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THREE SET-THEORETICAL FORMULAS

BOLESEAW SOBOCINSKI

The set—theoretical formula which says that:

A. If mis a cardinal number which is not finite, then there exists no
cardinal number 1 such thatm <n < 2M

is called the generalized continuum hypothesis. It is known! that ¥ is
inferentially equivalent to:

B. The axiom of choice
taken in conjunction with

€. Cantor’'s bypothesis on alephs
which says that

R
For any ordinal number a: 2 = =R, 1

Moreover, it is known? that § is inferentially equivalent to:

PD. If a is an arbitrary aleph, then theére exists no cardinal number
such that a < n< 2%

The aim of this note is to show that the following three set—theoretical
formulas:

A. For any cardinal numbers m arnd 0 which are not finite, if n< Zm,
then m £m.3

B. For any cardinal numbers m and n which are not finite, if n< 2m
then either 1 < Mmor m< n.

C. For any cardinal number w which is not finite and any cardinal
number 0, if a is an aleph and 1 < 2%, then n< a.

are such that formula A is equivalent to ¥, formula B—to B and formula C—
to €. It seems to me that this fact, which as far as I know has not been
noticed, is of some interest, because the formulas A, B, and C having very
similar structure elucidate the mutual connections among the fundamental

laws A, Band G.
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Besides, it will be proved that § is inferentially equivalent to the
conjunction of the following two formulas:

E,. For any cardinal numbers a and b, if a and b are alephs and b < 2a,
then b < a.

E,. For any cardinal numbers a and b, if a and b are alephs and b< 22a,
then b 29,
Proof:4
(i) Formula U implies A. We know that formulas B and € follow from
. Assume the conditions of A, viz. that m and 1l are arbitrary car-
dinal numbers which are not finite and that n < 2™ Hence, in virtue

of the axiom of choice (B),m, n and 2™ are alephs. Therefore,
there are ordinal numbers &, 3, and y such that

S L
Lo .m=x,; n=Rg2M=x,

Since 1< 2M then, in virtue of I, we have & B <R y Hence:
2. B<y

On the other hand it follows from I and Cantor’s hypothesis on alephs

(€) that:

N
=om_ -
3. N)/_2 =24 "Na+1

and, therefore, that y = a + 1, i.e. that y is the next ordinal number to o.
This fact and point 2 allow us to establish that it is not true that o <3, be-
cause 3 <y = a+ I. Hence:

4. It is not true that Na <R B8

Since, obviously, for alephs we have either RB < R,or X < RB,
then points 4 and I at once imply that

ng m
and, therefore, that formula A is a consequence of .

(ii) Formula B implies B. This is obvious, since the axiom of choice
is equivalent to the law of trichotomy for cardinals and B is nothing
else than a weak formulation of this law, obtainable by simple appli-
cation of the propositional calculus.

(iii) Formula § implies C. Assume the conditions of C, viz. that 1 is
an arbitrary cardinal number which is-not finite, q is an aleph and
that n< 2% Since a is an aleph; then there is an ordinal number
a such that

5. a= xa
Since 1< 2%, then in virtue of 5 and § we have:

X
a_, @ _
6. mn<2%=2% -8,
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which shows that 1 and 2% are alephs and, moreover, that 2% is the next
aleph to a. Hence, from the law of trichotomy for alephs and 6 it follows
that the case @ < n< 2% is impossible, and that we must have

n<a,
Thus, formula C follows from € .

(i¥) Formula € implies®. Assume the condition ofD, viz. that a is an
arbitrary aleph. Hence, there is an ordinal number o such thata = R4
which in virtue of € gives

a Ry _
7. 2" =2 =R

It shows that 2% is the next aleph to g and, therefore,
there exists no cardinal number N such that a < n< 2%,
Thus, formula Dis a consequence of €.

(¥) Formula ® implies E, and E,. Assume the conditions of E,, viz.
that @ and D are arbitrary alephs and that b < 2%. Since the law of
trichotomy holds for any aleph, we have either H < @ or 0 < b. But,
the case that @ < b is impossible, since in connection with the fact
that b < 2% it yields a < p < Za, which is excluded by D. There-
fore, it must be that

b a

which proves that E, follows from D.
The proof of E 2 requires the following lemma:

Lemma 1. For any cardinal numbers « and b, if a and b are alepbs,
a
<22 and a<b, then b =29,
In order to prove that this lemma follows from D assume its conditions,

viz. that @ and b are arbitrary alephs, b < 22% and that @ <b. The con-
dition @ < bat once implies (without the use of Y, B, § or D) that 2% < 0b,
But the case 2% = 20 is impossible, because together with our assump-
that @ is an aleph anda < b, and general formula b < 20 it give a < < 2B
= 2% which is excluded by D. Hence, it must be that

8. 2%<2b,

Since b is an aleph, obviously, we have 2b - 2h+1 = 2b + 25. There-
fore, it follows from 8 and the general formula b < 2 b that:

9. 2% 520420220
In virtue of the well known theotems, which says that
§. For any cardinal number M such that M3 Ry: 2M—m= 2™

and which is provable without the aid of the axiom of choice, and the ob-
vious fact that b > R,, we can establish that there exists one and only
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one cardinal number P such that b + b = 25, namely: P = 2Y. This ex-
cludes the case 2% + b = 20 of 9, since the possibility that 2% =20 s
already rejected. Hence, it must be that 2% + b < 28, which at once im-
plies that

10. 65<2%,p<20

But, in virtue of D and the fact that b is an aleph, the case that b< 2©
+ b<2b is excluded. Hence, it must be that b = 20 +p, which shows that

11. 2%<b.

a
Hence, the assumptions that b is an aleph and b < 2° , and the point
a
11 imply that 29 < <22 and, moreover, that 2% is an aleph. From this

a
last conclusion and D it follows immediately that the case 20 < p<2? is
excluded. Therefore, we have:

bh=20

which shows that Lemma I follows from .
Now, assume the conditions of E2, viz. that @ and b are arbitrary

a
alephs and that b < 2?7 . Since due to the law of trichotomy for alephs we
have either b < a or a < b, then our assumptions and Lemma I allow us
to establish the following alternative:

12.  either b< aor b =2%
which in virtue of the general formula a < 2® gives
ps 28
Thus, E, is a consequence of D.

(vi) Formula A implies A. Assume the condition of A, viz. that mis
a cardinal number which is not finite, and let us suppose that there is a
cardinal number Tt such that m< n< 2™, Since m < 1 and Mis not finite
by the assumption, 1 must be not finite. Hence, in virtue of A,our sup-
position yields that 1 < m, which shows that it implies a contradiction.
Therefore, its negation is true, viz.:

There exists no cardinal number n such that m< 1 < 2™
which shows that 9 follows from A.

(vii) Formula B implies B. In order to prove that the axiom of choice (B)
follows from B, it is, evidently, sufficient to show that B implies
that any arbitrary cardinal number which is not finite is an aleph.
Assume, therefore, that Nl is an arbitrary cardinal number which is
not finite. It is well known®, that without the aid of the axiom of
choice we can associate with 11 a certain so-called Hartogs’ aleph,

viz. ¥(m), which possesses the following properties: m

2
13. R (m) is the least aleph such that ® (m) is not <M and R (m) < 22
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m
2
The case & (m) = 22 gives at once ® (m) >m, i.e. that Mis an aleph.

m
22

. . . - m,
Assume, therefore, that X (M) < 2° . Since m is not finite, 22 is not

finite either. Hence, in virtue of B (m = 22m and 1 = X (M) we obtain
m
14, either ¥ )< 22" or 22 < R (m)

m
But, the cases X@m) = 22 and 22 < X (m) of 14 imply that X (m) >
m, i.e. that m is an aleph. Hence, it remains to investigate the third case,

viz. that & @m) < 22111- From the fact that m is not finite it follows that
2M possesses the same property. Hence, in virtue of B (m=2M and 1 = &
(m)) we conclude that

15. either x (m) < 2Mor 2Me X (m)

Since the cases R (M) = 2Mand 2M< X (m) give 8 (m) >m, i.e. that
m is an aleph, only the third case, viz. X (m) < 2™ has to be analyzed.
But this case and B (1 = X tm)) imply that

16.  either ® (M) < Mor M< R (m)

But the first possibility of 16 is excluded by the properties of Hartogs’
alephs given in 13. Therefore, we have X (m) >m, i.e. thatm is an aleph.
This concludes the proof, since the points 14, 15 and 16 show that in virtue
of B our arbitrary cardinal number m which is not finite is an aleph.

Thus, Bfollows from B.

(viii) Formula C implies@. Assume the condition of ®, viz. that a is an
arbitrary aleph, and let us suppose that there is a cardinal number
n such that # < n < 2%, Since a is an aleph and 0 <mn, then 1 is
not finite. Therefore, our supposition and C give a contradiction,
since they imply 1 < a. Hence:

there exists no cardinal number n such that < n< 2%,
which shows that © follows from C.

(i) Formulas E| and E, imply €. Assume the condition of €, viz. that
o is an arbitrary ordinal number. Hence, the aleph X, exists and
since R , is, obviously, a cardinal number which is not finite, we can
associate with it a Hartogs’ aleph X (X,), i.e. an aleph which pos-
sesses the following properties:©

17. N (R,)is the least aleph such that R (R,) isnot SR, and X, (Rg)

2
< 22

and this can be established without the aid of the axiom of choice. It is
known® that the least Hartogs’ aleph for any R B is 8 g, ;. Hence, we have
R (Na) =Ny +1 and since X, = Rg , we can conclude from 17 that
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2
LY Ry
18. Ry, S22 =22
L R
2 P . A . a
The case R, ; =2 of 18 is excluded, since it implies X, <2
Ry
< R, ,;» which is impossible. Hence, the formula X, +1 < 22 holds,
which in virtue of E, (o= Xy and b = X, ;) gives
R
9. a+l <2
By
The case R, <2 is impossible, since in virtue of EI (a=R,
and b =R, ;) it implies R, _, < R . Hence, the second case of 19 is

true, viz. that

X
- a
R‘¢:z+1 =2

Thus, € follows from E; and E2.

This concludes the required proofs, since:’ 1) (i) and (Vi) show that
{U} 2 {A}; 2) (ii) and (¥ii) — that {8} 2 {B}; 3) (iii), (i¥) and (¥) — that {§}
> {C}; { €} » { D} and {D} » {E; E,}; 4) (viii) and (i%) — that {C} > {D} and
{EI; EZ} 2> {§}. Therefore, evidentdy: 5) {€} 2 {C}; 6) {€} 2 {EI; E2§ and,
incidentally, an already known fact, viz. that 7) {€} 2 {®}, is confirmed.

It has to be noted that a simple inspection of the proofs given in (i),
(#i), (ii) and (¥ii) shows that A is inferentially equivalent to:

A*. For any cardinal number M which is not finite and any cardinal
number Q, if O is an aleph and 0 < 2™ thena<m.

and that B is inferentially equivalent to:

B*. For any cardinal number M which is not finite and any cardinal
y y
number a, if 0is an aleph and a < 2™ then either a < Mor M< q.

Applying the reasonings of (vii) to B* we obtain B and, therefore, B.
Each formula A and A* implies B and under this condition there is no dif-
ficulty to show that A follows from A*.

It is worth — while to note the similarity of the formulas A* and C. I
do not know whether 'EZ (or E 1) taken alone implies . It is easy to show
that {8 ; EI} < {A} and, therefore, {$; E1§ 2l

NOTES

1. This was announced without proof by Lindenbaum and Tarski, cf. [3],
pp. 313 — 314, theorem 95. Sierpidski published a proof in [4], pp. 434 —
437. C{. also his [7] and [6], pp. 166 — 167 and pp. 193 — 197. Cf. also
(2], pp. 245 — 247. 1In [3], [6] and [7] the condition of ¥ is stronger,
viz. m is assumed to be a transfinite cardinal, i.e. m > ,. This as-
sumption is superfluous, cf. [4], pp. 434 — 437.
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2. This was announced without proof by the authors in [3], p. 314, theorem
96. As far as I know the proof was never published. The deductions
presented in this paper prove by the way that € is equivalent to D.

3. In [3], p. 314, the authors announced the following definitions:

85. Le nombre cardinal m jouit de la propriété P, lorsque aucun nombre
t ne satisfait % la formule m< t < 2™M,

and theorem (without proof):

87. Si m jouit de la propridté P et 1< 2™ on a n <M,

Perhaps, the authors had noticed that I implies A.

4. The proofs which are given below are established within the general set
theory, i.e. the set theory from which the assumptions 9, B, € and all
their consequences otherwise unprovable have been removed. It is well
known that if we base so defined a general set theory on an axiomatic
system in which the notions of the cardinal and ordinal numbers cannot
be defined, we have to introduce these concepts into the system by means
of special axioms.

5. This theorem is announced without proof by Tarski in [3], p. 307, theorem
56. Cf. also Annales de la Sociét€ Polonaise de Matheématique, v. 5
(1926), p. 101. A proof is given by Sierpidski in [7] and [4], pp. 168 —
170. Cf. also [2], p. 118. Concerning the definition of the difference of
two cardinal numbers, cf. e.g. [3], p. 305, definition 47 and [4], p. 156.

6. In [1], Hartogs proved that with any cardinal number m which is not fi-
nite we can associate an aleph X (m) such that X (@) is not <m. Later,
it was established that if X () is the least such aleph in respect tomt,

2m ¢
then: 1) X (m)S 2°  and in the same time § (m) < 22™m ;) ifm=R,,
then X (m)=8g,,. Cf. (3], pp. 311 — 312, [4], p. 407 — 409 and [2],
pp. 220 — 221. The existence of Hartogs’ aleph and its properties are
provable without the aid of the axiom of choice.

7. The symbols 2 and > mean: “is inferentially equivalent” and “implies”
respectively.
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