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On the Semisimplicity of Cyclotomic
Temperley—Lieb Algebras

HEBING RUI, CHANGCHANG XI, & WEIHUA YU

1. Introduction

The Temperley—Lieb algebras were first introduced in [15] in order to study the
single-bond transfer matrices for the Ising model and for the Potts model. Jones [9]
defined a trace function on a Temperley—Lieb algebra so that he could construct
the Jones polynomial of a link when the trace is nondegenerate. It is known that
the trace is nondegenerate if the Temperley—Lieb algebra is semisimple. So it
is an interesting question to provide a criterion for a Temperley—Lieb algebra to
be semisimple. In [16, Sec. 5], there is a simple criterion for the semisimplic-
ity of the Temperley—Lieb algebra in terms of ¢ if the parameter is written § =
—(q + q"). More explicitly, Westbury computed the determinants of Gram ma-
trices associated to all “cell modules” via Tchebychev polynomials. This implies
that a Temperley—Lieb algebra is semisimple if and only if such polynomials do
not take values zero for the parameters.

As a generalization of a Temperley-Lieb algebra, the cyclotomic Temperley—
Lieb algebra TL,, ,(8) of type G(m,1,n) was introduced in [13]. It is proved
in [13] that TL,, ,(8) is a cellular algebra in the sense of [3]. Thus TL,, ,(8) is
semisimple if and only if all of its “cell modules” are pairwise nonisomorphic ir-
reducible. In order to determine when a cell module is irreducible, Rui and Xi
computed the determinants of Gram matrices of certain cell modules [13, 8.1]. In
general, it is hard to compute the determinants for all cell modules.

In this note, we shall consider the semisimplicity of cyclotomic Temperley—Lieb
algebras. This is analogous to the question considered in [14] (see [2] for the case
m = 1). Following [11], we study two functors F and G between certain cate-
gories in Section 3. Via these functors and [13, 8.1], in Section 4 we show our
main result (Theorem 4.6), which states that TL,, ,(d) is semisimple if and only
if generalized Tchebychev polynomials do not take values zero for the parameters
$i,1<i <m.

2. Cyclotomic Temperley-Lieb Algebras

In this section, we recall some of results on the cyclotomic Temperley—Lieb alge-

bras in [13]. Throughout the paper, we fix two natural numbers m and n.
Alabeled Temperley—Lieb diagram (or labeled TL diagram) D of type G (m, 1, n)

is a Temperley—Lieb diagram with 2n vertices and n arcs. Each arc is labeled by
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an element in Z,, = Z/mZ, which will be considered as the number of dots on
it. It should be noted that the arcs in a labeled TL diagram do not intersect. The
following are two special labeled TL diagrams:

I iil n i
O I I e
(Y

1 i i+1 n 1 i n

An arc in a labeled TL diagram D is said to be horizontal if its endpoints both
lie in the top row or in the bottom row; otherwise, it is said to be vertical. Given a
horizontal arc {i, j} withi < j, we denote by i (resp. j) the left (resp. right) end-
point of the arc. For a horizontal (resp. vertical) arc, we always assume that the
dots on this arc concentrate on the left endpoint (resp. the endpoint on the top row
of the labeled TL diagram D).

In order to define the composite of two labeled TL diagrams, we always assume
that a dot in the left (resp. right) endpoint of an horizontal arc, when moved to the
right (resp. left) endpoint, will be replaced by m — 1 dots at the right (resp. left) end-
pointof the arc. A dotin a vertical arc can move freely from one endpoint to another.

Suppose an arc /; joins another arc /, with a common endpoint j. A dot on the
arc [; can move to the arc /. We always assume that a dot at the endpoint j € [;
can be replaced by a dot at j € /5.

Given two labeled TL diagrams Dy and D of type G(m, 1,n), we follow [13]
and define a new labeled TL diagram D; o D, as follows. First, compose D and
D5 in the same way as was done for the Temperley—Lieb algebra to obtain a new
diagram P; second, apply the rule for the movement of dots to relabel each arc
of P. We get a new labeled TL diagram, and this is defined to be D; o D,. Let
n(zT, Dy, D;) be the number of the relabeled closed cycles on which there are i
dots. We display an example from [13] to illustrate the definition. If

o

\ \‘MWU
D, = s
[ 6™ % ) C 6% b ™ 6% €5
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then we have a diagram
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Thus the composition D; o D, of Dy and D; is as follows:

o o

o o o o o o o
W/ /
DioD, = L'—j

(m —3)

6% b 3 % 4D

Now we relabel the closed cycles in P. By definition,

G -@D-E@D

In this case, n(i, D, D,) = 0if i #2,3 and n(2, Dy, D») = n(3, Dy, D,) = 1
under the assumption m > 4.

DEFINITION 2.1 [13,3.3]. Let R be a commutative ring containing 1 and o, ...,
Sm—1. Put § = (8o, ...,8u—1). The cyclotomic Temperley—Lieb algebra TL,, ,(8)
is an associative algebra over R with a basis consisting of all labeled TL diagrams
of type G(m, 1, n), and the multiplication is given by

m—1 7
Dy Dy =]]8"""’Dy o D,.
i=0
Note that if we set g = —(q + ¢~') and m = 1 then we will get the usual

Temperley—Lieb algebra. However, the cyclotomic Temperley—Lieb algebra of
type G(2,1,n) is not the same as the blob algebra considered in [12] or [6] since
they have different defining relations. One can compare our generator’s 7; with cg
in [6, 5.3]. It would be interesting to know if there is an epimorphism from an ex-
tended affine Temperley—Lieb algebra [4; 5; 8] to our cyclotomic Temperley-Lieb
algebra, generalizing some of results on blob algebras in [12; 1]. It was shown in
[13] that TL,, ,(8) can be defined by generators and relations. For the details, see
[13, 2.1].

In the remaining part of this section we recall some results on the representa-
tions of TL,, ,(8). First, we recall the notion of a cellular algebra in [3], which
depends on the existence of a certain basis. There is also a basis-free definition of
cellular algebras; for this we refer to [10].

DEFINITION 2.2 [3,1.1]. An associative R-algebra A is called a cellular algebra
with cell datum (/, M, C, i) if the following conditions are satisfied.

(C1) The finite set [ is partially ordered. Associated with each A € [ is a finite
set M (A). The algebra A has an R-basis CSA, r» where (S, T') runs through all
elements of M(A) x M () forall A € I.

(C2) The map i is an R-linear anti-automorphism of A, with i 2 — id, that sends
CértoCry.
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(C3) ForeachA el and S, T € M (L) and each a € A, the product an\j can be
written as
aCir= Y raU,8)Chp+7,
UeM()

where r’ belongs to A<* consisting of all R-linear combinations of basis ele-
ments with upper index u strictly smaller than A and where the coefficients
r4(U, S) € R do not depend on T.

Assume that R is a field. For each A € I, one can define a cell module A(A) and
a symmetric associative bilinear form @, : A(X) ®z A(A) — R in the following
way (see [3, Sec. 2]). As an R-module, A(A) has an R-basis {CSX | Se M)},
and the A-module structure is given by

aCi = Y ra(U,$)C. 2.1)
UeM()

The bilinear form &, is defined by
®(C¢,CHCly = ClsChy (mod A™),

where U and V are arbitrary elements in M ().

Letrad A(L) = {c € A(X) | ®y(c,c’) = 0 for all ¢’ € A(A)}. Then rad A(L) is
an A-submodule of A(A). Put L(A) = A(A)/rad A(A). Then either L(X) = 0 or
L(}) is irreducible [3, 3.2]. We will need the following result in the next section.

LeEmMa 2.3.  rad A(X) is annihilated by A=*.

Proof. Leta = Cg 5, € A" and C§ erad AQA). If u < A, then aC¢ = 0 in
A(V). If i = X, then we still have aC§ = 0 because r, (S, §) = ®,(C7,, C{) and
Cl erad A(L). O

From now on, we assume that R is a splitting field of x™ — 1. Then x™ — 1 =
]_[Tzl(x — u;) for some u; € R, 1 < i < m. Let G,,,,, be the R-subalgebra of
TL,, »,(8) generated by T4, T3, ..., T,. Then G, , is a commutative algebra of di-
mensionm”". The cell modules over TL, ,(8) will be studied by restricting to G, -

Let A(m,n) = {(i1,i2,...,1,) | 1 < i; < m}. Definei < jif iy > ji for all
1 <k < n. Then (A(m,n), <) is a poset. For any i € A(m,n), we define Cli’l =

[T}- l_[;n:in(Tj — ).
LEMMA 2.4.  The set {Cli’1 | i€ A(m,n)} is a cellular basis of Gy, .

The cell module over G, , corresponding to i € A(m, n) with respect to the cellu-
lar basis just described will be denoted by A(i).

An (n, k)-labeled parenthesis graph is a graph consisting of n vertices {1, 2,
...,n} and k horizontal arcs (hence 2k < n and there are n — 2k free vertices that
do not belong to any arc) such that:

(1) there are at most m — 1 dots on each arc;
(2) there are no arcs {i, j} and {q, !} satisfyingi < g < j <; and
(3) thereis no arc {i, j} and a free vertex ¢ such thati < ¢q < j.
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Condition (2) shows that the arcs in an (n, k)-labeled parenthesis graph do not
intersect.

Let P(n,k) be the set of all (n, k)-labeled parenthesis graphs. A labeled TL
diagram D with k horizontal arcs can be determined by a triple pair (vy, v;, x),
x € Gy n—2k, and vy, v2 € P(n, k) (see [13, Sec. 5]) and vice versa. Such a D will
be denoted by v; ® v, ® x. In this case, we define top(D) = v; and bot(D) = v,.

Let Ay = {(k,i) | 0 <k <[n/2],ic€ A(m,n — 2k)}. For any (k,1i),(l,]) €
Apon, wesay (k,i) < (I,j)ifeitherk > lork =l andi < j. Then (A, ,,<)isa
poset. For vy, v, € P(n,k) and i € A(m,n — 2k), define C(F) = v, @ v, ® Cf .

V1,02

ProposiTION 2.5 [13,5.3]. Let R be a splitting field of x™ — 1. The set {fof(:;)z |
(k,i) € Ay, v1,v2 € P(n, k)} is a cellular basis of TL,, ,(8).

Let A(k,1i) be the cell module with respect to the cellular basis given in Proposi-
tion 2.5. Then
Ak, i) = V(n, k) ®@r vo ®r A(i), 2.2

where V (n, k) is the free R-module generated by P(n, k) and v is a fixed element
in P(n,k).

The algebra TL,, ,—1(8) can be considered as a subalgebra of TL,, ,(d) by
adding the vertical arc {n,n} to the right side of each labeled TL diagram in
TL,, n—1(8). This embedding can be visualized as follows:

TLm,n—l(a) > TLm,n—l(a)

n
Our next result is known as branching rule for the cell module A(k,1i).

PROPOSITION 2.6 [13, 7.1]. Suppose that chR t m. For i = (i1,i3,...,in—2t) €
A(m,n — 2k), define ig = (i1,i2,...,0h_2k—1) € A(m,n — 2k — 1) and iU j =
(1,02, esin_2k, J)EA(m,n — 2k + 1). Then there is a short exact sequence

0 — Ak,ip) > Ak,i)} — EBA(k —Liuj)—o0, (2.3)
Jj=1
where we denote by M |, the restriction of a TL,, ,(8)-module M to a TL,, ,_1(8)-
module.

Proof. 1t is proved in [13, 7.1] that
0 — A(k,ip) = Ak, i)} = V(n—1,k—1)Q@rvo®r A(1) @r R{t,—2k+1) — O.

Since ch R 1 m, it follows that R(#, 1) is semisimple. Therefore, R(t,_p51) =
@;":l A(j), where A(j) is the cell module of R(t,_»x+1) With respect to the cel-
lular basis given in Lemma 2.4 (the case m = 1). By direct computation, we have

A(D) ®r A(j) = AGU ).
By (2.2), we obtain (2.3). O
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As G, ,-modules, A(0,i) = A(i). Note that a cellular algebra is semisimple if and
only if all of its cell modules are pairwise nonisomorphic irreducible [3]. There-
fore, that TL ,, ,,(8) is semisimple implies that all A(i) are pairwise nonisomorphic
irreducible as G,, ,-modules. So, G,, , is semisimple, which is equivalent to the
fact ch R 1 m. Moreover, u; # uj foranyi # j,1<1i,j <m.

Henceforth, we assume chR t m and u; = g forl <i < m, where £ is a
primitive mth root of unity. The reason for making this assumption is that the
semisimplicity of G,, , is necessary for TL,, ,(8) to be semisimple.

For later use, we need another construction of the cell modules as follows.
Let J=X (resp. Jnj”jl) be the free R-submodule of TL,, , generated by labeled TL

m,n

diagrams with / horizontal arcs such that [ > k (resp. [ > k). Let I¥ (§) be the

submodule of J% /J % generated by the coset of v ® vy ® x, with ve P(n,k),
x € Gy p—2k, and vy = top(E,—_2x+1-- - E4—1) € P(n, k). Then I',;’n(S) is a right
G, n—2r-module in which x € G,, ,—2x acts on the free vertices of bot(D), D €

I}, ,(8). The following is an example that illustrates the action.

T e 7% -

— -
= @ 5
S [

By the construction of cell modules, we have
A(k,i) = 1), ,(8) ®c,, o AD). (2.4)
Moreover, {v ® vo ®g,, ,_» Cl | ve P(n,k)} is a free R-basis of A(k,1).

3. Restriction and Induction

In this section, we assume that there is at least one nonzero parameter, say J;.
Otherwise §; = 0 for 1 < j < m (see (4.1) for the definition of §;). By [13, 8.1],
TL,, »(8) is not semisimple.

LEMmA 3.1.  Suppose §; # 0. Let e = SiflTn"E,,,l €TL,, ,(8). Then e? = e, and
eTLm,n(s)e = TLm,n72(8)'

Proof. Eachelementin eTL,, ,(8)e is a linear combination of the labeled TL dia-
grams D in which top(D) (resp. bot(D)) contains a horizontal arc {n — 1, n} where
there are i (resp. 0) dots. Let D be the labeled TL diagram obtained from D by
removing the horizontal arc {n — 1, n} on top(D) and bot(D). By the definition of
the product of two labeled TL diagrams (Definition 2.1), one can easily verify that
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the R-linear isomorphism ¢: eTL,, ,(8)e — TL,, ,_2(8) with ¢(D) = §;D is
an isomorphism of R-algebras. UJ

Now we may use the idempotent e to define two functors F and G as follows.

DEFINITION 3.2. Let F: TL,, ,(8)-mod — TL,, ,_»(8)-mod with F(M) = eM
and G: TL,, ,—2(8)-mod — TL,, ,(8)-mod withG(M)=TL,, ,@)e ®1L,, ,_,6) M-

In the following, we give a description of the image of the cell modules under the
functors F' and G. A similar method is also used in [11; 2; 14].

ProproSITION 3.3. Assumeie A(m,n — 2k).

(a) If ¢ is a nonzero TL,, ,_2(8)-homomorphism, then G(¢) # 0.
(b) FG is an identity functor.

(©) G(A(k —1,1)) = A(k,i) and G(A(k — 1,i)]) = A(k,i){;
(d) F(A(k,i)) = A(k — 1,i) and F(A(k,i)]) = A(k — 1,1)].

Proof. (a) and (b) follow from a general result in [7, 6.2]. Part (d) follows from
(c) and (b) by applying the functor F to both sides of (c).
Letvg = top(E,—2k+1En—2k+3 - - - En—1) € P(n, k). Weclaimthat,asTL,, ,(6)-
modules,
Iy (8) = TL,y w(8)e ®1L,,,_26) Iy n—2(8) 3.1

Infact,let! = n—2k. Thene = T}, T}, s+ T) sE 1 Epys - Ens €1, 1 5 (8);
that is,

1 [ 1+1 [+2 n—3 n—2

NP NP
£ = ) )
O O

1 [ 1+1 [+2 n—3 n—2

Suppose Die ® Dy € TL,, 1(8)e ®tL,, ,_»8) I,’f;nlfz(S). Then D, -& = 857 'Ds,
eD, = Dje, and

Die® Dy =8 "Die ® Dre = 87*D1D%e ® ¢,

where Dg can be obtained from D, by adding two horizontal arcs {n — 1,n}
to the top and bottom row of Dy. Obviously, D;D € If, (8;). Therefore, any
element in TL,, ,(8)e ®TL,, , ,) I,]jly_nlﬂ(&) can be expressed as a linear com-
bination of the element D3e ® & with D3 = Dng. Define the R-linear map
a:TLy 4(8)e ®1L,, , ,6) I,];’_nl_z(S) — 1,’,;7”(3) with ¢(D3e ® €) = D3. Then o
is an epimorphism. If D3 = 0, then either 0 = D3 € TL,, ,(8) or bot(D3) con-
tains at least one extra arc, say (i’,i’ + 1), i’ < n — 2k — 1, in which there are s

dots. So,

Die®e=38;"DsT\“ExTie®e =8"'"D3e @ T *EyTje = 8;'D3e ® 0 = 0.
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Therefore, « is injective. By (3.1) and (2.4),
G(A(k —1,0)) = TLyu(®)e ®1L,, 26 (12 &G, A))
= (TLwn(8)e ®1L,,26) Iyn—2(®)) @G0 Al
=1}, ®q,.,_o A)
= A(k,i).

This completes the proof of the first isomorphism given in (c). The second iso-
morphism can be proved similarly. O

DeFINITION 3.4.  For any TL,, ,(8)-modules M and N, define
(M,N), =(M,N)1L, 6 = dimg Homr, (M, N).

ProposiTION 3.5.  Suppose i € A(m,n), j € A(m,n — 2k), and ko € N. Then
(A(ko,1), Alk + ko, }))nt2k 7 0 if and only if (A(0,1), A(k, j))n # 0.

Proof. “«<” follows from Proposition 3.3(a) and (c) by applying G repeatedly.
“=7" Suppose that 0 # ¢ € Homry,, ., #(A(ko, 1), A(k + ko, j)) and W =
@(A(kg,1)). Lete = 8T E,ior,-1. We claim

n+2ko—1
eW #0. (3.2)
Otherwise, we have eW = 0. Let v; = top(E;) = bot(E;). Then
E; =871 ® Vptoko—1 ®id) - Tni+2k0_1En+2k()71T,f+2k()_1 “(Vny2kg—1 ® V1 ®id).

Hence E1\W = 0, which implies EW = 0 with E = E{E3--: Ey;,—;. On the
other hand, let Uy = rad A(kg,1). Then either A(kg,i) = Uy or A(kg,i)/Uj is
irreducible [3, 3.2]. Let m = (m,m,...,m) € A(m,n). Since E € TL\%™),
TLE%0D,  Lemma 2.3 shows EUy = 0. We have W = ¢ (A(k, 1)) = A(ko, 1)/ U.
We claim U C Uj. Otherwise, U + Uy = A(ky,i) and hence U/(Uy N U) =
A(kg,1)/ Uy is irreducible. So, there is a composition series of A(kg, i) such that
the multiplicity of L(k¢,1) is greater than 2, a contradiction.

Let y = top(T{T5 - Tj,_,E). Then v = y @ vg ® C{| € A(ko,i) is a
nonzero element, where v is a fixed element in P(n + 2k, ko). Since 6; # 0
we have T{T; . Tzik()flE cv = (8;)koy # 0, which implies v ¢ U. Therefore,
TiT; - Tj, EQ+U) = 81°(v 4 U) # 0 mod U, which contradicts the fact
eW = 0. This completes the proof of (3.2).

If eW # 0, then F(¢) # 0. Now the result follows from induction and (3.2). [J

PROPOSITION 3.6.  Suppose M is a TL,, ,(8)-module. Then M1+ = G(M)|,
where M 1 is the induced module of a TL , ,(8)-module M to TL,, ,+1(8). In par-
ticular, for anyie A(m,n — 2k), A(k, i)} = A(k + 1,i)].

Proof. We shall define a linear map «: TL,, ,4+1(8) — TL,, ,+2(8)e. Suppose
x € TL,, n41(8). Add a (n + 2)th vertex on top(x) and bot(x) to get a new labeled
TL diagram D in which the following statements hold.
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(1) The (n 4 2)th vertex of top(D) joins the vertex j if {j,n + 1} is an arc in x;
here n + 1 is the (n 4 1)th vertex in bot(x). Moreover, if there are s dots on
the arc {j,n + 1} then there are s dots in the new arc {j,n + 2} also.

(2) {n +1,n + 2} is a horizontal arc in bot(D) in which there is no dot.

We give two examples to illustrate this definition.

/A R VN
A 4

Now, we define an R-linearmap o : TL,, ,,41(8) = TL,, ,12(8)ebya(x) = D.
Obviously, « is an R-linear isomorphism. By the definition of the product of two
labeled TL diagrams in Definition 2.1, « is a (TL,, ,+1(8), TL,, ,(8))-bimodule
isomorphism; that is,

TLy n41(8) = TL,, ny2(8)e. 3.3)
For any TL,, ,(8)-module M,
M1 =TLy n11(8) Q11,60 M
=TL,; nt+2(8)e QTL,, .8 M (by (3.3))
=~ G(M)J. O

CoROLLARY 3.7. Suppose chR { m, and assume that i = (i1,iz,...,iy) €
Am,n). If j= (i1,i2,...,0n, J) € A(m,n + 1), then ({A0,1)1, A0, j))ns1 #Z O.

Proof. By Proposition 3.6, (A(0,i)1, A, ))n+1 = (A1), A, j))u+1- Now
Proposition 2.6 implies that (A(1,i)], A(0, j)),+1 # 0 for all j= (iy,ia2,...,0n, J),
l<j=<m. O

PROPOSITION 3.8.  Suppose ch R 4 m and (A(0,1), A(k, j)), # 0 for i€ A(m,n)

and j € A(m,n — 2k).

(@) If i = (i, iz, ....in—1) € A(m,n — 1), then (A(0,i°), A(k, )| )a—1 # 0.

(b) Let j° = (jis jas- s jn—2k—1) and j' = (j1, j2, ..y ju—26s Jo)s 1 < jo < m.
Then either (A(0,i°), A(k,j°))n—1 # 0 or (A(0,i%), Ak —1,§"))u—1 # 0.

Proof. Since i° € A(m,n — 1), Corollary 3.7 implies (A(0,i%)4, A(0,1)), # 0.
Since ch R 1 m, it follows that A(i) is a simple G,, ,-module, forcing A(0, i) to be
an irreducible TL ,, ,(8§)-module. So, (A0,i%)1, A(k, j)), # 0. Using Frobenius
reciprocity, we get (a).
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Let V = A(k, j)|. By Proposition 2.6, there is a submodule W C V such that
W = A(k, j%), where j© = (ji, ja,. s ju—2k—1)-

Let 0 # S be the image of A(0,i%) in V. Since A(0,i°) is irreducible, S =
A(0,i%). If S © W, then (A(0,i%), A(k,j%))—1 #0.If S ¢ W, then SNW = 0.
Thus, (S @ W)/W = S/(W N S) = S is an irreducible submodule of V/W. By
Proposition 2.6,

V/W =P Ak —1,jU j).
j=1

Hence there exists a j' = (Jj1, j2, ..., jn—2k» jo) € A(m,n — 2k + 1) such that
(S®W)/W C A(k —1,jY), forcing (A(0,i%), Ak — 1, §")),—1 # 0. O

4. Semisimplicity of the Cyclotomic Temperley-Lieb Algebras

In this section we shall give the necessary and sufficient conditions for the semisim-
plicity of TL,, ,(8). The key is [13, 8.1]. First, we recall some of the results in [13].
Let u; = &, where & is a primitive mth root of unity. For any

i= (i17i27---,in72) EA(mvn - 2)9

let A B
Bl A B
BY A B
Yi(n,1) = . )
A Bn—2
Bl , A

where B; = (by,) with by, = ufj*’ (1 <s,t <m), BI-T stands for the transpose of
B;, and

do 61 - Smt
8 8 .- o
A= . . .
dn-1 S0 -+ Sm—2
Let p(x) = 8ox"™ ' 4+ 8;x" 2 + ... +8,,_;. Write
x s ) Sm
PO _ . @.1)
xm—1 x—u Xx—u X — Uy
Then @)
_ p(u;
5= P (4.2)
/ H,’#j(uj —u;)

Following [13], we partition i = (i1, i2,...,i,—2) into (iy,1,i1,2,...,01,j;,i2,1,12,2,
ceisd2 jys sy ), With ji 4+ jo + -+ + j. = n — 2, such that (a) m divides
ip.q +ipq+i forall pwithl < g < j, and (b) m does not divide iy, j, + ip+1,1 for
alll < p <r. Let
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X1 1
1 X2 1
P,(x1,...,x,) = det
Xn—1 1
1 Xp
We call P,(xy,x2,...,x,) the nth generalized Tchebychev polynomial. The fol-
lowing result was proved in [13, Sec. 8].
PropoSITION 4.1.  Keep the setup. Then

det \Ili(n, 1) — (_1)m(m71)(1171)/2mm(nfl)

318250 i
X - s AU TR B
r S Jp 3 ‘Pl ’p 2 p, jp
np:l( m_ip,jp 1_[(] 1 lpq =

PROPOSITION 4.2.  Suppose that i € A(m,n) and that j € A(m,n — 2). Then, if
(A0,1), A(L, j))n # 0, it follows that det Wj(n,1) = 0.

Proof. Since (A(0,1), A(L, j)), # 0, there is a ¢ € HomrL, & (A(0,1), A(L, j))
such that ¢(v) # 0 for some v € A(0,i). Consider an element
n—1 m—1
T = Z Z TPE/ TS € TL,, ,(8).
i=1 s=0
We have To(v) = ¢(Tv) = ¢(0) = 0. Write

n—1 m—1
e) =Y Y a v @ (i,
i=1 s=0

(s)

where v;”’ = top(T;E;) and vy is a fixed element in P(n,1). We have

@RV C NW2®V®C ) =v®v2 ¢ (11,12,...,1,2)(C} )?

( ) . .
(mod TL7 ") for some elements ¢} (11,12,...,1,—2) in Gy n—2. By a direct
computation,

(n,1)
0="To) = E : § ¢ oo, (r>(”j19“jz»~~ Uy z)ajl” ®vo® C
1<i,j<n—10<s,t<m—1
Hence for all i, s we have
(n, _
§ : E , o (v) (z)(ujwujz’---’“jn-z)aj,r =0.
1<j<n—10<t<m-—1

Since @(v) # 0, there is at least one of a; ; # 0; this implies det Wj(n,1) = 0.
O
PROPOSITION 4.3.  Suppose R is a splitting field of x™ — 1 with chR { m. If
detWi(l,1) #0 forall 2 <1 < nandall i € A(m,l — 2), then TL,, ,(8) is
semisimple.
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Proof. 1t is proved in [13] that TL,, ,(8) is a cellular algebra. Note that a cellu-
lar algebra is semisimple if and only if the determinants of the Gram matrices for
all cell modules are not equal to zero (see [3]). Now, suppose TL,, ,(d) is not
semisimple. Then there is a determinant of the Gram matrix with respect to a cell
module, say A(ky,1), thatis equal to zero. Thus, we can find an irreducible module
D C rad A(ky,1i). Observe that any simple module of a cellular algebra is the sim-
ple head of a cell module. As a result, D is the simple quotient of a cell module,
say A(ks, j). Since D is a composition factor of A(ky,1), it follows from Defini-
tion 2.2 and (2.1) that (k,i) < (ka2,j). Moreover, (k,1) # (k3, j), for otherwise
A(ky, 1) would have a simple head D. So, the multiplicity of D in A(ky, 1) is atleast
2, a contradiction. We have (A(k», j), A(k,1)), # 0. Moreover, either k; > k; or
kl =k2 and i <j.

Suppose k| > k. Using Proposition 3.5, we can assume that j € A(m, ) for
[ =n —2ky. Letk = k; — k. Then (A(0, j), A(k,1)); # 0. Applying Proposi-
tion 3.8 repeatedly, we can assume k = 1. By Proposition 4.2, det W;(/,1) = 0, a
contradiction.

Suppose k; = kp and i < j. By Proposition 3.5, (A(0, j), A(0,1)),—2k # 0.
This is a contradiction since A(0, j) % A(0,i) and since both are irreducible
TL,, »(8)-modules. Hence TL,, ,(8) is semisimple. O

I_JEMMA 4.4. Suppose detWi(n,1) # 0 forallie A(m,n —2) withm > 2. Then
8; #0 foranyi,1 <i <m.

Proof. Takei = (m,m,...,m) € A(m,n—2). Then i can be divided into one part
with j; = n — 2. By Proposition 4.1, 8; # 0 (1 < i < m — 1) because they are the
factors of det W;(n, 1). Takei = (1,1,...,1) € A(m,n — 2). Then i can be divided
into either one part if m = 2 or n — 2 parts if m > 2. By Proposition 4.1, §,, # 0
since it is a factor of det ¥;(n, 1) in any case. O

Itis proved in [13, 8.1] that det W;(n, 1) # O foralli € A(m,n—2) and thatch R t m
if TL,, ,(8) is semisimple. The following proposition is the inverse of this result.

PROPOSITION 4.5.  Suppose R is a splitting field of x™ — 1 withch R { m and m >
2. If detWi(n,1) # 0 forallie A(m,n — 2), then TL,, ,(8) is semisimple.

Proof. By Proposition 4.3, we need prove det W;(/,1) £ 0 for all 2 </ < n and
i€ A(m,l — 2) under our assumptlon If det W;(l,1) = O for somel,! # nandie
A(m,l — 2), then P (8,[,1, ipaseees ,N ) = 0 for some p, 1 < p < r, by Propo-
sition 4.1 and Lemma 44,

On the other hand, take ig = (i1,i2,...,0_ 2 a,a, a) € A(m,n — 2) with
m 1 (ij—» + a). By Proposition 4.1, J],((S,p 1»8i 55+ -5 0i, ;) Must be a factor of
det ¥; (n,1) and hence det ¥;,(n,1) =0, a contradlctlon O

10 1o

REMARK. The reason we assume m > 2 is that we need the fact that i;_, and a
cannot be in the same part. When m = 1, we cannot use the foregoing argument.
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However, one can obtain a necessary and sufficient condition for TL; , to be
semisimple [16, Sec. 5].

Together with [13, 8.1] and Proposition 4.5, we now have the main result of this
paper as follows.

THEOREM 4.6. Suppose m > 2. Let R be a splitting field of x™ — 1 that contains
1,80,...,8m—1. Then the following conditions are equivalent.

(@) TL . 1(8) is semisimple.

(b) TL,, »(3) is split semisimple.

(¢) ch R tm and detW;i(n,1) # 0 forallie A(m,n — 2).

(d) All cell modules A(k,i) with (k,i) € Ay, are pairwise nonisomorphic irre-
ducible.

Proof. Since TL,, ,(d) is a cellular algebra, it follows that (a), (b), and (d) are
equivalent. By Proposition 4.5 and [13, 8.1], (a) and (c) are equivalent. UJ

Our next corollary follows immediately from [13, 8.1] and Proposition 4.5.

COROLLARY 4.7. Keep the setup. Then TL,, ,(8) is semisimple if and only if

(a) chR tm,

(b) Pi(5;)=8; £0,1<i <m,and

©) Pi(8i58iys...,8;) #0,2 <1 < n, forany (i1, i,...,i;) € A(m,1) withm |
(ij+ijy),1<j=<I-1

REmMARK. Note that Theorem 4.6 is not true if m = 1. In this case, A(m,n) con-
tains only one element (1,1, ..., 1) that can be partitioned into one part. Corollary
4.7 for m = 1is Westbury’s theorem given in [16, Sec. 5].
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