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POSITIVE LEAST ENERGY SOLUTIONS
FOR COUPLED NONLINEAR CHOQUARD EQUATIONS
WITH HARDY-LITTLEWOOD-SOBOLEV
CRITICAL EXPONENT
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ABSTRACT. In this paper, we study the existence and nonexistence of pos-
itive least energy solutions of the following coupled nonlinear Schrodinger
equations with Choquard type nonlinearities:

1 1
—Au-&-ulu:,ul(— *u2)u+,8(—*v2)u, x €Q,
|| |z|*

1 1

—Av 4 v = u2 —— %2 v+ B —— xu? v, x €,
||* ||

u,v >0 in €, u=v=0 on JN.

Here Q C R¥ is a smooth bounded domain, -21(Q) < vi,v2 < 0,A1(Q)
is the first eigenvalue of (—A, H}(2)), p1, 42 > 0 and B # 0 is a coupling
constant. We show that the critical nonlocal elliptic system has a positive
least energy solution under appropriate conditions on parameters via varia-
tional methods. For the case in which v; = v2, we obtain the classification
of the positive least energy solutions. Moreover, the asymptotic behaviors
of the positive least energy solutions as f — 0 are studied.
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1. Introduction

In this paper, we consider solitary wave solutions of the time-dependent
coupled nonlinear Schrodinger equations with Choquard type nonlinearities in
the following form (see [16], [37]):

.0
—1 5 CI)l = A‘bl + 1251 (V(.’L’) * |(I)1|2)(I)1 + B(V(.’B) * |(I)2|2)(I)1,

e, t>0,

Ly {7 % By = ALy + 12 (V (@) % |2]*) By + B(V () * [@:1]%) @2,

e, t>0,
(I)j:q)j<.’17,t)€©, j:1,27
Q;(x,t) =0, x€0Q, t>0, j=1,2,

where Q@ = RN or Q ¢ RY is a smooth bounded domain, i is the imaginary
unit, 1, ue > 0, and S # 0 is a coupling constant which describes the scattering
length of the attractive or repulsive interaction, V(z) is the response function
which possesses information on the mutual interaction between the particles.
The problem (1.1) appears in many physical problem, especially in nonlinear
optics. Physically, the solution ®; denotes the j-th component of the beam in
Kerr-like photorefractive media (see [24], [25]). The positive constant y; indicate
the self-focusing in the j-th components of the beam. The coupling constant 3
is the interaction between the two components of the beam. The problem (1.1)
also arises in the basic quantum chemistry model of small number of electrons
interacting with static nucleii which can be approximated by Hartree or Hartree—
Fock minimization problems (see [17], [21], [15]).

To obtain solitary wave solutions of system (1.1), we set ®1(x,t) = e u(x)
and ®y(x,t) = e?2ty(z). Then system (1.1) is reduced to the following elliptic
system

—Au+ru=pu (V(z)«u?)u+ B(V(z)xv})u, z€Q,
(1.2) —Av + 1v9v = po (V(2) * v2)v + B(V(z) *u?)v, z €,
u,v >0 in Q, u=v=0 on I
If the response function is a Dirac-delta function, i.e. V(z) = 6(z), then (1.2)
turns to be the following semilinear elliptic system with local nonlinearities:
—Au + viu = pu? + Puv?, xz €Q,
(1.3) —Av 4 1V = pgv® + pou?, x € Q,
u,v >0 in €, u=v=0 on N

Here, @ = RY or Q ¢ RY is a smooth bounded domain, py, e > 0 and 8 # 0
is a coupling constant. The existence and multiplicity of solutions to (1.3) have
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been the subject of extensive mathematical studies in recent years, for example,
[2], [3], [B]-[11], [19], [20], [22], [23], [28]—[30], [35], and references therein.

In this paper we consider the system (1.2) with a response function of Riesz
potential, i.e. V(x) = |z|7#, then (1.2) is reduced to the following nonlocal
elliptic system:

1 1
—Au—i—l/lu:ul(*u2>u+ﬁ<*v2)u, T €,

|| ||
(1.4) Lo Lo
—Av+ v = po| —— *v° Jo+ B — xu” Jv, x€Q,
|| ||
u,v >0 in Q, u=v=0 on 9.

Here, @ = RY or Q C RY is a smooth bounded domain, 1 € (0, N) N (0, 4],
p1, p2 > 0 and B # 0 is a coupling constant.

Recently, Wang [33] proved the existence of multiple nontrivial solutions
of (1.4) with perturbations. In [34] Wang and Shi studied the existence of positive
ground state solutions and various qualitative properties of ground state solutions
are shown for system (1.4) with N = 3, 4 = 1. The paper [38] proved the
existence and nonexistence of positive least energy solutions for system (1.4)
with V > 3,0 < p < 4.

Note that the papers mentioned above deal with the subcritical case. In the
present paper we investigate system (1.4) for the critical case with N > 5, p = 4,
that is

1 1
—Au—i—vlu:m(w*uQ)u—i—B(W*vZ)u, T €,

1 1

(1.5) —Av + vV = o —— %02 Jo+ B —5 *u? v, T EQ,
Edl Edl
u,v >0 in Q, u=v=0 on J,

where Q C RY is a smooth bounded domain. Recently, Chen and Zou [8] show
that system (1.3) has a positive least energy solution for negative 3, positive
small 8 and positive large 5 when N = 4 in the critical case. Based on the
above facts, a nature question is whether the critical nonlocal system (1.5) has
a nontrivial least energy solution. The present paper is devoted to this aspect
and partially answers this question.

The starting point of the variational approach to the problem (1.5) is the
following classical Hardy—Littlewood—Sobolev inequality (see [18]), which leads
to a new type of critical problem with nonlocal nonlinearities driven by Riesz
potential.

PROPOSITION 1.1. Let p,r > 1 and 0 < p < N with 1/p+ u/N + 1/r = 2,
f € LP(RN) and h € L"(RY). There exists a sharp constant C(p,r, u, N), such
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that

(1.6)

F@)hiy)
drdy | < C(p,r,p, N)|flplhlr,
[, ] e (b 7,15, Ny

where | - |, denotes the LY(RN)-norm for q € [1,00]. If p=1r =2N/(2N — p),
then

— L DN/2 = p/2) (T(N/2) TN
(LD Clorn N) = OWp) == T { I'(N) } |

In this case there is equality in (1.6) if and only if f = (const.)h and
h@) = Ay + |a — )V
for some AcC,0#~v€R and a € RV.

Notice that, by the Hardy-Littlewood—Sobolev inequality, the integral

q
[ [ o,
gy Jry T —yl#

is well defined if |u|? € L*(R") for some ¢ > 1 satisfying 2/t+u/N = 2. Thus, for
u € HY(RY), by Sobolev embedding theorems, we see that 2 < tq < 2N/(N —2),
that is
2N—u§qS 2N—,u.
N N -2

Here, (2N —p)/N is called the lower critical exponent and 2}, = (2N —p) /(N —2)
is the upper critical exponent due to the Hardy—Littlewood—Sobolev inequality.
It is easy to see that 2), = 2 when p = 4. In this sense we can call the problem
(1.5) a critical nonlocal elliptic system.

Assume that f,g € H}(Q2), as [18] we define

1.8 / dz dy.
(1.8) Q |~T—y|4 Y

The following lemma is important for considering (1.5) and the proof is given
n [18].

LemMA 1.2, If D(|f],|f]) < oo, then D(f, f) > 0, there is equality if and
only if f =0. Moreover, if D(|g|,|g|) < oo, then

(1.9) ID(f,9)” < D(f, f)D(g, 9)-
Suppose that u € H}(Q), then by Proposition 1.1 we have
(1.10) D(U2vu2) < C|U2|§v/(1v—2) = C|“\3N/(N—2)-

For any 8 € R the system (1.5) possesses a trivial solution (0,0) and a pair of
semi-trivial solutions with one component being zero. These solutions have the
form (w1, 0) or (0,ws), where w; is the positive least energy solution of (see [12])

(1.11) —Au+)\u:u<| 1|4 *u2>u, u € Hy(Q),



CoUPLED NONLINEAR CHOQUARD EQUATIONS 627

with (A, u) = (v1, 1) for wy, and (A, pu) = (v2,p2) for we respectively. The
existence of solutions to (1.11) has received great interest recently, see [26], [32],
[12]-[14], [1] and references therein.

We look for solutions of (1.5) which are different from the preceding ones.
A solution (u,v) nontrivial if both v # 0 and v # 0. We call a nontrivial
solution (u,v) positive if both v > 0 and v > 0. We say a solution (u,v) of (1.5)
is a least energy solution if (u,v) is nontrivial and FE(u,v) < E(¢,) for any
other nontrivial solution (¢,1) of (1.5). Define H := H(Q) x H3(Q). It is
well known that solutions of (1.5) correspond to the critical points of the C*!
functional E: H — R given by

1
(1.12) E(u,v) = 5/ (IVul® + v1u® + |V]* + 1907)
Q

1/ ( 1 2) 2 1 2,2 1 2,2
— = | | — *u” Ju T+ 28| —5 *xu” v+ po | — *x v |v°.
4 Jo" \lalt |[* j[*

From (1.9) and (1.10), we infer that F is well defined in H, and so we have to
assume that N > 5 in this paper.
As in [19], we define

N{(u,v)GH, uzz0, v#0,

1 1
/ \Vul? + 1u? = / 11 (4 * u2>u2 + 5(4 * v2>u2,
1 1
|Vo|? + vpv? = / 1o <4 * v2>v2 + ﬁ(4 % v2>u2 .
Q Q |z ||

Then any nontrivial solution of (1.5) belongs to N'. We set
(1.13) A:= inf E(u,v)= inf 1/ |Vul|? + viu? + | Vol + vev?.
(u,v)EN (uw)eN 4 Jq

Now, we list our main results. First we consider the special case —\;(2) <
v; = vy = v < 0, where A\{(Q) is the first eigenvalue of —A with Dirichlet
boundary condition, with corresponding eigenfunction ¢ > 0. Let w be any
a positive least energy solution of (1.11) with (A, u) = (v,1). Then we have the
following two theorems.

THEOREM 1.3. Assume that —\1(Q) <vi =vs =v <0 and N > 5.

(a) If 0 < B < min{py, p2} or B > max{us,u2}, then A is attained by
(w/mw, ./wzw), where w1, mo > 0 satisfying

+ By =1,
(1.14) pam + B

ﬁﬂ'l +//427TQ =1.

Therefore, (./mw, 7r2w) is a positive least energy solution of (1.5).
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(b) If B € [min{py, po}, max{p1, p2}] and py # po, then (1.5) does not have
any nontrivial nonnegative solution.

Moreover, we obtain the classification of the positive least energy solutions.

THEOREM 1.4. Assume that assumptions in Theorem 1.3 hold, and let 0 <
B < min{uy, po} or f > max{pui, u2}t. Suppose that (u,v) is any a nontriv-
ial least energy solution of (1.5), then (u,v) = (\/Tiw, /Tow), where (m1,m2)
satisfies (1.14).

We mention that by Lemma 1.2 and (3.5), the proofs of Theorema 1.3 and 1.4
are similar to that of Theorems 1.3 and 1.4 in [38] respectively, and so we omit it.

Now, let us consider the general case —A1(Q2) < vq,v2 < 0. Without loss
of generality, we may assume that vo < v1. Our second result is more general,
where we also deal with the case in which 8 < 0.

THEOREM 1.5. Assume that —A\1(2) < vy <wv; <0 and N > 5.

(a) There exists f > 0, such that (1.5) has a positive least energy solution
(u,v) with E(u,v) = A for any 8 € (—5,0).

(b) There exists By € (0, min{pq, pu2}), such that (1.5) has a positive least
energy solution (u,v) with E(u,v) = A for any 8 € (0, Bo).

(c) There exists 81 € (max{pq, 2}, +00), such that (1.5) has a positive least
energy solution (u,v) with E(u,v) = A for any 8 € (81, +00).

(d) If i < B < pe and py < pa, then (1.5) does not have any nontrivial
nonnegative solution.

In fact, we can give an accurate definition of 3, fy in Lemma 3.1 and 3; in
Lemma 3.4, but do not give it here in order to avoid introducing heavy notations
at this stage.

We should point out that the loss of compactness due to the Hardy—Little-
wood—Sobolev upper critical exponent makes it difficult to obtain the existence
of nontrivial solutions. In order to obtain the existence of nontrivial least energy
solutions, we need to estimate the least energy and give an accurate upper bound
of the least energy; see Lemmas 3.1 and 3.4. The idea of the proof mainly follows
from [8]. However, because of the nonlocal nature of the critical Choquard
equations where the convolution type nonlinearities are totally determined by
the behavior on the domain 2, the method in [8] cannot be used directly, and
some new techniques are needed for our proof (see Section 3).

REMARK 1.6. Here, we only obtain existence of least energy solution for
B € (=f,0) due to the nonlocal nature of the critical Choquard equations. We

do not know whether system (1.5) has a least energy solution for g € (—oo, —f].

REMARK 1.7. If Q = RY and (u,v) is any a solution of (1.5), then by the
Pohozaev Identity (see Appendix) and E'(u,v)(u,v) = 0, it is easy to get that
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IRN viu? + vpv? = 0, where E is a related functional defined in (1.12). This
implies that (u,v) = (0,0) if v1v9 > 0. Therefore, in the sequel we assume that
Q c RY is a smooth bounded domain.

REMARK 1.8. If Q is star-shaped with respect to some z; and vq,v5 > 0,
then using the Pohozaev Identity (see Appendix) and E'(u,v)(u,v) = 0, it is
easy to see that

0< / (IVul® + [Vo|*) ((z — z1) - n) = —2/ viu? 4 vv? <0,
o0 Q

where n denotes the unit outward normal to 9Q. This yields that (u,v) = (0,0).
This is one reason that we need the assumption v1,v5 < 0. Moreover, this
assumption is also required in the proof of Lemma 3.1 in section 3. On the other
hand, assume that 8 > 0. We multiply the equation for u in (1.5) by the first
eigenfunction ¢ and integrate over €2, which yields

(U1+)\1(Q))/Qu(b:/Q<p,1<x1|4*u2)u¢+ﬁ<xl|4>k112)u¢) > 0.

Thus, we have to assume that v1,v5 > —\1(Q) if we want to obtain nontrivial
nonnegative solutions of (1.5).

Finally, we study the asymptotic behavior of the positive least energy solu-
tions in the case § — 0. Then we have the following result.

THEOREM 1.9. Assume that —A\1 () < o <11 <0 and N > 5. Let f3,,
n € N, be a sequence with 0 < |B,| < min{B, B0}, B — 0 as n — +oo, and
(un,vy) be the positive least energy solutions of (1.5) with 8 = ,, which exists
by Theorem 1.5. Then, passing to a subsequence, (un,v,) — (U,V) strongly in
HY(Q) x HE(Q) as n — +o0, where U is a positive least energy solution of

1
—Au+riu=m <|x4 * uQ)u, u € Hy(9Q),

and v is a positive least energy solution of

1

* v2)v, v € Hy(Q).

The paper is organized as follows. In Section 2, we consider the limit problem.
In Section 3, we give the proof of Theorem 1.5. In Section 4, we investigate the
the asymptotic behavior of the positive least energy solutions. In Section 5, we
establish the Pohozaev type identity.

We give some notations here. Throughout this paper, we denote the norm

of L7 by
1/q
aly = ([ utrac)
Q
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the norm of Hg(2) by
l[ull = [Vula,
the norm of H by
()12 = flul® + o]
and positive constants (possibly different in different places) by C, Cy, Cs.
2. The limit problem

First of all, by [12] we know

2 2 1/2
(2.1) / V|2 do > SH,L</ / Wda;dy) ,
RN ry Jry |7 =Y

for all u € DV2(RY), where Sy 1, denotes the best constant defined by

/ |Vul|? de
uEDlvzig%fN)\{O} ]ij;,(x)ug( ) 1/2°
(L L)
ry Jry |z =yl

and DV2(RN) := {u € L* (RV) : |[Vu| € L*(RV)} with norm

1/2
lu||pr.z = </ |Vu|2d:c> .
RN

PROPOSITION 2.1 (see [12]). The constant Sy 1, defined in (2.2) is achieved

if and only if
(N-2)/2
b
u(x):C<b2+|x—a|2> ’

where C > 0 is a fized constant, a € RN and b € (0,00) are parameters. What’s

more,

(22) SH,L =

8
C(N,4)172°
where C( -, -) is defined in (1.7) and S is the best Sobolev constant.

Su,L =

Let
[N(N — 2)]V=2)/4
(1 +]aP) 217

be a minimizer for S (see [36]), then

B _ 9)|(N-2)/4
_ c(4—=N)/4 —1/2 [N(N 2)]
(2.3) U(x)=S C(N,4) 1+ |x|2)(N_2)/2

U(z) =

is the unique minimizer for Sy 1, and satisfies

1
—Au=— *xu®|u, inRY,
||*
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with

(2.4) / |VU| dzr = / / HU ‘ dmdy—SHL
RN RN JRN |z =y

Moreover, for every open subset 2 of RV,
/ |Vul? dz

uD12Q 0 1/2°
eo(\{}<//|u ||u4 ddy)
[z =y

and Sp, () is never achieved except Q2 = RY (see [12]).

Su,(Q) =

Since the nonlinearity and the coupling terms are both critical in (1.5), the
existence of nontrivial least energy solutions to (1.5) depends heavily on the least
energy of the following limit system

1 1
—Au=py | — xu® Ju+ B[ — *x0® |u, xRV,
ER |
1 1
(25) —AU:MQ 7*1)2 ’U-‘rﬁ 7*’[12 v, .%‘ERN,
||* x|t
u,v € DL2(RV).

Note that (2.5) has semi-trivial solutions (i 1/2 U, 0) and (0, 1, 1/2U) Here, we
are only interested in nontrivial solutions of (2.5).
Define D := DV2(RY) x DY2(RY) and a C? functional I: D — R given by

1
I(u,v) = §/RN \Vaul? + |Vv|?

1 1 1 1
_ L 9 2,2 e 2,
yéwm(u4 )”‘FB<|H “)”‘+”<xw*”)”

As in [19], we consider the set

(2.6) M—{(U,U)GD, u#0, v#0,

1 1

Vuzz/ 1 ( )u +,8( *u2>02,
Jou 9t = [ e EE
1 1

/|V1}|2:/ u2(4*v2>v2+6<4*u2>v2}.
RN RN |z| |z|

Then any nontrivial solution of (2.5) belongs to M. We set

1
2.7 Ayp:= inf I(u,v)= inf = Vul? + |Vv|?.
27) 0=t Jwv) W&M4AU1”+‘”

For any (u,v) € M, by (2.6) and Lemma 1.2, it is standard to see that

1
(2.8) Ay = inf 7/ |Vul|* + |V > C > 0.
(u,w)em 4 RN
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Then we have the following theorem, which plays an important role in the proof
of Theorem 1.5.

THEOREM 2.2.

(a) If B <0, then Ay is not attained and Ao = (u; " + ugl)S%7L/4.

(b) If 0 < 8 < min{us,pe} or 8 > max{u, ua}, then Ay is attained by
(\/7?117, \/7?217) and Ap = (m1 + WQ)S%LL/ZL, where 71, mo > 0 is defined
in (1.14). Therefore, (\/7?1 (7, \/7?2[7) is a positive least energy solution
of (2.5).

(c) If B € [minf{uq, po}, max{u1, po}] and py # ua, then (2.5) does not have
a nontrivial nonnegative solution.

Before proceeding, repeating the proof of Lemma 2.3 in [34], we have

PROPOSITION 2.3. If Ag (resp. A) is attained by a couple (u,v) € M (resp.
(u,v) € N), then this couple is a critical point of I (resp. E), provided —oco <

B < itz

Now, we turn to prove Theorem 2.2. Similarly to the proof of Theorem 1.3, we
see that (¢) in Theorem 2.2 holds. It remains to prove (a) and (b) of Theorem 2.2.

PROOF OF (a) IN THEOREM 2.2. By (2.3) we see that w,,, := ui_l/QTj' satisfies
equation

1
—Au=p;| — *u?)u in RV,
j[*
Let e; = (1,...,0) € RY and

(u1(2),0:(2)) = (W, (2), Wiao (2 + 1))

Then v. — 0 weakly in DV2(RV) and so vZ — 0 weakly in LN/ (N=2(RV) as
€ — +00. Combining these with

we know

. 1
lim Tk ui |vZ =0.
s=+o0 Jpn \ |7

Therefore, for € > 0 sufficiently large, the equations

/RN Vui[* = /RN <xl|4 *U%)u%
=t1s/i1/ <l*u%)u%+t255/ (1*1&)”2,
T e \ 2t © Jry \ 2t :

[owet =i [ (iee2)es
=t 5/~L2/ (1 *v2>v2+t1 sﬁ/ (1*1@)”27
e Nzt ) e el :
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have a solution (t1,%2,) with

tim ([t =1+ |tz = 1) = 0.

€

Noting that (\/tlﬁul, \/t275'l}5) € M for ¢ sufficiently large, by (2.4), we have

1
AO < I( tl,sulv AV t2,svs) = Z (tl.,s /N ‘VU1|2 +t2,s /N |V’UE|2>
R R

1 _ _
=1 (tr,epy "+ ta,cps 1)SJ2LI,L'

Letting € — +o0, we know that Ay < (u; ' + ugl)S?{,L/él.
On the other hand, for any (u,v) € M, we see from (2.1) and 8 < 0 that

1 2
/ [Vul? < m/ <4 *Uz)uz < NlSI_{,QL</ VUIQ) ;
RN RN \37| RN

/R AVl = S

and so

Similarly,
/ Vol? > 13 5% 1
RN

Combining these with (2.7), we get that Ag > (u; ' + ,uz_l)SIQLL/Zl. Therefore,
1, _ _

(2.9) A = 1(#1 L Ha 1)5?1,L'

Now, if we assume that Ay is attained by some (u,v) € M, then (Jul, |v]) € M

and I(|ul, |v|) = Ao. By Proposition 2.3, we have (|ul,|v|) is a nontrivial solution

of (2.5). By the maximum principle, u > 0, v > 0 and so

1
/ — xu? |o? > 0.
Ry \ ||t
2
1
/ [Vul? <u1/ <4*U2>u2 <u15H,2L</ VUIQ) :
RN RN \95| RN

Therefore, it is easy to see that

Then

1 1, _ _
Ag=1w0) = [ VP4 (90 > L0+ 4z") S

which is a contradiction. O

PrOOF OF (b) IN THEOREM 2.2. Since 0 < 8 < min{uy,us} or f >
max{p1, o}, then equation (1.14) has a solution (my,7s) satisfying m > 0,
T > 0. Apparently, we see that (/71U, /T2U) is a nontrivial solution of (2.5)
and

~ ~ 1 )
AO S I(\/EU, \/EU) = Z(ﬂ-l +7T2)SH,L'
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Let (up,v,) C M be a minimizing sequence for Ag, that is, I(u,,v,) — Ap.
We set

1 1/2 1 1/2
an = / — xu? |u? ) b, = / —g *un |vh :
=y \z[* Ry \|2[*

Then, by Lemma 1.2 and (2.1) we have

SH,L%S/ |V, |?
RN
1 2\, 2 1 2),2 2
= [ m W*un u, + 5 W*un vy, < pra;y, + Bapby,
R
SH,LbnS/ |VUTL|2
RN

1 1
= /N Lo <x|4 *vi)vi +B<|33|4 *vi)ui < pob? + Bayb,.
R

1
4

Since

I(up,v,) =

[ 1Vl v
RN
we have
Strr(an +by) <4 (up,vy) =440+ 0(1) < (m + WQ)S%_LL +o(1),
H1Gp + ﬂbn Z SH,L, ,U,an + ﬂan 2 SH,L~
By (1.14) the above three inequalities are equivalent to
(an —mSu,L) + (bn — m2SH,L) < o(1),
pi(an, —mSu,L) + B(by — m2Su.1) >0,
B(an —mSH,L) + p2(by — m2SH,L) > 0.

IN

Y

So a, — 1S, and b, = TSy 1 as n — co. Then

4Ag = lim 41(up,v,) > lim Sy r(a, +by) = (71 + 72)S% ;.
n—o00 ’

n—oo

This yields

1 ~ -
(2.10) Ay = 1(m + )8 = I(vmU, ymU),
and so (/71 U, 1/772[7) is a positive least energy solution of (2.5). O

3. Proof of Theorem 1.5

In this section, we assume that —A; () < vo < vy < 0. Multiply the equation
for w in (1.5) by v, the equation for v by u, and integrate over €, which yields

/qu[(ul 1) +(5—u1)<|$1|4 *u2> + (o —ﬁ)(|;|4 mﬂ ~0.
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This implies that (d) of Theorem 1.5 holds. Note that
(0 i
(3.1) / (|Vu]* + vu®) > (W)/ |Vaul|?, i=1,2.
Q A1 () O

It is easy to see that A > 0 just as (2.8). As has been pointed out in Section 1,
by [12] the problem

1
(3.2) —Au+vu = p; (|~T|4 * uz)u, u>0, ue€ HQ),
has a positive least energy solution w; € C?(Q) N C(Q) (see Appendix) with
energy
1 )\1(9) + v 2 _ 1 _ .
(3.3) 4<)\1(Q) pi St <mi < 1M Sk, i=12,
where

1 2 oy _ 1 L 2\ 2
(3.4) m; .:§/§2(\Vwi| +Viwi)_4/gﬂi(|x|4 *%)Ww i=1,2.

Moreover,

1 1/2
(3.5) / (IVul® +viu?) > 2\/mi</ m(w*u%?ﬂ) , forall u € Hy(9).
Q Q

The following lemma is very important. In the proof, we need the assumption
v1, v < 0, and define

. Mipomy |12 va + A1(2)
3.6 = min , , , )
( ) 60 {,u2 M m H1 v+ )\1(9)

(1 + A (2)) (2 + A1 () }
A Q) +py ) ’

|va|

(3.7) B:=min{ — )
2C<2 + \/4 + S%LL/(uzmﬂ) |wiZ 0

1]

20 (24 4+ 531/ (uams) ) wnl} <

where C is defined in (3.25).

LEMMA 3.1. Assume that —A\1(Q) < vy <17 <0 and N > 5.

(a) If B € (0,80), then By < min{u1, p2} and A < min{my + ma, Ao}.
(b) If B € (—=B,0), then

1 1
A < min {ml + ZM?S%{,DmQ + 4M115%{7L,A0}.



636 S. You — Q. WANG — P. ZHAO

PRrROOF. First, we prove (a) of Lemma 3.1. Define
1 2\ 2 1 2\, 2
m/(*u)u 6/ (*u)v
o \|z[* o \ |zt
1 1 ’
B/ (*u2>v2 ug/ (*112)1)2
o \|z[* o \ |zt

when |G(u,v)| := det G(u,v) > 0, the inverse matrix of G(u,v) is

1 1 p2D(v?,v?)  —BD(u? v?)
(39) G (Uﬂ)) = detG(u,U) (—BD(U2,UZ) /LlD(U2,u2)> )

where D(-, -) is defined in (1.8). Since vo < vy, then By < min{uy, po}. It
follows from (1.9) that |G(wy,w2)| > 0. Note that (v/Ziws, Eaw2) € N for some
t1,t2 > 0 is equivalent to

D(w?, w?
oo ()= (25

1 <H2D(W2vW2)(U1D(W17w1) 5D(w1awz))> N <0)

- [G(wr,w)] D (wf,w?) (2D (w3, w3) — BD(wf,w3)) 0/
Meanwhile, we deduce from (1.9) and 0 < 8 < Sy < \/u1p2 that
BD(w},w3) <y [uaps = - DR (wh,wd) DV2 (wh,wh) = mD (i, ).

Similarly, when 8 € (0, 8p) we have BD(w%,w%) < ugD(wg,wg). Then (3.10)
holds and (v/fiwy, v/Eaw2) € N. Therefore,

t
A<E(\Fw1,\ﬁw2):—/|Vw1| +V1wf+22/\Vw2|2+1/2w§
Q

Q

tq 1 to 1
‘4/‘“(| |4*°”%>“1+ 4/“2(| 4*‘”2)“5
t1 1 1
< 4/9‘“(| |4*°"%>“’1”<| |4*°"%>“5
t 1 1
w5 [ et )t 0 (e et )8

1 1
:Z/ |VW1‘2+V1(JJ%+Z/ |Vw2|2+ugw§:m1 +m2.
Q Q

(3.8) G(u,v) :=

Hence, A < my + ms. It remains to prove A < Ay. Without loss of generality,
we may assume that 0 € 2. Then there exists § > 0 such that {x : |[x] <} C Q.
Let £ € C}(£2) be a nonnegative function with £ = 1 for |z| < §. Recall that
N > 5 and U in Proposition 2.1. For € > 0, we define

U.(z) := N2 Q ).
‘ £
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It is easy to see that

~ 1
/RN |VU€|2:S%{,L7 / <|33|4*U2>U2 SHL~

Define U, := ¢U.. First we claim that there holds

(3.11) /Q IVU.| =S}, +0(eN7?),
(3.12) U]? = Ce? + 0(eN72),
Q
1 —\_
Q

where C' is a positive constant.
By [36], it is standard to see that (3.11) and (3.12) hold. It remains to prove
(3.13). Let 0 < e < 4. On one hand, by (2.1) we have

1 1/2 -
SH,L(/ <|4*U2)U2) S/Q\VUsF:S?i,LJrO(eN*Q),

that is

1
(3.14) / (|x4 % U2) U2 < Sy, +0(eN72).
On the other hand,

1
3.15 /<*U2)U2 / / d d
G159 Jo e o0 I, |x—y|4 Y
/ / 4 dmdy / / 4 dwdy
RN JRN |$* \ ]RN\B(, Bs |~’U* |

RN\Bs JRN\B;s |3j - Z/|
where

U2(x) U2(y)
L = 4 dx dy, I= ————Fdzdy.
RN\B; J Bs |$ - 2/| RN\ Bs JRN\Bjs |9€ -yl

We are going to estimate I; and Is. By a direct computation, we have

(3.16) I, = 42N/RN\B/B STNCTA(N AINWN —2)]V 2 drdy

1+ |a/el?)N= ZIx —yl* (L + ly/el?)N

) (N-2)/N
< 2N —4 d
=0 >(/RN\35 CEEDN 9”)

1 (N-2)/N
: —
</B E+ PN y)

N +oo  ,N-1 (N-2)/N N
SO(E )<‘/O' Wd'f’) :O(E ),
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and

A—N -2 o\ N=2
(3.17) I = 64—2N/ / S 2CNi(éV, 4)[N§N 2)] —_dudy
’V\B; JrN\B; (1 + [2/e[2)N 2|z — y|* (1 + |y/e[?)

1
<O(e2N 4 / / dxdy=0 g2N—4y,
B A O e T =)

It follows from (3.14)—(3.17) that (3.13) holds. Recalling 7 and w2 in (1.14),

we set

(3.18) (ue,ve) := (V1 Ue, T2 Ue).

Combining this with (3.11)—(3.13) and recalling that v1,v5 < 0, N > 5, we have

(3.19) E(Vtue,\/sv.) = %t/ Vue|? + vy u?
Q

1 1 1
< Vo |2 2—7/t2 2\, 2
+ 28/Q| Ve|® + 1ov2 1/ 7 PE *ul |uZ

1 1
+ 2tsﬁ<|m|4 * ui)vg + 52 g <x|4 * vf)vf

= % (it +m25) (ST, — C* + O(eV7?))
1
1 (ramit® + 2Bm mats + MQW%SZ)(SIQLI,L + O(EN—Q)).
Denote
(3.20) B. = Sk —Ce® +0(eN7?), D. =53, +0(eN7?).

Obviously, 0 < B. < D, and B, < S’%,’ 5, for € > 0 small enough. Consider
1 1
]’L(t, 8) = 5 Be(ﬂ-lt + 7T2$) - Z Dg (,U,l’]'('%t2 + 2B7T17T2t8 + ,LLQ’]T%SQ)’
then it is easy to see that there exists t., s > 0 such that
h(te,s:) = maxh(t,s) and gh(t s)]| = 2h(t s)]| =0
&€r2¢e) — t,s>}8 ) ot ) (teyse) — Os ? (te,se) — M-

Combining these with (1.14), we get that t. = s = B./D.. Therefore, it follows
from (1.14), (2.10) and (3.19) that

. <
(3.21) max E(Vtug,v/sv.) < max h(t, s)

1 21, 2y B?
= 5(7'(1 +7T2)DE — Z(/Jl’/Tl +25’/T17T2 +/L27T2)E

1
< Z(’/Tl + ’/TQ)S?_LL = Ao

for £ small enough. As above, we have |G(u.,v:)| > 0. Note that g € (0, 5o),
by a similar argument as that of Lemma 5.1 in [8], we know that there exists
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te, S > 0 such that (\/tiug, \/?Evg) € N. Therefore,

AL E(\/Zu& gc‘vs) < %na)é E(\/zua \/gvs) < Ap.
;8>

We complete the proof of (a) of Lemma 3.1.
It suffices to prove (b) of Lemma 3.1. As (a) of Lemma 3.1, we define
ve 1= EU,. Similarly, we have the following inequalities

(3.22) /Q Vuel2 = §3,, +0(eN2), / <|;|4 " v2>v§ e Ca)
(3.23) Cie% + O(EN_Q) < /QUS < Oy + O(EN_Q).

It follows from (3.22) and (3.23) that, for & small enough,

(3.24) / v? < /(||4>)<v>§

Note that N > 5, then we know that

< 5’\w1\2Loo(Q), where C' = !

L>(Q) B(0,diam(£2)) |y|*

Combining (3.25) with (3.23) and (3.24) we have for ¢, s > 0 that
1
(3.26) 2|B|ts/ (| E *w1>v < 20\ﬁ|t8|w1\Lm Q)/
1
<Al oyt € [ o 5 [ 02
Q Q

1 1 1 1
<142 ww2)w? 4+ = 2/ 0?2,
=3 /Q’“”(| E ”1>°"1+25 o2\ Jaf F )

for € small enough. Therefore, by (3.26) we have

(3.25) ’| |4>kw1

1 1 1
(3.27) E(\/Ewl,\/gvs) < §t/ |Vw1|2 +y1w% — th/ M1(| i *Wl)w%
Q Q
+ls/\W \2+V202—182/M2 2 w2 = fi(t) + g1(s)
27 Jo 8 Q lz[* ) F '
By (3.22) and (3.23), it is standard to check, for & small enough, that
(3.28) max g1 (s) < lu—lsQ .
s>0 2 2 2L
Let ¢y be the larger root of

(3.29) pramat® — dpomat — S3 =0,

to :2+1/4+S?{,L//L2m1.

and
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Then we have

1 1
(3.30) 2mat — 5 mt? < "o Sh.p, forallt >t
2

Note that ]
fi(t) = 2mqt — 3 myt?.
Combining this with (3.30), we have
fi(t) +g1(s) <0, forallt>ty, s>0,
and so it follows from (3.27) that

(3.31) {gi)éE(\/iwl,\/gvg)zo max E(\/iwl,\/gve).

<t<tp,s>0

For 0 <t <tp, s >0, we see from (3.7) that

1 -
|ﬁ\ts/ —4*0.1% v? §C|B|tos|w1|im(9)/v§ < —Qs/ v2.
o \|z] Q 2 Ja

Therefore,

1 1 1
(3.32) E(\/fwl, Vsve) < ft/ |Vwr|? + vw? — = t2/ | =g *w? w?
2 Ja 4 Jo  \lz|

1 v 1 1
+ 3 s/Q |V |2 + Ezvg ~1 52/9;12 (|x|4 *U?)U? = fa(t) + g2(s).
Note that max f2(t) = f2(1) = m4. Similarly to (3.28), we know

1
max g2(s) < 1 pi5 ' S%,  for € small enough.
It follows from (3.31) and (3.32) that

trgi%E(\/iwl, Vsve) = ) Jnax E(\/iwl, V/sv:)

<t<tp, s>0
1
< -, 12
S g o)+ maean(e) <+ " S

for € small enough. Similarly to (3.26), we get that
1 2 2
([o(Feeet)t) <csrintimal( [ 2)
o \l|zl Q
1 2\ 2 1 2\, 2
< u1<*w)w/u2<*v v
/sz |z|* AR A

for € small enough, that is det G(wy,v:) > 0. Similarly, (\/iwl, \/§v5> enN

for some t/;, 5. > 0 is equivalent to

r / |Vwi|? 4+ viwi 0
(3.33) (;) = G wy,ve) @ > <0>
c / |V |? + vov?
Q



CoUPLED NONLINEAR CHOQUARD EQUATIONS 641

Since 3 < 0, we see from (3.9) that every element of G~!(wy,v.) is positive.
Hence, (3.33) holds and (\/ziwl, \/§v5> € N. Therefore,

= — 1 _
A< E(\/t:wl, \/sgve> < tma%E(\/ﬂul, \/Eva) <mq+ 1 o 151%1 L
,8> ’

By a similar argument, we can also prove that A < mo + ,ufls?iL/éL. We see
from (2.9) and (3.3) that

1 1
Ag >max{m1+4;L21S%{,L7 m2+4,u11512q,L}. (]

LEMMA 3.2. Assume that 3 € (—f3, o), where By, B are defined in (3.6) and
(3.7), respectively. Then there exists Cy > Cy > 0 such that, for any (u,v) € N
with E(u,v) < (uy*' + u;l)S%{VL/él, there holds

Clé/ <l4*u2>u2, /(14 *v2>v2<C2.
o \l|zl o \|z|

PRrROOF. For any (u,v) € N with E(u,v) < (u7' + ,ug_l)S%LL/Zl. Denote

() ()

It follows from (2.1) and (3.1) that

)\1 (Q) —+ 141

Dy < 2 2
)\1(Q> SH,L 1_/Q|V7.L| + ru

1 2) 2 ( 1 2) 2
= | | —xu”|Ju "+ B — xu” v
/Q (Il"l4 |z[*

< D3} + B+ D1 Do,

)\1 (Q) + 1%}

SurD </Vv2+1/112
Sl < [ [0 v

1 2) 2 ( 1 2) 2
= | po| —z *v° |v*+ B —5 *xu” v
/Q (Iff|4 Ed
< poD3 + B4 D1 Dy,
where S = max{f3,0}. Since

/ IVul? + v1u® + Vol + 100® < (u ' + 1y )SH L,
Q

then there exists Cy such that Dy, Do < Cs. Obviously, Dy, Dy > C' for some C
if B < 0. It suffices to consider the case 8 > 0. Note that

A () +
(3.34) w1Dy + Dy > 1()\129) “ SH.L,
A (Q) 4+ v
(3.35) BD; + peDy > 1&129) 2 Sw.1,
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(3.36) Al(;fz;{) 2Dy + Al(ﬁg) 2 Dy < (47" + 13 ") Sii
It follows from (3.6), (3.34) and (3.36) that
Su, [(M(92) +v1) (A (Q) +v2) = BAT(Q) (17" + 13 1) ]
D T @ @)t ) - B )]
Similarly, we have
Dy > Su,r [(M(9Q) +v1) (A (Q) + v2) = BAT(Q) (11" + 12 1) ] 0. O

- AL Q) [p2(A () + 1) = B(AL(Q) + 12)]

LEMMA 3.3. Assume that —f3 < 8 < By and B # 0, where By,  are defined
n (3.6) and (3.7), respectively. Then there exists a sequence {(un,v,)} C N
satisfying
(3.37) lm E(un,v,) = A, lim E'(up,v,) = 0.

n— oo n—oo

PROOF. Note that E is coercive and bounded from below on N. Then, by
the Ekeland variational principle (see [36]), there exists a minimizing sequence
{(tn,vn)} C N satisfying

1
(338) E(Un,’l)n) S mln{A+ 4(#1 +lLL2 )S?{,L}a

(3.39) E(u,v) > E(up,vy,) — % |(tn,vn) — (u,v)|, for all (u,v) € N.

Then {(un,vy)} is bounded in H. For any (p,¢) € H with ||¢|[,[¢] < 1 and
each n € N, we define h,, and g, : R® = R by
+ Vl/
Q

2
hn(t,s,1) :/ V(un +tp+ Sun>
Q 2
|
)

1
— M1 ‘ |4
ﬁ/ i o !
o \[z]* o 2"
+1/2/ V.
Q
2
)v
l
U +10+ = v,

gnu,s?l):/ v<vn+t¢+lvn>
Q 2
2
2" ) 2

1
— k2 ‘ E *
let 0 = (0,0,0). Then h,, g, € C1(R? R) and h,(0) = g,(0) = 0. Moreover,

‘ﬁ/<1|4
aza}?<°):‘“1/<|l|4*“2)“’%’ -, (W ) "

2

S
un—i—tgo—f—iun

2

un—l—tap—&—;un

un—l—t(p—i—

2
2

]
un+t<p+§un

and

2 2

l
t a3 Yn
+¢+20

2

l

l
U +to + vn

2
un+t<p+
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990y = —p [ (L w22 %__/Lzz
s (0) = 5‘/Q(|x|4*un>vn, ol (0) = —p2 A |I|4*vn U5

Define the matrix

Oh,, Oh,,
g(o) a1 (0)

Ign Agn
—(0) —(0
95 (0 5 (0)
Then, for 0 < 8 < By, we see from Lemma 3.2 and (1.9) that

G, =

n v n

> (pip2 — B%)azbs > C >0,

(3.40) det(Gy) = prpeD(uZ, u2)D(v2,v2) — B2D?(uZ,v2)

where C' is independent of n and D(-, -) is defined in (1.8). For 8 < 0, by
Lemma 3.2 and (u,,v,) € N we have

1
dertG) = (181 [ (e )o+ [ (9l o))
1
X <B|/Q <x|4*ui)vfl+/ﬂ(|an|2+ugvi))
2
([, (o))

2/ (|Vun\2+z/1ui)/ (IVn|? + v0v2)
Q Q

o (@) + 1) (M (2) + o)
- A1(2)?

Q
1 1/2 1 1/2
2 2 2 2 2
5H</(|)) (/(u)) = ¢

Therefore, det(G,,) > C > 0 holds for all =3 < 8 < 3. By the implicit function
theorem, functions s, and I, are well defined and class C' on some interval
(=0n, 0,) for 6, > 0. Moreover, s,(0) =1,(0) =0 and

ho(t, sn(®),ln() = 0, gu(t, sn(t),n(t) =0, € (—dp,5,).

This implies that

50 = gy (0 G0 - 20 o).

- Ogn o Ohu , gu . Ohs
= &Gy ( s O 5 O~ 5 055 “”)'
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While, since (uy,, vy,) is bounded in H, we have

Ohy, 1
L] | (st ()

B (R O (R RO )‘ <

where C' is independent of n. Similarly, ag" (0)| < C. From Lemma 3.2 we also

have
Ohy, Ohy, gn gn
- ZIn ZIn <C.
o). |Gl 2ol [%o|<c
Hence, combining these with (3.40), we have
(3.41) |55, ()1, 117,(0)] < C,

where C' is independent of n.
With these, it is standard to prove that (see [8, Theorem 1.3 (1)])

(3.42) lim E'(uy,v,) = 0.

n— oo

PRrROOF OF (a)—(b) IN THEOREM 1.5. By Lemma 3.3, we know that there
exists a sequence {(un,v,)} C N satisfying (3.37). Then {(uy,v,)} is bounded
in H, passing to a subsequence, we may assume that (u,,v,) — (u,v) weakly
in H, and so

Up —u, v, —v, weaklyin LQN/(N*”(Q)7
— %, 02 —0? weakly in LY/ (N2 (Q),

Up, —u, v, — v, strongly in L?().

It follows from (3.37) that E’'(u,v) = 0. Denote w, = u, —u and o, = v,, — .
Note that

wn — 0, on — 0, weakly in H}(Q),
jwn |V N=2 0, o |V/(N=2) 0, weakly in L2(),

/|wnu|N/(N*2)%0, /|anv|N/(N*2)%07 as n — oo,
Q Q

(3.43) |lwn|? = 0, lon|? = 0, weakly in LY/ N=2)(Q).
Thus

1
(3.44) ‘ / <|$|4 * (w,ﬂt))vi < C|wnu|N/(N—2)|Un g* = o(1),

g* Jnv‘N/(N_Q) = 0(1)7

(3.45) ‘/ <|x|4*u> ov)| < Clu

(3.46) ’ /Q <$|4 * wi) (000)| < Clwy[3-|onv| Ny (v—2) = o(1).
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By the Hardy-Littlewood—Sobolev inequality, we have
1 2 N/2 1 2 N/2
(W*u)eL/(Q), <xl4*v e LN2(Q).

Combining these with (3.43) we get that

(3.47) /Q <|5|4 \ u2>an — o(1), /Q (|x14 ) v2)w;§ — o(1).

It follows from (3.44)—(3.47) that

1 2 2 1 2 2
(3.48) /Q (w * ) = /Q (w °”>
1

[\

Similarly, we have

(3.49) /Q(le‘* >a<u$b>ui:/9<|;|4 *w§>wi+/g<ml|4*u2>u2+o(1),
(3.50) /Q(xl|4*vi)vn:/9<|x1|4*ai)ai—!—/ﬂ(ajﬁ*ﬁ)vz—i—o(l).

Note that (un,v,) € N and E’(u,v) = 0. Combining these with (3.48)—(3.50)
we have

1 1

(3.51) / \an|2—/ M1 <4 *wi)wi+,@<4 *wi)ai = o(1),
Q Q || ||
1 1

(3.52) / |Vo,|? — / o (4 * ai)ai + 5( 1 *wi)ai = o(1),

(3.53) E(un,vn) = E(u,v) + I(wp, 0,) + 0(1).

[\

Passing to a subsequence, we may assume that

lim /|an|2:d1, lim /|Van|2:d2.
n——+oo Q n—-+oo Q

Then by (3.51) and (3.52) we have I(wy,0,) = (di + d2)/4 + o(1). Letting
n — 400 in (3.53), we see that

(3.54) 0 < E(u,v) < E(u,v) + i(dl +do) = lirf E(up,v,) = A.
n—-+0o0

Case 1. uw = 0,0 = 0. It follows from Lemma 3.2 that d; > 0 and dy > 0,
and so we may assume that both w,, #Z 0 and o,, #Z 0 for n large. It follows from
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(3.51) and (3.52) that there exists ¢,,s, > 0 such that (\/ﬂwn,,/snan) e M
and

lim (Jtn — 1] + |80 — 1) =

n—-4o0o

Therefore

1
A= Z(dl +do) = lim I(wp,0n)= lirf I(\/tnwn, «/snan) > Ay,
n—-+0o0o

n—-+oo

which implies A > Ag, a contradiction with Lemma 3.1. Hence, Case 1 is
impossible.

Case 2. w# 0,v =0 or u = 0,v # 0. Without loss of generality, we may
assume that u # 0,0 = 0. Then do > 0. By Case 1 we may assume that d; = 0.
Then w,, — 0 strongly in H}(Q). Hence, by (1.9) and (1.10) we know that

1
lim *w2 o2 =0.
n—-+4o0o |:1j|4

Combining this with (3.52) we have

9o = [ n( s eot )t ot ><ustL(/|wn2) +o().

This implies that dy > ,u;lS%LL. Note that u is a nontrivial solution of —Awu +
viw = puy (1/]z]* % u?)u, then E(u,0) > my. By (3.54) we get that

1 1
A2m1—|—1d22m1—|—i,u2_15?{7L>m1—|—m2,

a contradiction with Lemma 3.1. Hence, Case 2 is impossible.

Since Cases 1 and 2 are both impossible, then we get that v # 0 and v # 0.
Therefore, (u,v) € N. It follows from (3.54) that E(u,v) = A. Then we have
(|ul, |v]) € N and E(|u|,|v]) = A. By Proposition 2.3, (|ul, |v|) is a least energy
solution of (1.5). Then, using the maximum principle, we know |u|, |v| > 0 in Q.
Therefore, (Jul,|v]) is a positive least energy solution of (1.5). O

It suffices to prove (c) of Theorem 1.5. Assume that 8 > max{1, p2}. Define

. = inf E
(3:59) AT ey PO

where I' = {h € C([0,1], H) : h(0) = (0,0), E(h(1)) < 0}. By (1.12), we know
that, for any (u,v) € H and (u,v) # (0,0),

(3.56) max E(\/{fu, \/fv) = E( oyl \/tu,vv)

1
=3 tuﬂ,/ (IVul]® + r1u® + [Vo)? + 190?),
Q
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where t,, > 0 satisfies

/ (IVul]® + v1u® + |Vo|? + 190?)
Q

buw = 1 1 1 '
/Ml — wu? Jut + 28 — *u? )v® + o[ —= xv? 0P
o \l|zl* Ed |[*

Note that (y/u,ot, v/Eu,wv) € N, where

(357) A= {(u,v) € H\ {(0,0)},
Flu,v) :=/Q(|Vu|2+1/1u2+|V112+V2v2)—/Qu1<xl|4*uQ)UQ

1 1
#20( g )i (02 )t = 0},

(3.58) A= inf max E(tu,tv) = inf FE(u,v).
H>(u,v)#(0,0) t>0 (u,v)EN’

it is standard to see that

Note that A C N, one has that A < A. Similarly as (2.8), we have A > 0.
Denote

vi \°
3.59 :=min { 1+l) , i:172}.
(3.59) gl {u ( W)
Then we have the following lemma.

LEMMA 3.4. Assume that —A\1(Q) < va < vy < 0. Let 81 be the larger root

of the equation

2 +
52—;/84'%—#1#2:07

where vy is defined in (3.59). Then B; > max{ui, uz2}, and for any g > By there
holds A < min{my, ma, Ao}.

PRrROOF. First, we prove that A < Ay. Without loss of generality, we assume
that po > pq. Define
f(B) = p* - 25+M—M1M27
Y Y
by (3.59) we have v < p5 " and so f(ug) < 0, that is, B > g = max{u, s}
Then 71,3 > 0, where (mq,m2) is defined in (1.14). Recall (3.18) and (3.20),

similarly to (3.19) we know that

1
E(VtuVtv.) = 3 t/ |Vue|? + viu? 4 [V |2 + vov?
)

1 1 1 1
=3 [ () 2 )2 (g v )2

1 1
< 3 B.(my + )t — 1 D, (i} 4 2Bmymy + poms ).
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Similarly to (3.21) we get that

1
(3.60) 0<A< r?fch(\/EuE, Vi) < J(m+ m2)S% L = Ao.

It remains to prove A < min{mj, ms}. Note that 8 > S;, then f(8) > 0 and so
20 = — o
B2 — ppiz
Combining this with (3.3) and (3.60) we have

v > =71 + Ta.

1 1
min{ml,mg} > 1’75?{,[1 > 1(71’1 +7T2)S%LL = Ay > A O

With these, the following proof is similar to that of (3) in Theorem 1.3 in [8],
and so we omit it.

4. Proof of Theorem 1.9

This section is devoted to the proof of Theorem 1.9. Recall the definitions of
E, N, A, they all depend on 3, and we use notations Eg, Nz, Ag in this section.

PROOF OF THEOREM 1.9. Let 0 < |8,| < min{3, Bo},n € N, satisfy 3, — 0
as n — 4oo, and (up,v,) be the positive least energy solutions of (1.5) with
B8 = Bn. By Lemma 3.1, we know that Eg, (u,,v,) is uniformly bounded, and
80 (Up, vy) is uniformly bounded in H. Passing to a subsequence, we may as-
sume that

Up — U, v, =0 weakly in Hj(Q),
U, — U, v, =V strongly in L*(Q),
Uy, — U, v, — U almost everywhere x € Q.

Hence, u(x),v(x) > 0 for almost everywhere z € Q.
First, we claim that for |3,| < min{s, 3o} sufficiently small, there holds

(4.1) lim Ag, < my+ ma.

n— oo

For 0 < 8, < Bo, by Lemma 3.1 we have

(4.2) lim Ag, <my+ mo.

n— oo

On the other hand, for —3 < B, < 0 sufficiently small, by a similar argu-
ment as that of Lemma 3.1, we know that there exists ¢ ,,51,, > 0 such that

(\/tl,nwla \/Sl,nWQ) € Nﬁn and

(4.3) Jim (= 1]+ [s10 1)) = 0.
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It follows from (3.4) that for —3 < 3,, < 0 we have

1 1
lim ABn < — lim tln/ ‘le|2 —|—l/1(.d% + — lim Sln/ |VWQ|2 +V2w§
n-r00 4 nSo0 N g 4dn—oo 7 Jq

= Eo(w1,0) + Eo(0,w2) = my + mo.
Combining this with (4.2) we get that (4.1) holds.

Case 1. ©u =0, v = 0. Note that

1
/ui—>0 and /Bn(4*ui>vi—>0.
Q Q |z

It follows from (un,v,) € N, that

1 1
19t [ = [ (e o+ o ek o

2
<ty ([ 1vf) 4ot
Q
and so
dy := lim / \Vun|* > py ' SE L
Q

n—roo

Similarly, we have

(4.4) dy := lim / IVou|® > pg ' S% .-
Q

n—roo

We see from (4.1) and (3.3) that
1
my1 + mg > 1Lm A,Bn = Z(dl + d3) > my + ma,

a contradiction. Therefore, Case 1 is impossible.

Case 2. u£0,v=0o0r u =0, v # 0. Without loss of generality, we assume
that @ #Z 0,v = 0. Then (4.4) holds. Multiply the equation for u in (1.5) by @
and integrate over {2, which implies

1 1
(4.5) / Vu,Vu + viu,u = / 41 <4 * ui)unﬁ + Bn <4 * vi)una
Q o  \lz| ||

We claim that
(4.6) / (|z|74*ui)unﬂ%/ (Jz|~*x@*)u?, asn — .
Q Q

Note that

2

u? = 0?2 weakly in LY WV=2(Q), as n — oc.

By the Hardy-Littlewood—Sobolev inequality, the Riesz potential defines a linear
continuous map from LN/ (N=2)(Q) to LN/2(Q), hence

lz] % % u? — |z|7* %« 0%  weakly in LN/2(Q), as n — oo.
Combining this with the fact that

U, — 0 weakly in L2N/N=2(Q), as n — oo,
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we have
(Jz|~* % u)u, — (Jz|* *4%)@ weakly in LN/ INE2(Q) ) as n — oo.

Therefore, (4.6) holds. It follows from (3.5), (4.5) and (4.6) that

2
(4.7) /(\va\2+u1a2) </u1<14*a2>a2 < (4m1)1(/(|va|2+u1a2)> ,
Q Q |z Q

and so
/ (|Vﬁ|2 + V1a2) Z 47’)7,1.
Q

Combining this with (4.1) and (3.3) we know that

(4.8) my +mg > li_>m Ag, = - lim / |Vun|? + 11 + Vo, |* 4+ vav?
n (o)

71/_)
— 1 ~|2 ~2 . ~\ 12
_4/Q(|Vu| —|—V1u)+4d2+nh_>nolo4/9|V(un—u)|
1 1 R
>y + g S+ im g [V~ D > my s,
4 ’ n—oo 4 Jq

a contradiction. Therefore, Case 2 is impossible.
Since Cases 1 and 2 are both impossible, then we get that © Z 0 and v Z 0.
Similarly as the Case 2, we can get that (4.7) holds and

/ (IVa? + na®) > 4my, / (IVD]* + 120) > 4ms.
Q Q
Combining these with (4.1) we know that

(4.9) my +mg > lim Ag,

- hm/|Vun|2+1/1u + [ Vun|? + o2

ng)m
1 2 1 2
=1 \Vu\ + vy + |Vv| + vp0?
i F _ )2 2
3 Jim [ (9 =D + 90, = D))
1 ~ ~
>my +ma + — lim / (IV(up — @) + [V(vn — D)]?)
4 n=oo Jq
>mi + mo.

This means that

lim [ (IV(un — @)+ |V(va — 0)[?) =0,

n—oo

and so (U, v,) — (U, ) strongly in H}(Q) x HE(2) as n — +oo. Moreover,

/ (|Vﬂ|2 + V1a2) = 4mq,
Q
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and so we see from (4.7) that

- e 1 )~
/ (IVa)* +nu?) = / 1 <4 * u2)u2 = 4m;.
Q Q ||

Therefore, @ is a positive least energy solution of

1
—Au+1ru = <|x|4 * uQ>u7 u € Hy(Q).

Similarly, we know that ¥ is a positive least energy solution of

1
—Av+ygv:u2(w*v2>v, ve Hy(Q). O

Appendix A

PROPOSITION A.1. Assume that Q is a smooth bounded domain. Let u €
Hy(Q). If

1
—Au+vu=p| — *xu? |u,
|z[*
where v < 0, u > 0 are constants. Then u € C?(1Q).

ProOOF. By the Hardy-Littlewood—Sobolev inequality, we have

1
(mﬁ*ﬁ>eLM%m.

“@:“<;H*ﬁ>‘“

then a(x) € LN/2(Q). From Lemma B.3 of [31], we have u € L%(Q) for any
q < 0o. Therefore ((1/]x]*) x u?) € L>(R), and so

1 2
—vutpu| —5 xu” |u
Edh
By Theorem 1.16 of [4], we know that u € C2(1Q). O

Denote

<C(1+ [u> 7).

PROPOSITION A.2. Assume that Q) is a smooth bounded domain. Let u,v €
Hg (). If

1 1
—Autvu=p | —*u® |u+ B — x0v*|u, xe€Q,
||* ||*
1 2 1 2
—Av+1ov = g | — *xv° Jo+ B — *xu” Jv, x€Q,
|| Ed
u,v >0 in €, u=v=0 on Q.

Then u,v € C?(Q).

The proof is similar to that of Proposition A.1, and so we omit it.
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PROPOSITION A.3. Let u,v € WH2(RN) 0 L2NP/CN=m)(RN) [f

1
—Au+viu = ( * u|p) |u|P~2u

||

1
+8( —= * |v|P ||ulP"?u, =€ RV,
]

(A1) )
—Av + vov = g ( * |Up> lv[P~ 2w

||~

1
+8( —= * |u? | |v|P~%v, x € RV,
|

and u,v € Wi’cz(RN) A WL2NP/CN=m)(RN) | then

N -2

N
7/ |Vul? + |Vv|2+—/ viu? 4 vpv?
2 RN 2 RN

2N — 1 2N — 1
_ / i (e P ) Juf? + 2 / 28( 2w pur Yo
2p RN |z |# 2p RN | |»

1
- p p
+m(|x|ﬂ el )|v |

PROOF. The idea of the following proof comes from [27], where Moroz and

Van Schaftingen establish the Pohozaev type identity for single Choquard equa-
tion. We take ¢ € C1(R") such that ¢ =1 on B;. Denote

ur(z) = p(\a)a - Vulz),

where A € (0,00) and x € RY. We multiply the first equation in (A.1) by wu,,
which yields

Vu-Vuy+riuuy = /
R

1 1
P p—2 p p—2
Nu1<|x|“*|u| )|u| uuA+ﬁ(|x|M*v| )|u| Uy

We compute for every A > 0,

RN

Vu - Vuy :/ (AVu - Vo(Ax)z - Vu + ¢p(Az)Vu - V(2Vu)) dx
RN RN

:/ AVu - Vo(Az)z - Vudx
RN

[Vul®

- /]RN ((N = 2)p(Ax) + Az - Vo(Ax)) dx.

Thus

N -2
lim VuVuy = —7/ |Vul?.
A0 JpN 2 RN
Note that
Juf?

/RN uuy = — /RN(N(b()\a:) + Az - V(ﬁ()\x))T dx.
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Hence

Next

NG
/]RN /]RN \x e ¢(Az)z - V<|up|p> (z) dx dy
=5/ i (|u<y>P¢<Az>x . v(";') (@)

+ [u@PoOw)y v(“;' ) dvdy

/ / (N¢()\96)+/\x-v¢()\x))|u( )[? dx dy
RN JRN |u ’

/ /RN y\“

(z —y) - (zop(Ar) — y(b()\y))

|z — yl?

1 2N — 1
lim — s |ulP ) |ulPPuuy = 77#/ —— x |u|? ) |ulP.
A=0 Jpn \ |z|# 2p Jpw \z|*

Finally,

(A.2) /R (|x1|” ) |U|p> P2y
- /RN /]RN Ia: - \Mgb(”)z ' V('if) (z) dx dy
- /RN /RN |z — y|u No(Ar) + Az - Vp(Ax)) W(Z)p) dzx dy

- zd(A
/RN x/lRN |x—y|” xy)_ szg( x) |U($)|p dxdy

Define vy (z) = ¢(A\z)x - Vu(z), where X € (0,00) and = € RY. Similarly, we get
that

1 1
/ VU'VU)\+V2UU,\:/ 142 *|v|P | |vP~2vup + B s |ulP | [v]P~2vvs,
RN ey '\ o] [a]

N -2 N
lim Vv -V = 77/ | Vo2, lim vUy = f—/ [v?,
A0 Jpn 2 RN A0 JpN 2 Jry

1 2N — 1
tim [ (ol Yo on = =2 (ol ol
320 Jon \ ol 2 Jan \[o]"

|u(z)|? dx dy.
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1
P p—2
(A?)) ‘/R (| ‘# *|u| )|’U| VU

= [ o) + a- Totu) M dsay
Ry JrY [T =yl D

r p L =) yeNy)
wo [ ] @ S ) ey,

It follows from (A.2) and (A.3) that

1 1
lim —— x|l ) JuPPuuy 4+ | * |ul? ) |v|PT2ouy
=0 Jpn \|z|# || #

2N — 1
=— H / < % |u|p) [v]P.
P Ry \ |Z[#

From the above, we get that

N -2

N
7/ |Vul? + |Vv|2+—/ vu? + vyv?
2 RN 2 RN

IN — 1 AT 1 1
_ L o3 —_ p p P » 0
2p /]RN :U‘l(|x|u*u| >|U| + ﬂ |33|H*|u| |U| +p2 |x|M*|’U| |’U|

PROPOSITION A.4. Assume that Q is a smooth bounded domain and 0 € (.
Let u,v € HY(Q) N LANP/CN=1)(Q). [f

1
—Au+ viu = (W * u|p> |u|P~2u

1
+B( —= * |v|? | |[ulfu, xe€Q,
||+

1
—Av+ Vv = g <|x|ﬂ * |v|p> lv|P~ 2w

1
+B( —= * |ulP ) |p|P?v, z€Q,
||

u=v=0 on 0N,

and u,v € W2(Q) N WL2N/CN=1)(Q)). Then

N -2 1 N
7/ |Vu|2+|Vv|2+f/ (|Vu|2+|Vv|2)(z.n)da+—/V1u2+ugv2
2 Ja 2 Jog 2 Jo

OIN — u LN 1 1
= N 2 p p p P7

where n denotes the unit outward normal to Of).

The proof is similar to that of Proposition A.3, and so we omit it.
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