the-
ory of regular functions is that not even polynomials are regular in the sense of
Fueter. This has several unpleasant consequences, one of which is the difficulty
of developing a functional calculus on the basis on this notion of regularity. In
[14] the authors introduced a new notion of regularity that addresses this issue and
allows polynomials to satisfy a new notion of regularity, the so-called slice regu-
larity. We recall here the definition of slice regular functions, and we include some
of their basic properties that will be useful for our purposes.

DEerFINITION 2.1. Let U € H be an open set and let f: U — H be a function.
Let I € S and let f; be the restriction of f to the complex plane L; := R + IR
passing through 1 and 1. We say that f is a left slice regular (or regular) function
if, for every I €S,

_ 1/ 0 0
0, =——4+1— Iy) =0;
1 fi 2(8x + ay)fl(x + Iy)

and we say that f is right slice regular (or right regular) if, for every I € S,
_ 1/0 a
Jior =S =il +1Iy) + — filx + Iy)I | =0.
2\ ox ay

DEFINITION 2.2.  The function defined by
S7'(s,q) = —(¢* —2q Re(s) + [s]) (g — 5) (1)

will be called the Cauchy kernel function.

These definitions place no stipulations on the nature of the open set U, but several
results in the theory of slice regular functions can be obtained only on a special
class of open sets. Specifically, we give the following definition.

DEFINITION 2.3.  Let U C H be a domain in H. We say that U is a slice domain
(s-domain for short) if U N R is nonempty and if L; N U is a domain in L; for all
I €S. We say that U is axially symmetric if, for all x 4 Iy € U, the whole 2-sphere
Xx + Sy is contained in U.

The following lemma is an immediate consequence of the Stokes formula.

LEmMMA 2.4. Let f, g be quaternionic-valued, continuously (real) differentiable
functions on a bounded open set Uy of the plane L. Then, for every open W C U;
whose boundary consists of a finite number of piecewise smooth closed curves,
we have

/ gds;f =2 / ((g01) f + g(01£)) do,
14 w

where s = x + 1y is the variable on Ly, ds; = —1ds, and do = dx A dy.
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One of the most striking properties of s-regular functions is the following repre-
sentation formula, which allows one to write the value of an s-regular function in
terms of its values on a given complex plane.

LEmMMA 2.5. Let U C H be an axially symmetric s-domain. Let f: U — H be
an s-regular function. Then, for all q = x + I,y € U and I € S, the following
formula holds:

1 1
f(61)=5[1—1q1]f(X+1y)+5[1+1q1]f(x—1y)- 2

This lemma is a key ingredient in proving that, on axially symmetric s-domains,
it is possible to obtain a Cauchy formula in which the integrals (computed on a
given complex plane L;) do not depend on the imaginary unit / € S. A version of
it was originally proved in [14], but this version was actually first given in [2].

THEOREM 2.6 (Cauchy formula). Let U C H be an axially symmetric bounded
open set such that d(U N Ly) is a union of a finite number of rectifiable Jordan
arcs. Let f be a regular function on U and, for any I €S, setds; = —1 ds. Then,
for every q € U, we have

1
f@) = 5- / —(¢> = 2Re(s)g + IsP) g =D dsif(5). ()
T JywunLy)

Moreover, the value of the integral depends neither on U nor on the imaginary
unit I €8S.

3. The Pompeiu Formula in the Quaternionic Setting

In this section we prove the Pompeiu formula for a quaternionic-valued function f
defined on a suitable subset of H.

THEOREM 3.1 (Pompeiu formula). Let U C H be an axially symmetric open
bounded set such that (U N Lj) is a union of a finite number of rectifiable Jor-
dan curves for every I €S. Let f: U — H be a function of class C' and set ds; =
—Ids. ForeveryqeU,q =x+1,y,and I €S, we have

1 1
U= LI f e+ dy) + ST+ L T f (= 1y)

1 -
= 2—(/ S—l(S,Q) dsi f(s) +/ S—l(s,q)8,f(s) ds; /\d§>' (4)
T \JawnLy UNL;

In particular, when I = I, we have

1 _
flg) = 2—( / (s, q) dsy, f(5) + / S (5. ), F(5) dsy, A df)-
T\ JawnLy,) unLy,

(%)
Proof. Letus setg = x + I,y and define

Ue={s=x"+ Ly eU||(x+1y)— (x"+1y)| > e VI €S},
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where ¢ is a positive number less than the distance from the 2-sphere x +Sy defined
by ¢ to the complement of U. The zeros of the function ¢g> —2Re(s)g + |s|> =0
consist of either a real point or a 2-sphere x + I'y. On L;, we find only the point g
as a singularity, and the result then follows from the Pompeiu formula on the com-
plex plane L;,. When the singularity is a real number, S ~1is the standard Cauchy
kernel and again the statement follows from the Pompeiu formula on the complex
plane L; for every I € S. If the zero is not real, then on any complex plane L;
we find two zeros 51, = x = Iy. Thus 0U, = oU — 9B| — 0B, where 0B; is the
boundary of ball B; with center s; and radius &.

From Lemma 2.4 applied to the function S~'(s,q) f(s) and since S7'(s, q) is
right s-regular in the variable s, we obtain

1 _ 1
— S5, @)1 f(s)ds; Ad5 + — f S~ (s, q) dsi £ (s)
27 U:.NL; 2 a(U.NL})
=J{(q) + T5(q),
where
1
I =5 S~ (s, q) dsi £ (s),
T JaBiNLy)
1
J5(q) == — S, q) dsi f(s).

2 3(BoNLy)

Let us start with J{(g) by setting the positions
s=s1+eel’ =x+Iy+ee’,

Re(s) = x + ecosH,

§=x—1Iy+ee ™

ds; = —[ele™11do = se'’ do,
|s|> = x? +2xecosf + & + y* + 2esin by,

from which we obtain
1 2r
Ji(q) == — S7N(s1 + eel®, q) dOf (s; + gel?).
27'[ 0
With computations similar to those in the proof of [5, Thm. 2.15], we have
1
T 2w

[

2w
(@ / —(—2gecosO + 2xecosf + &2 + 2esinfy) !
0

(g —[x — Iy +ee 1) ee!® dof(x + Iy + ee').
Letting ¢ — 0 and performing some computations yields
1
I(g) = S0 = L1 f(x + Iy).
With analogous calculations, the integral related to s, turns out to be

1
3(q) = FUA LI f(x = Iy).

So we get
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1 1
(@) +73(g) = S0 = LI f(x + Iy) + S0+ L1 fx = 1),
and this concludes the proof. O

REMARK 3.2. Note that equation (5) is not surprising and, in fact, is the exact
analogue of the Pompeiu formula in the complex case. Equation (4), on the other
hand, highlights a new phenomenon: given a point ¢ and an imaginary unit / € S,
there are exactly two points in L; on the same sphere of ¢; and equation (4) shows
how to obtain an integral representation of f at those points.

An immediate consequence of Lemma 2.5 and Theorem 3.1 is the Cauchy formula
(see [2]).

COROLLARY 3.3 (Cauchy formula). If f is s-regular on an axially symmetric
bounded s-domain U C H, then for every g € U we have

1
f@=7/ S (s, q) dsy £s).
T JywunLy)

4. The Pompeiu Formula in the Clifford Algebra Setting

The same arguments used in the previous section can be applied to the study
of functions defined on a Euclidean space R"*! and with values in the Clifford
algebra R,,. For the reader’s convenience we recall that R, is the real algebra
generated by n imaginary units e; such that ei2 = —1and ¢;je; + eje; = 0 for
i # j. Anelement (xg, xy,...,X,) in R"*! will be identified with an element x =
X0+ x1e1 + - - - + x,e, = xo + x in the Clifford algebra R,,. The scalar x corre-
sponds to the real part Re(x) of x. In the sequel, we will denote by S the sphere
of unit 1-vectors in R”; that is,

S={y=€1x1+-~-+e,,x,,|x12+-~-+x3:1},

Given an element x = xg 4+ x € Rt let us set

X
— if x £0,
I, =1 |x] x#

any element of S otherwise.

Analogously to our treatment of the quaternionic case (see also [10]), we establish
the following definitions.

DEFINITION 4.1. Let U € R be an open set and let f: U — R, be a func-
tion. Let 7 €S, let f; be the restriction of f to the complex plane L; := R + IR
passing through 1 and I, and denote by u# + [v an element on L;. We say that f
is a left slice monogenic function if, for every I €S,

_ 1/ 0 0
of==—+1— Iv) =0.
1 f 2<8u + av)ﬁ(” + Iv)
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DEFINITION 4.2. The function defined by
S (s, x) = —(x% = 2xRe(s) + |s])x — 5) (6)

will be called Cauchy kernel function.
The structure formula for s-monogenic functions [5; 7] is given as follows.

LeEMMA 4.3. Let U € R"! be an axially symmetric s-domain. Let f: U — R,

be an s-monogenic function. For every x = xo+ I, |x| € U, the following formula
holds:

1 1
fx) = 5[1 — L] f(xo+ 11x) + 5[1 + LI ] f(xo — I1x]).

Note that, despite their formal similarities, the two theories are actually indepen-
dent of each other. Nevertheless, the same arguments used in the previous section
allow us to prove the following result.

THEOREM 4.4 (Pompeiu). Let U C R"*! be an axially symmetric s-domain, and
let 9(U N Ly) be a union of a finite number of rectifiable Jordan curves for every
I €S. Let f €CY(U) and set ds; = ds/I. For every x € U, x = xo + I,|x|, and
I €S, we have

1 1
5[1 — L] f(xo+ Ix]) + 5[1+1x1]f(x0 —1Ix)

= L(/ S~ (s, x) ds f(s) +/ S (s, x)d f(s) dsy A dg), (7
27 \ Jownry UnL;

In particular, when I = I, we have

flx) = i(f S7'(s,x) dsy, f(5) +/ S~ (s, %)y, f(s5) dsy, /\d§>.
aUNLy,) UnLy,

2
(8

REMARK 4.5. When n = 1, equations (7) and (8) each reproduce the Pompeiu
formula in the complex case because in that case S contains only the two points +i.

As a corollary to Lemma 4.3 and Theorem 4.4, we re-derive the Cauchy formula
(see [5]).

COROLLARY 4.6 (Cauchy formula). If f is s-monogenic on an axially symmet-
ric bounded s-domain U then, for every x € U, we have

1
flx) = 2—/ S_l(s,x) ds; f(s).
T JawnLy)
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