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Wonderful Compactification of an
Arrangement of Subvarieties

L1 L1

1. Introduction

The purpose of this paper is to define the so-called wonderful compactification of
an arrangement of subvarieties, to prove its expected properties, to give a construc-
tion by a sequence of blow-ups, and to discuss the order in which the blow-ups
can be carried out.

Fix a nonsingular algebraic variety Y over an algebraically closed field (of arbi-
trary characteristic). An arrangement of subvarieties S is a finite collection of
nonsingular subvarieties such that all nonempty scheme-theoretic intersections of
subvarieties in S are again in S or, equivalently, such that any two subvarieties in-
tersect cleanly and the intersection is either empty or a subvariety in this collection
(see Definition 2.1).

Let S be an arrangement of subvarieties of Y. A subset G C S is called a build-
ing set of S if, forall § € S\ G, the minimal elementsin {G € G : G D S} intersect
transversally and the intersection is S. A set of subvarieties G is called a build-
ing set if all the possible intersections of subvarieties in G form an arrangement
S (called the induced arrangement of G) and G is a building set of S (see Defini-
tion 2.2).

For any building set G, the wonderful compactification of G is defined as follows.

DEFINITION 1.1.  Let G be a nonempty building set and Y° = ¥ \ ;. g G. The
closure of the image of the natural locally closed embedding

Y° 1_[ BlgY
Geg
is called the wonderful compactification of the arrangement G and is denoted by Y.

The following description of Y is the main theorem and is proved at the end of
Section 2.3. A G-nest is a subset of the building set G satisfying some inductive
condition (see Definition 2.3).

THEOREM 1.2. Let Y be a nonsingular variety and let G be a nonempty building
set of subvarieties of Y. Then the wonderful compactification Yg is a nonsingular
variety. Moreover, for each G € G there is a nonsingular divisor Dg C Yg such
that:
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(i) the union of these divisors is Yg \ Y°;
(ii) any set of these divisors meets transversally. An intersection of divisors
Dy, N ---N Dy, is nonempty exactly when {T1, ..., T,} form a G-nest.

This theorem is proved by a construction of Y; through an explicit sequence of
blow-ups of Y along nonsingular centers (see Definition 2.12 and Theorem 2.13).

Here are some examples of wonderful compactifications of an arrangement (see
Section 4 for details).

(1) De Concini—Procesi’s wonderful model of subspace arrangements (Section
4.1). In this case, Y is a vector space, S is a finite set of proper subspaces of
Y, and G is a building set with respect to S.

(2) Suppose X is a nonsingular algebraic variety, n is a positive integer, and Y is
the Cartesian product X”. A diagonal of X" is

Ap={(p,....pn) €X" | pi = p; Vi, j €}
for I C [n], |I] = 2. A polydiagonal is an intersection of diagonals
ApN---NAp

forI; C [n], [1;| =2 (1 <i <k).

(a) The Fulton—-MacPherson configuration space X[n] (Section 4.2). This is
the wonderful compactification Y; where G is the set of all diagonals in
Y and the induced arrangement S is the set of all polydiagonals. It is a
special example of Kuperberg—Thurston’s compactification X' when I'
is the complete graph with n vertices.

(b) Ulyanov’s polydiagonal compactification X(n) (Section 4.5). It is the
wonderful compactification Y; where & = G are the set of all poly-
diagonals.

(c) Kuperberg—Thurston’s compactification X when I is a connected graph
with 7 labeled vertices (Section 4.3). Here X' is the wonderful compact-
ification Y5, where G is the set of diagonals in Y corresponding to vertex-
2-connected subgraphs of I" and where S is the set of polydiagonals gen-
erated by intersections of diagonals in G.

(3) The moduli space of rational curves with n marked points ]l710,,1 (Section 4.4).

It is the wonderful compactification Yg, where ¥ = (P""=3 and G is set of

all diagonals and augmented diagonals A; , defined as

Ara = {(pas....p) €@ | pi=aViel}

for/ C{4,...,n},|I| > 2,and a € {0, 1, c0}.
The moduli space M, is also the wonderful compactification Y; where
Y =P"3 and G is the set of all projective subspaces of P”~3 spanned by any
subset of fixed n — 1 generic points [Ka].
(4) Hu’s compactification of open varieties (Section 4.6). It is a wonderful com-
pactification of (¥, S, G), where Y is a nonsingular algebraic variety and S = G
is an arrangement of subvarieties of ¥ [Hu].
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During the study of the sequence of blow-ups, a natural question arises: In which
order can we carry out the blow-ups to obtain the wonderful compactification? For
example, neither the original construction of the Fulton—-MacPherson configura-
tion space X[n] nor Keel’s construction of A_doyn nor Kapranov’s construction of
M,,, is obtained by blowing up along the centers with increasing dimensions. If
we change the order of blow-ups, do we still get the same variety?

We answer this question with the following theorem, which is proved in Sec-
tion 3. The notation G stands for the dominant tranform of G (see Definition 2.7),
which is similar to but slightly different from the strict tranform: for a subvariety
G contained in the center of a blow-up, the strict transform of G is empty but the
dominant transform G is the preimage of G.

THEOREM 1.3. Let Y be a nonsingular variety and let G = {Gy,...,Gy} be a
nonempty building set of subvarieties of Y. Let I; be the ideal sheaf of G; € G.

(i) The wonderful compactification Yg is isomorphic to the blow-up of Y along
the ideal sheaf T\Z, - --Iy.
(ii) Ifwe arrange G = {Gy, ..., Gy} in such an order that

the first i terms Gy, ..., G; form a building set forany 1 <i < N, (%)

then
Yg = Blg, --- Blg,Blg,Y,

where each blow-up is along a nonsingular subvariety.

ExampLE. By Keel’s construction [Kel] and the preceding theorem, ]\710,,1 is iS0-
morphic to the wonderful compactification Y; when Y is (P')"~3 and G is set of
all diagonals and augmented diagonals. In other words, we can blow up along the
centers in any order satisfying (x) (e.g., of increasing dimension). As a conse-
quence, we have the following corollary.

COROLLARY 1.4. Let : P'[n] — (P")? be the composition of the natural mor-
phism P'[n] — (PY" and let mp3: (PHY" — (PY)3 be the projection to the
first three components. Then My, is isomorphic to the fiber of Y over the point
(0,1,00) € (PY3. Equivalently, MO,n is isomorphic to the fiber over any point
(p1, 2, P3), where py, pa, p3 are three distinct points in P'.

Similarly, Kapranov’s construction does not delicately depend on the order of the
blow-ups; for example, we can blow up along the centers in any order of increas-
ing dimension.

This article is built on the following previous works: Fulton and MacPherson
[FM], De Concini and Procesi [ DP], MacPherson and Procesi [MP], Ulyanov [U],
and Hu [Hu].

The inspiring paper by De Concini and Procesi [ DP] gives a thorough discussion
of an arrangement of linear subspaces of a vector space. Given a vector space Y
and an arrangement of subspaces S, De Concini and Procesi give a condition
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for a subset G C S such that there exists a wonderful model Yg of the arrange-
ment in which the elements in G are replaced by simple normal crossing divisors.
De Concini and Procesi call G a building set. Their paper also gives a criterion of
whether the intersection of a collection of such divisors is nonempty by introduc-
ing the notion of a nest.

This idea was later generalized by MacPherson and Procesi to nonsingular va-
rieties over C with conical stratifications. They consider conical stratifications in
place of the subspace arrangments in [DP]. The notions of building set and nest
are generalized in this setting. The idea of the construction of wonderful com-
pactifications of arrangement of subvarieties in our paper is largely inspired by the
beautiful paper [MP]. In our paper we give definitions of arrangements of subvari-
eties, building sets, and nests. The wonderful compactifications are shown to have
properties analogous to those in [DP] and [MP].

The paper is organized as follows. In Section 2 we give the construction of the
wonderful compactification Y. We begin by defining arrangements, building sets,
and nests and then describe how they vary under one blow-up; we finish by giv-
ing the actual construction of Y. In Section 3 we discuss the order in which the
blow-ups could be carried out to obtain Yg. Section 4 gives some examples of
wonderful compactifications.

Section 5 comprises the Appendix. In Section 5.1 we discuss clean intersec-
tions and transversal intersections, and in Section 5.2 we give the proofs of pre-
vious statements. In Section 5.3 we discuss how different choices of blow-ups
change the codimension of the centers. Finally, in Section 5.4 we give the state-
ments for a general (nonsimple) arrangement (proofs omitted).

ACKNOWLEDGMENTS. In many ways the author is greatly indebted to Mark de
Cataldo, his Ph.D. advisor. He is very grateful to William Fulton for valuable
comments. He would also thank Blaine Lawson, Dror Varolin, Jun-Muk Hwang,
and especially Herwig Hauser for their many useful comments and encourage-
ment. He thanks Jonah Sinick for carefully proofreading the paper. He thanks the
referee for many constructive suggestions to improve the presentation.

2. Arrangements of Subvarieties and the
Wonderful Compactifications

By a variety we shall mean a reduced and irreducible algebraic scheme defined
over a fixed algebraically closed field (of arbitrary characteristic). A subvariety of
a variety is a closed subscheme that is a variety. By a point of a variety we shall
mean a closed point of that variety. By the intersection of subvarieties Zi, ..., Z;
we shall mean the set-theoretic intersection (denoted by Z;N - - -N Z;). We denote
the ideal sheaf of a subvariety V of a variety Y by Zy.

In this section we discuss the arrangements, building sets, and nests upon which
is based our definition of the wonderful compactifications of an arrangement. The
idea is inspired by [DP] and [MP].
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2.1. Arrangement, Building Set, Nest

The following definition of arrangement is adapted from [Hu]. For a brief review
of the definitions of clean intersection and transversal intersection, see Section 5.1.

DEFINITION 2.1. A simple arrangement of subvarieties of a nonsingular variety
Y is a finite set S = {S;} of nonsingular closed subvarieties S; properly contained
in Y and satisfying the following conditions:

(i) S; and S; intersect cleanly (i.e., their intersection is nonsingular and the tan-
gent bundles satisfy T'(S; N S;) = T(S)(s;nsp) N T(Sj)sins;))s
(ii) S; N S; is either equal to some Sy or is empty.

This definition is equivalent to stating that S is an arrangement if and only if it is
closed under scheme-theoretic intersections (cf. Lemma 5.1).

For the sake of clarity we discuss only the simple arrangement, but most state-
ments still hold (with minor revision) for general arrangements. For example,
instead of condition (ii) we may allow S; N S; to be a disjoint union of some Sy
(see Section 5.4).

For a simple arrangement, the condition of transversality can be checked at one
point (instead of at every point) of the intersection (Lemma 5.2).

DEFINITION 2.2.  Let S be an arrangement of subvarieties of Y. A subset G € S
is called a building set of S if, for all § € S, the minimal elements in {G € G :
G D S} intersect transversally and their intersection is S (by our definition of
transversality in Section 5.1, the condition is satisfied if S € G). In this case, these
minimal elements are called the G-factors of S.

A finite set G of nonsingular subvarieties of Y is called a building set if the set of
all possible intersections of collections of subvarieties from G forms an arrange-
ment S and if G is a building set of S. In this situation, S is called the arrangement
induced by G.

ExampPLE. Let X be a nonsingular variety of positive dimension and let Y be the
Cartesian product X3.

(1) The set G = {Ap, A3, Asz, A3} is a building set whose induced arrange-
ment is G itself.

(2) The set G = {Ap, A3} is a building set whose induced arrangement is
{A1, Az, Apz}. On the other hand, G is not a building set of the arrange-
ment {Ap, Az, Asz, Az}

(3) The set G = {Ap, A3, Apsz} is not a building set, because the set of all possi-
ble intersections from G is {Ap, A3, A3z, A3} yet Ajpps is not a transversal
intersection of Az, Az, and Az,

REMARK. The building set G defined here is related to the one defined in [DP]
as follows. For any point y € ¥, define S} = {7y} }ses and G = (T }scg. We



540 Li L1

claim that the set G is a building set if and only if G is a building set for all y € Y
in the sense of De Concini and Procesi.

Indeed, S being an arrangement is equivalent to the condition that, forany y € ¥,
Sy is a finite set of nonzero linear subspaces of 7" that is closed under sum and
such that each element of S} is equal to TSJ:y foraunique S € S. The subsetG € S
being a building set is equivalent to the following condition: for all § € S and for
all y € S, suppose Ti, ..., TkJ- are all the maximal elements of G contained in
TSJ,-),; then they form a direct sum and

TIJ'GBTZJ'@"'@T/(J_ZTSJ:Y’
which is exactly the definition of building set in [DP, Sec. 2.3, Thm. (2)].

DEFINITION 2.3 (cf. [MP, Sec. 4]). A subset 7 C G is called G-nested (or a G-
nest) if it satisfies one of the following equivalent conditions.

(i) There is a flag of elements in S: S} € S, € --- € S; such that

¢
T= U{A : A is a G-factor of S;}.
i=1
(We say T is induced by the flag S} € S, C --- C §p.)
(ii) Let Ay,..., A; be the minimal elements of 7; then they are all the G-factors
of a certain element in S. Forany 1 <i < k,theset{A€7T : A D A;}isalso
G-nested as defined by induction.

ExaMPLE. Let X be a nonsingular variety of positive dimension and let Y be the
Cartesian product X *. Take the building set G to be the set of all diagonals in X .

(1) The set T = {Ap, Az} is a G-nest, since it can be induced by the flag
Aps C Ap.

(2) The set T = {A2, Asq, App34} is a G-nest, since it can be induced by the flag
Azg C© (Ap N Azg).

(3) ThesetT = {Ap, A3} isnota G-nest. Indeed, the intersection of the minimal
elements in 7 is Ajp3, which has only one G-factor: Ajps itself. By condi-
tion (ii) of the definition, 7 is not a G-nest.

Note that the intersection of elements in a G-nest 7 is nonempty by (ii). Now
we explain why the two conditions (i) and (ii) are equivalent. Given a set 7 sat-
isfying (ii), we can construct a flag as follows. Define S} = AN --- N Ay, which
is the intersection of all subvarieties in 7. Let S, be the intersection of the sub-
varieties in 7 that are not minimal elements in 7 containing S;. Then inductively
let S;11 be the intersection of those that are not minimal elements in 7" containing
S;. Itis easy to show that 7 is induced by the flag S} € §, C ---, so (ii) = (i).
Conversely, let S;; = A; (1 < j < k) be the G-factors of S;. Observe that, for
any 1 < i < £, a G-factor of S; must contain exactly one element of Ay, ..., Ag;
otherwise, the A; would not intersect transversally. Let S;; be the G-factor of S;
that contains A;. (Define S;; = Y if there is no such a G-factor.) Then, for each
1 < j < k, there is a flag of elements S,; € S3; € --- C Sy;, which induces the
G-nest {A €T : A D A;}. This shows that (1) = (ii).
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We now state some basic properties about arrangements and building sets.

LEMMA 2.4. Let Y be a nonsingular variety and let G be a building set with the
induced arrangement S. Suppose S € S and G, ..., Gy, are all the G-factors of S
(Definition 2.2). Then the following statements hold.

(i) For any 1 < m < k, the subvarieties G, ..., G, are all the G-factors of the
subvariety G N --- N Gy,.

(ii) Suppose F € G is minimal such that FNS # @, F < Gy,...,Gy, and F Q
Gu+iy---» Gi. Then F,Gy1, ..., Gy are all the G-factors of the subvariety
FNnS§.

Proof. See Section 5.2. OJ
Here is an immediate consequence of Lemma 2.4.

LeEmmMmA 2.5. If Gy,..., Gy € G are all minimal and their intersection S is non-
empty, then G, ..., Gy are all the G-factors of S.

Next we introduce the notion of F-factorization, which turns out to be a convenient
terminology for the proof of the construction of wonderful compactifications.

LEMMA 2.6. Suppose F € G is minimal.

(1) Any G € G either contains F or intersects transversally with F.

(ii) Every S € S satisfying SN F # () can be uniquely expressed as AN B, where
A,B € SU{Y} satisfy A D F and B h F (hence A th B). We call this ex-
pression S = A N B the F-factorization of S.

(iii) Suppose the G-factors of S are Gy, ..., Gy, where Gy, ..., G,, contain F (0 <
m < k; the case m = 0 is understood to mean that no G-factors of S con-
tain F). Let the F-factorization of S be A N B. Then Gy, ..., G, are all the
G-factors of A and G4, ..., Gy are all the G-factors of B, so A = ('L, G;
and B = ﬂf:mH G;. (Herewe assume that A =Y ifm = 0andthat B =Y
ifm==k.)

(iv) Suppose S' € S such that ' N SN F # @. Let ' = A'N B’ be the F-
factorization of S'. Then F th (B N B’) and therefore the F-factorization of
SNS" is(ANA)YN(BNB).

Proof. See Section 5.2. O

2.2. Change of an Arrangement after a Blow-up

Before considering a sequence of blow-ups, we first consider a single blow-up.
Let Y be a nonsingular variety and let G be a building set with the induced arrange-
ment S. In Proposition 2.8 we show that, if F' € G is minimal, then there exists a
natural arrangement S in BIpY induced from S as well as a natural building set G
induced from G.

DEFINITION 2.7. Let Z be a nonsingular subvariety of a nonsingular variety Y
and letw: BlzY — Y be the blow-up of Y along Z.
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For any irreducible subvariety V of Y, we define the dominant transform of
V, denoted by V or V™, to be the strict transform of V if V ¢ G and to be the
scheme-theoretic inverse 7 (V) if V C G.

For a sequence of blow-ups, we still denote the iterated dominant transform
(- (V) ) by Vorv™

REMARK. We introduce the notion of dominant transform because the strict trans-
form does not behave as expected: the strict transform of a subvariety contained
in the center of a blow-up is empty, which is not what we need.

PROPOSITION 2.8.  Let Y be a nonsingular variety and let G be a building set with
the induced arrangement S. Let F be a minimal elementin G andlet w: BlpY — Y
be the blow-up of Y along F. Denote the exceptional divisor by E.

(i) The collection gofsubvarieties in BlgY defined as
S 1= {S}ses U{S N EYgcsnrcs

isa (szmple) arrangement of subvarieties in BlgY.

(ii) g = {G}geg is a building set of S

(iii) Given a subset T of G, we define T = {X}AET~ Then T is a G-nest if and
onlyif T isa G-nest.

The proof is in Section 5.2, and its main ingredient is the following lemma.

LEMMA 2.9.  Assume the same notation as in Proposition 2.8. Assume that A, Ay,
As, B, By, By, and G are nonsingular subvarieties of Y.

(1) Suppose A D F. Then AN E intersect transversally (hence cleanly).
(ii) Suppose that A, SZ As and A, Q Ay, and suppose that Ay A, = F and the
intersection is clean. Then Xl N Zz = 0.
(i) Suppose that A; and A, intersect cleanly and that F C Ay N A,. Then
A1 N A2 (A1 N Ay)~. Moreover, Al and A2 intersect cleanly
(iv) Suppose that By and Bz mtersect cleanly and that G is transversal to By, B»,
and By N B,. Then Bl N Bz = (B1 N B»)". Moreover, 31 and 32 intersect
cleanly.
(v) Suppose Ah B, F C A, and F th B. Then AN B = (AN B)~. Moreover,
Athand(EﬂA)th
(vi) Assume that F € A, F i By By, G € FN By, and G M B,. Then
GNAN (BiNBy)™ = G N A N By, where the latter is a transversal inter-
section.

Proof. See Section 5.2. OJ

2.3. A Sequence of Blow-ups and the Construction
of Wonderful Compactifications

Now we study a sequence of blow-ups, give different descriptions of a wonder-
ful compactification, and study the relations of the arrangements occurring in the
sequence of blow-ups.
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Given k morphisms between algebraic varieties with the same domain f;: X —
Y;, we adopt the notation ( f1, f2,..., fr): X — Y1 X --x Y} to signify the compo-
sition of the diagonal morphism X — X x- - - x X with the morphism fj x - - - X f.

LeEmMA 2.10. Let V and W be two nonsingular subvarieties of a nonsingular
variety Y such that either V and W intersect transversally or one of V and W
contains the other. Let f: Y| — Y (resp. g: Yo — Y) be the blow-up of Y along
W (resp. V). Let g': Y5 — Y1 be the blow-up of Y, along the dominant transform
V. Then there exists a morphism f': Ys — Y, such that the following diagram
commutes.

Y3L>Y2

J{g, lg
f
Y — Y

Moreover, (g', f'): Y3 — Y| x Y, is a closed embedding.

Proof. Because of the universal property of blowing up [H, Prop. 7.14], in order
to show the existence of f’ we need only show that (fg’)"'Zy - Oy, is an invert-
ible sheaf of ideals on Y3. But this is true since, by our choice of V and W, the
sheaf f~'Zy - Oy, is either Zj or ZyZg, where E is the exceptional divisor of the
blow-up f: Y} — Y. Hence the ideal sheaf

(fs) "Iy - Oy, =g '(f Iy - Oy,) - Oy,

is either (g/‘lIg) - Oy, or g/_l(IV -Zg) - Oy,, both of which are invertible by the
construction of g’; therefore, the ideal sheaf ( fg’)"IV - Oy, is invertible. That
(g/, ) is a closed embedding can be checked using local parameters. UJ

LeEmMA 2.11.  Suppose X1, X», X3, Y1, Ya, Y3 are nonsingular varieties such that
the following diagram commutes.

X1L>X2L>X3

lgl lgz l&
hy ho
Y — Y, —— 13

If (g1, f1): X1 — Y1 x Xp and (g2, f2): X2 — Y, x X3 are closed embeddings,
then (g1, f>f1): X1 = Y1 x X3 is also a closed embedding.
As a consequence, if we have the commutative diagram

X fi X, f2 Si—1 X,

fL b, L

h] h2 hk—]
Yl Y2 .o Yk
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and if (gi, fi): Xi — Y; x X;y1 are closed embeddings forall 1 <i <k —1, then
(g1, fi—1--+ f1): Xi = Y1 x Xy is also a closed embedding.

Proof. The composition of two closed embeddings is still a closed embedding, so

¢ =& Hfi): Xi—= Y xY) x X3

is a closed embedding whose image ¢ (X)) is a closed subvariety of Y x ¥» x X3,
which is isomorphic to X;. Consider the projection wj3: Y1 X Y5 X X3 — Y1 X X3
and the morphism I, x 1x,: Y x X3 — Y x Y5 x X3.

XIL)Y]XY2XX3

T3 Ty x1xy
(&1, f2/1)

Y1XX3

Notice that w3 o (I';, x 1x,) is the identity automorphism of Y; x X3 and that
(Tp, x 1x;) o mi3lgcx,) is the identity automorphism of ¢(X;). It follows that
(g1, f2.f1): X1 — Y| x X3 is a closed embedding. O

DEFINITION 2.12. (Inductive construction of Yg). Let Y be a nonsingular vari-
ety, S an arrangement of subvarieties, and G a building set of S. Suppose G =
{G1,...,Gy} is indexed in an order that is compatible with inclusion relations
(ie.,i < jif G; € G;). We define (Y, S®, G¥) inductively with respect to k as
follows.
(i) Fork = 0, define Yo = ¥, 8® = 8,6 =G = (Gy,...,Gy}, and G =
Giforl <i <N.
(i) Assume that (Yz_;, S®=D, g*=D) is constructed.
¢ Define Y} to be the blow-up of Y;_; along the nonsingular subvariety G
* Define G® := (G*D)~ for G € G and define

g® = {GP)geg.

* Define S¥) to be the induced arrangement of G*.
(iii) Continue the inductive construction until Xk = N. We obtain

(Yy, 8™, g™y,

(k—=1)
P

where all the subvarieties in the building set G (V) are divisors.

REMARK. In step (ii) we need Proposition 2.8. Indeed, since Gi(k_l) fori <k
are all divisors and hence are too large to be contained in G,Ek_l), it follows that
G*Y is minimal in G*~V. Proposition 2.8 then asserts the existence of a natu-
rally induced arrangement S® and that G®¥ = {G®};g is a building set with
respect to S®,

PrROPOSITION 2.13.  The variety Yy constructed in Definition 2.12 is isomorphic
to the wonderful compactification Yg defined in Definition 1.1.
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Proof. We prove by induction that Y} is the closure of the inclusion

k
v° <[] BleY.
i=1

The proposition is then the special case k =
Let0 <i < k — 1. Since G( )1 is m1n1ma1 in G, Lemma 2.6(i) asserts that
there are only two possible relatlons between the nonsingular subvarieties G ¢ and

fo:l of ¥;: either G\ 2 G (')1 or G Gl(jr)l Therefore, Lemma 2.10 applies.
Since G(’H) (G,g')) there exists a morphism f” such that following diagram
commutes.

BZGI((HUYi_H f4> BIG]iDYi
lg’ J{g
f
Yiyp ——— ¥

The morphism (g’, f'): Bl i Yiy1 — Y1 x Bl oY, is a closed embedding.
k k
Using Lemma 2.11 on the diagram

BZG(k—l)Yk71 s BlGl((pz)Yk,z [ BZGS”YO
k

| J |

kal Yk72 . YO

and using that Y = BZG(k—l) Yi_1, G,ﬁo) = Gy, and Y, = Y, we conclude that the
k
morphism
Yk — Yk—l X BleY
is a closed embedding. Because the composition of closed embeddings is still a
closed embedding, the morphism

k
Yk — 1_[ BlGiY
i=1

is a closed embedding. Then, since Y ° is an open subset of Y; and since Yy is
irreducible, from the composition

k
Yo Y, o> Yxl_[BlGl.Y
i=1

we see that the closure of Y°in Y x ]_[f=1 Blg,Y is Y. 0
Proof of Theorem 1.2. Since Yg = Yy, it follows that Y; is nonsingular, Dg :=

G™) are codimension-1 nonsingular subvarieties of Y, and Y5 \ Y° = | Dg.
Hence (i) is clear.
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For any T1,..., T, in G that form a G-nest, Dy, ..., Dz, form a G™)-nest; as a

result,
Dr,N---NDy, 0

by the definition of nest. Conversely, given 77, ..., T, in G such that the displayed
intersection is nonempty, Lemma 2.5 implies that Dy, ..., Dy, are all the g
factors of the intersection and therefore intersect transversally. Moreover, by the
definition of nest, D7,,..., Dy, form a G¥)-nest. Proposition 2.8 then implies
that T, ..., T, form a G-nest. So (ii) is clear. O

3. Order of Blow-ups

In this section we shall prove Theorem 1.3, which is subsequently used in Sections
4.2-4.4. For the proof we need the following proposition, which is stronger than
Proposition 2.8(ii) in the sense that a building set still induces a building set after
a blow-up even when the center of the blow-up is not assumed to be minimal.

ProrposiTION 3.1.  Suppose that G = {Gy, ..., G} is a building set of an arrange-
ment S in'Y and that F € G is minimal. Let ¢: BlgY — Y be the blow-up of Y
along F, let G be the induced building set, and let S be the arrangement induced
by G. Suppose G = {Gy, ..., Gy} is a building set and S, is the arrangement
induced by G, .

Then §+ =GU {50} is a building set of the induced arrangement

S, :=8U{SN Golses.

Proof. As the proof of Proposition 2.8, we need to discuss different types of
intersections of subvarieties. See Section 5.2. U

LEMMA 3.2.  Let Z,,Z, be two ideal sheaves on a variety Y. Define Blz,BlzY to
be the blow-up of Y' = Blz,Y along the ideal sheaf ¢$~'I, - Oy, where ¢ is the
blow-up morphism ¢: Y' — Y. Define Blz,Blz,Y symmetrically. Then

BlIlIZY E BlZzBlIlY g BlIlBlIQY-

Proof. We show the existence of two natural morphisms
f: BlIzBlIIY — BlI[ZzY»
8. BlI]Izy g BlIzBlI]Y,
from which we obtain the isomorphism Blz,7,Y = Blz,Blz Y. The other isomor-
phism Blz,z,Y = Blz, Blz,Y follows symmetrically.
For simplicity of notation, denote Y| = Bl7Y, Y, = Blz,Bl7Y, and Y3 =
Bl 1,Y.
(i) We show the existence of f.

Blz,7,Y
Y

Blz,BlzY —— BlnY ——— ¥
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By the universal property of blowing up, it suffices to show that
(@142)"(T1T2) - Oy,
is an invertible sheaf. Indeed,
(¢162) (L1 T2) - Oy, = ¢5 ($7 L1 - Oy) - (¢7' T2 - Oy) - Oy,
= (¢3'(¢7'T1- Oy) - Op,) - (93 (97 ' T2 - Oy,) - Opy).

In the last expression, both factors are invertible sheaves, so the product is also
invertible.
(i1) We show the existence of g.

Blz,z,Y % 3 Blg,BlY

T

Blz,Y

yl

Y

Because (¢p7'Z; - Oy,) - (977, - Oy,) = ¢~ 1(Z1Z,) - Oy, is invertible, both
(¢7'Z, - Oy,) and (¢ ', - Oy,) are invertible. The invertibility of (¢p~'Z; - Oy,)
implies the existence of by the universal property of blowing up. Then, since ¢,
is the blow-up of the ideal sheaf (q)l_]Iz - Oy,) and since

WY @'y - Oy,) - Oy, = ¢7'T, - Oy,

is invertible, we can lift 4 to g by again applying the universal property of blow-
ing up. This completes the proof. UJ

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. (i) We fix the indices of {G;} in an order that is compatible
with inclusion relations (i.e., i < j if G; C Gj). Consider the blow-up ¢: Y =
Blz,Y — Y, where 7, is the ideal sheaf of G,. Since G; (i > 1) either contains
G or is transversal to G; by Lemma 2.6, the ideal sheaf ¢>‘1IG,. - Oy is either
Ig, - Ik or Zg,. Because Tg is invertible, the blow-up of Zg, - T is isomorphic to
the blow-up of Zg,—that is, the blow-up along the nonsingular subvariety G:. By
the same argument, each blow-up Y1 — Y; is isomorphic to the blow-up of the
ideal sheaf ¥ ~'Z; ;- Oy, , where v : Yy — Y is the natural morphism. Therefore,
by Lemma 3.2,
Y; = Blg, --- Blg,Bl)Y = Blz,..7,Y.

(ii) Now assume that the order of {G;} is not necessarily compatible with inclu-
sion relations but that it does satisfy (x).

The proof is by induction with respect to N. The statement is obviously true for
N = 1. Assume the statement (ii) is true for N, and consider G, = G U {Gy41}.
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We need to show that Y, is isomorphic to the blow-up of Y; along a nonsingular
subvariety 5N+1

Suppose F' is minimal in G, Y = BlgY, and ¢: Y — Yisthe natural morphism.
Proposition 3.1 implies that G, :=GU {GN+1} is a building set in Y. There are two
cases. If F is not minimal in G, then Gy4; must be minimal and Gy4+; € F; in
this case, ¢ 'Zg,., - Oy = Zgy,,- Next consider the case where F' is minimal in
G+. Now Gy either contains F' or is transversal to F, so (;ﬁ’lIGN+I - Oy is either
TGy, " Le or g, . In each situation, ¢’IZGN+1 - Oy is isomorphic to Zg, | up
to an invertible sheaf. Continue this procedure until all elements in G have been
blown up. Let ¥ : Yg — Y be the natural morphism. Thean‘lIGN+I - Oy, is
isomorphic to the ideal sheaf of the nonsingular subvariety Gy4; C Yg up to an
invertible sheaf, and hence the blow-up of ¥; along ¥ ~'Zg,, +1 - Oy, is isomorphic

to the blow-up of Yy along 5N+1. This completes the proof. U

4. Examples of Wonderful Compactifications

4.1. Wonderful Model of Subspace Arrangements

If welet Y = V be a finite-dimensional vector space, let S be any finite collection
of subspaces of V, and construct the wonderful compactification of any building
set of subspaces of V, then we recover the wonderful model of subspace arrange-
ments by De Concini and Procesi.

It was discovered by De Concini and Procesi [DP] that, if a subset G C S forms
a so-called building set, then the closure of the natural locally closed embedding

V\ U wevx [[evw)
Weg Weg
is a nonsingular variety birational to V. Moreover, the subspaces in S are replaced
by a normal crossing divisor.

ReEMARK. This idea motivated a generalized definition of the so-called wonder-
ful conical compactifications for a complex manifold given by MacPherson and
Procesi [MP]. Our definition of wonderful compactification is neither strictly gen-
eral nor strictly less general than the wonderful compactification defined in [MP].
On the one hand, our compactification does not include the conic case: all the sub-
varieties involved in this paper are assumed to be nonsingular. On the other hand,
even over the complex field C, many arrangements of nonsingular varieties are not
conical.

4.2. Fulton-MacPherson Configuration Spaces

Let X be a nonsingular variety, let ¥ = X", and let G be the set of diagonals of
X". Our wonderful compactification gives the Fulton-MacPherson configuration
space X[n].

In [FM], Fulton and MacPherson constructed a compactification X[n] of the
configuration space F(X, n) of n distinct labeled points in a nonsingular algebraic
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variety X. This compactification is related to several areas of mathematics. In
[FM], Fulton and MacPherson used their compactification to construct a differen-
tial graded algebra that is a model for the configuration space F (X, n) in the sense
of Sullivan. Axelrod and Singer [AxS] used an analogous construction in the set-
ting of real smooth manifolds in Chern—Simons perturbation theory. Now we give
a brief review of Fulton and MacPherson’s construction.

The configuration space F(X,n) is an open subset of the Cartesian product X"
defined as the complement of all diagonals:

FOGm = X"\ (U A= (P p) €X" | pi # py Vi # ).
[11=2

The construction of X[n] by Fulton and MacPherson is inductive. They de-
fine X[1] to be X and X[n + 1] to be the variety that results from a sequence of
blow-ups of X[n] x X along nonsingular subvarieties corresponding to all diago-
nals A;, where I C [n + 1], |I| > 2, and I contains the number n + 1.

For example, X[2] is the blow-up of X? along the diagonal Aj,. The variety
X [3] is obtained from a sequence of blow-ups of X[2] x X along nonsingular sub-
varieties corresponding to {Ap3; A3, Az}, More specifically, denoting by 7 the
blow-up X[2] x X — X3, we blow up first along 7 ~'(A53) and then along the
strict transforms of A3 and A»j3 (the two strict transforms are disjoint, so they can
be blown up in any order). In general, the order of blow-ups in the construction of
X[n] can be expressed as

A, Az, Az, Aoz, A1234, A2a, A13a, Aoza, Mg, Aoa, Asy, Apzas, Aipss, .. ..

It is easy to verify that this sequence satisfies () in Theorem 1.3, so the resulting
variety X[n] is indeed the wonderful compactification Yg. Theorem 1.3 also im-
plies that X[n] can be obtained from a more symmetric sequence of blow-ups in
the order of ascending dimension:

A, A1, =1y s A3 e Ay ooy Aty 0

This more symmetric order of blow-ups is given by De Concini and Procesi [DP],
MacPherson and Procesi [MP], and Thurston [T].

In fact, graphs can be used to clarify condition (x) by using Kuperberg—Thur-
ston’s compactification (cf. the discussion after Proposition 4.2).

4.3. Kuperberg—Thurston’s Compactification

In [KuT], Kuperberg and Thurston constructed an interesting compactification
of the configuration space F(X,n). Their construction is for real smooth mani-
folds and in this section we adapt their compactification to a nonsingular algebraic
variety.

Let I" be a (not necessarily connected) graph with n labeled vertices such that I"
has no self-loops or multiple edges. Denote by Ar the polydiagonal in X", where
x; = x; if i, j are connected in I. We call a graph I' vertex-2-connected if the
graph is connected and if it will remain connected after we remove any vertex. In
particular, a single edge is vertex-2-connected.
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In [KT] the authors state and sketch a proof that blowing up along Ar- for all
vertex-2-connected subgraphs I'' € T' gives a compactification X, If T" is the
complete graph with n vertices (i.e., any two vertices are joined with an edge), then
the compactification X' is exactly the Fulton—-MacPherson compactication X [n].

Kuperberg-Thurston’s compactification X' is a special case of the wonderful
compactification of an arrangement of subvarieties given in this paper. Indeed, let
Y = X7, let

G :={Ap : " C T is vertex-2-connected},

and let S be the set of polydiagonals of X" obtained by intersecting only the di-
agonals in G.

PROPOSITION 4.1.  In the notation just given, G is a building set with respect to
S. Therefore, Kuperberg—Thurston’s compactification is the wonderful compacti-
fication Yg.

Proof. The proof is in two steps.
(1) We call T C T a full subgraph if the following conditions are satisfied:

* I/ contains all vertices in I";
* for any edge e €I, if its endpoints p and g are in the same connected compo-
nent of I/ thene € I".

Then there is a one-to-one correspondence between the set of all full subgraphs
of T" and the set S. The correspondence is given by mapping a full subgraph I'’
to Arr.

(2) Any full subgraph I'’ has a unique decomposition into vertex-2-connected
subgraphs Iy, ..., Ix. Observe that Ar,,..., A, are the minimal elements in G
containing Aps and that they intersect transversally with the intersection Arp:.
Therefore, G is a building set by Definition 2.2. OJ

REMARK. It is also easy to describe a G-nest. It corresponds to a set of vertex-
2-connected subgraphs of I' where, for any two subgraphs I'; and I, one of the
following statements holds:

(1) T’y and I'; are disjoint; or

(ii) Iy and I, intersect at one vertex; or
(iii) T CTyorI, CTY.
The next proposition describes the relation between X' and X' for I} C Ty,
which will help us understand the construction of Fulton and MacPherson config-
uration spaces.

PrROPOSITION 4.2.  Let I'} C I'; be two (not necessarily connected) graphs with n
labeled vertices without self-loops and multiple edges. Then X" can be obtained
by a sequence of blow-ups of X" along nonsingular centers.

One such order is given as follows. Let {Fj” };21 be the set of all vertex-2-
connected subgraphs of T, that are not contained in T'y. Arrange the index such
that i < j if the number of vertices of T is greater than the number of vertices
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of Fj” . Then X" can be obtained by blowing up along the nonsingular centers
Zrl//, ZFZ”, ceey Z]"t’/.

Proof. Let {I'/}:_, be the set of all vertex-2-connected subgraphs of I';. Arrange
the indices such that i < j if the number of vertices of I is greater than the num-
ber of vertices of I'/.

Itis easy to verify that {Arf’ ooy Ary, Arl// »--.» Apr}satisfies (x) in Theorem 1.3.
Apply Theorem 1.3, we know that X'2 is the blow-up of X" along the nonsingular

centers
Arl/, AFZ/, ceey Arv/, Arl//, ceey Ar’”.

On the other hand, after the first s blow-ups we get X', Therefore X T2 can be ob-
tained by a sequence of blow-ups along nonsingular centers Ary,..., Ay This
completes the proof. O

In light of Proposition 4.2, Fulton and MacPherson’s original construction of X [n]
can be understood as specifying a chain of graphs. Indeed, by the proposition, the
first arrow corresponds to blowmg up X[4] along App, the second corresponds
to blowing up along Am, A13, and A23 (which correspond to all the vertex-2-
connected subgraphs that are not in the prev1ous graph) and the last arrow corre-
sponds to blowing up along A1234, A124, A134, A234, A14, A24, and A34 On the
other hand, the symmetric construction of X [4] corresponds to the chain contain-
ing only two graphs: the first graph and last graph in Figure 1.

1 4 1 4 1 4 1 4
[ ] [ ] [ ) [
— — i —
[ ] [ )
2 3 2 3 2 3 2 3
X4 X[2] x X2 X[3] x X X[4]

Figure 1 Fulton and MacPherson’s construction of X[4]

To illustrate the idea a little more, in Figure 2 we construct X[3] corresponding
to the chain of graphs The first step is to blow up along A 12; the second step is
to blow up along Azg, and the final step is to blow up along A123 and A13 Each
blow-up is along a nonsingular subvariety.

X3 X[2] x X B3, (X[2] x X) X[3]

Figure 2 A new construction of X[3]
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4.4. Moduli Space 1\707,1 of Rational Curves with n Marked Points

The moduli space M 0, 1 the wonderful compactification of ((IP n=3 'S G), where
G is set of all diagonals and augmented diagonals

Ara:={(pas....pn) €Y' 3 | pi=aViel)

forI C{4,...,n},|I| > 2,and a €{0, 1, 00}. Here S is the set of all intersections
of elements in G.

This result is an immediate consequence of Theorem 1.3 applied to Keel’s con-
struction [Kel]. Indeed, Keel gives the construction of A710,n by a sequence of
blow-ups in the following order:

A4s,0, Ass 1, Aas oor Dase 0, Dase, 15 Dd56,005 - - -» Da6,05 - -+ > D456, ...

To be more precise: for I such that max I = 5, blow up along A; , for those I such
that |/| = 2; formax I = 6, blow up A; , for |I| = 3 and then A; for |/| = 3. In
general, for max I = k, blow up A;, for |I| =k — 3, then A;, for |I| =k — 4
and A; for |[I| = n — 3, then A;, for |I| = k — 5 and A, for |[I| = n — 4, and
so forth. It is easy to check that the order satisfies («) in Theorem 1.3. Therefore,
]l710,n is a wonderful compactification.

Notice that the preceding diagonals and augmented diagonals in P"~3 are just
the restrictions of diagonals in (P')” to the codimension-3 subvariety

Y ={(p1,p2s--» pn) €(PHY" | p1 =0, pr =1, p3 = 0o}

Now, by blowing up all the diagonals of (P!)" in order of increasing dimension and
then comparing with the construction of Fulton—-MacPherson configuration space,
we obtain a relation between M, o0.» and the Fulton—-MacPherson space Pl[n] in
Corollary 1.4.

4.5. Ulyanov’s Compactification

Closely related to Fulton and MacPherson’s compactification is another compact-
ification of the configuration space F(X,n), which Ulyanov [U] discovered and
denoted by X(n). The construction consists of blowing up more subvarieties in
X" than Fulton—MacPherson’s construction does; in particular, Ulyanov blows up
not only diagonals but also polydiagonals. The order of the blow-ups in [U] is the
ascending order of the dimension. For example, X(4) is the blow-up of X* along
polydiagonals in the following order:

(1234), (123), (124), (134), (234), (12, 34), (13,24), (14,23), (12), ..., (34).

The polydiagonal compactification X(n) shares many similar properties with
Fulton—-MacPherson’s compactification. However, one difference is that, in the
case of characteristic 0, the isotropy group of any point in X(n) is abelian under
the symmetric group action, whereas the isotropy group of a point in X[#n] is not
necessarily abelian (but is always solvable) under the symmetric group action.
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4.6. Hu’s Compactification versus Minimal Compactifications

We now consider the general situation where Y is nonsingular with an arrange-
ment of subvarieties S. By blowing up all S € S in order of ascending dimension,
we obtain a nonsingular variety BlsY [Hu]. Define Y° := Y \ s s S, the open
stratum of Y. It is isomorphic to an open subset of BlsY. Hu showed that:

(1) the boundary BlsY \Y° = ses Ds is a simple normal crossing divisor; and

(2) forany Si,...,S, €S, the intersection of Dy, ..., Dg, is nonempty if and only
if {S;} forms a chain—that is, S; C - -- C Sy, with a rearrangement of indices
if necessary.

Hu’s compactification generalized Ulyanov’s polydiagonal compactification
and is a special case of the wonderful compactification of arrangement of sub-
varieties given in this paper where the building set G = S. (In this special case, a
G-nest is simply a chain of subvarieties.)

Fixing an arrangement S, Hu’s compactification Y5 is the maximal wonderful
compactification. Indeed, it is not hard to show that, for any building set G of S,
the natural birational map Ys — Yg is a morphism. At the other extreme, there
exists a minimal wonderful compactification for S that can be defined by the set
of so-called irreducible elements in S.

DEFINITION 4.3.  An element G in S is called reducible if there are G4, ..., Gy €
S (k= 2)with G = Gy h --- M Gy and if, for every G’ 2 G in S, there exist
G/ e Swith G/ 2 G; for1 <i < k such that G' = G{ h --- M G;. An element
G € S is called irreducible if it is not reducible.

By the same method as in [DP] we can show that the irreducible elements in S
form a building set, denoted by G, and that every building set G of the arrange-
ment S contains Gp,. It is not hard to show that the natural birational map Y —
Y5, 18 a morphism.

Of the previous examples, the Fulton—-MacPherson configuration spaces, Kuper-
berg-Thurston’s compactification, and the moduli space M , are minimal won-
derful compactifications. Ulyanov’s polydiagonal compactification is maximal.

5. Appendix

5.1. Clean Intersection versus Transversal Intersection

Let Y be a nonsingular variety. For a nonsingular subvariety A (more generally, a
subscheme whose connected components are nonsingular subvarieties) of Y, de-
note by T} the total space of the tangent bundle of A and by 7} , the tangent space
of A at the point y € A. For a point y ¢ A, define Ty , to be T}, the tangent space
of Y at y. (This stipulation will simplify the definition of transversal intersection.)
In this paper, Ty , is viewed as a subspace of T, and T, is viewed as a subvariety
of Ty .
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5.1.1. Clean Intersection
The notion of cleanness can be traced back to Bott [B] in the setting of differential
geometry.

We say that the intersection of two nonsingular subvarieties A and B is clean if
the set-theoretic intersection A N B is a nonsingular subvariety (or, more gener-
ally, is a scheme whose connected components are nonsingular subvarieties) and
also satisfies the condition

TAmB,,v:TA,yﬂTB,y VyeAﬂB
The following lemma gives a useful criterion for the cleanness of intersections.
LeEmmA 5.1.  Suppose that A and B are nonsingular closed subvarieties of Y and
that the intersection C = A N B is a disjoint union of nonsingular subvarieties.

Let T4 (resp. Ig, L) denote the ideal sheaf of A (resp. B, C). Then the following
statements are equivalent:

(i) the subvarieties A and B intersect cleanly;
(i) Zp+Zp =ZIc.

In other words, two subvarieties intersect cleanly if and only if their scheme-
theoretic intersection is nonsingular.

Proof. Condition (i) is equivalent to
TayNTpy=Tc, YyeANB. 6D
By definition of tangent space,
Tay ={veTy |df(v) =0 Vf e (Za)y}

Define ¢: m, — m},/m?v to be the natural quotient. Then T , = qb((IA)y)J-,
the annihilator of ¢((Z,),) in the dual space (m,/ m?v)* = T,. Therefore, (5.1) is
equivalent to

d(Z))N" N ((Zp)y) " =d(Zc)y)" YyeANB,
which is equivalent to
((Za)y) + ¢ ((Zn)y) = #((Zc),) Vye ANB.

Since ¢ ((Z4)y) = ((Za)y + mi)/mi (and similarly for B and C), the preceding
condition is equivalent to

(Za)y + (Zp)y +m) = (Ze)y +m, VyeANB. (5.2)

On the other hand, two ideal sheaves on Y are the same if and only if their germs
coincide at every closed point y € Y. So condition (ii) is equivalent to

(Za)y + (Ip)y = (Zc)y Vyel, (5.3)

where Z, denotes the germ of a sheaf T at point y. Therefore it suffices to show
that (5.2) < (5.3).



Wonderful Compactification of an Arrangement of Subvarieties 555

Obviously (5.3) = (5.2). To see the implication (5.2) = (5.3), observe first that
condition (5.3) holds for y ¢ AN B and that the inclusion (Z4), + (Zp), € (Z¢),
holds for y € A N B. Thus it remains to show that (Z4), + (Zg), 2 (Z¢), holds
for y € AN B. Using local parameters allows us to check that (Z¢), N mi =
(Z¢)ym,. Condition (5.2) then implies the surjection

(Zw)y + Tn)y = (Te)y +m)/my = (Te)y/(Te)y Nmy)

= (Ze)y/(Ze)ym,.

Hence (Z4)y + (Zp)y + (Z¢)ym, = (Z¢)y. Applying Nakayama’s lemma then
yields (Z4), + (Zp)y = (Z¢)y, which completes the proof. O

5.1.2. Transversal Intersection
By definition, A and B intersect transversally (denoted by A rh B) if TAfy + TBl’y
form a direct sum in the dual space 7)) =m,/ mi, of T, for any point y € Y or,
equivalently, if

Ty = TAJ +T3’y VyGY

More generally, we state that a finite collection of k nonsingular subvarieties
Ay, ..., Ay intersect transversally (denoted by A; h Ay h--- M Ay) if k = 1 orif,
forany y €Y,

TAJ;y + TAJ;,.V +F TAJ;,y

form a direct sum in TV*;

k k
Codim<ﬂ Ta;y» Ty> = Z codim(A;,Y);
i=1

i=l

or, equivalently, if

or, equivalently, if for any y € Y there exist (a) a system of local parameters
X1,...,X, onY at y that are regular on an affine neighborhood U of y such that y
is defined by the maximal ideal (x,...,x,) as well as (b) integers 0 =ry < r; <
-+ < ry < n such that the subvariety A; is defined by the ideal

(Xr 415 Xp 425 ---,Xr) forall 1 <i <k.

(If r;—; = r; then the ideal is assumed to be the ideal containing units, which means
geometrically that the restriction of A; to U is empty.)

5.1.3. Transversal Intersection = Clean Intersection

If A and B intersect transversally, then we can choose local parameters around
any point y € A N B such that (a) y is the origin and (b) the restrictions of A and
B are defined by local parameters. Then it is obvious that Tynpy = T,y N Tp,,
forallye ANB.

5.1.4. Transversal Intersection at One Point + Clean Intersection
= Transversal Intersection

LEMMA 5.2. Let Ay and A, be two nonsingular closed subvarieties of Y that
intersect cleanly along a closed nonsingular subvariety A. If Ay and A, intersect
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transversally at a point yo € A, then they intersect transversally (at every point
yeA).

In general, let Ay, ..., Ay be subvarieties in a simple arrangement S (cf. Def-
inition 2.1) and let A = ﬂle A;. If Ay, ..., Ay intersect transversally at a point
Yo € A, then they intersect transversally (at every point).

Proof. We prove the general case. Without loss of generality, we need only prove
the transversality for points in A. The irreducibility of A; and A implies that
dim.TAl[,, y = dim TAJ’T’ v, and dim TA{-y = dim TA{-},O. By the definition of clean inter-
section, we have
1 1 1
Tyt Iy = Thy

On the other hand, by the transversality condition at point y it follows that

1 1 _ gl
TAlvy() @@ TAk;,V() - TA,VVO'

Comparing the dimensions of the two equalities just displayed, we see that the
left-hand side of the first equality must form a direct sum; therefore, Ay,..., A
intersect transversally at y. O

5.1.5. Examples and Nonexamples of Clean and Transversal Intersections

* k (< n) hyperplanes H; in A" defined by x; = 0 intersect transversally; there-
fore, any two of them intersect cleanly.

» Two (not necessarily distinct) lines in A% passing through the origin intersect
cleanly but not transversally.

* In A2 the intersection of the parabola y = x? and the line y = 0 is not clean
and thus not transversal.

5.2. Proofs of Statements in Previous Sections

Proof of Lemma 2.4. It is convenient to carry out the proof using the cotangent
space Ty*. We use the same notation gy* , S, TSJ,_y’ Tﬁ- as in the remark after Defi-
nition 2.2. By [DP, Sec. 2.3, Thm. (2)], the definition of building set implies the
following: if §’ € S is such that §” D S, then

k
TJ’_,,V = @(TSJ:_V N TiL);
i=1

moreover, if TS%,y =T/*® - - ®T/*, where T/*,..., T/* are the maximal ele-
ments in Q; contained in TSJZ ¥ then each term (TSJ; y N TiL) is a direct sum of
some 7;/*.

Fix a point y € S. To show (i), it is enough to show the following. Suppose
T{,..., T are all the maximal elements in g, thatare contained in Tsfy. Suppose
m is an integer such that | < m < k, and define 7+ := T{* @ --- & T;-. Then
T]J-, e, Tnf- are all the maximal elements in g; that are contained in 7.
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To show (ii), it is equivalent to show the following Suppose T1 ey Tk are all
the maximal elements in G that are contamed in T . Suppose T+ € g, is max-
imal, T+ 2 T}, ..., m,and T+ BT, ....T¢ Then TH T}k ,..... T are all
the maximal elements in g; that are contained in T+ + TSJ,-y

Both claims can be shown by routine linear algebra. UJ

Proof of Lemma 2.6. Part (i) follows directly from the definition of building set: if
F is disjoint from G then of course F M G; otherwise, G contains some G-factor
of FNG. Buta G-factor of F NG is either F or is transversal to F (which implies
that G h F).

(iii) Define A = (', G; and B = ﬂl —ms1Gi. We claim that A © F and
B M F. That A = ﬂg”:] G; D F follows from the definition of m. Lemma 2.4(ii)
asserts that F M G,y h -+ h Gy, so F is transversal to B. Then (iii) follows
from Lemma 2.4(i).

(ii) The proof of (iii) demonstrates the existence of an F-factorization. Now
we show that such an factorization is unique. Suppose we have another factoriza-
tion S = AN B’ suchthat A" D Fand B'th F. Since B'2 FNB' = FN S and
since, by Lemma 2.4(ii), the G-factors of F N § are F, G411, ..., Gy, it follows
that each G-factor G’ of B’ contains F or G; forsomem +1 <i <k.But B'th F
implies G’ h F,s0 G’ 2 F. Hence G’ 2 G; forsomem +1 < i < k. Intersecting
all the G-factors G’ of B' yields B’ = (G’ 2 N —m+1Gi = B. Fixing a point
ye FNS, wehave

T, & Ty, =Tr, & Ty,
and TJ- ) T;-, ,: therefore, Tl = TJ- and so B = B’. Similarly A = A'.

(iv) Suppose the F- factorlzatlon of S N S’ is A” N B”. Then F N B” is the
F-factorization of the intersection. Since B 2 (FNS) = (FNB")but B i F,
we have B D B”. Similarly, B 2 B” and so BN B’ 2 B”. By an analogous ar-
gument using the dual of the tangent space as in the proof of (ii), we can show that
BN B = B”; hence F th (BN B’). Then it is easy to see that A” = A N A’ and
that the F-factorization of S N S’ is indeed (A N A’) N (BN B'). O

Proof of Lemma 2.9. We give only the proof of part (iii), because (ii) and (iv) can
be proved similarly while (i), (v), and (vi) can be easily checked using a system
of local parameters.

In the complement of the exceptional divisor E, we have

(AINA)\E = (A\ F)N(A2\ F) = (A1NA2)\ G = (AN A\ E.
Inside E, we have
(AN A) NE =P(NpA) NP(NpAy) = B(Ty, /Tr) NP(Ty,/ Tr)
=P((Ty, N T4,)/Tr) = P(Tayna,/ Tr) = P(Np(A1 N Ay))
=(AINA) NE,
where Ng(A; N A,) denotes the normal bundle of F in A N A,. (Note that in

the fourth equahty we have used the condition that A; and A, intersect cleanly.)
Hence A] N A2 (A] n Az)
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According to Lemma 5.1, A, and A, intersect cleanly if and only if
Ii+1z, =Zanan~ 54

But A; = R(E, 7w '(A;)), where R(E,7'(A;)) is the residue scheme to E in
77'(A)) (see [K2, Thm. 1] or [F, Sec.9.2]). By a property of residue schemes,
we have

IrE A LE =Tr-1a)),
which is the same as

ZZ] . IE = In’l(Al)'
Similarly, we have
I.Kz . IE = IN—I(AZ),

Tiainay~Te = La-1(a1n4y)-

Because A and A, intersect cleanly, 74, + Z4, = Za,n4,, and this implies
LZr-1an T La-1a) = Lr-1ainay)-
Thus we derive that equality
Iz, -Ze + 13, - Tg = T(anay)~ - IE-

Since Z is an invertible sheaf, this equality implies (5.4) and hence (iii) is proved.

O
Proof of Proposition 2.8. (i) We need to check that any two elements in S inter-
sect cleanly and that the intersection is still in S. For this, we need to check three
possibilities: SNS. Sn (5/ N E), and (§ NE)N (§’ N E). We prove only the
first because proofs for the other two possibilities are similar.

Suppose S, S’ € S. We can assume that S N S” # @, for otherwise SNSis
obviously empty. Suppose the F-factorizations of § and §' are S = A N B and
§" = A'N B, respectively. By Lemma 2.6(iv), the F-factorization of S N S’ is
(ANA)YN (BN B’ ’). Lemma 2.9(v) asserts that S=ANBandS = A'NB.
To show that S and § intersect cleanly along a subvariety in S, we consider three
cases as follows.

Casel: FC ANA. Inthiscase, (SNS) = (ANA) " N(BNB') and
SNS'=ANA)YNBNB)=ANA)"NBNB) =ENS)".
Moreover,
T§ N T§/ = TA‘ N TE n T,Z/ N T'é/ = T(AQA’)~m T(BﬂB’)~ = T(SﬁS’)~s
where the first and third equalities hold by Lemma 2.9(v) and the second equal-
ity holds by parts (iii) and (iv) of Lemma 2.9. Thus S intersects S’ cleanly along
(SNS)HeS.
_Case2: F = ANAbut F # Aand F # A By Lemma 2.9(ii) we have
AN A =@ hence
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Case 3: F = A or A'. Without loss of generality, we assume F = A. Then
SNS'=ANA)YNBNBY=ENANBNB)=ENANBNB)™.
By parts (i) and (v) of Lemma 2.9,
TsNTy =TenNTp) N(Ty NTy) = (Tg N Tx) N Tanpy~ = Tenansns)~

S0 again S intersects S’ cleanly along EN(ANBNB’)™ € 8. We have thus shown
that S and S’ intersect cleanly along a subvariety in S in all possible cases.

(ii) To show that 5 = {G}Geg forms a building set we first need to show that,
forall § (resp. (3’0 E)) e §, the CT “factors of § (resp. of (§ﬂ E)) intersect transver-
sally along S (resp. along (§ NE)).

By Lemma 2.6, we can assume S = (Gy M --- M Gp) M (Gpugy M -+ - th Gy),
F CGy,...,Gp,and F N\ Gyy,...,Gi. Define A =Gy th---h G, and B =
Gy h -+ Gi. Then S=ANB by Lemma 2.9(v).

Two cases need to be considered: ' C A and F = A. We prove only the first
case because the second case can be proved analogously. So assume that F C A.

First we show that, for all S € S, the G-factors of § (resp. of (S N E)) intersect
transversally along S. Lemma 2.9 implies that

S=G th---h Gy

and that G I .- Gk are all the g factors of S. (Indeed, if some G e g contains
S then G = 7r(G) contains § = JT(S) Since Gy, ..., Gy are all the minimal ele-
ments in G that contain S, it follows that G contains G, for some 1 < r < k.
The inclusion of their dominant transforms still holds: G ) 5,.) Therefore, the
g—factors of § intersect transversally.

Next we show that, for all (3" NE)e S, the G-factors of (§ N E) intersect
transversally along (SNE). Observing that

SNE=ENANB=EMG, th---th G,

we assert that E, G I .- Gk are all the g factors of (S n E ) and so the conclus1on
follows. Indeed it is enough to show that, given any GeG contammg (SNE),
either G = E or G ) G, for some 1 < r < k. The inclusion G ) (S N E) im-
plies G 2 (S N F) if we take the image of 7. By Lemma 2.4(ii), we know that
F,G,1,...,Gyare all the G-factors of (SN F'). Hence G contains either F or one
of G, form +1 < r < k. In the latter case we i~mmediately get the conclusion, so
we assume that G contains F. If G = F then G = E, from which the conclusion
follows.
Now we assume that G D F. Since

GNEZP(NyG), SNEZXZP(NrA|rnp)

and since G N E contains S N E, we have (NrG)y 2 (NpA), forany y e FN B.
But (NrG), = Tg,y/Tr,y and (NpA)y = Ty ,,/Tr,y, 50 Tg,y 2 T4,y and G con-
tains A. Since Gy, ..., G, are the G-factors of A (by Lemma 2.4(i)), we have that
G contains G, for some 1 <r < m.
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(iii) “7 is anest = T is a nest”. Suppose T is induced by the ﬂag S1 C S2
S C S IfS ¢ ForSy CF, then 7 is induced by the flag S; € S, € --- € Si;
otherw1se there exists an integer m (1 <m < k — 1) where S, C F but S+l ,Q_
F. In this case it can be easily checked that 7 is generated by the flag
SN Sue) S+ S Eu NSt € St NE) S € (SN E).
“Tisanest < 7 isanest”. Suppose 7 is induced by the flag S;cs,c--- ¢
S;. If S; ¢ E, then T is induced by the flag 7(S) € 7(S5) € --- € 7(S;) and
we are done. Now assume that S| € E and denote by m the maximal integer sat-
isfying S;, € E. Since E is both minimal and maximal in G, the E-factorization

of S/ must be of the form E N B/ for 1 <i < m. Then it can be checked that 7 is
induced by the following flag:

(GNm(B) Sn(B)) S+ Cn(B,) Sn(S,,) S SnSp. O

Proof of Proposition 3.1. The proof is similar to the proof of Proposition 2.8. The
only new case is when F is not minimal in G. So, throughout the proof we as-
sume that G is minimal and that Gy C F.

We begin by showing that S, is an arrangement. First we prove that the inter-
section (50 N §) NS'is clean for S, S’ € S. Take the F-factorizations S = AN B
and S’ = A’N B’ in the arrangement S, and take the Go-factorization B = B;N B,
in the arrangement S;.. Similarly to proving Proposition 2.8(i), we must consider
three cases.

Casel: F C AN A. Then
GoNSHNS' =GoNANBNB,NANB
=GoNANANB,NEB
=GoN(ANA)Y N(B,N B~
=GoNANANB,NB)".
The second equality holds because Z, = ¢~'Zp, € ¢~'Zg, = Zg,, 50 Bi 2 Go.

The third and fourth equalities follow from Lemma 2.9.
Moreover, we have

Teonsns = T, N Tina N Tyng
=T, NTzNTy NTg, NTg
=T, NTi NTy NTp) N (Ty NTg)
=Tg,ns N Ts.
Case2: ' = ANA'but F # Aand F # A’ In this case it is easy to verify
that (Go N S) NS =0.
Case 3: F = A’. The proof is similar to that for Case 1 and so we omit it.
Similarly, we can check that (50 n §) N (CN}E N §’) and ((~}0 N §) N(ENS') are
clean intersections along some elements in 5.

For our second step, we show that g+ isa bu1ld1ng set. It is enough to demon-
strate that the minimal elements in g+ that contain GO N S intersect transversally
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along ( GoﬂS Assume the F-factorization of Sis ANB, where G C A. (If G = A,
then Go C FE and so we can replace S by B and keep Go ns unchanged.) Assume
the G-factorization of B is By N B,.

We claim that the set of §+ -factors of Go NSis

= {Go} U {g-factors of Z} U {g-factors of Ez}.

It is easy to check that the subvarieties in P intersect transversally. To show that
the subvarieties in P are all the g+ -factors, it suffices to show that any minimal
element G € Q+ that contains GQ ns (= Go NAN B2) belongs to P.

Since G = ¢(G) D) d)(GQ NAN Bz) = G( N B, and since the set of G, -factors
of Gy N B, consists of G and all the G-factors of B,, we have either G O G or
G 2 B,. If G 2 B, then the conclusion follows, so we can assume that G 2 Gy.
Then either G M F or G D F.

IfG M F, then G D Gy implies G D) Go Since G is chosen to be mlmmal it
follows that G = Go belongs to P. If G D F, then G = P(NrG) and Go NS =
P(NpA|g,np). Hence G © A, which implies that G is a G-factor of A and that G
isa §-factor of A. Therefore, GeP. O

5.3. Codimensions of the Centers

(Thanks to the referee for suggesting this question.) In the original construction of
the Fulton—-MacPherson configuration space X[n], each blow-up is along a non-
singular center of codimension m or m + 1, where m is the dimension of X. But if
we construct X[n] by blowing up centers in ascending dimension, then the codi-
mensions of the centers are much larger: the first blow-up is along the smallest
diagonal A}, which is of codimension m(n — 1).

In general, given a specified order of blow-ups, we can easily find the dimen-
sion (and hence the codimension) of the centers.

PROPOSITION 5.3.  Let Y be a nonsingular variety and let G = {Gy, ..., Gy} be
a nonempty building set of subvarieties of Y satisfying the condition (x) in The-
orem 1.3. Let j be an integer between 1 and N. Define G' :== {Gy, ..., Gj_1}, and
define F = {G;,, Gi,, ..., Gj,} to be the minimal elements of {G €G': G 2 Gj}.

Then, in the construction of Yg by blowing up along Gy, ..., Gy in order, the
center of the jth blow-up is of dimension

¢
dimG; + Y (d — 1 —dimG;,)
k=1

if F # @ and is of dimension dim G; if F = 0.

Proof. The set G’ := {Gj, ..., Gj_;} is a building set by condition (*). By Theo-

rem 1.3, we can assume that Gy, ..., Gj_i is in order of ascending dimension. De-
note by Y; the variety obtained after the ith blow-up. We want to find the dimension
of G in Yj 1.

Since blowmg up a center that does not contain G will not change the dimen-
sion of G and since G does not contain G if G does not contain G;, we can focus
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on the subset G” C G’ of subvarieties that contain G;. Let F := {G;, Gi,, ..., Gj,}
be the set of minimal elements in G”. Define S := G; N G;, N--- N G;,. Then F
is also the set of minimal elements in G’ that contain S. By the definition of build-
ing set, G;, ... G;, intersect transversally. A subvariety G € G” \ F must contain
a subvarlety (say, G;) in F. Then G 2 G; 2 Gj, and in the variety Y;_; we have
G 2 G 2 G It can easily be checked that, in the variety ¥; (obtained by blow-
ing up along G ), G will no longer contain G], hence the blow -up along G will
not change the dimension of G . In other words, we only need to find the change

of dim Gj for the blow-ups along the transversal subvarieties in , which is simply

4
> (d—1-dimGy). O
k=1

ExamMpLE. Letm = dim X. In the original construction of the Fulton—MacPher-
son configuration space X[4] (cf. Section 4.2), the dimension of the first center is
dim A, = 3m and the dimension of the second center, A3, is

dimAps+@m —1—dimAp)=2m+ (m—1) =3m — 1.

It can be easily checked that dim Ay is 3m if |I| = 2 and is 3m — 1 otherwise, so
the codimension is either m or m + 1. In general, when using the order of blow-
ups in the orginal construction of X[n] for n > 2, the codimension of each center
Z, ism if |I| = 2 and is m + 1 otherwise.

ExaMpLE. The codimension is 2 for each blow-up center in Keel’s construction
of My, ,. Since the blow-ups in Keel’s construction can be obtained by restricting
the blow-ups in the original Fulton—MacPherson construction of X[#n] to a fiber of
7123 (defined in Corollary 1.4), it follows that each blow-up center is of codimen-
sionm = 1orm + 1 = 2. But blowing up along a center of codimension 1 does
nothing, so we need only carry out blow-ups along codimension-2 centers.

5.4. The Statements for a General Arrangement

DEFINITION 5.4.  An arrangement of subvarieties of a nonsingular variety Y is a
finite set S = {S;} of nonsingular closed subvarieties S;, properly contained in ¥,
that satisfy the following conditions:

(i) S; and S; intersect cleanly;
(ii) S§; N S; either is equal to a disjoint union of some S or is empty.

DEFINITION 5.5. Let S be an arrangement of subvarieties of Y. A subset G C S
is called a building set of S if there is an open cover {U;} of Y such that (a) the re-
striction of the arrangement S|y, is simple for each i and (b) G|y, is a building set
of Sly.

A finite set G of nonsingular subvarieties of Y is called a building set if the set of
all possible intersections of collections of subvarieties from G forms an arrange-
ment S and if G is a building set of S as defined previously. In this situation, S is
called the arrangement induced by G.
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DEFINITION 5.6. A subset 7 C G is called G-nested (or a G-nest) if there is an
open cover {U;} of Y such that (a) the restriction of the arrangement induced by G
to each U; is simple and (b) T |y, is a G|y, -nest.

We define the wonderful compactification as in Definition 1.1. Then Theorem 1.2
and Theorem 1.3 still hold.
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