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1. Introduction

A Riemannian metric is said to beEinsteinif the Ricci curvature is a constant mul-
tiple of the metric. Given a manifoldM, one can ask whetherM carries an Einstein
metric and, if so, how many. This fundamental question in Riemannian geometry
is for the most part unsolved (cf. [Bes]). As a global PDE or a variational problem,
the question is intractible. It becomes more manageable in the homogeneous set-
ting, and so many of the known examples of compact simply connected Einstein
manifolds are homogeneous. In this paper we give a technique for finding and
classifying all homogeneous metrics on any given homogeneous space, including
those that are not diagonal with respect to the isotropy representation. We also
examine some compact simply connected homogeneous spacesG/H, whereG is
simple andH is closed and connected. On each space we describe allG-invariant
Einstein metrics. For such spaces, the normal homogeneous Einstein metrics were
classified by Wang and Ziller [WZ1]. Among the metrics we shall find, there is
only one normal metric: the metric onS7 × S7 induced by the Killing form. In
fact, apart fromS7× S7, none of our examples of homogeneous Einstein metrics
is even naturally reductive.

Each of our examples hasG-invariant metrics that are not diagonal with respect
to the isotropy representation ofH. Few examples of this type have been previ-
ously examined. Some nondiagonal examples arise as fibrations with Riemann-
ian submersion metrics, where the base and fibre are Einstein—for example, if the
base and fibre are irreducible symmetric spaces. Using this method, we can ex-
pect a product Einstein metric on each of the examples to follow. Jensen does this
to find a homogeneous Einstein metric on Stiefel manifoldsVkRn. He restricts to
a two-parameter family of diagonal SO(n)-invariant metrics onVkRn [J2]. Using
very different methods, Sagle also considers Stiefel manifolds, showing thatVkRn
carries at least one Einstein metric [S]. Sagle first discovered the SO(n)-invariant
Einstein metric onV2Rn. Neither Sagle nor Jensen observes that the homoge-
neous Einstein metric onV2Rn is unique. More recently, Arvanitoyeorgos looks
at a special family of SO(n)-invariant metrics onVkRn [A]. None of these methods
exhausts all possible homogeneous Einstein metrics.
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Our examples consist of three symmetric spaces and the unit tangent bundle of
then-sphere. We shall establish the following result.

Theorem 1.

(1) S7×S7 = Spin(8)/G2 carries exactly two distinctSpin(8)-invariant Einstein
metrics: the product metric and the metric induced by the Killing form.

(2) S7 × S 6 = Spin(7)/SU(3) carries exactly three distinctSpin(7)-invariant
Einstein metrics: the product metric and two others.

(3) S7×G+2 (R8) = Spin(8)/U(3) carries exactly two distinctSpin(8)-invariant
Einstein metrics: the product metric and one other.

(4) V2(Rn+1) = SO(n+ 1)/SO(n− 1) carries exactly oneSO(n+ 1)-invariant
Einstein metric, inherited fromG+2 (Rn+1).

The first three examples involve the geometry of the Cayley numbers and the trial-
ity principle. The last example is perhaps the simplest setting in which the space
of all homogeneous metrics includes many “off-diagonal” metrics. For our anal-
ysis it was necessary to develop a scalar curvature formula that does not depend
on an orthonormal, or even orthogonal, basis.

This work extends the classification of invariant Einstein metrics on compact
irreducible symmetric spaces (cf. [DZ; Z; K]) and the characterization of left-
invariant metrics on Lie groups (cf. [J1]).

We want to consider products of compact irreducible symmetric spaces, and we
require that a simple Lie group act transitively. We use Oniščik’s classification
of simple compact Lie algebrasg with Lie subalgebrasg′ andg′′, such thatg =
g′ + g′′. In terms of transitive group actions, letG be the simply connected com-
pact Lie group corresponding tog and letG′,G′′ be Lie subgroups correspond-
ing tog′, g′′, respectively. ThenG/(G′ ∩G′′ ) = G/G′ ×G/G′′.Oniš̌cik’s result
gives the following list of simple groups acting on compact reducible symmetric
spaces [O]:

Spin(8)/G2 = S7× S7, (1)

Spin(7)/SU(3) = S7× S 6, (2)

Spin(8)/U(3) = S7×G+2 (R8), (3)

Spin(8)/SO(4) = S7×G+3 (R8), (4)

Spin(7)/U(2) = S7×G+2 (R7), (5)

SU(2n)/Sp(n− 1) = S 4n−1× SU(2n)/Sp(n), (6)

SU(2n)/Sp(n− 1)U(1) = CP 2n−1× SU(2n)/Sp(n), (7)

SO(2n+ 2)/U(n) = S2n+1× SO(2n+ 2)/U(n+ 1). (8)

To find the Einstein metrics on each symmetric space, we begin by parameteriz-
ing the space ofG-invariant metrics using the isotropy representation of the space,
which is well known for all the foregoing examples. The second step is to ex-
press the scalar curvature as a function of these parameters. Step three is to find
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M G/H dimMG no. Einstein

S7 × S7 Spin(8)/G2 2 2
S7 × S 6 Spin+(7)/SU(2) 4 3

S7 ×G+2 (R8) Spin(8)/U(3) 3 2

V2(Rn+1) SO(n+ 1)/SO(n− 1) 2 1

Table 1

the critical points of the scalar curvature functional, which correspond to Einstein
metrics. With the help of Maple, we were able to carry out step three for the first
three of the listed spaces. Given the computational limitations, we focused on the
first five examples. The last three families of products of symmetric spaces are
further complicated by the variablen.We summarize our results in Table 1, where
M = G/H is the homogeneous space andMG is the moduli space of volume one
G-invariant metrics onM.

In Sections 3–7 we prove Theorem 1. In the Appendix we discuss the geometry
of theG-invariant spacesS7 ×G+3 (R8) andS7 ×G+2 (R7) for G = Spin(8) and
Spin(7), respectively. We also describe their moduli spaces ofG-invariant metrics.

2. Preliminaries

A Riemannian manifoldM is defined to beG-homogeneousif the Lie groupG
acts transitively onM by isometries. That is, for anyp andq ∈M, there exists an
isometryϕ with ϕ(p) = q. We writeHp = {ϕ ∈G | ϕ(p) = p } for the isotropy
subgroup corresponding top. Via the mapϕ 7→ ϕ(p) we identifyG/Hp andM.

We say(M, g) is Einsteinif the Ricci curvature satisfies

Ricp(X, Y ) = λ(p)gp(X, Y )
for some functionλ, for all p ∈M, and for allX, Y ∈ TpM. If dim(M) ≥ 3 then
λ must be constant, so one says that Einstein spaces have constant Ricci curva-
ture. AssumeM = G/H is compact, and letS(g) denote the scalar curvature
of g. Einstein metrics can also be characterized as the critical points of the total
scalar curvature functional

T(g) =
∫
M

S(g) d volg

on the spaceM of Riemannian metrics of volume 1 [Ber; H]. If we restrict to
theG-invariant metrics inM, denotedMG, thenT(g) = S(g). Critical points
of T |MG

are precisely theG-invariant Einstein metrics of volume 1 [Bes, p. 121].
The variational characterization of Einstein metrics is essential in what follows.

Consider the underlying manifoldM = G/H, whereG is compact andH is
closed. Just as every left-invariant metric onG is uniquely determined by an inner
product ong = TeG, everyG-invariant metric onG/H is uniquely determined by
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an Ad(H)-invariant inner product ong/h ∼= T[H ]G/H. We can identify the quo-
tientg/h with an Ad(H)-invariant complementp to h in g. Forg a semisimple Lie
algebra, the Killing formκ is Ad(H)-invariant and−κ is positive definite. We
use−κ to choosep = h⊥. To describe the moduli space of invariant metrics on
G/H, we must describe the space of all Ad(H)-invariant inner products onp.

ForG a compact, simple matrix group andg = h⊕ p on the Lie algebra level,
we will take as our comparison the Ad(H)-invariant inner productQ(X, Y ) =
− 1

2 tr(XY), which is a multiple ofκ. Any other Ad(H)-invariant inner prod-
uct satisfies〈·, ·〉 = Q(L·, ·), whereL is a positive-definite symmetric Ad(H)-
equivariant linear mapL : p→ p.We parameterize the space of Ad(H)-invariant
inner products onp by parameterizing the space of possibleLs. Decomposep into
orthogonal Ad(H)-irreducible subrepresentations,p = p1⊕ · · · ⊕ pk. It is well
known that if thepi are pairwise inequivalent representations then the decompo-
sition is unique and〈·, ·〉 = x1Q|p1 ⊥ · · · ⊥ xkQ|pk with xi > 0 for all i. That
is, L is scalar on eachpi . In this paper we discuss examples wherepi ' pj for
somei 6= j, so that the decomposition ofpi ⊕ pj is not unique and〈pi , pj〉 does
not necessarily vanish.

To parametrize the space ofLs (positive-definite symmetric Ad(H)-equivariant
linear maps), we need a positive variable(xi) for each irreducible representation
and a parameterization of the space of Ad(H)-equivariant maps between each pair
of equivalent representations. We use Schur’s lemma, but with caution. Our rep-
resentations are real; thus, we must first complexify them, and the complexifica-
tion of a real irreducible representation need not be irreducible. If we begin with
ψ and complexify, there are three possibilities. Ifψ ⊗C is irreducible, we sayψ
is orthogonal. Otherwise,ψ ⊗C = ϕ ⊕ ϕ̄. If ϕ 6' ϕ̄, we sayψ is unitary. Ifϕ '
ϕ̄, we sayψ is symplectic. Whenψ is an orthogonal representation, the space of
intertwining operatorsρ, ψ B ρ = ρ B ψ, is 1-dimensional. Whenψ is a unitary
representation, the space of intertwining operators is 2-dimensional; whenψ is
symplectic, the space of intertwining operators is 4-dimensional.

3. The Scalar Curvature Functional

We will need a formula for the scalar curvature functional that does not assume
we have an orthonormal basis to work with; this will allow us to fix a basis and
vary the metric. Assume that we have a compact homogeneous spaceG/H with
G semisimple, and thatg = h⊕p.We choose aQ-orthogonal decomposition ofp
into Ad(H)-irreducible subspacesp = p1⊕· · ·⊕pr , and we take aQ-orthonormal
basis forp: {Xi}. We first rewrite the formula found in Besse [Bes, Sec. 7.39] so
that we will see plainly the result of a change of coordinates (hereπp denotes
projection ontop andCi = adgXi, the structure constants):

S = −1

4

∑
i,j

|[Xi,Xj ]p|2 − 1

2

∑
i

tr(Ci B Ci)

= −1

4

∑
i,j

Q(Ci(Xj ), πp B Ci(Xj ))− 1

2

∑
i

tr(Ci B Ci)
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= −1

4

∑
i,j

Q(Xj, C
t
i B πp B Ci(Xj ))− 1

2

∑
i

tr(Ci B Ci)

= −1

4

∑
i

tr(πp B Cti B πp B Ci)− 1

2

∑
i

tr(Ci B Ci).

If we complete our basis to unity for all ofg = h⊕ p, then

πp =
(

0 0
0 Id

)
and Ci =

(
0 αi
−αti γi

)
.

With respect to thisQ-orthonormal basis, we have

S = −1

2

∑
i

tr(Ci B Ci)− 1

4

∑
i

tr(γ ti B γi).

Now any other Ad(H)-invariant inner product can be written〈·, ·〉 = Q(g ·, ·)
for g a symmetric positive-definite Ad(H)-equivariant map. Suppose we change
coordinates to obtain ag-orthonormal basis{X̃i}, whereX̃i = AXi. This changes
the matrices of structure constants in the following way: let

Ã =
(

Iddimh 0
0 A

)
and C̃k =

∑
i

aikÃ
−1CiÃ

(cf. [J1, p. 1127]). The change of basis matrixA satisfiesAAt = g−1.We can now
express the scalar curvature as a function ofg (wheregjk = (g−1)jk). We show
how the first sum reduces; the second sum reduces similarly.

Because

C̃i B C̃i =
∑
j,k

aji(Ã
−1CjÃ)aki(Ã

−1CkÃ) =
∑
j,k

ajiakiÃ
−1CjCkÃ,

it follows that∑
i

tr(C̃i B C̃i) =
∑
i,j,k

ajiaki tr(Ã−1CjCkÃ)

=
∑
j,k

(AAt)jk tr(Ã−1CjCkÃ) =
∑
j,k

gjk tr(CjCk).

Hence

S(g) = −1

2

∑
i

tr(C̃i B C̃i)− 1

4

∑
i

tr(γ̃i B γ̃i )

= −1

2

∑
j,k

gjk tr(Cj B Ck)− 1

4

∑
j,k

gjk tr(γ tj B g B γk B g−1)

= −1

2

∑
j,k

gjkB(Xj,Xk)− 1

4

∑
j,k

gjk tr(γ tj B g B γk B g−1). (∗)

We will use this scalar curvature formula in the following examples.
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4. The Manifold V2(Rn+++1)

The Stiefel manifoldV2(Rn+1) of 2-flags in Euclidean(n+ 1)-space can be writ-
ten homogeneously asV2(Rn+1) = SO(n + 1)/SO(n − 1). Although it is not a
symmetric space,V2(Rn+1) inherits an SO(n+ 1)-invariant Einstein metric from
the GrassmannianG+2 (Rn+1) of oriented 2-planes via the following fibration:

S1→ V2(Rn+1)→ G+2 (R
n+1).

Consider the 1-parameter family of submersion metricsgt = gB + tgF (t > 0)
on V2(Rn+1), where the baseB = G+2 (Rn+1) with the symmetric metric, and
the fibreF = S1. By scaling the metric in the direction of the fibre, we find one
Einstein metric [Bes, Sec. 9.77]. We show that, up to scaling, this is the only
SO(n+ 1)-invariant Einstein metric thatV2(Rn+1) carries.

An element ofV2(Rn+1) is a 2-flag: a choice of a line and a 2-plane containing
that line,F : span{v} ⊂ span{v,w}.We may assume thatv andw are orthonormal.
To see that SO(n+ 1) acts transitively, we will sendF0 : span{e1} ⊂ span{e1, e2}
(in the standard basis) toF .We use a matrix withv as the first column vector and
w as the second column vector, then fill in the rest of the columns to completev

andw to an orthonormal basis forRn+1 with the same orientation as the standard
basis. The isotropy subgroupH fixing the flagF0 is

SO(n− 1) ∼=
(

Id2 0
0 SO(n− 1)

)
⊂ SO(n+ 1).

On the Lie algebra level, we have

h ∼=
(

0 0
0 so(n− 1)

)
⊂ so(n+ 1).

Choose the Ad SO(n− 1)-invariant complementp = so(n− 1)⊥ (with respect to
the inner productQ). We decomposep into its irreducible subrepresentations of
SO(n − 1), obtainingp = p0 ⊕ p1⊕ p2. Let Eij denote the matrix with 1 in the
ij th entry and−1 in thejith entry. Thenp0 = span{E12} andpj = span{Ej,2+i |
1≤ i ≤ n− 1} for j = 1,2. The decomposition is not unique:p1 ' p2 ' ρn−1,

the standard(n−1)-dimensional representation of SO(n−1).This is an orthogonal
representation, so the space of intertwining maps is 1-dimensional and generated
by the isometryI : p→ p in the form

I =
(

0 Idn−1

Idn−1 0

)
with respect to the foregoing natural ordered basis forp1⊕ p2. This implies that
every Ad SO(n + 1)-invariant inner product onp is parameterized by〈·, ·〉 =
Q(g ·, ·) for someg of the form

(g) =
 x0 0 0

0 x1 Idn−1 λ Idn−1

0 λ Idn−1 x2 Idn−1

 for x0, x1, x2 > 0, λ∈R.
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Before we compute the scalar curvature we can simplify. We have the following
Lie bracket relations:

[E12, E1,2+i ] = −E2,2+i , [E12, E2,2+i ] = E1,2+i ,

[E1,2+i , E2,2+j ] = −δijE12,

[E1,2+i , E1,2+j ] = [E2,2+i , E2,2+j ] = −E2+i,2+j ∈ so(n− 1).

Let N(SO(n − 1)) be the normalizer of SO(n − 1) in SO(n + 1). Observe that
N(SO(n− 1))/SO(n− 1) ∼= SO(2) with tangent algebrap0. Conjugation by any
element of this SO(2) is a diffeomorphism preservingp. This gives a 1-parameter
subgroup of homotheties:g ∼= g(t) = Ad(exptE12) · g. We can find at such that
g(t) is diagonal, so we may assume thatλ = 0.

One can check that the Ricci tensor diagonalizes with the metricg. Then we
use the scalar curvature functional in terms ofx0, x1, x2 from [WZ2, (1.3)]:

S = 1

2

∑
i

dibi

xi
− 1

4

∑
i,j,k

(
k

i j

)
xk

xixj
.

Heredi = dim(pi );−κ|pi = biQ|pi (κ denotes the Killing form); the triple
(
i

j k

) =∑
Q([Xα,Xβ ], Xγ )2 summed over{Xα}, {Xβ}, {Xγ }, theQ-orthonormal bases

for pi , pj, pk, respectively. We haved1 = d2 = n− 1, d0 = 1, andbi = 2(n− 1)
for i = 0,1,2. From the Lie bracket relations we see

( 0
1 2

) = 1; all other triples
(except rearrangements) are zero. Thus

S(g) = (n− 1)

(
n− 1

x1
+ n− 1

x2
+ 1

x0

)
− n− 1

2

(
x1

x2x0
+ x2

x1x0
+ x0

x1x2

)
.

We normalize for volume 1,̃S = S− k(xn−1
1 xn−1

2 x0−1),wherek is the Lagrange
multiplier. Critical points are solutions to the following equations:

x2
0 − x2

1 + x2
2 − 2(n− 1)x2x0 = (n− 1)((x1− x2)

2 − x2
0),

(x2 − x1)(x1+ x2 − (n− 1)x0) = 0.

Solving, we conclude that ifx1 = x2 thenx0 = 2
(
n−1
n

)
x1. This was the original

submersion metric. Ifx1 6= x2, there are no solutions. Thus there is exactly one
SO(n+ 1)-invariant Einstein metric onV2(Rn+1).

5. The ProductS7××× S7

Just as we think ofS7 as the unit sphere inR8 ∼= O (the Octonians, or Cayley
numbers), the product of two 7-spheres is a natural submanifold ofO × O. Be-
cause it is a product of symmetric spaces,S7×S7 is homogeneous; the simple Lie
group Spin(8) acts transitively onS7× S7 with isotropy subgroup G2.We expect
at least two distinct Spin(8)-invariant Einstein metrics: one is the product met-
ric, and the other is induced from the Killing form [WZ1, p. 575]. We find that it
carries exactly these, and no others.
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We begin by describing the homogeneous presentation ofS7 × S7. Then we
can determineMSpin(8), the space of invariant metrics, and consider it for Einstein
metrics. We have a natural matrix group representation for Spin(8):

Spin(8) = { (A,B,C)∈SO(8)3 | A(x)B(y) = C(xy) ∀x, y ∈O }.
The triality principle gives us a way to see that Spin(8) is indeed a double cover
of SO(8), since a choice ofA ∈ SO(8) determines the correspondingB andC,
up to sign [M]. The Moufang identities give us three families of triples generating
Spin(8): (Rz, LzRz̄, Rz), (LzRz̄, Lz, Lz), and(Lz, Rz,−LzRz̄),whereLz andRz
denote (respectively) left multiplication and right multiplication byz for eachz∈
Im(O) with ‖z‖ = 1. We note some of the subgroups of Spin(8):

Spin+(7) = { (A,B,C)∈Spin(8) | B = C } generated by{(LzRz̄, Lz, Lz)},
Spin−(7) = { (A,B,C)∈Spin(8) | A = C } generated by{(Rz, LzRz̄, Rz)},

G2 = { (A,B,C)∈Spin(8) | A = B = C } = Spin+(7) ∩ Spin−(7).

To see that the subgroup Spin+(7) is a double cover of SO(7), notice that for a
triple (A,B,C) in Spin+(7), B = C; henceA(1) = 1, and we think ofA ∈
SO(7).OnceA is determined,B andC are also determined, up to sign. A similar
argument shows Spin−(7) is another double cover of SO(7).

We define the action of Spin(8) onS7×S7 via (A,B,C) : (x, y) 7→ (Ax, By).

To show that this action is transitive we take any point(x, y)∈ S7 × S7 and con-
struct a map from(x, y) to (1,1). We can first find(A,B,C) : (x, y) 7→ (1, y ′ )
for somey ′, sinceA can be any element of SO(8). Next, we use that Spin+(7)
fixes the first component of(1, ∗) and acts transitively onS7 in the second compo-
nent to know there exists an element(A′, B ′, B ′ ) of Spin+(7)mapping(1, y ′ ) 7→
(1,1). The composition takes(x, y) to (1,1).

Next we determine the isotropy subgroupH ⊂ Spin(8) fixing the point(1,1).
Just as Spin+(7) fixes the first component of(1, ∗), Spin−(7) fixes the second
component of(∗,1). HenceH ⊂ G2 = Spin+(7) ∩ Spin−(7), the group of auto-
morphisms ofO. Every element of G2 takes(1,1) to itself, so G2 ⊂ H and thus
H = G2. This shows that Spin(8)/G2

∼= S7× S7.

Under the double-covering homomorphism(A,B,C) 7→ C from Spin(8) to
SO(8), the subgroups Spin+(7) and Spin−(7) are isomorphic to their images
in SO(8). We use this homomorphism to identify the Lie algebrasspin(8) ∼=
so(8). If we order our basis for the Octonians in the following way:{1, j, ε, jε,
i, k, iε,−kε}, then

G2 ⊂
(

1 0
0 SO(7)

)
⊂ SO(8).

Theng2 is invariant under the triality automorphism ofso(8), which interchanges
the Lie subalgebrasso(7), spin+(7), andspin−(7).

We decomposeso(8) into g2⊕ p, wherep = g⊥2 with respect to the inner prod-
uctQ. Using any of the three following fibrations, we see thatp is the sum of two
equivalent copies of the standard orthogonal 7-dimensional representation of G2,

denotedϕ:
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S7 = Spin±(7)/G2→ Spin(8)/G2→ Spin(8)/Spin±(7) = S7,

RP 7 = SO(7)/G2→ SO(8)/G2→ SO(8)/SO(7) = S7.

We have three natural ways to decomposep: We can choosep1 so thatg2⊕ p1 is
spin+(7), spin−(7), or so(7), then setp2 to be theQ-orthogonal complement to
p1 in p. We choosep = p1⊕ p2 so thatspin+(7) = g2⊕ p1.

We now describeMSpin(8) for S7 × S7. The representationϕ is orthogonal;
hence, by Schur’s lemma, the space of intertwining maps is 1-dimensional. For
an appropriately orderedQ-orthonormal basis forp1⊕p2, every Ad(G2)-invariant
inner product onp is represented by a linear map of the form

g =
(
x1 Id7 λ Id7

λ Id7 x2 Id7

)
,

wherex1, x2 > 0 andλ is any real number(g = (gij ) is the metric). That is,
〈·, ·〉|pi = xiQ|pi and〈p1, p2〉 = λQ(Jp1, p2) for J an isometry

J =
(

0 Id7

Id7 0

)
.

Using (∗) and Maple, we obtain the scalar curvature functional in terms of
entriesgij :

S(g) = −7(x3
1 − 12x2

1x2 − 9x1x
2
2 + 6x1λ

2 + 18x2λ
2)

2(x1x2 − λ2)2
.

We normalize to restrict to volume 1,S̃ = S − k(x1x2 − λ2)7, wherek is the La-
grange multiplier. Then we can solve for the critical points (again using Maple)
as follows:

∂S̃

∂x1
= −7(18x1x2λ

2 − 6λ4 + 9x1x
3
2 − 27x2

2λ
2 + x3

1x2 − 3x2
1λ

2)

2(x1x2 − λ2)3

− 7kx2(x1x2 − λ2)6,

∂S̃

∂x2
= 7(−6x3

1x2 + 9λ4 + x4
1)

(x1x2 − λ2)3
− 7kx1(x1x2 − λ2)6,

∂S̃

∂λ
= −14λ(−9x2

1x2 + 3x1λ
2 + 9x2λ

2 + x3
1)

(x1x2 − λ2)3
− 14kλ(x1x2 − λ2)6.

We find three solutions:

x1 = x2, λ = 0; (9)

x1 = 3x2, λ = 0; (10)

x1 = 3

5
x2, λ = ± 1√

3
x1. (11)

The first solution is the metric induced by the Killing form (recall thatQ is a mul-
tiple of the Killing form). We show that the third solution is a pair of metrics that
is homothetic to the product metric and in which the tangent spaces toS7 × {1}
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and{1}×S7 are orthogonal. The tangent space toS7×{1} isp∗2,wherep∗2 denotes
the(Q-orthogonal) complement tog2 in spin−(7); the tangent space to{1} × S7

is p1.With respect toQ, the tangent spaces to the two spheres meet at angleπ/3,
so we expect that the product metric will be a nondiagonal solution. We can write
so(8) = g2⊕ p1⊕ p∗2. The product metric is

〈〈p1, p1〉〉 = x∗1Q(p1, p1), 〈〈p∗2, p∗2〉〉 = x∗2Q(p∗2, p∗2),
〈〈p1, p

∗
2〉〉 = 0, and x∗1 = x∗2.

When we project the subspacep∗2 to p1⊕ p2, we see that the product metric in-
deed corresponds to the nondiagonal metric. Here is a typicalQ-unit vector inp∗2,
decomposed with respect top1⊕ p2:

1

2
√

3
(3E18− E27+ E36− E45) = 1

4
√

3
(3E18+ E27− E36+ E45)

+
√

3

4
(E18− E27+ E36− E45).

Whereasx∗1 = x1 (sincep1 is projected to itself ), we havex∗2 = x1/4+
√

3λ/2+
3x2/4. The equalityx∗1 = x∗2 inducesx1 = x1/4+

√
3λ/2+ 3x2/4, which sim-

plifies tox1 = x2 + 2λ/
√

3. This is our third metric exactly.
The second metric is not a new metric but rather the product metric in an unex-

pected form; it is conjugated byR(π/3), the map that rotates byπ/3:(
1
2 −

√
3

2√
3

2
1
2

)(
3λ 0

0 λ

)( 1
2

√
3

2

−
√

3
2

1
2

)(
λ
√

3 λ

λ 5λ√
3

)
.

This rotation is the action of the triality automorphism: a homothety of our space.

Notice that conjugating a second time byR(π/3) gives us
(
λ
√

3 −λ
−λ 5λ/

√
3

)
, which

shows that the third solution is a pair of metrics homothetic to the product metric.
Thus there are exactly two distinct Spin(8)-invariant Einstein metrics onS7× S7.

6. The ProductS6××× S7

Our next product of symmetric spaces isS 6× S7, the unit spheres in Im(O)×O,
where Im(O) denotes the purely imaginary Octonians. We will show that Spin+(7)
acts transitively with isotropy subgroup SU(3). The product metric is one invariant
Einstein metric; we find there are exactly two others.

We know Spin+(7) from the previous example, and we describe two subgroups
of Spin+(7):

Spin+(7) = { (A,B,B)∈SO(8)3 | A(x)B(y) = B(xy) ∀x, y ∈O },
G2 = { (A,B,B)∈Spin+(7) | A = B },

SU(4) = { (A,B,B)∈Spin+(7) | A(i) = i }.
We begin by showing how Spin+(7) acts onS 6 × S7. For any point(x, y) in

S 6 × S7, the action is(A,B,B) : (x, y) 7→ (Ax, By). To see that Spin+(7) acts
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transitively, we map(x, y) to (i,1). We know SU(4) acts transitively onS7, so
we can find a map(A,B,B) ∈ SU(4) such that(Ax, By) = (x ′,1) for some
x ′ ∈ S 6. Note that the definition of Spin+(7) implies the first component of(1, ∗)
is fixed, hencex ∈ Im(O) impliesx ′ ∈ Im(O). Next we use that G2 acts transi-
tively onS 6 ⊂ Im(O), leaving 1 fixed, to find a map(A′, A′, A′ ) ∈G2 satisfying
(A′, A′, A′ )(x ′,1) = (i,1). The composition takes(x, y) to (i,1).

We next determine the isotropy subgroupH fixing (i,1). For any element of
H, we have(A(i), B(1)) = (i,1). We seeA(i) = i implies (A,B,B) ∈ SU(4),
soH ⊂ SU(4). ThenB(1) = 1 impliesA(x)B(1) = B(x) for all x. HenceA =
B, and we haveH ⊂ G2.One knows that any subgroup of G2 fixing an imaginary
Octonian is isomorphic to SU(3), and in our case,H ∼= SU(3) is the subgroup of
SU(4) fixing the complex line spanned by{1, i}.

We identify Spin+(7)with its image under the double-covering homomorphism
from Spin(8) to SO(8) mapping(A,B,B) to B. Giving the Octonians our usual
ordering,{1, j, ε, jε, i, k, iε,−kε}, we know that G2 is a subgroup of(

1 0
0 SO(7)

)
⊂ SO(8),

and that SU(4) ⊂ SO(8) is embedded to respect the complex structure

Li : X + iY 7→
(
X −Y
Y X

)
.

On the Lie algebra level, we can takep to be the orthogonal complement tosu(3) in
spin+(7)with respect toQ, so thatspin+(7) = su(3)⊕p.We have three fibrations
of our product space, which we use to decomposep:

S 6 = G2/SU(3)→ Spin+(7)/SU(3)→ Spin+(7)/G2 = S7,

S7 = SU(4)/SU(3)→ Spin+(7)/SU(3)→ Spin+(7)/SU(4) = S 6,

S1 = U(3)/SU(3)→ Spin+(7)/SU(3)→ Spin+(7)/U(3).

In the first fibration, the isotropy representation of the fibre is [µ3]R, whereµk
is the standardk-dimensional complex representation of SU(k). The isotropy rep-
resentation of the base isϕ, the orthogonal representation of G2 in SO(7); we re-
strict it to SU(3), ϕ|SU(3) = [µ3]R ⊕ Id. In the second fibration, the isotropy rep-
resentation of the fibre is [µ3 ⊕ Id]R = [µ3]R ⊕ Id, the sum of two irreducible
subrepresentations. The isotropy representation of the base space is [µ4]R, and
[µ4]R|SU(3) = [µ3]R. In the third fibration, the isotropy representation of the fi-
bre is trivial. The base space is the symmetric space SO(8)/U(4) (see[K]), with
isotropy representation [µ3]R ⊕ [∧2µ3]R. When we restrict from U(3) to SU(3),
we find∧2µ3

∼= µ3.Thus we concludep = p1⊕p2⊕p0,with two equivalent repre-
sentationsp1 ' p2 ' [µ3]R andp0 = Id, a trivial, 1-dimensional representation.
The decomposition ofp1⊕ p2 is not unique; we will choose our decomposition so
thatsu(3)⊕ p1⊕ p0 = su(4).

We would like to consider all SU(3)-invariant inner products onp. We know
that any such inner product satisfies〈·, ·〉 = Q(g, ·) for any Ad SU(3)-equivariant



126 Megan M. K er r

symmetric positive-definite linear operatorg : p → p. We use Schur’s lemma
to determine the possible entries ofg. Since [µ3]R is a unitary representation,
[µ3]R⊗C = µ3⊕µ∗3, the sum of two inequivalent irreducible complex represen-
tations. Thus the space of intertwining maps fromp1 to p2 is 2-dimensional. We
take aQ-orthonormal basis forp respecting the decompositionp = p1⊕ p2⊕ p0

and the complex structure onp1⊕ p2, so that intertwining maps are linear combi-
nations of

J1 =
(

0 Id6

Id6 0

)
and J2 =


0 0 0 Id3

0 0 −Id3 0
0 −Id3 0 0

Id3 0 0 0


onp1⊕p2. Any SU(3)-invariant inner product onp corresponds to ag of the form

g =


x1 Id3 0 λ1 Id3 λ2 Id3 0

0 x1 Id3 −λ2 Id3 λ1 Id3 0
λ1 Id3 −λ2 Id3 x2 Id3 0 0
λ2 Id3 λ1 Id3 0 x2 Id3 0

0 0 0 0 x3

 ,
x1, x2, x3 > 0 and λ1, λ2 ∈R.

Via (∗), we obtain the scalar curvature equation forS7× S 6:

S(g) = −6x3
1x3+ x2

1(60x2x3− x2
3)+ 6x1(8x2

2x3− 3(x2 + 2x3)λ
2
1)

2(x1x2 − λ2
1)

2x3

+
18(λ2

1− 4x2x3)λ
2
1+ 4(λ2

1− x2
2)x

2
3

+λ2
2(2x

2
3 + 9(λ2

2 + 2λ2
1− x1x2 − 2x1x3− 4x2x3))

2(x1x2 − λ2
1)

2x3
.

Before searching for critical points, we can simplify. The normalizer of SU(3)
in Spin+(7) is U(3), with Lie algebrasu(3)⊕ p0 (sincesu(3) andp0 commute).
Thus, conjugation by any element ofN(SU(3))/SU(3) = U(1) is a diffeomor-
phism preservingp. This gives us a 1-parameter family of homotheties ofS 6×S7.

We use these homotheties to reduce the number of parameters ofg. If Z is our
Q-unit vector spanningp0 and if{Xi}12

i=1 is a basis forp1⊕p2 as described before,
we have

[Z,Xi ] =
{

(2/
√

3)Xi+3 for 1≤ i ≤ 3,

−(2/√3)Xi−3 for 4≤ i ≤ 6;

[Z,Xj ] =
{ −(1/√3)Xj+3 for 7≤ j ≤ 9,

(1/
√

3)Xj−3 for 10≤ j ≤ 12.

Settingg̃(t) = Ad(exptZ) · g, we see thatg andg̃(t) are homothetic; chooset
so thatλ̃2 = 0. Next, consider the normalized scalar curvature functional (i.e., re-
stricted to those metrics of volume 1):S̃ = S − k(x1x2 − λ2

1 − λ2
2)

6x3, wherek
is the Lagrange multiplier. Notice thatS̃ is a function ofλ2

2, so in settingλ2 = 0
we do not miss any critical points. Using Maple, we obtain the following results:
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x2 = 13

6
x1, x2 = 1

2
x1, x2 = ζx1,

x3 = 3

2
x1, x3 = 9

7
x1, x3 =

(−72ζ2 + 120ζ − 33

7

)
x1,

λ1 = 1√
2
x1, λ1 = 0, λ1 = 0,

whereζ is a real, positive solution to 24ζ 3−28ζ2+5ζ −5= 0. (This givesx2 ∼
1.144x1 andx3 ∼ 1.437x1.)

We find that the first metric is the product metric: we show that it is the only
metric of the three with the symmetric metric onS7. SinceS7 = SU(4)/SU(3)
is not a symmetric pair, we must project to determine what the symmetric met-
ric is. Recall we chosep1 so thatsu(4) = su(3) ⊕ p1⊕ p0; we will project a
typical element inp1 and a typical element inp0 to p̃, theQ-orthogonal com-
plement toso(7) in so(8). In p1, (1/

√
2)(E12 + E56) 7→ (1/

√
2)E12; in p0,

(1/2
√

3)(3E15−E26−E37−E48) 7→ (3/2
√

3)E15. Thusx1 7→ 1
2 andx3 7→ 3

4,

so the symmetric metric satisfies3
2x1 = x3; this is the first metric exactly.

We show the second metric is a fibration metric, coming from the fibration

S1 = U(3)/SU(3)→ Spin+(7)/SU(3)→ Spin+(7)/U(3).

Consider the 1-parameter family of metricsgt = gB + tgF (for t > 0) obtained
by scaling in the direction of the fibre and keeping the metric fixed in the hor-
izontal directions. Recall thatB = Spin+(7)/U(3) ∼= SO(8)/U(4). There are
two Spin+(7)-invariant Einstein metrics on the base space; we will show that the
symmetric metric induces an Einstein metric onS 6× S7 and the other does not.

The symmetric metric satisfiesx2 = 1
2x1; for X a unit vector inp1, for Y a unit

vector inp2, and forA the O’Neill tensor (of our Riemannian submersion),

|AX|2 = 1

3x2
1

and |AY |2 = 1

12x2
2

= 4

12x2
1

= 1

3x2
1

.

Thus the O’Neill tensor is a constant multiple ofQ. A constant O’Neill tensor im-
plies there is an Einstein metric in the 1-parameter family,gt . (Since the fibre is
flat, the Einstein metric is unique.) Proposition 9.70 in [Bes, p. 253] implies it
occurs whent = 9

7x1, which is exactly our second metric.
It is reasonable to ask why the other Spin+(7)-invariant Einstein metric on

Spin+(7)/U(3) does not induce an Einstein metric onS 6×S7. The answer lies in
the O’Neill tensor. This time we substitutex2 = 3

4x1:

|AX|2 = 1

3x2
1

and |AY |2 = 1

12x2
2

= 4

27x2
1

;

we do not obtain a constant multiple ofQ. Hence, by [Bes, Prop. 9.70], there can
be no Einstein metrics arising from this fibration.

Our three metrics are not isometric. We compare a scale-invariant constant
and show that the constants, and thus the metrics, are distinct. Our constant is
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(S)13/2(V )1/2, whereS is the scalar curvature andV is the volume for each met-
ric. The first metric yields(S)13/2(V )1/2 ∼= 1.245982× 1011. The second metric
yields(S)13/2(V )1/2 ∼= 1.0350064×1011; the third metric yields(S)13/2(V )1/2 ∼=
9.308607×1010.

7. The ProductS7×××G+++2 (R8)

The next product of symmetric spaces we consider isS7 × G+2 (R8), the prod-
uct of the 7-sphere with the Grassmannian of oriented 2-planes inR8. We can
write this space homogeneously as Spin(8)/U(3).We know the product metric is
one homogeneous Einstein metric. We will show that there is exactly one other
Spin(8)-invariant Einstein metric onS7×G+2 (R8). We again identifyR8 ∼= O.

Recall that

Spin(8) = { (A,B,C)∈SO(8)3 | A(x)B(y) = C(xy) ∀x, y ∈O }.
For (x, P ) ∈ S7(1)×G+2 (R8) the action is(A,B,C) : (x, P ) 7→ (A(x), B(P )).

We show that this action is transitive and find the isotropy subgroup; then we can
describe the space of homogeneous metrics onS7 ×G+2 (R8). To see that the ac-
tion is transitive, we take any element(x, P ) in S7(1) × G+2 (R8) and then con-
struct a map in Spin(8) taking(x, P ) to (1, P0), whereP0 is the oriented 2-plane
span{1, i}.We will use our knowledge of the subgroups of Spin(8).Since Spin−(7)
acts transitively onS7 × {1}, there is an element(A,B,A) in Spin−(7) mapping
(x, P ) to (1, P ′ ). Similarly since Spin+(7) acts transitively on{1} × G+3 (R8),

Spin+(7) acts transitively on{1} × G+2 (R8). Hence there is a map in Spin+(7)
taking(1, P ′ ) to (1, P0). Their composition yields(x, P ) 7→ (1, P ′ ) 7→ (1, P0).

Next we show that the isotropy subgroupH of Spin(8) fixing (1, P0) is U(3) ∼=
S(U(1)U(3)) ⊂ SU(4) ⊂ Spin+(7). For (A,B,C) ∈ Spin(8), A(1) = 1 implies
thatB = C and henceH ⊂ Spin+(7). ThenB(P0) = P0 means that, for some
angleθ, B(1) = eiθ andB(i) = ieiθ ; henceA(i) = i andH ⊂ SU(4). In fact,
we have shownH ⊂ S(U(1)U(3)). By a dimension count,H = S(U(1)U(3)).

As in the previous examples we identifyspin(8) with so(8) via the differen-
tial of the map taking(A,B,C) to C. On the Lie algebra level we haveso(8) =
u(3)⊕ p, wherep is the orthogonal complement tou(3) with respect to our usual
comparison metricQ(X, Y ) = − 1

2 tr(XY).We have three fibrations of our space;
using them, we decomposep into its irreducible representations ofu(3):

CP 3 ∼= SU(4)/U(3)→ Spin(8)/U(3)→ Spin(8)/SU(4) ∼= V2(R8),

G+2 (R
8) ∼= Spin+(7)/U(3)→ Spin(8)/U(3)→ Spin(8)/Spin+(7) ∼= S7,

S7 ∼= U(4)/U(3)→ Spin(8)/U(3)→ Spin(8)/U(4) ∼= G+2 (R8).

Let ρk denote the standard representation of SO(k), and letµk denote the
standard representation of U(k). In the first fibration, the fibre is an irreducible
symmetric space with isotropy representationp1 = [µ1 ⊗̂µ3]R. The base space
is isomorphic to SO(8)/SO(6); we know that the isotropy representation of the
base isρ6 ⊕ ρ6 ⊕ Id. When we restrict this to U(3), we obtainp2 ⊕ p3 ⊕ p0 =
[µ3]R ⊕ [µ3]R ⊕ Id.



New Examples of Homogeneous Einstein Metrics 129

In the second fibration, although the fibre is an irreducible symmetric space,
Spin+(7) is not the full isometry group. Hence the isotropy representation is re-
ducible: via U(3) ⊂ SU(4) ⊂ Spin+(7) the isotropy representation isp1⊕ p2 =
[µ1 ⊗̂µ3]R ⊕ [µ3]R. The base space, SO(8)/SO(7), is also a symmetric space;
its isotropy representation isρ7.When we restrictρ7 to U(3) ⊂ SO(6) ⊂ SO(7),
we getp3⊕ p0 = [µ3]R ⊕ Id.

In the third fibration, the fibre is symmetric but not a symmetric pair; the isotropy
representation isp1⊕ p0 = [µ1 ⊗̂µ3]R ⊕ Id. The base space is isomorphic to
SO(8)/SO(2)SO(6), an irreducible symmetric space with isotropy representation
ρ2⊗ ρ6; when we restrict the action to U(3) this givesp2⊕ p3 = [µ3]R⊕ [µ3]R.
We conclude thatp = p1⊕p2⊕p3⊕p0.This decomposition is not unique, sincep2

andp3 are equivalent representations ofu(3).We choose the decomposition to be
Q-orthogonal so thatsu(4) = u(3)⊕ p1, u(4) = u(3)⊕ p1⊕ p0, andspin+(7) =
u(3)⊕ p1⊕ p2.

Any U(3)-invariant inner product〈·, ·〉must satisfy〈·, ·〉 = Q(g ·, ·),whereg is
an Ad U(3)-equivariant positive-definite symmetric linear operator. Sincep2

∼=
p3
∼= [µ3]R is a unitary representation, we have two dimensions of intertwining

maps. Take aQ-orthonormal basis, ordered to respect the complex structureLi
onp2⊕ p3. Any intertwining map is a linear combination of

I =
(

0 Id6

Id6 0

)
and J =


0 0 0 Id3

0 0 −Id3 0
0 −Id3 0 0

Id3 0 0 0

 .
Then

g =


x1 Id6 0 0 0 0 0

0 x2 Id3 0 λ1 Id3 λ2 Id3 0
0 0 x2 Id3 −λ2 Id3 λ1 Id3 0
0 λ1 Id3 −λ2 Id3 x3 Id3 0 0
0 λ2 Id3 λ1 Id3 0 x3 Id3 0
0 0 0 0 0 x4


with scaling factorsx1, x2, x3, x4 > 0 andλ1, λ2 ∈ R. This parameterizes the
space of Spin(8)-invariant metrics, but without loss of generality we can simplify
as in the previous sections. The normalizer of U(3) in Spin(8) is U(1) · U(3) ⊂
U(4); its corresponding Lie algebra isu(3)⊕p0 (sinceu(3) andp0 commute). As
in the previous example, conjugation by any element of U(1) = N(U(3))/U(3)
is a diffeomorphism fixingp; this gives a 1-parameter group of isometries of ho-
mogeneous metrics. With any basis{Xi}6i=1 for p2 and{Yi}6i=1 for p3 that satisfies
the preceding description, these Lie bracket relations hold (forZ aQ-unit vector
spanningp0):

[Z,Xi ] = Yi and [Z, Yj ] = −Xj .

Hence, via Ad(exptZ) · g, any homogeneous metric is homothetic to one with
λ1 = 0. From(∗) we derive the following scalar curvature functional:
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S = 3

(
x2

1x4(2λ2
2− (x2

2+ x2
3))+8x4(2λ2

2− x2x3)(λ
2
2− x2x3)+4(x1+ 2x4)λ

4
1

x1x4(x2x3− λ2
1− λ2

2)
2

−
x1(12x4(x2 + x3)(λ

2
2 − x2x3)+ λ2

2(x
2
4 − (x2 − x3)

2)

+x2x3(x
2
4 + (x2 − x3)2))

x1x4(x2x3− λ2
1− λ2

2)
2

+
(x1(x

2
2 + x2

3 + x2
4 − 3(x2x3+ 4x2x4 + 4x3x4))

−2x4(x
2
1 + 8x2x3+ 12λ2

2))λ
2
1

x1x4(x2x3− λ2
1− λ2

2)
2

)
.

We normalize for volume 1 to get̃S = S − k(x6
1(x2x3 − λ2

1 − λ2
2)

6x4). Since
S̃ is a function ofλ2

1, we can setλ1 = 0 and know that we will not omit any crit-
ical points of the scalar curvature. We find, using Maple, that there are two real
solutions such that eachxi > 0:

x1 = 2x3

3
, x2 = x3

3
, x4 = 2x3

3
, λ2 = x3

3
,

x1 =
(

91ζ 4 + 54ζ2 − 1

8

)
x3, x2 = x3, x4 =

(
91ζ 4 − 2ζ2 + 7

7

)
x3, λ2 = ζx3,

whereζ is a real solution to 91ζ 6+ 131ζ 4+ 41ζ2− 7= 0. (Approximately,x1 '
0.853x3, x4 ' 1.154x3, andλ2 ' 0.347x3.)

We check that these are not isometric by comparing a scale-invariant constant
(S)19/2(V )1/2. For the first metric that constant is (approx.) 4.3401636×1018; the
second metric yields (approx.) 2.8743704×1018.We show that the first metric is
the product metric. With that metric the Grassmannian is a symmetric space. In
our fibration, we do not have the symmetric pair presentation; we project the tan-
gent space toG+2 (R8), which isp1⊕ p2, ontop̃, theQ-orthogonal complement to
so(2) ⊕ so(6) in so(8). We see thatp1 ⊂ p̃, so that a unit element inp1 projects
to a unit element iñp. On the other hand, writing a basic element ofp2 to respect
the decompositionso(8) = p̃⊕ so(2)⊕ so(6), we have

1
2(E16− E25+ E38− E47) = 1

2(E16− E25)+ 1
2(E38− E47).

A unit element inp2 projects to an element of length12 . Hence the symmetric
metric is the metric in which 2x2 = x1; this is the first metric.

Appendix

We describe of the geometry of theG-homogeneous metrics onG+2 (R7)×S7 and
S7 × G+3 (R8), and we give their moduli spaces ofG-invariant metrics. In each
case, the critical points of the scalar curvature functional will be Einstein met-
rics. The differential equation was unmanageable, however, even with the help
of Maple.
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The ProductG+2 (R7)× S7

We identifyR8 ∼= O, the Octonians, andR7 ∼= Im(O), the imaginary Octonians.
Our GrassmannianG+2 (R7) is the space of oriented 2-planes through the origin in
Im(O), andS7 is the unit sphere inO. Recall that

Spin+(7) = { (A,B,B)∈SO(8)3 | A(x)B(y) = B(xy) ∀x, y ∈O }.
The action of Spin+(7) is (A,B,B) : (P, x) 7→ (AP,Bx). To see that this action
is transitive, we will send any(P, x) to (P0,1), whereP0 is the oriented 2-plane
span{j, k}. We will use the subgroups G2 and SU(4) (G2 is the group of auto-
morphisms ofO and SU(4) is unitary with respect to left multiplication byi) of
Spin+(7).We know that SU(4) acts transitively onS7, so there exists an(A,B,B)
taking(P, x) to (P ′,1), for someP ′ in G+2 (R7). Then, since G2 acts transitively
onG+2 (R7) (and fixes 1 inS7), we can find some(A′, A′, A′ ) taking (P ′,1) to
(P0,1).

The isotropy subgroupH fixing (P0,1) satisfiesH ⊂ G2. This is because ele-
ments ofH take 1 to itself, so thatA(x)B(1) = B(x) for all x ∈O.Elements ofH
also takeP0 to itself andi = jk, soi is fixed by the isotropy subgroup. This shows
(cf. [K]) that the isotropy subgroup of G2 fixing P0 is U(2) ∼= S(U(1)U(2)) ⊂
SU(3) ⊂ G2, where SU(3) is the subgroup fixingi.

As in the previous examples, we consider the Lie algebra ofspin+(7) as a Lie
subalgebra ofso(8). We use the Ad U(2)-invariant inner productQ to choose an
invariant complementp = u(2)⊥ tou(2) in spin+(7). There are many fibrations of
our space; we give three here (and use one to determine the isotropy representation
of U(2) onp):

S5 ∼= U(3)/U(2)→ Spin+(7)/U(2)→ Spin+(7)/U(3),

G+2 (R
7) ∼= G2/U(2)→ Spin+(7)/U(2)→ Spin+(7)/G2

∼= S7,

SU(4)/U(2)→ Spin+(7)/U(2)→ Spin+(7)/SU(4) ∼= S 6.

In the first fibration, the isotropy representation of the fibre is [µ1 ⊗̂µ2]R⊕ Id,
whereµk is the standardk-dimensional representation of SU(k). The base space is
a symmetric space but not a symmetric pair; its isotropy representaton is [µ3]R⊕
[∧2µ3]R (cf. [K]). We must restrict the representations of the base to U(2): no-
tice that [µ3]R and [∧2µ3]R are equivalent representations of SU(3), so their re-
strictions both give [µ1 ⊗̂ Id]R ⊕ [Id ⊗̂µ2]R. Thus our total isotropy representa-
tion decomposition isp = p1⊕ p2⊕ p3⊕ p4⊕ p5⊕ p0, the sum of six irreducible
real represenatations of U(2), where:p1 ' p2 ' [µ1 ⊗̂ Id]R; p3 ' [µ1 ⊗̂µ2]R;
p4 ' p5 ' [Id ⊗̂µ2]R; and, finally,p0 is a 1-dimensional trivial representation.
The decomposition ofp1⊕ p2 andp4⊕ p5 into irreducuble representations is not
unique. We havesu(3) = u(2) ⊕ p3 andu(3) = su(3) ⊕ p0. If we require that
su(4) = u(3)⊕ p1⊕ p4, this determines a choice ofp1 andp4. Choosep2 andp5

to be theQ-orthogonal complement tosu(4).
Each of [µ1 ⊗̂ Id]R and [Id⊗̂µ2]R is a unitary representation; there are two

dimensions of intertwining maps for each pair. Hence the space of Ad U(2)-
equivariant symmetric positive definite mapsg is 10-dimensional. Letxi > 0 for
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i = 0, . . . ,5 andλj ∈ R for j = 1, . . . ,4. Theng = diag(A1, x3 Id4, A2, x0),

where

A1 =


x1 0 λ1 λ2

0 x1 −λ2 λ1

λ1 −λ2 x2 0
λ2 λ1 0 x2


and

A2 =


x4 Id2 0 λ3 Id2 λ4 Id2

0 x4 Id2 −λ4 Id2 λ3 Id2

λ3 Id2 −λ4 Id2 x5 Id2 0
λ4 Id2 λ3 Id2 0 x5 Id2

 .
We can simplify by using the extra isometries from the normalizer of U(2) in

Spin+(7). We findN(U(2)) = U(3), and soN(U(2))/U(2) = U(3)/U(2) =
U(1). The tangent space to the quotient isp0, and ifX0 is aQ-unit vector span-
ning p0 then ad(X0) takesp to itself. Thus, for all realt, Ad(exptX0)(g) is iso-
metric tog. Because the action of ad(X0) in fact rotatesp1⊕ p2 and alsop4⊕ p5,

we can find at such that one of our off-diagonal terms is zero. That is, any
Spin+(7)-invariant metric is isometric to one given by nine (instead of ten) pa-
rameters. Nevertheless, the scalar curvature formula is cumbersome; we were not
able to find its critical points.

The ProductS7×G+3 (R8)

IdentifyR8 ∼= O, the Octonians, so thatS7 is the unit sphere inO andG+3 (R8) is
the set of 3-planes inO through the origin. Recall that

Spin(8) = { (A,B,C)∈SO(8)3 | A(x)B(y) = C(xy) ∀x, y ∈O }.
The action of Spin(8) is (A,B,C) : (x, P ) 7→ (Ax, BP ) for anyx ∈ S7 and

anyP ∈G+3 (R8). To see that this action is transitive, we will send any(x, P ) to
(1, P0),whereP0 = span{i, j, k},using the subgroups of Spin(8).Since Spin−(7)
acts transitively onS7, there exists a triple(A,B,A) taking(x, P ) to (1, P ′ ) for
someP ′ in G+3 (R8). Then, since Spin+(7) acts transitively onG+3 (R8) (cf. [K]),
there exits an(A′, B ′, B ′ ) sending(1, P ′ ) to (1, P0). The composition is the de-
sired map.

The isotropy subgroupH fixing (1, P0) satisfiesH ⊂ Spin+(7): sinceA(1) =
1, we haveB(x) = C(x) for all x ∈O. Then the subgroup of Spin+(7) fixing P0

is SO(4), the subgroup of G2 fixing the associative subalgebra ofO generated by
i andj (cf. [K]).

As in our previous examples, we identify the Lie algebraspin(8)with so(8) via
the double-covering homomorphism(A,B,C) 7→ C. We use the Ad-invariant
inner productQ to choose an invariant complementp = so(4)⊥ to so(4) in so(8).
There are several fibrations of our space, we give two here, using their geometry
to decomposep into a sum of irreducible real representations of SO(4):

G+3 (R
8) ∼= Spin±(7)/SO(4)→ Spin(8)/SO(4)→ Spin(8)/Spin±(7) ∼= S7,

G2/SO(4)→ Spin(8)/SO(4)→ Spin(8)/G2
∼= S7× S7.
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Before we describe the isotropy representation, we note thatso(4) is not sim-
ple: so(4) = su(2)⊕ su(2). Denote byρ3 the standard orthogonal representation
of SO(3) in R3, and denote byθn the unique irreducible unitary representation of
SU(2) of dimensionn. In the second fibration, the fibre is an irreducible symmetric
space with isotropy representation [θ2 ⊗̂ θ4]R. The base space has isotropy repre-
sentationϕ⊕ϕ,whereϕ is the standard orthogonal representation of G2 in SO(7).
When we restrict eachϕ to SO(4), we get [Id⊗̂ ρ3]R ⊕ [θ2 ⊗̂ θ2]R. The isotropy
representation of the total space decomposes intop = p1⊕p2⊕p3⊕p4⊕p5,with
p1 ' p2 ' [Id ⊗̂ ρ3]R, p3 ' [θ2 ⊗̂ θ4]R, andp4 ' p5 ' [θ2 ⊗̂ θ2]R. As before,p
does not compose uniquely. If we choosespin+(7) = so(4)⊕ p1⊕ p3⊕ p4, this
fixes a choice ofp1 andp4. Then we can choosep2 andp5 to be the corresponding
Q-orthogonal complements.

Since bothp1 ' p2 ' [Id ⊗̂ ρ3]R andp4 ' p5 ' [θ2 ⊗̂ θ2]R are orthogonal,
each pair has a 1-dimensional space of intertwining maps. The space of Ad SO(4)-
invariant symmetric positive-definite mapsg is 7-dimensional. Forxi > 0 (i =
1, . . . ,5) andλ1, λ2 ∈R,

g =


x1 Id3 λ1 Id3

λ1 Id3 x2 Id3

x3 Id8

x4 Id4 λ2 Id4

λ2 Id4 x5 Id4

 .
The scalar curvature is a function of these variables; it can be obtained from
equation(∗) using anyQ-orthonormal basis satisfying the decomposition just
described.
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