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Quadratic Residues and x* + y* = 7
in Models of TE, and I E,

STUART T. SMITH

Abstract It is unknown whether the fragment of arithmetic IE; (or even the
stronger system I Ag) proves that every odd prime has a quadratic nonresidue. We
show that one direction of the quadratic reciprocity law holds in /E; when one of
the primes is standard. Thus an odd prime g which has no quadratic nonresidues

must satisfy (%) = 1 for every standard prime p. We show that if g is a prime
# 2,3 in amodel of IE; and n = 1,2, 3, or 4, then ¢ = x2 + ny? for some x, y
if and only if (:qﬂ) = 1. This result for n = 3 enables us to prove in IE; that
x3 + y® = z3 has no nontrivial solution.

1 Introduction A number of articles have appeared which were motivated by the
question of how much induction is necessary in order to prove elementary results
in number theory. More precisely, axiom systems are considered which contain the
axioms for discretely ordered semirings (i.e, 1 is the least positive element) together
with the induction scheme for some class of formulas in the language L = {+, -, <
,0, 1}. Peano arithmetic (in which induction holds for all L-formulas) is the best
known such system, but it is too strong for our purposes, as it proves all of the
results of classical number theory. We are interested in weaker systems, the so-called
fragments of arithmetic.

The weakest such system is open induction (IOpen), in which induction is as-
sumed only for quantifier-free formulas. Shepherdson showed in [7] that IOpenr is
too weak to prove the irrationality of +/2, or to prove that x> + y* = z3 has only trivial
solutions. The model he constructed contains no nonstandard primes, so in particular
the set of primes is not cofinal. In Wilkie [13], van den Dries [2], Smith [9], and
Smith [11], open induction is strengthened by the addition of algebraic axioms, such
as normality or the existence of g.c.d.’s, but the resulting systems are shown still to
be very weak.
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A much stronger system is I Ag, in which induction is assumed to hold for all
formulas having only bounded quantifiers. (See Paris and Wilkie [6].) As noted in
Macintyre and Marker [5], it is unknown whether 7 A, proves the cofinality of the
set of primes, or the existence of quadratic nonresidues for all odd primes. It is the
latter question which interests us here.

We will in fact work in IE;, an intermediate system between IOpen and 1 A.
IE,, or bounded existential induction, was introduced by Wilmers in [14]. In IE; we
assume induction holds for all bounded existential formulas. (Actually, as is noted in
[14], no proof is known that IE, is strictly weaker than 7 Ay.) Some of the algebraic
properties of models of /E; are developed in [9], Smith [10], and Smith [12].

In Section 2 we review the definitions'and elementary facts about the systems /E,,.
‘We show in Section 3 that we can use an inductive argument in /E; on the modulus
m to show that certain finite elements are quadratic nonresidues for m, provided m
satisfies certain congruence conditions. This enables us to prove one direction of the
quadratic reciprocity law when one of the primes is standard. This in turn enables
us to place limitations on odd primes which have no quadratic nonresidues, if such a
thing is possible in a model of /E;.

In Section 4 we show that a result for N is provable in /E; for small values of
n. Specifically, we show in IE, that if g is a prime # 2,3 and n = 1, 2, 3, or 4, then
q = x% + ny? for some x and y < (‘T”) = 1. Our descent argument breaks down

for larger n, and in any case this result does not hold in N for n = 5, since (32) = 1
but 7 is not of the form x2 + 5y2.

In Section 5 we use the above characterization of primes of the form x2 + 3y?
to show that in IE,, x* + y* = 7% has no nontrivial solutions. The proof is adapted
from an argument due to Browkin which appears in Sierpinski’s book [8].

2 Preliminaries Inthis section we review the definitions of the axiom systems IE,
and list some basic results.

Definition 2.1 [14] Let L be the first-order language {+, -, <, 0, 1}. Define

Ey=U; ={6(X) : 9(X) is an open formula},
Eppr =3y <t;(®) - Iym < tw@E)OE, Y1+ Ym) :

6elU, and t,...,t, are L —terms},
Unp1 = {Vy1 < t1(R) -+ VYm < tmE)OE, Y1+ Ym) :
6eE, and t,...,t, are L —terms},

Vn = {6(X) : 0 islogically equivalent to an E,-formula and to a
U,— formula}.

If T is an L-theory, the definition of V,, relativizes to T. Thus y (%) is provably V,,
over T if ¥ (%) is equivalent over T both to an E,-formula and to a U,-formula.

We are particularly interested in formulas which are provably V; over a given
theory T'. For suppose ¥ (¥) is such a formula and suppose that ¢ (¥) is some quantified
formula which contains ¥ (%) as a subformula. Then for purposes of determining the
quantifier complexity of ¢ we can regard  as though it were quantifier-free. For
example,

Ay <t@)Y and 3y <t@E)—y
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will both be equivalent over T to E,-formulas. (Abusing terminology, we will refer
to them both as E;-formulas.)

Definition 2.2 [14] (i) The system IE, consists of the axioms for discretely ordered
semi-rings, together with the induction schema for all E,-formulas 6:

V360, ) AVx (B(x, ) - 8(x + 1, 3))) —> Vx8(x, 3)].

(IE, will be denoted by IOpen.)
(ii) The system LE, consists of the axioms for discretely ordered semirings,
together with the following least number principle for all E,-formulas 6:

VY [3x6(x, y) — Ix (B(x, Y) AVz < x0(z, )] .
Semirings which are models of IE, or LE, will be denoted by M, M’, etc. The basic
properties of IE, are developed in [14]. We will need the following two facts:
Theorem 2.3 [14] Foreveryn > 0, we have
IE,,, — IE, < LE,.
Lemma 2.4 [12] Let9(x, y) be an E,-formula. Then

IE, - v;[(awe(w, ¥) A3Vx(8(x, ¥) — x < z))

— 3z<9(z, ) AVx(0(x,y) — x < z))]
That is, IE, proves that any nonempty bounded E,-definable set has a greatest ele-
ment.
We also need to know that certain relations are provably V, over IE; or IOpen.
Lemma 2.5 Kaye [4] x|y is provably V, over I0pen.

Proof: Here x|y means x divides y, where 0|0 and 0ty for y # 0. The formula x|y
has the E; definition 3z < y(xz = y), and is equivalent over IOpen to the U;-formula
Yy=0V[y>0AVz<yWr<y(y=zx+r — r=0)].

Lemma 2.6 [4] x = ymod z is provably V; over IOpen.

Proof: The formula x = ymod z has the E; definition Gw <x +y)[x = wz+yV
y = wz + x], and is equivalent over IOpen to the formula (z =0AXx = y) V [z >
0AVw <x+y(x =y+wVy=x+w) > z|w)]. This formula is U; by Lemma
2.5.

Lemma 2.7 [14] [Ei FVx[x >0 — Vy((x,y) =1 - 3z < x(yz = 1 mod x))).

Corollary 2.8 IfM k= IE, and p is a prime in M, then M/pM is a field. More
generally, ifm € M, m > 1 and a € M is such that (a, m) = 1, then a is invertible
in M/mM.

Lemma 2.9 [9] (x, y) = z is provably V, over IE;.

Proof: If 7 = 1, this follows from Lemma 2.7. The proof for arbitrary z in [9] is a
generalization of Wilmers’ proof for z = 1.

Finally, we note that one can prove in IE; (in fact in IOpen) that x = ymod z
defines a congruence relation, and if z > 0 then every x is congruent to a unique w
such that w < z.
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3 Quadratic residues 1Let M |= IE; and supposem € M,m > 1. Foranya € M,
we can ask whether the congruence x? = a mod m has any solutions in M. As in
the case of N, if the answer is yes and (a, m) = 1, then we say that a is a quadratic
residue for m; otherwise a is a quadratic nonresidue for m.

We note some elementary facts.

Lemma 3.1 Let M = IE; and suppose m € M, m > 1. Then for any a,b € M,
we have:
(i) If x2 = amod m has a solution and x?> = bmod m has a solution, then x? =
abmod m has a solution.
(ii) If x* = amod m has a solution where we assume also that (a, m) = 1, and if
x2 = bmod m has no solution, then x*> = abmod m has no solution.
(iii) If x®> = amod m has a solution and m’|m, then x*> = a mod m’ has a solution.

Proof: (i) and (iii) are trivial. To prove (ii), suppose ¢ € M is such that ¢? =
amod m. Since (a, m) = 1, clearly (c, m) = 1, s0 by Lemma 2.7, thereisad ¢ M
such that cd = 1modm. Then d%a = d*c? = 1modm, so if e € M were such
that e2 = abmod m we would have (de)? = d%ab = bmod m, contradicting our
assumption on b.

When m € M is a prime, say m = g, we can define the Legendre symbol (5)
in the usual way:

0 ifqlc,
(—) = 1 if gfc and c is a quadratic residue for q ,
—1 if gfc and c is a quadratic nonresidue for q.

The generalization of this symbol to the case where g is composite (the Jacobi symbol)
does not have the properties we will need, so we will use only the Legendre symbol.

As is implied by the previous paragraph, we are particularly interested in the
case where m € M is prime. If m is a standard prime, say m = p € N, we have that
the usual results from N hold (in addition to those listed in Lemma 3.1). Specifically,

half of the elements 1,2, -- -, 1’—5—1 of M/pM are quadratic residues and the other
half are quadratic nonresidues; also the product of two quadratic nonresidues is a
quadratic residue.

The proofs of these facts use counting arguments which do not go over to the
non-standard case. Thus in [5] the question is raised as to whether one can prove in
I Ao that every prime has a quadratic nonresidue. (They note that if we adjoin the
Ag-Pigeonhole Principle to I Ao, then the proof can be carried out.)

In N we have the famous law of quadratic reciprocity, which says that if p and

q are distinct odd primes then (fli) = (%) unless both p and g are congruent to 3

modulo 4, in which case (s) = - (%). The question arises as to what happens to this
law in M = IE; (of course it continues to hold if both primes are standard). We will
show thatif p is standard and ¢ is an arbitrary prime, then (s) =1= (%) = lunless

both primes are congruent to 3 modulo 4, in which case (5) =1= (%) =-1.1In
particular, we will show that many elements (if not most primes) of M have quadratic
nonresidues.

Our first result in this direction is the following:
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Lemma 3.2 Let M = IE; and suppose m € M, m = 3mod4. Then —1is a
quadratic nonresidue for m.

Proof: Note that although our language L does not contain a minus sign, the above
conclusion can be expressed as

—3x(x? 4+ 1 = 0mod m).

By the remark after Lemma 2.9, it suffices to consider those x for which x < m; thus
—1 is a quadratic nonresidue for m if and only if

M = -3x <m(x? + 1= 0mod m).

Using Lemma 2.6, we see that the set of m € M such that m = 3mod 4 and
—1 is a quadratic residue for m is E;-definable. If it is nonempty, it must have
a least element a € M. There is by assumption a b € M such that b < a and
b% + 1 = 0mod a; replacing b by a — b if necessary, we can assume that b is even.
The above congruence implies
b’ +1=ac

for some ¢ € M. Since b < a, we have ac = b?> + 1 < a? and so ¢ < a. Now
b?> +1 = 1mod 4 because b is even, hence ac = 1mod 4. But a = 3mod 4, so
¢ = 3mod 4 as well. The equation b2 + 1 = ac implies that b> + 1 = 0mod c, so

M E=3Ix(x?+1=0modc)

where ¢ = 3mod 4. This contradicts the minimality of a.

In particular, if M |= IE; and g € M is an odd prime for which —1 is a quadratic
residue, then ¢ = 1mod 4. We would like to prove the converse, which of course
holds when g is standard. The problem is that the analogous descent argument to
Lemma 3.2 does not work. Even in 1A, where we can restrict this argument to
primes, there does not seem to be any contradiction to be derived from assuming that
q = 1 mod 4is the minimal prime for which —1 is a quadratic nonresidue. Moreover,
the usual methods for finding a square root for —1 modulo g involve functions, such
as the factorial function, which are not available to us even in 7 A,.

We can prove related results by a similar argument, where in general we will
have to consider more cases. For example, the following result (actually its corollary)
will be needed later in the discussion at the end of this section.

Lemma 3.3 Let M = IE, and suppose m € M, where m = 5, 8, 10, 11, 16, 17,
20, 22, or 23mod 24. Then —3 is a quadratic nonresidue for m.

Proof: Asin Lemma 3.2, we let a € M be the minimal counterexample for m and
we let b € M be such that b < a and b? + 3 = Omod a; replacing b by a — b if
necessary, we can assume that 3tb. Thus b% + 3 = 4, 7 or 19mod 24.

Now b2 + 3 = ac for some ¢ € M; since b < a and a > 5 (by the congruence
condition in the hypothesis), then b?> + 3 < a% and so ¢ < a. Obviously —3 is a
quadratic residue for c; it remains only to show that ¢ satisfies one of the congruences
in the hypothesis of the lemma, and then ¢ will contradict the minimality of a. We
consider the three possible values for b2 + 3 modulo 24 in turn.
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(a) Suppose b? + 3 = 4mod 24. Since b%* + 3 = ac we have ac = 4mod 24;
thus a £ 8mod24 and a # 16mod24. If a = 5,11, 17, or 23 mod 24 then
¢ = 20mod 24, and vice versa. If a = 10 or 22 mod 24 then ¢ = 10 or 22 mod 24.
Thus c satisfies the hypothesis of the lemma.

(b) Suppose b + 3 = Tmod 24, s0 ac = Tmod 24; then a # 8, 10, 16, 20 or
22mod 24. Ifa = 5mod 24 then ¢ = 11 mod 24 and vice versa; ifa = 17mod 24
then ¢ = 23 mod 24 and vice versa.

(c) Suppose b? + 3 = 19mod 24, s0 ac = 19mod 24. Again a % 8, 10, 16, 20, or
22mod 24. If a = 5mod 24 then ¢ = 23 mod 24 and vice versa; ifa = 11 mod 24
then ¢ = 17mod 24 and vice versa.

Corollary 3.4 Let M = IE, and suppose q € M, q > 3 is prime and —3 is a
quadratic residue for q. Then g = 1 mod 6.

We can similarly prove:

Lemma 3.5 (i) Let M |= IE, and suppose m € M, where m = 3 or 5 mod 8. Then
2 is a quadratic nonresidue for m.

(ii) Let M = IE,; and suppose m € M, wherem = 5 or Tmod 8. Then —2 is a
quadratic nonresidue for m.

Corollary 3.6 (i) Let M |= IE; and suppose q € M is prime and 2 is a quadratic
residue for q. Then q = 1 or Tmod 8.

(i) Let M = IE; and suppose q € M is prime and —2 is a quadratic residue for
q. Thenq =1 or3mod 8.

We can continue in this manner, eventually salvaging one direction of the qua-
dratic reciprocity law when one prime is standard.

Lemma 3.7 Let M |= IE; and let p € M be a standard prime such that p =
1mod8. Letm € M, pim, be a quadratic nonresidue for p. Then p is a quadratic
nonresidue for m.

Proof: We first must show that the set of m € M for which the lemma does not hold
is E;-definable. Because p is standard, the assumption —3x < p(x%? = mmod p)
can be replaced by a finite disjunction of congruences, the choice of which varies
with p. For example, if p = 17 then m is a quadratic nonresidue for p if and only if
m=3,5,6,7,10, 11, 12, or 14mod 17. By Lemma 2.6, this formula is provably V,
over IE;.

The set of counterexamples for m is thus E;-definable, and we assume it is
nonempty. By LE;, it contains a leastelement a € M. We will show that a is infinite.

Clearly a > 1, so if a is finite we can write a = 2" - 5, where r > 0 and s is odd.
Now 2 is a quadratic residue for p, hence so is 27; in order for a to be a quadratic
nonresidue for p, it must be the case that a (hence s) has an odd prime factor g which
is a quadratic nonresidue for p. Since g is standard, by ordinary quadratic reciprocity
we have that p is a quadratic nonresidue for ¢ (and so for @). But then a is not a
counterexample.

Now for some b < a, we have

b’ = pmoda,
where by replacing b by a — b if necessary we can assume that ptb. Thus
V’=p=+ac
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for some ¢ € M, ¢ > 0. But a is infinite and p finite, so the sign above cannot be
negative, and we have b = p + ac. Furthermore, b < a and 50 ¢ < a; also clearly
ptc. Looking modulo p, we have

0 % b% =acmod p,

where (%) = —1. Hence (%) = —1, whereas since b?> = p + ac we have that p is
a quadratic residue for ¢. Since ¢ < a, this contradicts the minimality of a.

The corresponding lemma for p = 5mod 8 is more complicated, since in this
2 —_— —
case (F) = —1.
Lemma 3.8 Let M = IE, and let p € M be a standard prime such that p =
5mod 8. Letm € M, ptm, satisfy one of the following conditions:

(a) m =0mod8, or
(b) m =1, 3,4, 5, or Tmod 8 and m is a quadratic nonresidue for p, or
(c) m =2 or6mod 8 and m is a quadratic residue for p.

Then p is a quadratic nonresidue for m.

Proof: Clearly the set of counterexamples for m is E,-definable, as in Lemma 3.7.
We assume that it is nonempty and we let a denote its minimal element. We show
that a is infinite.

Clearly a > 1, and if g is finite we can write a = 2" - s with» > 0 and s
odd. If r > 3 then a = 0mod 8; but since p = 5mod 8, we have that p is a
quadratic nonresidue for 8, hence for a. This contradicts the assumption that a is a
counterexample to the lemma. Thusr < 2.

Ifr =0or2thena = 1, 3,4, 5, or 7 modulo 8, so by assumption (%) = -1
Moreover, a = s or a = 4s, SO (%) = —1. In particular, s > 1 and s has an odd
prime factor g such that (%) = —1. By ordinary quadratic reciprocity, (f) = -1,
80 p is a quadratic nonresidue for a. Again this contradicts the assumption that a is

a counterexample.
If r = 1 then a = 25 with s odd, so @ = 2 or 6mod 8. By assumption, then,

(%) = 1; but (-12;) = —1s0 (%) = —1 as well, and the argument continues as above.

Therefore a must be infinite.
As in Lemma 3.7, we have

b =p+ac
for some b < a, ¢ < a such that p{b; therefore ptc either. Modulo 8 we have
b =5+acmods,

S0 a # 0mod 8. Therefore one of cases (b) or (c) applies. We deal with them in turn.
() Ifa = 1,3,4,5, or Tmod 8 and (%) = —1, then since b?> = acmod p

we have (%) = —1 as well. In the congruence b? = 5 + ac mod 8 there are two
possibilities:
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(1) Suppose b is odd. Then b% = 1mod 8, so ac = 4mod8. Ifa =1, 3,5, or
7mod 8 then ¢ = 4 mod 8 and vice versa, so ¢ contradicts the minimality of a.

(2) Suppose b is even. Then b? is even, 50 ac is odd. Thus a and c are both odd,
0 again c satisfies the hypotheses of case (b) and contradicts the minimality of a.

(©)Ifa = 20r6 mod 8 and (%) = 1, thensince b®> = ac mod p wehave (ﬁ) =1

as well. Now since a is even and p is 0dd, the equation b? = p + ac implies that b is
odd. Thus b? = 1 mod 8, and since p = 5mod 8 we must have ac = 4mod 8. Since
a = 2o0r 6mod 8, then ¢ = 2 or 6 mod 8 also, and so ¢ contradicts the minimality of
a.

Lemmas 3.7 and 3.8 together enable us to deal with standard primes p such that
p = 1mod 4. When we turn to the case where p = 3mod 4, the situation becomes
more complicated; for instance, when m = q is a standard odd prime, we must
distinguish between the cases ¢ = 1mod 4 and g = 3mod 4. The following two
lemmas provide the analogues to Lemmas 3.7 and 3.8.

Lemma 3.9 Let M = IE, and let p € M be a standard prime such that p =
Tmod 8. Letm € M, ptm, satisfy one of the following conditions:

(a) m =0o0r4mod8 (i.e. 4m), or
(b) m =1, 2, or 5mod 8 and m is a quadratic nonresidue for p, or
(c) m = 3, 6, or Tmod 8 and m is a quadratic residue for p.

Then p is a quadratic nonresidue for m.

Proof: Asintheprevious cases, the setofm € M for which the lemma does nothold is
E,-definable. Assume it is nonempty and leta € M be the minimal counterexample.
We show that a is infinite.

Since 1 does not satisfy any of the conditions in the hypothesis of the lemma,
we have a > 1. Suppose a is finite; then, we can write a = 2" - s € N withr > 0
and s odd. If r > 2 then 4|a; but p = 3mod 4 so p is a quadratic nonresidue for
4, hence for a. This contradicts the assumption that a is a counterexample to the
lemma. Hence r = 0 or 1, and case (a) does not hold.

Now (-2-) = 1. Incase (b), then, we have thats = 1or5mod 8(i.e. s = 1 mod 4)

2
and (%) = —1. Thuss > 1. Writes = t2u € N, where u is squarefree and (¢, u) = 1.
Then (%) = —1,s0u > 1. Also, since s = 1mod 4 and t? = 1 mod 4, we have
u = 1mod 4.

Suppose u has a prime factor ¢ such that ¢ = 1mod 4 and (%) = —1. By

ordinary quadratic reciprocity, p is a quadratic nonresidue for g, hence for a. This
contradicts the assumption that a is a counterexample.

Thus if we write 4 = vw € N where all of the prime factors of v are congruent to
1 modulo 4 and all of the prime factors of w are congruent to 3 modulo 4, the previous
paragraph shows that v is a quadratic residue for p, hence w is not. (In particular,
w > 1.) Now v = 1mod 4, hence w = 1mod 4 as well; since w € N is squarefree,
it has an even number of prime factors. An odd number of them must be quadratic
nonresidues for p and an odd number must be quadratic residues for p. In particular,
there is at least one g = 3mod 4 dividing w which is a quadratic residue for p. By
ordinary quadratic reciprocity, p is a quadratic nonresidue for q, hence for a; this
contradicts our assumption on a. Thus case (b) does not hold for a.
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We are left with case (c). Here we have s = 3 or 7mod 8 (i.e. s = 3mod 4, so
in particular s > 1) and (%) = 1. Again writing s = t2u, this time u = 3mod 4.
Let u = vw as before; again v must be a quadratic residue for p, hence so is w. But
this time w = 3mod 4 so w has an odd number of prime factors; therefore again w
has at least one prime factor g = 3 mod 4 such that (%) = 1. As before, this leads

to a contradiction. We conclude that ¢ must be infinite.
As in Lemma 3.7, we have

b’>=p+ac

for some b < a, ¢ < a such that p{b, so ptc either. We consider the three cases in
the lemma in turn.

(a) If a = 0 or 4mod 8, then b must be odd, hence b?> = 1 mod 4. But then the
equation b? = p + ac yields

1=340-cmod4,

which is impossible. Therefore this case does not apply.
(b) Suppose a = 1, 2, or 5mod 8 and (%) = —1. Since

0 # b% =acmod p,

we also have that (%) = —1. On the other hand, since b> = p + ac, clearly p is a

quadratic residue for c. Considering the equation b2 = p + ac mod 8, there are three

possibilities for b?:

(1) Suppose bisodd. Thenb? = 1mod 8,501 = 7+ac mod 8, hence ac = 2mod 8.
Since a = 1, 2, or 5mod 8, we have that ¢ = 1, 2, or 5mod 8. Thus c contradicts
the minimality of a.

(2) Suppose 2|b but 41b. Then b? = 4mod 8, s0 4 = 7 + acmod 8, hence ac =
5mod 8. This rules out the possibility that a = 2mod 8,hence a = 1 or 5mod 8.
We conclude that ¢ = 1 or 5mod 8, and again ¢ contradicts the minimality of a.

(3) Suppose 4|b. Then b? = 0mod 8, 50 0 = 7 + ac mod 8. Thus ac = 1mod 8, s0
a # 2mod 8. We therefore have a = 1 or 5mod 8,0 ¢ = 1 or 5mod 8. Thus ¢
contradicts the minimality of a.
‘We have shown that in case (b), the minimality of a is always contradicted by c.

Now we consider case (c).

(c) Suppose a = 3, 6, or 7mod 8 and (%) = 1. Since
0 % b? = acmod p,

we also have that (%) = 1. Clearly p is a quadratic residue for c as well. We

again look at the three possible values for b2 in the congruence b? = p+ac mod 8.

(1) Suppose b is odd. Again ac = 2mod 8. Since a = 3, 6, or 7mod 8, we have
that ¢ = 3, 6, or 7mod 8, so c contradicts the minimality of a.

(2) Suppose 2|b but 41 b. Then ac = 5mod 8 as before, so a # 6mod 8.
Therefore a = 3 or 7Tmod 8, so ¢ = 3 or 7mod 8; so ¢ contradicts the minimality of
a.



QUADRATIC RESIDUES 429

(3) Suppose 4|b. Then b? = 0mod 8 s0 ac = 1mod 8. Hence a # 6 mod 8, so
a = 3 or Tmod 8. We conclude that ¢ = 3 or 7mod 8, and again ¢ contradicts the
minimality of a.

In all cases we arrive at a contradiction, so the set of counterexamples to the
lemma must be empty.

Lemma 3.10 Let M = IE; and let p € M be a standard prime such that p =
3mod 8. Letm € M, pim, satisfy one of the following conditions:

(a) m =0o0rdmod8 (i.e. 4m), or
(b) m =1, 5, or 6 mod 8 and m is a quadratic nonresidue for p, or
(c) m = 2,3, or Tmod 8 and m is a quadratic residue for p.

Then p is a quadratic nonresidue for m.
Proof: The proof is analogous to that of Lemma 3.9 and is left to the reader.

If in the previous four lemmas we restrict our attention to the case where m is
prime, say m = q € M, we obtain one direction of the quadratic reciprocity law.

Theorem 3.11 Let M = IE; and let p, q € M be primes, where p is standard. If

(5) =1, then (%) = 1 unless both p and q are congruent to 3 modulo 4, in which

) = —
case (p) = -1

Suppose now that JE; cannot prove that every odd prime has a quadratic non-
residue. Let M |= IE; and letq € M be a prime which has no quadratic nonresidues.

(Then g must be infinite.) In particular, (‘71) = 1, so by Lemma 3.2 we must have
q = 1mod 4. (By Lemma 3.5 we in facthave ¢ = 1mod 8.) Then by Theorem 3.11,
(f;) = 1 for every standard odd prime p.

The above condition enables us to place restrictions on the form of g. We know
from [12] that any odd m € M greater than 1 can be written as m = ab + 1, where a
is odd and b is a power of 2. (Recall that the relation “y is a power of the prime x”
can be expressed in IE; via the formula Pow(x, y) defined as follows:

x>1Ax|yAVz<y (@ <zAz|ly > x|2).

It is easy to see that x must be prime for this formula to hold.) If ¢ = ab 4 1 is
an odd prime with no quadratic nonresidues, we saw above that 8|b. Note here that
there seems to be no way in /E; of determining an exponent e of 2 such that “b = 2°”
holds in some sense, whereas in I A it is well-known that this can be done.

Similarly, if g is as above then in particular —3 is a quadratic residue for g, so
q = 1 mod 6 by Corollary 3.4. This means 3|ab; but 3tb because Pow(2, b) holds
in M. Therefore 3|a.

The previous paragraph shows in particular that any Fermat prime g (i.e., any
prime g = b+ 1 where b is a power of 2) has quadratic nonresidues. In fact this holds
for any m = b+1suchthat Pow(2, b), whether or notm is prime. The corresponding
result for Mersenne primes (i.e., primes g such that g + 1 is a power of 2) is even
easier, since we will have ¢ = 3mod 4 and so —1 is a quadratic nonresidue for g by
Lemma 3.2. We leave it to the reader to find other restrictions on a; for example, a
must be congruent to either 0 or 3 modulo 5.
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In view of the fact that at least one of a, b must be infinite, we ask whether it is
possible to prove that both are infinite. For a, this would possibly involve extending
the above congruence restrictions to all the standard primes and showing that no finite
element of M can satisfy them all simultaneously.

The situation is different for b. In N we can prove that if m = 9mod 16, then —1
has no eighth root in Z/mZ. The proof involves examining the order of the group of
units of Z/mZ and noting that it is not divisible by 16. In IE; one could attempt an
alternative proof along the lines of Lemma 3.2; the problem is that we can no longer
conclude that ¢ < a. Thus we do not even know if /E; proves that b > 3.

4 Representability by quadratic forms In this section we treat some cases of the
following question: which elements (and in particular which primes) of a model
M = IE; can be expressed in the form x2 + ny? for a particular integer n? Some
results of this type for N go back to Fermat, and the problem for primes in N has been
completely solved for each n > 0 (cf. Cox [1]). The question is intimately related to
quadratic reciprocity since if ¢ = x2 + ny? then

x?2=—ny*modgq,

implying that ({;’l) = 1. For certain values of #, this necessary condition is also
sufficient, even in /E;.

Before discussing this further, we note that when such representations of a prime
q exist, they are essentially unique. In fact we can show this to be the case in any
discretely ordered GCD domain. The following proofis taken from Sierpinski’s book
[8].

Theorem 4.1 Let R be a discretely ordered GCD domain, let a, b € R be positive
elements of R, and let q € R be a positive prime element of R. Ifthere exist x, y € R
such that both are nonzero and q = ax® + by?, then x and y are unique up to sign
and up to the possibility of interchanging x and y in the casea = b = 1.

Proof: If such x, y exist then clearly (a, b) = 1, for if d is a common divisor of a
and b then d|q. Clearly d = +gq is impossible because a, b, x, y are all positive,
therefore d = +1. Similarly we can conclude (x, y) = 1.

Suppose in addition to ¢ = ax? + by? we also have ¢ = ax? + by? for some
X1, y1 € R. As above, we have (x;, y;) = 1. We suppose for convenience that
X, ¥, X1, Y1 > 0.

‘We note that

(axxy + byy)) (xys + yx) =
(ax? 4+ by»)x1y1 + (ax? + byD)xy = q(x1y1 + xy).

Therefore either glaxx; + byy; or else g|xy; + yx; (or both).
Suppose the former, that is suppose glaxx; + byy;. From our two expressions
for g we can deduce that

q* = (axx; + byy))? + ab(xy, — yx1)?,

so if glaxx; + byy; we must in fact have axx; 4+ byy, = +q and so xy; — yx; = 0.
Therefore
XYy1 = YX1.
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Since (x, y) = 1, this implies x|x; (cf. [9]), and similarly (x;, y;) = 1 implies y,|y.
Therefore we must have x = x;, y = y;.

Now suppose the latter possibility, i.e. g|xy; + yx;. Our two expressions for g
also give us the equation

q* = (axx; — byy:)* + ab(xy; + yx1)*.

Now ab > 1; if q|xy; + yx;, this equation implies that g > abg?, which can only
happenifa = b =1and

axx, — byy, =0.
That is, xx1 — yy; = 0, S0 xx; = yy;. An argument similar to that in the previous
case yields x = y; and y = x;.

We return to the question of which primes can be expressed in the form x2 +ny?.
We begin with the case n = 1.

Theorem 4.2 Let M |= IE; and let ¢ € M be an odd prime. Then q = x>+ y? for
some x,y € M < (:ql) =1
Proof: (=) Obviously, as remarked earlier.

(<=) We adapt the proof of Theorem 20 of Gupta [3]. Let ¢ € M be an odd
prime such that (‘Tl) = 1. Then for some u € M such that u < g, we have

u?+1 = 0mod q. Therefore u?+1 = mq forsome m € M, where m < g. Thus the
set of elements m € M such that M = 3u < g3v < g(mq = u? + v?) is nonempty.
Since this set is also clearly E;-definable, it contains a minimal element m,. We must
show that mo = 1.

Suppose mo > 1. We also have m, < g because the above set contains an
element m < g. Choose xo, Yo € M such that xo < q, yo < ¢, and

moq = xZ + ¥g.

If mo|xo and mo|yo, then mZ|x2 + y2 so mq|q; this is impossible since g is prime and
1 < mg < q. Therefore we can find x;, y; such that 0 < x;, y; < mg and not both
of x1, y; are zero, and such that

Xo=xymodmg and Yo=Yy, modmy.

We are interested in x} + y2mod m, therefore if x; > 1mo we can replace it by
mo — x; without affecting the value of x? modulo m, (and similarly for y;). Thus we
can assume that we have found x;, y; such that 0 < x;, y; < 1m, and such that

x4y} =x2 +y2 = 0mod my.

The inequalities on x, y; imply
1
2 2 2 2
0<xi+¥ 5§m0<m0.
Therefore xf + yf = mmg for some m; € M with 0 < m, < m,. Thus we have:

mimig = (x2 +y)(x3 + ¥d)
= (%ox1 + Yoy1)? + (Xoy1 — x10)>.
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(The second term might actually be x; yo — Xy, depending on which expression
is nonnegative.)
Now modulo mg, we have

XoX1 + YoY1 = Jcl2 + y12 =0modmgy and
XoY1 — X1Yo = X1 Y1 — X1Y1 = 0mod my.

Thus if we let a = 3‘-""—‘;;&& and b = Rn-hke (or "‘y°'x°y‘), we have mig =

mo
a4+ b%. Since m; < q we have a, b < q. But then m, contradicts the minimality of
my. This contradiction shows that my = 1.

In N, we have the additional equivalence for odd primes p that (‘71) =1

p = 1 mod4, so Theorem 4.2 is usually expressed as p = x2 + y? for some
X,y < p = 2o0or p = 1lmod4. As we remarked earlier, we do not know if

q=1mod4 = (‘71) = 1 for odd primes ¢ in models of IE;.
In order to deal with other values of n, we need the following identity from [1]:

Proposition 4.3 The following holds in any commutative ring:
(% 4 ny?) (2% + nw?) = (xz + nyw)? + n(xw — yz)*
=z — nyw)? + nxw + yz)2.
We used this identity for n = 1 in the previous proof when we rewrote the product

g + ) (xi +yD).
Now we can extend Theorem 4.2 to the cases n = 2 and n = 3:

Theorem 4.4 Let M = IE, and let q € M be a prime # 2, 3.
(i) g = x>+ 2y for some x,y € M = (‘72) =1

(ii) g = x*>+ 3y? forsome x,y e M < ('73) =1

Proof: (i) We can adapt the proof of Theorem 4.2 here. We have

0<x12+2yfs

2 2
mg < mg,

ol w

S0 m; < myg as before.
(ii) Again the proof of Theorem 4.2 applies, but this time the inequalities for
x? + 3y? yield
1 3
0<xl+3y?< ng+zm§=m§,
implying m; < m,. Equality holds only if m¢ iseven and x; = y; = %mo. We will

show that this cannot happen if m, is minimal.
Suppose my is even. Since

mog = xg + 3yg

and (xo, Yo) = 1 by the minimality of mg, we must have that x, and y, are both odd.
Therefore
myg=1+3=0 mod4
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since ¢q is odd, we conclude that 4|m,, say mo = 4m,. Thus
dmaq = x2 + 3y2.

Since xo and y, are both odd, there are two possible cases:
(a) Suppose xo = Yo mod 4. Then 4|x, + 3y, and 4|xo — Yo (01 4|yo — x0). By
Proposition 4.3 with n = 3, z = w = 1, we have

(x4 3¥3) - 4= (%0 + 3¥0)® + 3(xo — Yo)*.

Therefore we conclude that
3y 2 _ 2
4m2q=x§+3y§=4[<f°—’;ﬂ) +3(x—°4—y°) ]

and so we have

But then m contradicts the minimality of m,.

(b) If xo = —yomod 4, then 4|xy — 3y, (or 4|3yo — X0, depending on which one
is nonnegative) and 4|xo + y,. This time we use the second formula in Proposition
43, ie.

(x5 +3y2) - 4 = (%0 — 3y0)% + 3(x0 + Yo)*

and then continue as before.
We conclude that mo must be odd, s0 0 < x? + 3y? < m? and thus m; < m.
The rest of the proof now proceeds as in Theorem 4.2.

The previous argument indicates that we will not be able to extend these results
much past n = 3, because the proof that m, < m, will break down. Note, however,
that the result for n = 4 is true:

Corollary 4.5 Let M = IE, and let ¢ € M be an odd prime. Then q = x? + 4y?
forsome x,y € M <= (_74) =1

Proof: This is a corollary of Theorem 4.2; for if g = x% + 4y? then g is a sum of two
squares. Conversely, if the odd prime g is the sum of two squares x2 + y2, then one of

X,y is even, say y = 2z. Thus ¢ = x? + 4z, Similarly, (‘74) =1 (—‘q-l-) =1

As for n = 5, it is well known that the corresponding result fails even in N. For
instance, if we let g = 7 then (52) = 1 since 3% = —5mod 7, but 7 is not of the form
x% 4 5y2. The correct result for N is that a prime p has the form x2 + 5y if and
only if p = 1 or 9mod 20. For a complete characterization of the primes of the form
x? + ny? in N, where n > 0, see [1].

5 The Equation x® + y® = z3  In[9] we showed that IE; proves that the equation
x™ 4+ y" = 7" has no nontrivial solutions for n = 4, 6, and 10. Thus Fermat’s last
theorem is provable in IE; for certain even exponents. In this section we show that
the results in Section 3 enable us to prove that Fermat’s last theorem for n = 3 is
provable in /E,. We do not know if this can be improved to IE;.

We adapt a proof by Browkin (which in turn is based on one by Carmichael)
which appears in [8].

The first result we need is the following:
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Lemma5.1 Let M = IE,; and suppose s, a, b € M are such that s is odd, (a, b) =
1, and s® = a? + 3b%. Then there exist a, 8 € M of opposite parity such that
(o, 38) =1and

s =a?+3p%
a= |a3 - 9a,82|,
b= |38 —38%|.

Moreover, if a, 8 € M are arbitrary satisfying the conditions in the conclusion
and s,a, and b are defined as in the conclusion, then s is odd, (a,b) = 1, and
s3 = a% + 3pb2

Proof: We prove the second part first. Let M |= IE; and let o, 8 € M be of opposite
parity such that («, 38) = 1. Define s, a, and b as in the conclusion. Since « and
B have opposite parity, s = a? + 382 must be odd. Also since the usual properties
of g.c.d’s hold in IE,, in fact in IE; (c.f. [9]), we have that (a,b) = (a(a® —
982), 3B(a? — B2)) = (a? — 982, a? — B?) because (o, 38) =1, (¢, a®> — B2 =1,
and (38, a2 —982) = 1. Now (a?—B?)—(a?—982) = 882, 9(a?—p?)— (a2 —98?) =
8a?, s0 (a? — 982, a? — B?) divides (8a?, 882). But (822, 88%) = 8(a?, B?) =8
since (@, B) = 1; since o and B have opposite parity, a? — 982 and o? — B2 are odd,
so (a? — 982, a? — B?) = 1. We conclude that (a, b) = 1.

Finally, a straightforward substitution shows that s3> = a2 + 3b? when s, a, and
b are as above.

Now we prove the main direction of the lemma. Suppose the set of counterex-
amples for s to the lemma is nonempty. The fact that s is such a counterexample can
be expressed as:

@a <5°)@b < s*)[s® = a® + 3b°A
(a,b)=1A —-2|s]/\

—@a <5)EB <5)[s = a® +36°A
(@a=0a®—92p?Vva=9ap?-a’
A(b=3a%8—-382Vvb=38>—3a%8)
Ao # Bmod2 A (o, 38) =1].

This is an E,-definable set which we are assuming is nonempty; since /E, is equivalent
to LE,, it has a least element which we also denote by s. Let a, b € M be such that
the first clause in the above formula is satisfied for this minimal choice of s.

Since s is odd, the smallest possible value it could have is 1, in which case
a =1, b = 0. Butthen ¢ = 1, 8 = 0 contradict the assumption that s is a
counterexample. Thus s > 1.

It is easy to show in /E, (in fact in /E,) that any s > 1 has a prime factor. For the
set of factors of s which are greater than 1 is E;-definable and nonempty, therefore
it has a least element, which is then obviously prime. Let g be a prime factor of s.
Since s is 0dd, g is as well. Write s = qt.

We show that 31s, thus in particular ¢ > 3. If 3|s then 3|s® = a? + 3b?, and so
3la. Then 9]s® and 9|a?, so 3|b, contradicting the assumption that (a, b) = 1. We
conclude that 31s.

Since (a,3b) = 1 and s* = a? + 3b?, then (5,a) = 1 and (5,3b) = 1. In
particular, (g,a) = 1 and (g, 3b) = 1. Now a? + 3b? = 0modgq, s0 0 # a? =
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—3b? mod q. Therefore —3 is a quadratic residue for g. By Theorem 4.4 (ii),
= o + 367

for some oy, B; € M. Clearly «; and B; have opposite parity and («;, 38;) = 1. By
the reverse direction of this lemma, which we have already proved, if ¢ = |o3 —9a; 82|
and d = [3a2B;, — 33|, then (¢, d) = 1 and ¢° = ¢ + 3d>.

For convenience, we continue the argument in R, the ring obtained from M by
adjoining negative elements. Thus we will not have to worry that all our expressions
are nonnegative. Also, since any or all of a, b, ¢, or d can be replaced by their
negatives, we can drop the absolute value signs in the expressions for these elements.

We claim that ad — bc and ad + bc are not both divisible by q. For

(ad — be)(ad + be) = (ad)? — (be)? = (a? + 3b%)d?
_b2(c2 + 3d2) — t3q3d2 _ b2q3 — q3(t3d2 _ b2)

If glad — bc and glad + bc, then g|2ad and g|2bc. Since q is 0dd, glad and q|bc.
But (g, a) = (g, b) = 1, s0 q|d and g|c. This contradicts the fact that (c, d) = 1.
Thus one of ad — bc or ad + bc is not divisible by g. But

(ad — bc)(ad + be) = ¢*(3d? — b).
Therefore if gtad — bc then g3|ad + bc, and if gtad + bc then g3|ad — bc. Now
3¢ = s%¢® = (a® + 3b%)(c* + 3d?).
By Proposition 4.3,
3¢% = (ac % 3bd)? + 3(ad ¥ bc)?.

Choose the signs so that the expression in the second set of parentheses is divisible
by g3. Then the expression in the first set of parentheses is also divisible by g3, so
for the appropriate choice of signs we have

=+ 3bd

U= gce=0a €R
q3

dFb
and v = 4 :{; ¢ €R.
q
It then follows that
2 =u?+ 302

We claim that (u,v) = 1. For uc + 3vd = “2:;?"‘12 = a, ud — v¢c =

.i_@%’jﬁl = +b and (a, b) = 1. Therefore (u, v) = 1 as well.

Now s = gt so ¢t < s. Since 13 = u? + 3v? with (4, v) = 1, the fact that s is the
minimal counterexample to the lemma implies that there exist a9, B2 € M such that
ay # Bamod 2, (o, 382) = 1, and (replacing «s, B, by their negatives if necessary):

t=al+ 382,
u= ag - 9&2,822,
v= 3d%ﬂ2 - 3,33.
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We now combine our representations for ¢ and g to derive a contradiction to the
assumption that s is a counterexample to the lemma. Let

o = a0, + 3B1 8,
B = azpfi — Bacy.
Since oy # B1mod 2 and a9 # By mod 2, we have a # B mod 2. We have
s =qt = (of +36]) (2] + 387) = o + 36°
by Proposition 4.3. Also the proof that (u, v) = 1 provides formulas for a and b:

a = uc + 3vd = (o — 9287 (e — 901 87)
+ 33382 — 36) (3ei By — 3B7)
=o® —9ap?,
+b = ud — vc = (& — 92282) (3} p1 — 36
— (3as By — 3B3) (e — 91 8)
=302 — 38°.

Since «|a and B|b and since (a, b) = 1, we must have (¢, 8) = 1. Replacing «, 8
by |x|, |B| respectively, we arrive at a contradiction to the assumption that s is a
counterexample to the lemma. This completes the proof.

Now we can prove Fermat’s last theorem for exponent 3 in /E,.
Theorem 5.2 IE; - VxVyVz(x* +y* =22 > (x =0V y =0)).

Proof: Let M = IE, and suppose M contains a nontrivial solution to the equation
x% + y® = z3. Consider the set of elements m € M satisfying

m>0AIx <mIy <mIz <m@m=xyzAx>+y>=7°.

We are assuming this E;-definable set to be nonempty, therefore it has a least element
m. Letx, y, z € Mbesuchthatm = xyzandx*+y® = z%. Clearly (x, y) = (x,2) =
(¥, 2) = 1, for any common divisor of two of them would also divide the third and
enable us to produce a smaller solution.

As in the previous lemma, we find it more convenient to continue the argument
in the ring R obtained from M by adjoining negative elements. Replacing z by —z in
R yields the equation x® + y® + z® = 0, which is symmetric in x, y, and z. Clearly at
least one of x, y, z is even, and since they are pairwise relatively prime we conclude
that exactly one of them is even. The aforementioned symmetry enables us to assume
that z is even and that x and y are odd. Rewrite the equation as x* + y* = z%, where
now x, y, Z € R, all are nonzero, z is even, and x, y are odd.

Thus x + y and x — y are even, say x + y = 2u and x — y = 2w. Therefore
x=u+w, y=u—w. Since (x, y) = 1 we conclude that (u, w) = 1. Also x and
y are both odd, so u % wmod 2. Substituting the above expressions for x and y in
the equation x® + y* = z% yields (u + w)® + (u — w)? = 23, or 2u (u? + 3w?) = 73,
We consider two cases, depending on whether or not 3 divides u.

(a) Suppose 3fu, 0 (3, u) = 1. Then (u, u? 4 3w?) = 1, and since u % wmod 2
we have that u? + 3w? is odd. Therefore (2u, u? + 3w?) = 1. But

2u(u? + 3w?) = 22,
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s0 2u = 3 and u? + 3w? = 53 for some s, t € R. (This fact is provable in IE;; cf.
[91.) Since u? + 3w? is 0dd, so is s. By Lemma 5.1, there exist o, 8 € R such that
u=a®—9ap? o #pmod?2 and («, 38) = 1. Then

13 = 2u = 2a(a — 38) (@ + 3B).

Now « — 38 and « + 3 are odd and (¢, 38) = 1, so the three elements 2«, « — 38,
and o 4 38 are pairwise relatively prime. Therefore there exist o, 7, and p in R such
that 20 = 03, a — 38 = 3, and « + 38 = p?, and where ¢ = o tp. But then

0_3 — 1:3 +p3
is a solution to the equation of the theorem, where |otp|® = |t3| = |2u] = [x + ¥| <
lxyz|?, contradicting the minimality of |xyz|.

Actually we must justify this by showing that |otp| > 0. But |ozp| = |x + y|;
if |x + y| = 0 then x = —y, in which case z = 0 which contradicts our assumptions
onx,y,z.

(b) Suppose 3|u, say u = 3v. Substituting for u in the equation 2u (42 + 3w?) =
73, we have

6v(9v? 4+ 3w?) =272, or
18v(3v?2 + w?) = 7°.
Now u %= wmod 2 so v # wmod 2. Therefore 3v? + w? is odd. Also (u, w) =
(3v, w) = 1, so we conclude that (18v, 3v%2+w?) = 1. Thus 18v = 3 and 3v? 4+ w? =
s3 for some s, € R. Now s is odd because v and w have opposite parity. Also
(v, w) = 1, so by Lemma 5.1 there exist o, 8 € R such that w = a® — 9282,
v=3a%8 — 383 a % Bmod?2, and (a, 38) = 1. Since 18v = t*, we have
183B8)(a® —BH =1, or
27-28( + B)(a — B) =1°.
Now a+ B and a« — B are both odd and (o, 8) = 1,80 28, o+, and o — B are pairwise

relatively prime. Therefore there exist o, 7, and p in Rsuchthat28 = o3, a+8 = 3,
and o — B = p3, and where ¢t = 307p. But then

0% =134 p?
is a solution to the equation of the theorem, where |30 tp|® = |t3| = |18v| = |6u| =

3|x + y| < 3|xyz|®. In particular, |otp| < |xyz|, and |oTp| > O as in case (a). We
have thus contradicted the minimality of |xyz|.

6 Open questions
Question 5.1 Does IE; prove that if g = 1mod 4 is prime then ('71) = 17 Is this

provable in 1 Ay?

Question 5.2 Is the converse to Theorem 3.11 provable in IE; or in 1A,? Can
anything be said about the case when p and g are both nonstandard?

Question 5.3 Does IE; (or I Ay) prove that if m = 5mod 8 then —1 has no fourth
root modulo m? More generally, if m = 27 - s with s odd and r finite, then —1 has
no 27-th root modulo m?

Question 5.4 What can be said about primes of the form x% + ny? for n > 4 in
IE?

Question 5.5 Can Fermat’s last theorem for exponent 3 be proved in IE;?
Question 5.6 Does IE, prove other cases of Fermat’s last theorem for odd expo-
nents?
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