NORM MAPS FOR FORMAL GROUPS IV

Michiel Hazewinkel

1. INTRODUCTION

Let K be discretely valued complete field of characteristic zero with algebraically
closed residue field k of characteristic p > 0. Let A be the ring of integers of
K, and let F be a one-dimensional commutative formal group over A. Let K_ /K
bea Zp-extension (also called I'-extension); i.e., K /K is Galois and Gal (K . /K) =Z ,
the p-adic integers. Let K, be the invariant field of p"Gal(K _,/K). There are
natural norm maps F — Norm,, ,,: F(K,) — F (K).Let v be the normalized exponen-
tial valuation on K; i.e.,, v(w) = 1, where = is a uniformizing element of K. Let
F*(K),s € R, s = 1, denote the filtration subgroup of F (K) consisting of all elements
x of A such that v(x) =s. Let h be the height of the formal group F and let
ek be the (absolute) ramification index of K; i.e, v(p) = ex. In [3] we proved:

THEOREM A. There exist constants ¢, and c¢, such that for all n € N,
Ffa(K) C Im(F — Norm,,,,) C F*~(K), where

a,=h™'(th—Dneg —c¢,,B,=h"'(h—1)ney +c,.

The proof in [3] that there exists a constant ¢, such that the second inclusion
holds is relatively easy, but the proof in [3] that there is a ¢, such that the
first inclusion holds is very long and laborious. It is the purpose of the present
note to give a much shorter and more conceptual proof of this part of the theorem
by using some results on the logarithm of F. This proof is similar in spirit to
the proof sketched in Section 12 of [3] for the main theorem of [2].

For more complete definitions of the notions mentioned above, see [2] and

(3].

Here is some motivation for studying the images of norm maps for formal
groups. Let L — K — @ , be a tower of algebraic extensions of Q, and let L/K
be abelian galois. Then by local class field theory, Gal (L/K) = K*/N ¢ (L*).
The most interesting part (and the hardest to deal with) of this isomorphism
is Gal(L/K), = U"(K)/N_,« U" (L), where U’ (K) is the group of “Eins-Einheitén”
of K;i.e, U' (K) = 1 + wA, and Gal (L/K), is the ramification subgroup of Gal (L./ K)
which corresponds to the wildly and totally ramified part of L/K of degree a
power of p.

Now consider the multiplicative formal group G 2 (X, Y) =X+ Y + XY. Then
G . (K)=U"(K), G ,(L)=U"(L) and we see that the study of the norm maps
G .. — Norm, . is what a not inconsiderable part of local class field theory is
about.
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The basic goal is now to look for a class field type theory for other algebraic
groups than just G, , the multiplicative group. In [6, Section 4], such a theory
is developed for an abelian variety A with nondegenerate reduction and invertible
Hasse matrix, and the result obtained plays an important role in the remainder
of [4]. The development of the theory goes via the formal group A obtained by
completing A along the identity, and relies heavily (as does local class field theory)

. Norm
on the fact that A(L) ——— A(K) is surjective if L/K is a local field extension

of alocal field K with algebraically closed residue field. One consequence of Theorem
A is that this fails if h (E) = 2; that is, it fails in the case of supersingular elliptic
curves (cf. also [6], Section 1, d1).

In local class field theory, in the theory developed in [6], and also in [10],
the Z -extensions play an especially distinguished role. This may be seen as
motivation for paying particular attention to Z -extensions.

Of course, from the point of a class field theory associated to an algebraic
group in general, a weak consequence of Theorem A is an analogue of that well
known theorem of class field theory which says that the subgroup of universal

norms is trivial. We have: if height (F (X, Y)) = 2, then n F-Norm (F(L)) = {0}.
L/K

Thus the theorem we are going to prove in this paper is the more difficult
half of Theorem A;

THEOREM B. Let K../K be a Z -extension of a mixed characteristic local
field K with algebraically closed residue field of characteristic p. Let ¥ be a
one-dimensional commutative formal group over A of height h over A. Then there
exists a constant c, depending on K_/K and F, such that

FP»(K) C Im (F-Norm,, ,,) for all n,

where B, =h""(h — 1) neyg + c. (Ifh =0, h™" (h — 1) is taken to be equal to 1.)

All formal groups in this paper will be one-dimensional and commutative. The
notation introduced above will remain in force throughout this paper. In addition
we use A for the ring of integers of K, ; =, for a uniformizing element of K_;
v, for the normalized exponential valuation of K, (i.e, v, (w,) = 1); and Tr,
is the trace map from K, to K. The natural numbers are denoted by IN.

2. RECAPITULATION OF SOME RESULTS AND DEFINITIONS

2.1. Let L/K be a cyclic extension of degree p. There is a unique integer
m (L/K) = 1 such that for all n, Tr; ,x (wyA,) = wg A, , where

r=[p~ (m(L/K) + 1)(p — 1) + n)]

and [y] denotes the integral part of y. We shall use m,  to denote the number
n,l (Kn/Kn——l)'



NORM MAPS FOR FORMAL GROUPS 1V ‘ 247

2.2. LEMMA. (Tate [7]). There is a constant m, such that
m,=(1+p+..+p " ekg+m,

for all sufficiently large n.

2.3. Let L/K be any totally ramified extension. We define the function A«
by A,k (n) =r if and only if Try,« (w A )= wAg. The function \;,x can of
course be described in terms of the various numbers, m(L;/L, ), where
K=L,CcL,C..CL,=Lis a tower of cyclic extensions of prime degree. As
an immediate consequence we have:

2.4. LEMMA. A, (t) = e.'ext+e,, where the numbers e, are bounded
independently of t.

2.5. LEMMA. ([3], Lemma 3.4). Let L./ K be a totally ramified extension. Then
thereisat, € IN such that for all t = t_,

F-Norm, , (F*(L)) = F**/¥“ (K) .

2.6. Reduction of the Proof of Theorem B.

If K./K is a Z -extension, then so is K_ /K, for all r € IN. In view of 2.2
and 2.5, this reduces the proof of Theorem B to the case where K /K is Z -extension
such that m_ = (1 + ... + p" ')ex + m, foralln € IN. Indeed, if K_/K is dny
Z -extension, then by 2.2 there is an r € IN such that

mn = m(Kn/Kn—l)
=(1+..+p" " Negp"+m_ +(1+p+..+p" ey foralln>r.

Now apply Lemma 2.5 with L = K., using that

F-Norm,,, = F-Norm, ,, (F-Norm , ).

r/o

2.7. LEMMA. LetF be a formal group over A and f(X) its logarithm. Then
for t large enough f is an isomorphism

F'(K)-5 G (K),
where éa is the additive formal group; i.e., @a X, Y)=X+Y.
Proof. We have f(F(X, Y)) = f(X) + f(Y) andnb, € A if f(X) = anX“.
The lemma follows easily from this.

2.8. Idea of the Proof of Theorem B.

We consider the diagram

F(K,) f K,
F-Norm l Try,,
F (K) £ , K
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which is commutative. We claim that it now suffices to prove that there is a
constant ¢ such that

(2.8.1) w""A C Tr,, f(m A,)

n/o

Indeed, note first of all that it suffices to prove Theorem B for all n=n,,
where n, € N is some (yet to be determined) constant. This follows from Lemma
2.5. (cf. also Lemma 5.1 below.) Now choose a t, such that f: F*(K)— G (K) is
an isomorphism for t = t,. By the easy half of Theorem A, there is an n_, such
that Im (F-Norm, ) C F1(K) for all n = n,. By taking c or n, sufficiently large
we can also assume that B, =t, foralln=n,. Nowle¢t n=n,, x € F** (K). Let
y € F(K,) be such that Tr,, of(y) € Gi" (K). Then fo F-Norm,,,, (y) = f(x). But
F-Norm, . (y) € F' (K), x € F'*(K) C F"(K), and f is injective on F*' (K). Hence
F-Norm, ,, (y) = x, proving our claim.

3. LEMMAS ON f (X)

3.1. Let h = height (F) <w. Let F* be the reduction of the formal group F
to a formal group over k, the residue field of K. Because k is algebraically closed,
F* is classified by its height h. Let F, be the p-typically universal formal group
of [4, Part I]. Substituting 1 for T, and O for all T, with i# h, we obtain a
formal group G over A such that G* is of height h. Hence G* is isomorphic to
F*, by a theorem of Lazard, because k is algebraically closed; see for instance
[1]. It now follows from [4, Part V, Section 3] and [5] that F is isomorphic
to a formal group F, obtained from F. by substituting t; for T, i =1, 2, ..., where
t,e€wA, i=1,..,h—-1,t, =1, t,=0, j=h+1,h+2,.... We can therefore
assume that F is equal to such an F,. We can then write

B.11) FXY)=f'¢X +f¥), fX=X+aX"+a,X"+...,

where, by [4, Part I], the coefficients of f (X) satisfy the relations

n—h

(3.1.2) pa,=a, ,t" +a_ ,t2 4+ ..+a, , t?, n=h,
ty) o0ty € WA, t, = 1.

3.2. LEMMA. If height(F) < oo, then there is no n, € N such thatv({a_ ) =0
for alln =n,.

Proof. Suppose v(a,)=0 for all n=n_. Then v(a,) =0 for alln=n_, - 1,
by 3.1.2 (because t, = 1). Thus, with induction, v(a,) =0 for all n = 1, which
means that f(X) is an isomorphism of F with the additive group. And this, in
turn, implies that height (F) = co.

3.3. LEMMA. If h <.», then there is an n, €N such that v(a,) <0 and
v(a, .. =Via,)—reg, forallr €N,

Proof. Let n, € IN be such that p” =ne forn=n,. Then for n =n, + h we
havethatv(a_ _.t" )=0,i=1,...,h — 1.Now let n, = n, be such that v(ano) < 0.

n—i Vi
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Such an n, exists by Lemma 3.2. Then by (3.1.2) we have that

via, ) =via,) —eg,

and, with induction, v(a, _,,,) =v(a,) —regx,r €IN.

3.4. LEMMA. Leth < . There is a constant c such that
v(a,)=—-h'nex—c foralln €N.

Proof. We have that (¢f. [4, Part I])

T

(341) a,= 2 p_rtil tlel t?i1+...+i,_1
(igs-mriy)

where the sum is over all sequences (i,, ..., i,) such that

i,+..+i,=n, i;€{1,..,h})
Let s =sf(i,, ..., 1,) be the number of indices j such i; =h. Let 4, ...,4__ be the
indices in (i,, ..., i,) which are different from h. Then

(3.4.2) v(a,) = min {1+ p,1 + ...+ p4+...+/,_s —reyg}

(igrenrip)

= min {1+p+..+p""°) —regl.

(il,..., lr)

, n
Choose ¢’ such that 1 +p+ ... +p° " '=ey,and letc=eyc. If r= i’l— + ¢/, the

— i i+ Fip
termp "t t . t] T

Suppose that

' has valuation greater than or equalto —h "'ney — e.c’.

n
r=—+c¢ +d, d>o0.
h
Because 4 + ... + Z_, + hs = n, we have that r — s + hs < n; hence
n
(h—l)ssn—r=(h~1)(;> —( + d).

n ¢ +d
Thus s = — —
h-1

and r — s= ¢’ + d. Therefore,

, n
(3.4.3) 1+p+...+p’~s—reK21+p+...+pc+d—(—l-l-+c’~l-d)eK
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, n
zp‘i(1+p+...+p°)—(Tl—+c’)eK~deK

which proves the lemma.

3.5. Remark. The estimate of 3.4 is (up to a constant) the best possible. This
follows from Lemma 3.3, which says that for n of the form n, + rh there is
a constant d such that v(a,) = —h 'ne, + d.

4. VARIOUS FUNCTIONS AND ESTIMATES
From now on K /K is a Z -extension such that
m,=(1+p+..+p " ")eg+m, foralln€E N,
and F is a formal group over A of height h < o of the form
F(X,Y)=f'(fX) + £(Y)),

where f(X) is as in (3.1.1) and (3.1.2).
4.1. The functions p,, 0., ., 4: we define foralln € N, t €N, andi € IN

4.1.1) p, (' t) =iex+A, ;) ifi=n,
p. (P, t) =ne, +p' ™™t ifi=n,

4.1.2) o, (t) = min {v(a;) + u, (p’, ©)},
(4.1.3) j,(t) = snllallest integer i such that o, (t) = v(a;) + p,(p, t),
4.14) Z(t)=n—j,(t).

4.2. LEMMA. For every n and t there are only finitely many i such that
o, (t) = v(a;) + p, (p, t).

Proof. This follows immediately from (4.1.1) and Lemma 3.4.

4.3. We define

(4.3.1) r,=p " [1+m)p—1) +1]
LEMMA. Suppose that m = 2 and ey = p. Then for alln=r = 0,
}\n/n—-'r (2rn+1 - 1) = (r + 1) ern-l‘ + pn—r .

Proof. One easily sees that

A m)=m,_ +regp" "=(1+p+..+p" " Heyx+m, +re,p" "

n/n—r
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Hence it suffices to prove that
o2r,,,—1l=exp " +p"+(1+p+..+p" " Nexg+m,—m,p"
If r=n, then m,p" = p;', because m_ = 2. We also have p" = p" ey because
= p. It follows that to prove the lemma for all r, it suffices to show that
2r,.,—1=egp"+ (@0 +p+..+p" ") ex + m,. We have

or, . —1=2p """ —Dex+2p '(p—1)m, +2p ' —

Now if p> 2, then 2p ' (p — 1)m_, =m_ + 1, because m_ = 2; and if p = 2, then
2p~' = 1. Hence

2r ., —1=2p"ex—2p 'ex+m_ =(1+..+p" ")ex+m, +p eg.

4.4. TRACE LEMMA (3, Proposition 4.1]. Let =, , = (—-1)* 'N, ., (m,),
where N, ,,,_, is the norm map K ,— K, _,. Then we have

(4.4.1) Try o (W) =pmi_;, modmw ™",

4.5. LEMMA. Ifm,=2 and ey = p, then v (Tr,,,(w2%)) = pn, (p", t).

Proof. First let r = n. Then the trace lemma gives us that

T r—1 1
Try/m (@59 =pwd " modw ]

n—1

rlt

Trn -1/n—2 (p’n'n~l )—p Ty .

r—
P t mod m."5

Trn——r-i—l/n\-—r(pr—l’n-pgt—r+1) = pr’lT:,_, mod "ﬂ'n N
wheres, , =2r, +tp™ ' —1,8, ,=2r, ,+tp" > —1+p" ey, ..,and

S, =2r,_,,+t—1+(@—-1)p" "

n—r

Now, by Lemma 4.3,

An—i/n—-x‘ (2rn—i+1 + pr_it' -1+ pn—i (i - 1) eK)
=t+p" (- VDex+ N_j/n.@r;, — )=t +regp”  +p".

It follows that
(4.5.1) Tr,,._. @) =p'wi_, mod(v,_, — valuationt + rexp" "+ p" 7).
Nowv,__ (p"w!_)=rexp” " + t. Hence

(4.5.2) V(Tr,, (75 ) = rex + M0 () = (p5 1) .
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Now suppose that r > n; then replacing t with p" ™"t and r with n, we obtain
from (4.5.1)

(4.5.3) Tr,, (@) =p"w® " mod(v — valuation p* "t + ne, + 1),

which proves the lemma also in this case.
4.6. LEMMA. Suppose that m = 2, e, = p, and let t be such that

t+1)= t)+1

n r/o n r/o

for a certain x € IN. Then if x < n, we have v (Tr, ,, (v}, ") =p, (5 t); and if r > n,
then v (Tr, ,, (w2") = u, (p", t) for all t.

Proof. If x € A,_,and v, . (x) = sand \,_,,,(s+ 1) =\,_,,(s) +1, then
always v(Tr,_,,, (x)) = \,_,,, (s). Lemma 4.6 now follows immediately from (4.5.1).
The second statement of the lemma follows from (4.5.3).

4.7. LEMMA. For every t € IN there is a constant ¢ such that
o, () = h™'(h — ney +c.
Proof. Let i, be such that v(a;) <0,
v(a; m) =vi(a;) —reg forreZ,r= —1.
For n =i, takei=i,. Then we have
o, () =v(@;) + p,(p° t) s P =t+iey =p t+ieg

If n>i,, let i be the largest number of the form i=1i_, + rh which is smaller
than n. Then n — i < h, and we have

o, (t) = v(@)+ p, (p,t) = v(a;) —rey + Ay, (t) + ek

=neg —reg + X\, ;, ().

Now \,_;/, (t) is bounded because n-— 1=<h. Let d max {A; ,,(t), ..., A, (1)}. As
i, +rh+h>n,wehave thatr=h " 'n—1—h"'i_, so that indeed, foralln € N,
crn(t) <=h'th- ney + ¢, with ¢ = max(p t+ 1oeK, (1+h™ 1,,)eK + d).

5. PROOF OF THEOREM B

By Lemma 2.2 and 2.6 we can assume that the Z -extension K_/K is such
that m = (1+p+...+p" "ex+m_ foralln €N and that moreover, e, =p
and m_ = 2.

5.1. LEMMA. Let L/K be an extension. Then there is a t € IN such that
F-Norm (F (L)) D F*(K).
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Proof. LetFX, Y)=X+Y + z ainiYi. Let s be such that

=1
A,k (8) < [L: K] 7' 2s,
and let v, (x) = s. It follows that
F-Norm (x) = Try,x (x) mod (v — valuation A« (s) + 1).

Up to a constant we have A\, (s) = [L: K] ~!s, proving the lemma.

5.2. Proof of Theorem B in the case h = w. This case follows from Lemma
5.1; cf. also [3].

5.3. In view of 5.2, we can assume that h <. Hence we can assume that
F(X, Y) is a formal group with logarithm f(X) such that (3.1.1) and (3.1.2) hold.
Given all this, we have available the various functions defined in Sections 3 and
4 and the various lemmas of Sections 3 and 4.

Choose n, such that v(a,) <0 and v(anoﬂh) =v(a,) —reg, r=0, and such
that p” = ney for n = n,. Note that if n = n_  + h, and v(a,) < —1, then

via,_,)=v(@,)+1

by (3.1.2). Let t, €N be such thatt,=(1+p+ ... +p" ')ex + m,, and choose
a constant ¢, as in Lemma 4.7. Now let n;, € IN be such that n, =n_ + h, and
such that o_(t,) < ney for n = n,. We then have:

5.4. LEMMA. Ifn=n,, thenj,(t,) <n.

Prqof. Supposen’ = j,_(t,) >n. Thenv(a,) + u,(p",t,) = o,(t,) < neg. But
w,(p”,t,)=ne,+p” "t. Hence v(a,)< -1 and v(a,._,)=v(a,)+ 1. Then,
if n’ = n + h, we have

viay )+ N t)=v(a,)+1+neg+p" " "t, =v(a,) + 1, (p",t,),
which is a contradiction. And if n’ — h < n, we have
V@, _p) + . VT t) =v(a,) + 1+ @ —h)eg + N _pn (to)-

This last expression is also less than or equal to v(a,) + p,(p™,t,), because
Njpt)=t fori=1,..,hift, =1 +p+ ..+ p" ex +m,.

5.5. Proof of Theorem B. We assume all the conditions mentioned above. Let
n, be as in 5.3 above. By Lemma 5.1, it suffices to prove Theorem B for n = n,.
According to 2.8, it hence suffices to prove that

Trn/of('rrnAn)D'n'B"A forn=n,.
We note that, because f (F (X, Y)) = £f(X) + £(Y), we have

(5.5.1) x,y €Tr,, f(m,A))>x+y&€Tr, f(7,A).

n/o
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Now let t, € IN be larger than (1 +p+ ... +p" ‘)ex+m,, and let j=j_(t,).
Then j=<n by Lemma 5.4. Let /=/(t,))=n—j,(t,) =n—j, and let t be the
largest integer such that t = t, and A, (t) = A, (t,). Then we have (cf. 4.1)

p. (0L t) =, (p't,)  foralli=1,2,...,
(5.5.2) . .
m, (P, t) = p, (P, t,).

If follows that (cf. 4.1)
(5.5.3) o, (t) =0,(t,), j.)=]j,(,)=].
Now we also know by Lemmas 4.6 and 4.5 that

v(Tr,,,(a;7%") = v(a,) + p, (', 1),

(5.5.4) N . .
V(Trn/o(ai’n']:n ))Zv(ai)—}_"l’n(plst)’ I#J

Let x € A. Then it follows from (5.5.4) and Lemma 4.2 that

pj+r o, (t)+1

(5.5.5) Tr,, fxwt) = bcxpj + blxpj+1 +...+b x mod 7 ,

n/o r

where r is such that v(a;) + p, (pi, t)=o,(t) + 1foralli=j+ r, and where
(5.5.6) v(b,) =o,t) = o,(t,), vib,) =o,(t), i=1,..,r.
Because k is algebraically closed, this implies that

(5.5.7) Tr, o f(m, A L)/t A D ond A f eIt A

We obtain an inclusion (5.5.7) for everyt, EN, t, =1 +p+ ... + ph_‘)eK +m,.

Now we also have that o, (1 +p + ... + p"_l)ex +m,)) = h™! ney, + ¢ for a
certain constant ¢. Hence, in view of (5.5.1) and the completeness of the discrete
valuation ring A, Theorem B will be proved if we can show that for every n = n,,
alls ENwiths=s,=c, (1 +p+...+p" ')ex + m,)) occur as a o, (t) for some
t.

This is done by induction on s — s,. The induction hypothesis is: there is
at,zo (1+p+..+p" Neg+m,)) such that o, (t,) =s=0. Let j,=j,.(t.);
thenj,<n.LetZ=n—j, andlett, =t + p®; then

v(a;) + p, (pht,))=v(a,) +pn, (p,t,)+1 ifi>j,,
(5.5.8) via;) + . (p t,) = v(a; ) + p, (P, t,) + 1,
v(a;) + p, (' t,) = via;) + p, (', t,) ifi<j,.

It follows that

(5.5.9) o, t;))=0,(t,)+1.
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If o,(t;) =0, (t,) + 1, we are finished. If o, (t,) = o, (t,), then, because of (5.5.8),
we must have j_(t,) =j, <j,.Let4 =n—j,and t, =t, + p7; then

o,(t)=o0,(t,)+ 1.
If .... Because j,>j, > ... =0, this process must stop and finally yield a t such
that o, (t) = s + 1. This concludes the proof of the theorem.
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