AN ELEMENTARY PROOF OF THE FIXED-POINT
THEOREM OF BROWDER AND KIRK

K. Goebel

1. INTRODUCTION

In [1] and [3], F. E. Browder and W. A. Kirk showed independently that a nonex-
pansive self-mapping of a nonempty, closed, convex set in a uniformly convex
Banach space has a fixed point. Their proofs are similar, and both are based on
Zorn’s Lemma and other nonelementary theorems of functional analysis.

We shall give an elementary proof of this fixed-point theorem, using only the
definition of uniform convexity and some basic theorems of topology and analysis.

2. NOTATION AND DEFINITIONS

Let B be a uniformly convex Banach space with norm | || and zero element ®.
Let K be a nonempty, closed, bounded, convex subset of B, and suppose (without loss
of generality) that ® € K. Let d(X) denote the diameter of the set X C B, and set
a(X) = inf | x|. Finally, let I, =(0, 1] and I, = (0, 2].

xeX

The following definition of uniform convexity is equivalent to the classical one
[2].

Definition 1. The Banach space B is called uniformly convex if there exists an
increasing, positive function 6: I, — I; such that the inequalities HXH <r, ||y” <Lr,
and ||x - y|| > er imply that

"%X" <{(1-8@E)r (x,y¢€ B).

It is obvious that limg _, ;5 6(¢) = 0 and 6(2) = 1. We denote the inverse of 6 by 7,
and we observe that limy_,o 7 (y)=0.

Definition 2. A transformation F: K — K is called nonexpansive if the inequality
| Fx - Fy|| < ||x - y|| holds for all x and y in K. A transformation F is a con-

traction if there exists a constant k (0 < k < 1) such that ||Fx - Fy|| <k|x- y|
for all x, y € K.
3. THE THEOREM OF BROWDER AND KIRK

THEOREM. Every nonexpansive mapping ¥F: K — K has at least one fixed point.
LEMMA. If u, v, w ave elements of B such that

>r> 0,

u+v|
2

lu-wl <R, Jv-wl <®, ana|w-
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then Hu-v"_an(R_r).

R
To prove the lemma, we rewrite the condition ||w - L ;LV > r > 0 in the form
(w-u)+(w-v) ( "R-r
| 2 > (-7 )R,

and the result follows immediately from Definition 1.

Proof of the theorem. For € € 11, set Fe = (1 - ¢)F. Obviously, F¢ is a con-
traction of K, and by the well-known Banach Fixed-Point Theorem, there exists for
every € € 1) an xg € K such that x; = Fg x¢ . Now we have the relations

I - Fxol = [Fgxe - Fxell = ¢ | Fxg]) < £a00);

hence inf |x- Fx|| =0.
x€ K

Set Cy = {x: |[x - Fx| <e} and Dy = {x € Cg: |x|| <a+e}, where

a= lim a(CS). It suffices to prove that the intersection of all sets C, is nonempty.
£—0

If this were false, it would follow that a > 0, because each Cg is closed.

Choose elements u;, u, in C.. Observe that for i =1, 2,

ul +u2

u; +u
(1) “ui'F( 5 )”S“ui'mi”"' o

IFui" F( 3 )ll < 8+%”“1'u2"

and
(2)

ul +u2

u; - 2

1
<e+gflug-ugf.

Moreover, in view of the relation

1(u1+u2 (u1+u2))” I l u1+u2 <u1+u2 ))”
up -y 3 +F ) + uz-y 3 +F 3 )

lay -z <

the inequality

® a- (224w (25 2)) | 2 2w - el

holds for at least one of the values i =1, 2. Now the lemma and inequalities (1), (2),
and (3) imply the relations

u1+u2 u1+u2)
P) - F( 2

hS (8+%”u1 ) uZ”) 77(5_,_ ||u18— uzn/z)

< sup (e+ &) £
0< EL A(K)/2 (”5)
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_<_ma.x— sup €+8&n(—=), sup (e + &)y ( —=
| 0<&<VE-¢ (8+ ) VE-£<ELA(K)/2 (8+‘5)

< max[zra, (&), ) n(ﬁ):l.

Denoting the last term by ¢(¢), we can say that if u 1, up € Cg, then
(u;+uy)/2 € Cy(c)- Obviously, lim oe) =0.
€—0

Now let uj, up € Dg. We have the inequalities [[u;ll <a+¢ and |up] <a+e,
and since (u; +uy)/2 € Cg(g), the relation [|(u) +uy)/2)| > a(Cgy()) follows. Using
once again our lemma, we obtain the inequality

ate- a(C¢(8)))

aog) = s Juy-uy] < @re)n ate

upuz € Dy

and lim d(Dg) = 0. By Cantor’s theorem, the intersection of all Dg is nonempty,
£—0
and our result is proved.
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