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ABSTRACT. We obtain the inequality
[ Ivut@)Phuta)) de
Q
< C(n,p) /Q (/1Y@ u@) 1T (ua))]) b)) de,

where Q@ C R™ and n > 2, u: Q@ — R is in certain subset in second order
Sobolev space I/Vli’cl (), V@ is the Hessian matrix of u, Th,c(u) is a cer-
tain transformation of the continuous function h(-). Such inequality is the
generalization of a similar inequality holding in one dimension, obtained
earlier by second author and Peszek.

1. Introduction

The purpose of this paper is to obtain the n-dimensional variant of the fol-

lowing inequality:
P
) [ W) de <, [ (Vid@Tu@)]) du) .
(a,b) (a,b)
where (a,b) is an interval, u € W} ((a,b)) and obeys some additional assump-
tions, A(-) the a given continuous function, 7, (-) is a certain transform of h(-).
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50 T. CHOCZEWSKI — A. KALAMAJSKA

When for example h(t) = t*, o > —1, then T,(A) = A/(a + 1), so it is propor-
tional to A, see Remark 2.4, where we deal with 7; (). The constant C), does
not depend on u.

The above inequality was obtained by the second author and Peszek in [9].
It implies the inequality:

(/Rf/l’h(f) dx)z/p <(p-— 1)(/]R|771(f)|qh(f) d$>1/q(/RIf’/lrh(f)dx>1/T7

where ¢ > p/2, 2/p = 1/q+ 1/r. After the substitution of h = 1 we obtain the
classical Gagliardo-Nirenberg inequality ([7], [14]):

2/p 1/q 1/r
lpd C qd //'r‘d
(/lel x) s(/Rm x) (/R|f|x) ,

where in our case one has to assume that ¢ > p/2. However, inequality (1.1)
within ¢ > p/2 is more general.

Inequalities of the type (1.1), were generalized later to various settings in [3],
[8], [10]. They were applied to results about regularity and asymptotic behavior
in nonlinear eigenvalue problems for singular PDE’s like for example the Emden—
Fowler equation [8], [9]:

u’(z) = g(x)u(z)®, a€R, g(z) € L"((a,b)),

which appears for example in electricity theory, fluid dynamics or mathematical
biology. The pattern equation, with g(t) = t'/2, a = 3/2, appears in the model
found independently in 1927 by Thomas and Fermi to determine the electrical
potential in an isolated neutral atom ([6], [17]). Inequalities like (1.1) were also
applied to the study of regularity of solutions of the Cucker—Smale equation with
singular weight, [16]. In a more theoretical approach, they were used to obtain
certain generalization of isoperimetric inequalities and capacitary estimates due
to Mazya [10] in the Orlicz setting.

All results obtained in the papers [8]-[10] were dealing only with the case of
inequalities for one-variable function and p > 2. In the most recent paper [3],
the authors obtained a generalization of the one-dimensional inequality (1.1) to
the case 1 < p < 2. Unexpectedly, it appears that the new inequality instead of
the operator Ty, (u(x)) involves a certain nonlocal operator, i.e. a one which uses
all values of w in the interval (a,b), not just at x.

In this paper we obtain multiplicative inequalities in the form:

(1.2) /Q|Vu(x)|ph(u(:c)) dx

<) | (VIVOu@ITcue)]) hula) da,
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where C(n,p) = (p— 1+ +vn — 1)?/2, Q CR™ is bounded and n > 2, u: Q — R
belongs to a certain subset in the Sobolev space Wf)cl(Q), V@) is the Hessian
matrix of u and 7,.c(u) is a given transformation of the continuous function
h(-) (see Definition 2.3), under some additional assumptions (see Theorems 3.1
and 3.2).

Let us indicate three earlier sources, where the variants of such inequality
could be found. The inspiration for the authors of [9] for inequality (1.1) comes
from the estimates due to Mazja [13, Section 8.2.1]:

IR p—1 N2 [
~/suppf/ (f1/2> dz < (|1p/2|> /R|f | dz,

where supp f’ is the support of f’, which are a special case of (1.1) when one con-
siders h(s) = s~?/2. They were applied in [13] to the second order izoperimetric
inequalities and capacitary estimates in second order Sobolev classes.

Opial obtained inequalities:

b b 2/p
/ |yy’|dw§f<( / |y"|pdx) ,
a a

known as second order Opial inequalities, holding on a compact interval [a, b],
where

y € BCy = {y € W*P((a,b)) : y(a) = y(b) = 3/ (b) = 0},
see, e.g. [15] and [1], [2] for further related issues.

In another source [11], the authors obtained the inequality:

n

[ atvaas<c [ 6ulv@upas.
R R

dealing with a convex function G.

Let us mention that the passage from inequality (1.1) to inequality (1.2) is
not so direct and it requires quite delicate arguments. For example now we apply
integrals over the boundaries of Lipshitz domains and the coarea formulae.

We expect that the new derived inequalities can be applied in the regularity
theory for the nonlinear eigenvalue problems in singular elliptic PDE’s in the
similar way as it was done for functions of one variable.

2. Preliminaries and notation

2.1. Basic notation. In the sequel we assume that 2 C R™, n € N, is an
open domain. We use the standard definition of strongly Lipschitz domain, i.e.
of the domain of class C%!, see, e.g. [13, Section 1.1.9]. We use the standard
notation: C§°(£2) to denote smooth functions with compact support, WP (§2)
and WP (Q) to denote the global and local Sobolev functions defined on ,

loc

respectively, while C5°(Q, RF), W™P(Q, R¥F) and WP (Q, R¥) will denote their

loc
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vectorial counterparts. By o we denote the (n — 1)-dimensional Hausdor{f mea-
sure. For p > 1 we set

AP EE A #£0,
(2.1) o, = 4 M A7 ®,: R" - R",
0 it A =0,

and we write p’ := p/(p — 1). When u € W2 (Q,R™), by Du we denote the

. loc
matrix of its differential (M> . When u € W2H(Q), by
ie{l,...,n},je{l,....m}

8£j
82u(m))

92i0%;5 ) ; ie(1,...n}

If A is a vector or matrix, by |A| we denote its Euclidean norm. The same

V®@u(z) we denote the Hessian of u, i.e. the matrix (

notation is used to denote Lebesgue’s measure of the measurable subset in R™.

2.2. Properties of absolutely continuous functions. We will need the
following variant of Nikodym ACL Characterization Theorem, which can be
found, e.g. in [13, Section 1.1.3].

THEOREM 2.1 (Nikodym ACL Characterization Theorem).
(a) Letu e WEN(R™). Then, for everyi e {1,...,n} and for almost every

loc

a € R"71 x {0} x R"¢, the function
(2.2) R >t ula+te;)

is locally absolutely continuous on R. In particular, for almost every
point © € R™, the distributional derivative D;u(zx) is the same as the
usual derivative at x.

(b) Assume that u € L () and for every i € {1,...,n} and for almost
every a € R" =1 x {0} x R? the function in (2.2) is locally absolutely
continuous on R and all the derivatives D;u computed almost everywhere
are locally integrable on R™. Then u belongs to WI})’S(R"),

(c) Let 1 < p < oo, uc€ VVlic1 (R™) and Q@ C R™ be an open subset. Then u
belongs to WHP(Q) if and only if u € LP(2) and every derivative D;u,

computed almost everywhere, belongs to the space LP(Q).

The following lemma can be easily proven by using the very definition of
absolutely continuous functions.

LEMMA 2.2.

(a) If f: [-R,R] — R is absolutely continuous with values in the interval
[a, B] and L: [a, 8] = R is a Lipschitz function, then the function

(Lo f)(z) := L(f(x))

is absolutely continuous on [—R, R)].
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(b) If L: [-R,R] — R is a Lipschitz function with values in the interval
[, B] and f: [a, B] = R is absolutely continuous, then the function

(f o L)(z) == f(L(x))
is absolutely continuous on [—R, R].

2.3. Transformations of the nonlinear weight. We will use the follow-
ing definition, which is the special variant of definition introduced in [9].

DEFINITION 2.3 (Transforms of the nonlinear weight h). Let 0 < B < oo,
h: (0,B) — (0,00) be a continuous function which is integrable on (0, \) for
every A < B, C € R, and let H¢: [0, B) — R be the locally absolutely continuous
primitive of h extended to 0, given by

A
He (M) ::/O h(s)ds—C, Xe€|0,B).

We define the transform of h, T ¢: (0, B) — (0,00) by

_ He()
h(A)
In the case when C' = 0 we omit it from the notation, i.e., we write Hy =: H,

Th,0 =t Tn,. Note that h and 7 ¢ might not be defined at 0 or B in case B < oo.

Th,c(A) A€ (0,B).

REMARK 2.4. Simple examples of the admitted weights h(-) and their trans-
formations can be found among power weights. Namely, when we choose h(\) =
N where 6 > —1, then clearly T;,0(A\) = (1 + 6)~!\, so it is proportional to the
identity function. Similarly, 75 .c(A) can be estimated by the proportional to the
identity function when for example we consider C' = 0 and we can deduce that
(%): Th(N) = H(A)/h(N\) < AN, with some general constant A. This is always
the case when H is convex, so when h is nondecreasing. Then (%) holds with
A = 1. The case of power function shows that even when h(-) is decreasing, the
estimate (%) can still hold true.

3. Presentation of main results
Our goal is to prove the following multidimensional variant of inequality (1.1).

THEOREM 3.1. Let n > 2, Q C R"™ be a bounded domain, 2 < p < o0,
0< B<o0, h:(0,B)— (0,00) and Hc, Th,c be as in Definition 2.3. Moreover,
let the following assumptions be satisfied:

(u) ue W12’p/2(ﬂ) NC(Q) and 0 <u < B in

oc
(0,Q) there exists a sequence {Qtren of bounded subdomains of Q of class

C%t such that Q, C Q, Y% = Q and
k

Jm ®,(Vu(z)) - n(x)He (u(x)) do(x) € [—o0, 0],
o0Qy
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where n(x) denotes the unit outer normal vector to 0, defined for o
almost all © € 0.

Then we have

(3.1) /Q V(@) Ph(u(z)) do

<) [ (VIVEu@ITcuw)]) huta) da.

where C(n,p) = (p— 1+ /n — 1)P/2.

Our next statement is a special variant of Theorem 3.1, when we assume that
Q is of class C%! and we use some additional assumptions on wu.

THEOREM 3.2. Letn > 2, Q0 C R” be a bounded Lipschitz domain, 2 <
p < o0, 0 < B < oo, h: (0,B) = (0,00), Ho, Th,c be as in Definition 2.3,
u€ W2P2(Q)NC(Q), 0 <u < B inQ and

(3.2) /a ®,(Vu(a)) - n(a) He(u(a) doz) € [-,0],

where n(xz) denotes the unit outer normal vector to 092, defined for o almost all
x € 0. Then

[ Ivu@ k@) do < ) [ (9Ou@IT ctua@)]) huta)) de,

where C(n,p) = (p — 1 +v/n — 1)P/2.

REMARK 3.3. The typical situation when condition (3.2) is satisfied is when
He(0) > 0 and we deal with the Dirichlet condition: u = 0 on 9f2. In this case
Vu is perpendicular to 02, which is the level set of u and, as u is nonnegative

inside Q, we have 0,,;yu(z) = Vu(z) -n(x) <0 for o almost every x € dQ. This
implies that also ®,(Vu(z)) - n(z) < 0 for o almost every x € 92, and because
He(u(z)) = He(0) > 0 for o almost every x € 99, condition (3.2) is satisfied.

The interval (0,B) in the assumptions of Theorems 3.1 and 3.2 can be
changed to any interval (A, B) where —co < A < B < co. Our most general
result reads as follows.

THEOREM 3.4. Let n > 2, Q C R"™ be a bounded domain, 2 < p < oo,
—00 < A< B< o0, h: (A, B) — (0,00) is continuous and integrable near A,
CeR,

A

HC,A()\) ::/A h(T) dT—C,

A+A
Th,c,a(N) == h()\:—A)(/A h(r)dr — C’>, forxe (0,B— A),
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u € W2P2(Q)NC(Q), A < u < B in Q. Assume further that one of the following
conditions holds:

(a) there exists a sequence {Q}ren of bounded subdomains of Q of class
CO%! such that Q, C Q, U = Q and
k

klgl(r)lo - @, (Vu(z)) - n(x)He a(u(z)) do(x) € [—00,0],

where n(x) denotes the unit outer normal vector to 0y, defined for o
almost all x € OQ;
(b) @ C R™ is Lipschitz and

| ®(Futa)) n(a)Heaulz) dofe) € [-oc,0]

o0
where n(x) denotes the unit outer normal vector to 02, defined for o
almost all x € 0N2.

Then

[ Ivu@phuta)) de < Cnp) | (VIVOu@) T atu@)]) bute) de

where C(n,p) = (p— 1+ +/n — 1)P/2.

PROOF. The proof follows directly from Theorems 3.1 and 3.2. Let us substi-
tute ug :=u—A: Q — (0, B— A) instead of u and h4(\) := h(A+ A) instead of
h(-) in Theorems 3.1 and 3.2. Then ha(ua) = h(u) and Tj,, c(ua) = Th,c,a(u).
In case of condition (a) we apply Theorem 3.1, while in case of condition (b), we

apply Theorem 3.2. Verification of their assumptions is left to the reader. O

REMARK 3.5. The last statement allows to consider also the situation when
the function h( - ) is not integrable near zero. In that case its primitive: [} h(7) dr,
where A > 0, is well defined and absolutely continuous on segments with left
endpoints A.

Our remaining sections are devoted to the proof of Theorems 3.1 and 3.2 and
discussion.

4. Auxiliary facts dealing with multiplications and compositions
of Sobolev functions

The following two lemmas will be helpful for the proof of Theorem 3.1.
LEMMA 4.1 (Multiplicative property of Sobolev vector field). Let  C R"
be a bounded domain of class CO', 1 < p < oo, wy € WH(Q,R") N LY (Q,R™)

and wy € WHP(Q) N L>®(Q). Then the vectorfield v := wywo satisfies: v €
WLL(Q,R™) and

(4.1) /Q div v(z) dz — / o(z) - n(x) do(),

oN
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where n(x) is the outer normal vector which is defined for o almost all x € OX).

PROOF. At first we note that v € L1 (€2, R™). We verify that v is absolutely
continuous along o almost all lines parallel to the axes and that the derivatives
of the k-th coordinate of v computed almost everywhere read as

0 0 0
oo (1) = 5 (@wa(@) + wne

axf (z) € L'().
This together with Theorem 2.1 gives v € W11(Q,R"). Trace theory (see, e.g.
Theorem 6.4.1 in [12]) implies that when w € W1(Q) and Q is of class C%1,
then the restriction of w to J€) defined in the sense of trace operator belongs
to L1(99,do). Moreover, formulae (4.1) are a simple consequence of density of
CH(Q,R") in Wh1(Q,R"), the trace theorem and differentiation by parts. This
finishes the proof of the statement. O

LEMMA 4.2 (Compositions with Sobolev mappings). Let n > 2, Q C R"
be a bounded domain of class C*t, p > 2, u € W*P/2(Q) N L=(Q). Then
P, (Vu) € WHHQ,R™) where ®,(-) is given by (2.1).

ProOOF. We verify that for p > 2 the function ®,(A) is locally Lipschitz.
According to Lemma 2.2 this implies that (®,(Vu));, where v; denotes the I-
th coordinate of vector v, is locally absolutely continuous for almost all lines
parallel to the axes. Applying Theorem 2.1, we only have to check that partial
derivatives of (®,(Vu));, computed almost everywhere, are integrable on Q. We
have for v = Vu and almost every x such that v(x) # 0

0 3 v Ov _o 0y
— — (p— p=3_~ 7 p—=2 77
5 (@) = (0= = S ol 2 2
Consequently
9 2
(4.2) 87((1),,(1})) < (p—1|v|P~|Vv| almost everywhere.
k

In case p > 2 we note that v € LP(Q) by the classical Gagaliardo—Nirenberg
inequality (see [7] and [14]):

1/2
(4.3) IVull, < Cllull 2V @ull )3+ [[ufoo-

As p/(p—2) = (p/2)', we get |v[P~2 € L®/?(Q). We deduce from (4.2) that,
for all p > 2, we have

0
Tm(¢p(v))

This finishes the proof of the lemma. O

c L'(Q).
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5. Proof of Theorem 3.1

We start with the following lemma, which is the key tool for our further

considerations.

LEMMA 5.1 (Precise estimate involving boundary condition). Let n > 2 and
Q C R, be the bounded domain of class C%', 2 < p < 00, 0 < B < o0, B,
h, Ho, Th.c be as in Definition 2.3, u € W2P/2(Q) and there exist a compact
interval [a,b] C (0, B) such that u(zx) € [a,b] for almost every x € Q. Then we
have

(T(@)*/r = </Q Vu(x)|ph(u(:v))dx) N

<=1+ v D [ (VIVOul Totua]) nuto) ar) "
U@ [ @,(Fu(w) ) Holul)) doo).

o
Moreover, the quantities I(Q) and [, ®,(Vu(z))-n(x)He(u(x)) do(z) are finite.

Before we prove the lemma we recall the following simple fact.

Facr 5.2 ([11]). For an arbitrary n X n matriz A and for an arbitrary unit
vector v € R™, we have

| —v'Av +tr A] < v/n —1|A|.
We are now ready to prove Lemma 5.1.
Proor or LEMMA 5.1. We consider
wi(z) = @p(Vu(z)),  wa(r) = Ho(u()).

Lemma 4.2 shows that w; € WH1(Q,R"). We deduce that the pair (w1, ws)
obeys requirements in Lemma 4.1. Indeed, by (4.3) and the fact that u €
W2P/2(Q) N L>®(Q), we get u € WHP(Q). Hence |w;| < |[Vu[P~ € LP/P=1(Q),
so that w; € WH(Q,R™) N LP (2, R™). To verify the properties of wy we use
Theorem 2.1 and Lemma 2.2. It allows us to deduce that wy € W1P(Q) if we
show that the derivatives of wy computed almost everywhere belong to LP((2).
For this we observe that V(H¢(u(z))) = h(u(z))Vu(z). By our assumptions
h(u) is bounded, while |Vu| € LP(2). As H¢(u) is bounded as well, therefore
indeed we € W1P(Q) N L>®(Q2). Consequently v := wywy € WH1(Q,R") and

(5.1) /Qdiv(CDP(Vu(x))Hc(u(x))) dx

:/ ®,(Vu(z)) - n(z)He (u(z)) do(z) < oo.
o0
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At the same time
(5.2) LY(Q) 2 div(®,(Vu(z))He(u(z))) = Apu - He(u) + [VulPh(u),

where Apu = div(®,(Vu)) is the p-Laplacian of u. Let us verify that Ayu €
L'(Q). Direct computation gives:

Apu = (p = 2)|VulP~ 20t [VPulv + |VuP~2Au
= [VulP*{(p— 10! [V ujo + (=o' [VPu]v + Au)},

almost everywhere, where v = Vu/|Vu| if Vu # 0 and v = 0 otherwise, v' is the
transposition of v. Using Fact 5.2 with A = V®u, we get:

(5.3) 1Au] < (p— 14 Vn—1)|VulP2|[V@y|.

As |[VulP=2 e L#/2(Q), [V®u| € LP/2(Q), it follows that r.h.s. in (5.3) is
integrable in Q, as well as A,u - Ho(u). Therefore also |Vu[Ph(u) is integrable
by (5.2). Using (5.1)—(5.3) and noting that Hc = 7j, ¢ - h we obtain

(5.4) I(Q) = | |VulPh(u)dx

= A div(®,(Vu(z))He (u(z))) do — A Apu(z)He (u(x)) de

< [ a(Fule))  nlo)He(ule) do)
o0
+/Q|Apu(ff)||771,cu(x)|h(u($))dx
Lo-1+VamD) [ [Tup Ol o) ) ds
+ /m ®,(Vu()) - n(z) Ho (u(z)) do(z) = A+ B.

Applying the Holder inequality we get

A<(p-1+ \/ﬁ)(/ﬂ |Vu|Ph(u) dg;)lz/p

| (/ (Vive: |Th,c<u>|)ph<u> as)”"

=(p—1+Vn—1IQ) 27

. (/Q <\/|V(2)u| [T (@)]) b da;>2/p.

Now it suffices to divide inequality (5.4) by I(Q)'=2/P, but for this we must
be sure that I(2) is finite. This is clear because we have already realized that
u € WHP(Q) and hlj, ) is bounded. O
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REMARK 5.3. In the proof of Lemma 5.1 we have used the fact that wq(x) =
He(u(x)) belongs to WHP(Q). Note that Vws = h(u)Vu almost everywhere and
we have no information if h(u) is bounded if we only know that 0 < u < B almost
everywhere. Therefore we had to assume that u(z) € [a,b] almost everywhere.
If we additionally know that h is bounded near zero, the assumption 0 < a <
u(z) < b < oo almost everywhere can be relaxed to 0 < u(z) < b < oo almost

everywhere.
Now we prove our main statement.

PROOF OF THEOREM 3.1. We may assume that the right hand side in (3.1)
is finite and the left hand side in (3.1) is nonzero, as otherwise the inequality
holds trivially. We apply Lemma 5.1 to sequence of a subdomains € as in the
property (u, Q). For this, we note that u restricted to {2 obeys assumptions of
Lemma 5.1 and we have:

Q)P < (p— 1+ V= (D) + 1) B,
where
(V)= /V \VulPh(u) dz,
BV) = [ @,(Vula)) n(a) Ho(u(w) do(a),
D)= | (9@l [T cwl) ) da.

As klim B(Qy) € (—0,0], having any s > 0, we can assume that
— 00

(I(Q))*? < (p— 1+ vVn—1)(D(Q)YP + (I())*/P s

This implies that () cannot converge to infinity as k — oo, so that I(Qx) —
1(Q2) € (0,00). Therefore

IQ)P2 < (p—1+vVn—1)D(Q)P/? + 1(Q)¥P~1s,
which finishes the proof of the statement as we let s converge to zero. (]

Following our arguments more carefully, one obtains a more precise state-
ment, which deserves a special attention.

THEOREM 5.4. Let the assumptions of Theorem 3.1 be satisfied. Then we
have
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([ vttt dz) "

< -2 [ (i@l Taclulo]) hate) de
2/p

+ ([ (V3@ Tctu@]) e as)

where Asou is the infinity Laplacian:

2/p

Vu(z) .
UtV(Q)uv, where v = ————=— if Vu # 0,
Au(x) := [Vu(z)] / 7
0 if Vu = 0.

In particular, when p = 2 we have
[ IVu@Phu@) ds < | |Au@)(T.o(u()h(u(@) d.
Q Q

PRrROOF. We only have to modify the statement of Lemma 5.1, which reads
as follows:

(T(@)?*/7 = (/Q |Vu(a:)|ph(u(x))d$> 2

<02 [ (IarTctue) huenaz)

i (/Q (\/m“(xﬂE,c(u(x))|)ph(u(x))dx) 2/p

+ (I(Q))Q/”_l/ @, (Vu(z)) - n(x)He (u(z)) do(z).

o0

To obtain it, instead of inequality (5.3) we use:
[Apul < (p = 2)|Vul" | Asoul + |Aul

and substitute it to (5.4). From there the resulting inequality easily follows. O

6. Proof of Theorem 3.2

In this section we prove that if  is Lipschitz, we can find a sequence of

Lipschitz boundary subdomains €, C €2 such that Q; C € and
k—o0
/ ,(Vu(@))n(x)He(u(z)) do(z) === | @,(Vu(z))-n(x)He (u(z)) do ().
O a0

Our main argument is based on the following lemma. Although it seems to be
obvious to the specialists, its proof requires several delicate arguments. Therefore
we present the proof in detail.
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LEMMA 6.1. Assume that Q C R™ is bounded a domain of class C%', w €
WLHQ,R"), T € C(Q). Then there exists a sequence of domains Qi C Q such
that Q, C Q, Qi € CO! and

/ w(zx) - n(x)T(x) do(x) b w(z) - n(x)T(x) do(x).
0y, o0

PRroOOF. The proof follows by steps.
Step 1. Let us fix t > 0, zp € R™ and define the dilation mapping A, ;: R* —
R™ as

Axo,t(m) = t(iL’ - xO) + Zo.
We observe that:

(1) Agzyt0Az,1/¢ = 1d (and so Ay 1710 Asy ¢ = 1d), i.e. the mapping A, 1/
is inverse to Ay 1/

(2) When V is any bounded domain which is starshaped with respect to
z9 € V (i.e. for any x € V the segment [z, x| is contained in V', see,
e.g. [13, Section 1.1.8]), we have

Az t(V) CV when t <1 and V C Ay, (V) when ¢ > 1.
Indeed, property (1) and the fact that
(6.1) Az t(V) CV when ¢t < 1

follow by simple verification, while the property V' C Ay, +(V), when t > 1,
follows from (6.1) applied to Az, (V) instead of V' as we have:

(6.1)
C Axo,t(v)~

V = Ay 1/t 0 Aug i (V) = Az 1/t (Ao 1 (V)

Step 2. We use the fact that every domain of class C%! is a finite sum
of starshaped domains (see Section 1.1.9 in [13]) and propose formulae for the
approximating family of functions.

Let Q1,...,9Q,, € Q be domains starshaped with respect to balls B; =

m

B(z;,r;) such that @ = |J ©; and let us choose the appropriate smooth reso-
i=1

lution of the unity {¢y}r=1,..m subordinated to {€;}. In particular we can

assume that ¢;’s are smooth and compactly supported in R™, moreover ¢;|q = 0
outside ©;, 0 < ¢; <1 and > ¢; = 1. Then we define
i

m
Q= s, where 0 <t <1, Qpp = Aq, o).
k=1
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For simplicity let us denote A, + by A;;. Clearly, Q; € C%! and Q; C €, and

we have

(6.2) I:= /89 w(z) - n(x)T (x) do(x)
2>
L= /a @) (T () do(r) = / 6:(2)U(x) do(z),

00N,
U(z) :=w(z) -n(z) - T(xr) defined on 9, where t € (0,1].

oi(x)w(zx) - n(x)T(x) do(x) =: Z I .,

By the very definition of €, any given x € 9; N §2; up to o measure zero
comes from: (1) A;(y) for some y € 9Q;, (2) A;+(y) for some y € 0}, where
j # 4. More precisely, we have 0, N Q; =T; UR; + US;+, where

Tyt =A;+(K?) where K = 09, \ Q C 99,
Riy =A;(09; N Q) NI,

Sie = A4 (09 \ 09) N QN 0Q; =: | Si ;e
J#i J#i
In the following steps we will successively analyze the integrals [ ¢ ®:¥do, where
K e{T;1,Rit,Sit}

Step 3. We show that
/ (bZ\I’dO'*) / d)i\I/dO' ast — 1.
T KO
Using the change of variables formula, we obtain
03 [ ovar= [ swdo= [ (6 0)(Aus(e) A (o)),
Tit At (KD) K?

where A7 ,(do)(C) := U(AZtl (C)) = t=(»=Dg(C) is the pullback of the (n — 1)-
dimensional Hausdorff measure under the dilation A;:. Moreover, we have
pioAis =2 ¢; and ToA;; =T ast— 1, uniformly on Q,
U(Air(2) = w(Ait(2) - na, )T (Air(2)).
Applying the telescoping argument it suffices to show that

t—1

. ¢i(z)w(A;4(x)) - nAi,,,(z)T(CU) do(x) —= . ¢i(2)w(z) - n,T(z)do(x),
where ny4, , () is the outer normal to 92 at A; ¢(x). We have

£ =| [ @i ) na o) = 0(e) 0T doa)

< Tles /8 (A () - 1A, o2y — () - 1] dor(z).

i
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Let us consider vectors n,, the outer normal to 9; at z, and ny, , (), the outer
normal to 0€; at A; (z). The second one is the same as the outer normal to
A;1(09;) at A; ¢(x). It is important to note that vectors n, and na, ,(,) are the
same. Indeed, when the vector w belongs to the tangent space to 9€2; at x, then
the vector (DA;)w = (t-Id)w = tw belongs to the tangent space at A; ;(z)
to A;+(09;), because DA, = tId is the differential of the dilation A;,. This
shows that tangent spaces T,0Q; and T4, , (z)(Ai,t(92)) = Ta, ,(2)(08) are the
same for o almost every € K?. As the dilation mapping A;; is conformal,
it does not change the angles between vectors. Therefore normal spaces to the
respective tangent spaces are the same. This together with an easy geometric
observation shows that n, = ny, ,(»). We obtain

L0 <ITls [ 0l - w(e)] doto)
s [ [ 1P )0 = o)l dr o

1
<d; / / \Dw(A; - ()] do dr
t o€,

as in (6.3)

1
= di/ T"—l/ |Dw(z)| do dr
t Ai,ﬂ'(agi)

1
Sdi/ / |Dw(x)|do dr
t Az,f(aﬂz)

t—1

<d;C |Dw(y)| dy —— 0,
QA\Qi s

where d; = ||T|| , g diam(2;. In the last line we have used the Coarea formulae
(see [5, Theorem 3.2.12]), which can be applied as far as we prove that A; - (99;)
are level sets of the scalar Lipschitz map ITo: Q\ €; — R constructed below. In
the above notation C' stands for the Lipschitz constant of 1.

It remains to explain that A; ;(0€;) are level sets of some Lipschitz map.
For simplicity we can assume that x; = 0, ¢ = 1, so that Q; = Q is star-
shaped with respect to some ball centered at the origin. We define the mapping
R: 0Q x [t, 1] — Q\ Q; by the formulae R(y,7) = 7y, 7 € [t,1]. An easy compu-
tation shows that R is Lipschitz. We will recognize that R~ = (II;, Il5) where
I : Q\Q — 99, Iy: 2\ Q — [t,1], are Lipschitz. According to the lemma
in Section 1.1.8 in [13], when r = r(w) is the equation of 9 in the spherical
coordinates, then the function r(-) is Lipschitz. This implies that the mapping
;: Q\ Q — 99, given by the formula Iy (y) := 7(y/||y||), is also Lipschitz,
because y — 1/||y|| is positive for y € O\ €, and so the internal map y — y/||y||



64 T. CHOCZEWSKI — A. KALAMAJSKA

is Lipschitz as well. We construct our final mapping

Iyl 5
1) = iy 2

and note that IIy(-) is Lipschitz as well. Moreover, we have Il5(y) = 7 if and

only if y € A, (09). This closes our argument in the proof of Step 3.
Step 4. We show that

/ oiVdo —0 ast— 1
R;,t

For this, we note that R;; C A;,(0Q; N Q) =: A, ;(K}). The considerations as
in the previous step and with the notation as in (6.2), give

‘/ ¢V do S/ ¢i|‘1’|d0t;1>/ ¢;|¥| do.
Ri. A (KD K}

3
The latter one is zero because ¢;|q is zero outside ;.

Step 5. We show that

/ ¢o;Vdo —0 ast—1,
S,

it

recalling that S; ;¢ == A; (0% \ 09;) N Q; N 0. Let us decompose
Si,j,t = Aj,t(aﬂj \ 891) n Aj,t o Aj,t*1 (Qz N 8Qt)
- AJ’t((({?QJ \ 391) ﬂ Wj,t) = Aj,t(Ki,j,t)v

where
Wj,t = A_j,t—l (Qz N aQt), Ki,j,t = (8Qj \8QZ> n Wj,t'
Proceeding as in the proof of Step 4, we verify that

/ ;U do =t~ (1) / (V) (A t(x)) do
Sijt

Kije

St—("_l){ /K 6)(A50(@) = (6:0) ()] do

o),

and X (t) — 0 as t — 1. We are left with the estimations of the second term.
Observe that

(60 ()] do} — DX () + Y (1)),

@545t

YOI Tlen [ w0 doo),

5\ O
and we know that w € L'(99; \ 89Q;,do). Now the fact that Y (t) = 0 ast — 1
follows from Lebesgue’s Dominated Convergence Theorem after we show that

t—1

(6.4) fi(x) == xw,,(x) —— 0, for every z € 9§2; \ 0€2;.
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Indeed, let € 0Q; \ 09;. If (6.4) were not true, we would find a sequence
tr — 1 such that f;, (x) =1 for every k. Then we would find y; € ©; N0, such
that @ = z; + ¢ ' (yx — ;) = (1 — t; )z, + t; "yx. Consequently
— k—o0
ye = ti(x — (1=t )zy) =S @
This is however impossible. Indeed, by the choice of y; it would imply that
x € Q; NOQ = 9Q; N AN, which contradicts the fact that = ¢ 9€Q;. This proves
(6.4) and completes the arguments of Step 5, closing the whole proof of the
statement. (]

PROOF OF THEOREM 3.2. We apply Lemma 6.1 to w(z) = ®,(x),T(z) =
He(u(z)) and use Lemma 4.2 and the fact that u € C(Q) to show that w €
WLHQ,R") and T € C(Q). O

REMARK 6.2. Note that under the assumptions in Theorem 3.2 we cannot
deduce that Hc(u) belongs to W1P(Q). This is because VHe(u) = h(u)Vu.
It is clear from (4.3) that |Vu| € LP(£2), but h(u) may be unbounded on €.
Recalling Remark 5.3, even with some extra assumptions on the regularity of €2
and u, the proof of Theorem 3.2 cannot be obtained by simplification of the proof
of Theorem 3.1 directly with avoiding the usage of the internal subdomains €.

7. Perspectives for applications

We are now to discuss the possible applications of our result. In the arti-
cle [4] the authors described some simple model of electrostatic micromechanical
systems (MEMS), which is reduced to the following problem:

u=20 on 0f),

Au = 7)\f(x) in €,
(I —w)?

O<u<l1 in €,

where A > 0, f > 0, u € C'(Q) N W2*2(Q), Q is open and bounded. Using
the analogous techniques as that in [9] (Section 7, Applications to nonlinear
eigenvalue problems), we can deduce regularity of solutions, if one only has the
inequality

(7.1) /Q |Vu(z)Ph(u(x)) dx

<) [ (yIau@ITctu@)]) huta) de

The above inequality is stronger than our inequality (1.2), because instead of
the Hesian on the r.h.s. we require now the Laplacian of u. Our next goal is
to derive inequality (7.1), which will follow as a consequence of (1.2), then to
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present applications of the derived inequalities in mathematical models, including
the ones inspired by the model of MEMS.
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