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A SHORT EQUATIONAL AXIOMATIZATION OF
ORTHOMODULAR LATTICES

BOLESLAW SOBOCINSKI

By definition, c¢f. e.g., [2], p. 53, an orthomodular lattice is an
ortholattice satisfying the following formula:’

K1 [abl:a,beA.a<b D.au(@ nd)=>
In this note it will be proved that:
(A) Any algebraic system
u=(4,u,n1L)

wheve U and N are two binary opervations and * is a unary opevation defined
on the carvier set A, is an ovthomodular lattice, if it satisfies the following
thvee mutually independent postulates:

Cl1 [abcd]:a, b, c,deA D.a U (l@uU(®duUc)ud)nat)=
(@nechHrud)ua

c2 [abl:a,beA .D.a=aU@dnNbY)

c3 |abl:a,beA D.a=an @uUb)?

Proof of (A):

1 Clearly, postulates C2 and C3 are the theses of any ortholattice. It
remains to prove that, in the field of an arbitrary ortholattice, CI is
inferentially equivalent to formula K1.

1.1 First, we shall prove that in the field of any lattice KI is inferentially
equivalent to formula R1 given below.

1.1.1 Assume L. Then we have at our disposal:

1. Throughout this paper A indicates an arbitrary but fixed carrier set, L a lattice,
and OL an ortholattice. The so-called closure axioms are assumed tacitly.

2. Of course, in this postulate-system the operations U, N and L are not mutually
independent.
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DI [abl:a<b.=.aUb=b.acA.beA (L]
L1 [abl:a,beA.a<b .D.aUb=0» [D1]
L2 [abl:a,bedA D.a<aubd [L; DI]
L3 [abl:a,bed D.anb=bnNa (L]

1.1.2 Now, assume L and KI. Then:

R1I [abl:a,beA D.aU@ Nn@ud)=aub

PR [abd]:Hp (1) .D.

2. as<aubd. [1; L2]
aUuf@*tn@ud)=aud [1; 2; K1, b/a U b]

1.1.3 Let us assume L and RI. Then:

K1 [abl:a,beA.a<b.D.auf@tnd)=0>

PR [ad]:Hp (2) .O.

3. aub=5b. [1; 2; L1]
aU@ Nd)=au@ N@ud)=aub=0> [1; 3; RI; 3]

1.1.4 Thus, from the deductions presented above, it follows that in the field
of any lattice we have

{k1} = {R1}

1.2 Now, let us assume an arbitrary ortholattice. Then, obviously, in its
field, the equivalence {KI} = {RI} and the formula L3 hold. Moreover, we
have at our disposal:

M1 [abcd):a, b,c,deA D.au(bUc)ud = (d-nct) ub)ua

[oL, ¢f. [1], p. 251]
M2 [bl:bed D. UGN UGBNDBY) =b [oL]
M3 [abl:a,beAd D, (NN @GN  UB)Ua=aUb [oL]

1.2.1 Assume OL and RI. Then:

Cl1 [abed):a, b,c,deA D.aU(l@uU(buc)ud)nat)=
(drnect)Yr ub)Ua
PR [abcd]:Hp (1) .D.
aU(@u(@uc)ud) Nat)=auU @ Nn@u(®dUc)ud))
[1;L3,a/au ((buUc)ud),b/a*]
=aU(@®uc)uad) [R1, /(b Uc)uUd]
=(d*net)r ub)ua [m1]

1.2.2 Assume OL and C1. Then:

R1 [abl:a,beA D.au@ Nn@ubd)=aubd
PR [ab]:Hp (1) .D.
aU@ N@ubd)=auU(@ud)na') [1;L3,a/at, b/a Ub]
=aU(@U(@®U@nNb) u®nbY)) Nnat) [Mm2]
=((GnbdYnend))Y udb)ua
[C1, ¢/b b, d/bnbt]
=aub [M3]
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1.3 From sections 1.1 and 1.2 it follows at once that in the field of any
ortholattice

{kiy = {r1} = {c1}

Therefore, it is proved that formulas C1, C2, and C3 are the theses of any
orthomodular lattice.

2 Now, let us assume CI, C2, and C3. Then:

c14 [abl:a,beA .D.a=((bndY n((BNIYY Ua
PR [ab]:Hp (1) .O.

a=aU@na')=au (@u (bn b)) na') [1; c2, b/a; C2)
=a U (@u ((bnbY U bnbYY)) nab) [C2, a/b N b
=aU(@u ((dndY) udndL))u®dnbdh)) nat) [c2, a/bnbt]

=((ndYrn@endHHYrudnd) Ua
[Cc1, /b N b, ¢/bnbt, d/bnbt]
=(ndHrn@ndHH)t va [c2, a/((B N b)Yt N (b NbY)L)]
C5 [bl:beA .D.bnbt=(BNbYLn (bnbLh)t
PR [b]:Hp (1) .D.

bbt=((bNbY N (bNbHYL U (B NbY) [1; C4, a/bnb]
= (b NdY) N (bNbh)*t [c2, a/((d N b4 N (BN bL)L)]
Cc6 [abl:a,beA D.a=@0ndYua [c4; c5]

C7 labcdl:a, b,c,deA D. (auc)ud)yn®dnd)t=@neH) ua
PR [abcd]:Hp (1) .D.
(@auddudyn®nd)t=(dndYHY) U (@uc)ud)) n (®nbdi)t
[1; C6,a/@uc)ud]
=GNdH UGN U (@uc)ud)n (dndht)
[C6, a/((bubY)U((@uc)uad)n (bndt)]
= (@ neYrua)udndt)=@duct)ua
[c1,a/bn b, b/a; C2, a/@dt nct)t Ua]l
C8 [abl:a,beA D.an®nbi)t=a
PR [ab]:Hp (1) .O.
an®nd)r =@u@ndh))n@ndht [1; c2]
@U®NDOYY UGB NBY) N (B NbY: [c2]
=(nd)rNnendoHHNt va =a
[C7, c/bnbL, d/b bt c4]
Cc9 [abcl:a,b,ceA .D. (@ub)uc=(c*nbd ) Ua
PR [abcl:Hp (1) .D.
@ub)uc=(@ud)uc)N@®ndHt =(ct nd) Ua
[1;¢8,a/@@ub)uc;C7 c/b, d/c]

i}

3 Since, on the basis of deductions presented in [3], L. Beran has proved in
[1] that any algebraic system which satisfies theses C9, C3, and C2 is an
ortholattice, it follows immediately from sections 1 and 2 that any
algebraic system which satisfies postulates CI1, C2, and C3 is an ortho-
modular lattice.
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4 The mutual independence of axioms C1, C2, and C3 is established by
using the following algebraic tables:®

Ula B8 Nlae B x | xt
ml ala a ala B a | B

BB B Bla B B |a

Ula B8 Nla B8 x | xt
m2 a_ B B ala «a a | B

B|B B B B B | a

Ula B8 Nla B x | &t
M3 ala B a|B «a a | B

B|B a Bla B B|a
Namely:

(a) M1 verifies C2 and C3, but falsifies CI for a/a, b/8, ¢/B, and d/B:
i) au (@uBUPUBINE) =auU(@UBUA) NP =au(@up)np) =
au(@nB)=auUB=a, (i) (B*npY upUa=(@na) uBUa= (@ UpP U
a=BUBUa=BUa=}.

(b) M2 verifies CI and C3, but falsifies C2 for a¢/a and b/a: (i) a=a,
(fi)au(@nat)=au(@npB) =aua=4.

(c) M3 verifies CI and C2, but falsifies C3 for a/a and d/a: (i) a= a,
(yen(@ua)=ana=4

5 It follows immediately from sections 1, 3, and 4 that the proof of (A) is
complete.

Remark: We have to note that, although, clearly, axiom CI is constructed
in a rather mechanical way by combining formulas RI and C9, CI is an
organic formula in the sense defined in [4], p. 60, point (c).
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3. Concerning M1 and M3, cf. [3], p. 143.





