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ON THE GENERALIZED BROUWERIAN AXIOMS

BOLESEAW SOBOCINSKI

After Oskar Becker! a modal thesis of the following form: 2

B, CpL"Mp

for any n > I, is called a generalized Brouwerian axiom. Since in Lewis’
system S4 the following thesis

M1 GLpLLp

holds, it is obvious that in S4 (and hence a fortiori in S5) every formula
B,, for any n > 1, is inferentially equivalent to the proper Brouwerian axiom,
i.e. Lewis’ thesis

C12 CpLMp

On the other hand, it seems that in the field of some of Lewis’ systems
which are weaker than S4, a generalized Brouwerian axiom B, for any n> I,
is a stronger thesis than CI12. For while, as far as I know, only the follow-
ing definitive results concerning the addition of CI2 to the systems weaker
than S4 are obtained:

a) In [5], pp. 151-152, Parry has proved that the addition of CI2 to S3
gives system S5 of Lewis.

and

b) In [8], pp. 56-58, I have shown recently that the same holds, if we
add C12 as a new axiom either to S3° or to S3*.

and while the effect of the addition of C12 either to S1° or to Sl is not yet
fully investigated,> in [2], pp. 78-81, it is proved by Churchman that the ad-
dition of B, for any n > 1, to S2 gives system S5.

In this note I shall investigate some properties of a generalized Brou-
werian axiom, i.e. of formula B_, for any n> 1. Namely:

1) In 81 a certain subsystem of Sl is defined. This system, called
S1* is such that it is weaker than S1, it contains S1° and it is stronger than
the latter system.
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2) In §2 I show that the addition of B, to S1* (and hence a fortiori to
S1) gives system SS5. Thus, the result of Churchman is strengthened.

3) In §3 it is proved that the same holds, if we add B, either to g30 or
to S3*.

§1. We obtain system S1* by addition of the following new axiom
J1  GMpMMp

to S1° Group IV of Lewis-Langford4 verifies S1*, and falsifies the proper
axiom of S1, i.e. the thesis

Gl CpMp

since for p = I: GI = €IM] = €12 = 3. On the other hand, the following
modification of Parry’s matrix: 5

Kjo 1 2 3 4 5 6 7]|N]|M
ojo o o o 0 0 O O} 7|1
1o 1 0 1 0 1 O 1}|61}S>
210 0 2 2 0 0 2 2|5}|7
310 1 2 3 0 1 2 3|4]7
410 0 0 0 4 4 4 4} 3|7
500 1 0 1 4 5 4 5|27
*610 0 2 2 4 4 6 61117
710 1 2 3 4 5 6 7]10]¢6

verifies the axioms of S1° and Lewis’ rules of procedure, but falsifies J1,
since for p = 6: J1 = CM6MM6 = €7M7 = €76 = NMK7N6 = NMK71 = NM1 =
N5 = 2. Thus, system S1*, which by the definition contains S1° and, ob-
viously, is contained in S1, is stronger than the former system and weaker
than the latter.

§2. Since S1* contains S1° we have Lewis’ axiom

A6 CKCpqCqrSpr

6

in this system.” And, obviously, S1°and ]I imply

J2  GLLpLp
Hence, if we add a generalized Brouwerian axiom

B CpL"Mp

n

for an arbitrary » > I, to S1*, this last formula together with 2 and A6
gives
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B, SpLLMp
and
B, GCpLMp

Therefore, having S1° and B, we obtain
J3  CMLpp

without any difficulty.

On the other hand, since it is proved in [8], p. 59, that the addition of
Cl2, i.e. B,, to S1° generates a system, called S1%, which contains S2°, we
have at our disposal the so-called Becker's rule.” Hence, the application
of this rule to B, gives at once

J4 CMpMLLMp
And, therefore, we have
Ci11  CMpLMp [A6, p/Mp, q/MLLMp, r/LMp; J4; ]3, p/LMp]

i.e. the proper axiom of S5. Since it is proved in [8], p. 58, that the addition
of CII to S1° gives system S5, and since B,, for any » > 1, is provable in
this latter system, our proof is completed.

I have to note here that I do not know whether the addition of B, for
any n > 1, to S1° gives system S5, although using the deductions analogous
to the reasonings presented in [8], pp. 56-59, one can prove easily that:

a) The addition of an arbitrary Brouwerian formula B , for any n> 1, to
S1° generates a system in which the following formula

NI CpM™*p

holds,
and that:

b) The addition of B, for n> I, to S1° generates a system in which
besides N1, the formula

N2  GM™*pMp
is provable.

§3. Since in system S3* Lewis’ rule of detachment for strict implication
holds as a metarule of procedure, and since in both systems S3° and S3*
the theses

P1 GCpqCLpLqg
P2 GCpgCMpMq
P3  GCpNNp
P4  GNNpp
P5s  ©CpqCNgNp
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P6 &pCqp

P7  €LCpqSpq

pPs 1G€pqLCpq

P9 &CpCqrSqCpr

P10 €Kpqq

P11 SNMKrNNpNMKrp

P12 NMKNMKKrpgNNMKKpgr
P13 SMKpgKMpMg

and the following metarule of procedure

Pl If the formulas € a B and'€ B y are provable in the system, then also
formula € & y is provable in the system

are provable,8 the addition of a generalized Brouwerian axiom B , for any
n > 1, as a new axiom either to S3° or to $3* allows us to make the follow-
ing easy deductions:

s1 @M"Lpp [Follows from B ; P1; P2; P3; P4; P5 and Pl
§2  CLpLCqp [P1; Pé)
$3  SLpLCLgLp [PI; P1; P7; P8; S2]
S4  @M"LpM"LCLqLp [P2; s3]
S5 @M"LpCLqLp [P1; s4; s1]
6 SLgCM"LpLp [P9; s5]
§7  CLLgSM"LpLp [P1; s6; PI; P7]
58 €qCM"LpLp [PI; B,, p/g; S7; since in B,: n> 1]
$9  SM"LpLp [s8; P3%]
S10 CKrM™LpLp [P1; P10; $9]
S11  NMKKrM"LpMNp [P11; s10]
S12  NMKKM"LpMNpr [P12; P11]
S13 SMKM™LpNpr [PI; P13; 512]
S14 GNNrNMKM™™LpNp [s13; P5]
S15  GM“Lpp [s14; P3]
B, ., 'SpL™Mp [s15; P1; P2; P3; P4; P5; PI]

Now, it is obvious that

a) ifn-1=1, B, _, is Cl2, i.e. the proper Brouwerian axiom,
b) if » — 1 > 1, then using entirely the same deductions which allowed
us to obtain B _, from B, we can deduce

B CpL"*Mp

n—2
from B, _, -
Hence CI12 follows from B, for any n > 1, inthe fieldsof both systems,

S3° and S3*. And, therefore, since in [8], pp. 56-58, it was proved that the
addition of CI2 either to S3* or to S3° gives S5, our proof is completed.
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NOTES

1. cf.[1],[2] and [7].

RN

In this note instead of the original symbols of Lewis I use a modifica-
tion of Kukasiewicz’'s symbolism which is described in [8], p. 52. In
particular, the formulas

M™a and L"a

where 7 is an arbitrary nawral number, will have here the following
meanings

a) if n= 1, then M*a=Maand L"a=La

b) if n> I, then M@= MM" > @ and L"a= LL™a.

It has to be noted that

1) Throughout this paper symbols C, L, '€ and € are used as the abbrevi-
ations.

and that

2) The definitions of the systems S1° S2° S3° and S3* discussed in this
note are given in [8], pp. 52-53.

Moreover, in this paper the term “thesis” means: a formula which is
true in the system under consideration.

The addition of C12 to S1° generates a system which contains S2°. Hence,
obviously, the addition of C12 to Sl gives a system which contains S2.

c/. [8l, p. 59.

cf. [4], p. 494.

Cf. [6] and [4], p. 507.

cf. [4], p. 493, [3], p. 483, and [8], p. 52.
I.e. the following metarule of procedure:

If the formula €08 is provable in the system, then also '€MaMB is prov-
able in the system.

This metarule is proved in S2 by Churchman, cf. [2], pp. 79-80, but it
can be proved easily in S2°, cf. [3], p. 491, and [8], p. 58.

It follows clearly from the proofs given in [8], pp. 53-54 and pp. 57-58,
that the theses PI-P13 and the mentioned metarules of procedure are
provable in S3° and S3*. Since we do not have the first rule of substi-
tution of Lewis in S3* and a proof that an analogous metarule holds in
this system is not given in [8], all deductions given in this paragraph are
conducted in such a manner that this rule (or metarule) is not used. The
rule of adjunction of Lewis holds, obviously, as an analogous metarule
in S3*,

Cf. the proof of $9 given here with the deductions given by Parry in [5],
pp- 151-152.
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