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ON SOME APPLICATIONS OF CONVOLUTION
TO LINEAR DIFFERENTIAL EQUATIONS
WITH LEVITAN ALMOST PERIODIC COEFFICIENTS

ADAM NAWROCKI

ABSTRACT. We investigate some properties of Levitan almost periodic func-
tions with particular emphasis on their behavior under convolution. These
considerations allow us to establish the main result concerning Levitan al-
most periodic solutions to linear differential equations of the first order.
In particular, we state a condition, which guarantees that a special linear
equation possesses a Levitan almost periodic solution. We also compare
the class of Levitan almost periodic functions and the class of almost peri-
odic functions with respect to the Lebesgue measure, and simultaneously,
give an answer to the open question posed by Basit and Giinzler in the
paper [2].

1. Introduction

In the years 1924-1926, Bohr introduced the class of uniformly almost peri-
odic functions (see [4]-[6]). The basic notion of almost periodicity was extended
in many directions. This led to creation of many classes of almost periodic
functions. Among many classes of almost periodic functions an important role
play the classes of Stepanov, Weyl and Besicovitch almost periodic functions
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(see e.g. [1], [3], [17], [25]). Another generalization of almost periodicity was in-
troduced by Bochner who defined the concept of almost automorphic functions
(see e.g. [13], [15], [16]). In this paper we are going to investigate Levitan almost
periodic functions (briefly: LAP functions) and almost periodic functions in view
of the Lebesgue measure (briefly: u-a.p. functions).

The class of almost periodic functions in view of the Lebesgue measure was
introduced by Stepanov in 1926. He called it the class of almost periodic func-
tions of the first type ([23]). The space of these functions is more general than
the space of uniformly almost periodic functions. Let us notice that in the
case of p-a.p. functions we consider functions measurable in the Lebesgue sense.
Thus, in general, a p-a.p. function does not have to be continuous or even lo-
cally integrable in the Lebesgue sense and this fact leads to many problems. In
the paper [10], we obtained many results concerning behavior of such functions
under convolution.

With every uniformly almost periodic function one can associate a Fourier
series of the form

+oo

I T
E Apetn?
n=1

for some countable set {A,: n € N} C R. One of fundamental theorems of
the theory of uniformly almost periodic functions states that if two uniformly
almost periodic functions have the same Fourier series, then they are identical.
In 1937, Levitan extended this uniqueness theorem to a larger class of functions
and thereby introduced the class of N-almost periodic functions which now we
use to call Levitan almost periodic functions (see e.g. [17], [18], [25]). Let us
emphasize that in the extended version of the Fourier series uniqueness theorem,
Levitan considered LAP functions satisfying the additional condition

1 7
(1.1) limsup — |f(t)] dt < +oo.
T—4o0 2T -T

This condition is natural when we would like to consider a Fourier series of
an LAP function. Nevertheless, LAP functions do not have to be bounded or
even do not have to satisfy condition (1.1), although they are continuous (see
Example 2.19). Therefore investigation of this class is quite difficult.

The main goal of this paper is to investigate convolution operators generated
by L' functions in the space of Levitan almost periodic functions. Moreover,
we state a certain lemma which explicitly allows to construct many nontrivial
examples of LAP functions. This lemma reveals some nature of the phenome-
non of N-almost periodicity because examples constructed with the help of this
lemma are “purely” LAP functions, that is, in general these functions are not
almost periodic in the sense of Stepanov, Weyl, Besicovich as well as in view
of the Lebesgue measure (see Example 2.19). We also compare the classes of
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LAP functions and p-a.p. functions with the strong restrictions on both classes.
Simultaneously, we give an answer to the open question posed by Basit and
Giinzler in the paper [2], who wanted to find an explicit example of a uniformly
continuous and bounded LAP function, which is not uniformly almost periodic.

Almost periodic functions have applications in many fields. Almost periodic
patterns, which correspond to almost periodic measures, describe the structure
of quasicrystals (see e.g. [22] for more details). In the biological sciences there is
considered the so-called leaky integrate-and-fire model (see e.g. [21]). This model
describes, roughly speaking, the process of transferring information by neurons.
It is also worth to mention, that the restriction of every elliptic function to the
real axis is an almost periodic function in view of the Lebesgue measure.

In the theory of differential equations there are many theorems on the exis-
tence and uniqueness of almost periodic as well as almost automorphic solutions
to some type of differential equations (see e.g. [9], [8], [11]-[20]). Let us consider
the linear differential equation

(1.2) y = Alz)y + f(z), forzeR,

where A(z) is a matrix and f is a vector-valued function. In the theory of al-
most periodic functions the classical result for equation (1.2) is Favard’s theorem
(see [14]). According to this theorem, the linear differential equation (1.2) with
Bohr almost periodic coefficients admits at least one Bohr almost periodic so-
lution if it has a bounded solution, and each nontrivial bounded solution ¥ to
every limiting equation
y' = B(z)y, where B(z) = lim Az + z,),
n=s+oo

for some sequence {z,} such that x,, € R for n € N, is separated from zero, that
is ;relﬂfg |(z)] > 0. Favard’s theorem was extended to linear equations with almost

automorphic coefficients as well as with Levitan almost periodic coefficients (see
e.g. [17]-[20]).

In the paper [11], the authors considered equation (1.2) with Levitan almost
periodic coefficients f: R — E, A: R — B(R), where E is a Banach space and
B(FE) is the space of bounded linear operators. They proved that, if equation
(1.2) has at least one bounded solution, and all nontrivial bounded solutions 1
of the homogeneous equation

y' = Ay

are homoclinic, that is | ‘lim [(z)] = 0, then equation (1.2) has a unique
x| —+oo
Levitan almost periodic solution, which is bounded. In general, this solution is

not given explicitly.
In this article we consider a special case of equation (1.2), namely

(1.3) v =Xy+ f(z), ReX#0,
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where f is a complex-valued Levitan almost periodic function. In this case, by
the above result we know that if (1.3) has a bounded solution, then it possesses
a unique bounded Levitan almost periodic solution. The solution to (1.3) usually
can be expressed by means of convolution. Therefore we are going to investigate
the behavior of Levitan almost periodic functions under convolution.

Let us recall that the convolution operator on the space of almost periodic
functions was investigated for example in the paper [7]. We prove that in the
case of real-valued bounded below (or bounded above) Levitan almost periodic
non-homogeneous term, equation (1.3), with A € R, A < 0, has a Levitan almost
periodic solution if and only if this equation possesses a bounded solution, and
we give some equivalent condition for the existence of a bounded solution to
equation (1.3) (Theorems 5.11 and 5.12). Moreover, we give a sufficient condi-
tion, under which equation (1.3) has a bounded Levitan almost periodic solution
(Theorem 4.4). This condition allows to consider real-valued functions which are
neither bounded above nor bounded below (Example 4.7). Furthermore, we show
that sometimes equation (1.3) possesses an unbounded LAP solution which can
be expressed by means of convolution. We give also an example showing that the
convolution is not always a good tool to look for LAP solutions to equation (1.3)
(Example 5.9). Let us also add that a more general equation than equation (1.3)
in context of almost automorphic solutions was investigated for example in the

paper [8].
2. Preliminaries

By u will be denote the Lebesgue measure on R and by L°(R) the family
of all equivalence classes of complex-valued Lebesgue measurable functions. For
a function f: R — C, by f,, where 7 € R, we will denote the function f.: R — C,
defined by the formula

fr(x) = f(x+7) forzeR.
For a € R, we define |a] := z, where z € Z is such that z < a < z+ 1. Forn > 0
and f,g € L°(R) we define
D(n: f, g)=supp({w € [u,u+ 1]+ |f(z) = gl@)| = n}).
u

In the theory of almost periodic functions an important role plays the notion of
a relatively dense set.

DEFINITION 2.1 (Bohr). A nonempty set £ C R is called relatively dense
if there exists a positive number w such that in each open interval (a,a + w),
a € R, there exists at least one element of the set F.

Now we recall the definition of a uniformly almost periodic function (or
a Bohr almost periodic function).
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DEFINITION 2.2 (Bohr). A continuous function f: R — C is said to be
uniformly almost periodic if for every € > 0 the set

E{e;f}::{r eR: sup|f(z+7)— flx)] < 5}

z€R

is relatively dense.

THEOREM 2.3 ([4]). The limit of a uniformly convergent sequence of almost
periodic functions is a uniformly almost periodic function.

Now we are going to recall the definition of an (e, n)-almost period of a func-
tion f € LO(R) and the definition of an almost periodic function in view of the
Lebesgue measure.

DEFINITION 2.4 ([24]). Let f € L°(R). If D(n; f-, f) < €, for some £, > 0,
then the real number 7 is said to be an (g,n)-almost period (briefly: (e,n)-a.p.)
of the function f.

By E{e,n; f} we will denote the set of all (¢,n)-almost periods of the func-
tion f, that is

Blen fl={r € R swpp({e € fwut 1): |+ 7) — f()] 2 ) <)

DEFINITION 2.5 [24]. A function f € L°(R) is said to be almost periodic in
view of the Lebesgue measure p (briefly: p-a.p.) if for any numbers £, > 0, the
set E{e,m; f} is relatively dense.

REMARK 2.6. For any € > 0 and ¢’ > n > 0 we have E{¢'; f} C E{e,n; f},
and by Definitions 2.2 and 2.5 we see that every uniformly almost periodic func-
tion is p-a.p.

THEOREM 2.7 ([24]). Let (\,) be an arbitrary sequence of positive numbers
convergent to zero. If f is a p-a.p., then

lim supp({z € [u,u+1]: Ay|f(z)| > 1}) = 0.

n—+oo wER

The following lemma will be used in the sequel.

LEMMA 2.8. If f € L°(R) is a p-a.p. function, then for every e,m,a > 0 the
set E{e,n; f} N aZ is relatively dense.

The proof of the above lemma is similar to the proof of the theorem stating
that the sum of p-a.p. functions is a p-a.p. function (see e.g. [24] and [17]) and
therefore we omit it.

The following result gives nontrivial examples of p-a.p. functions.
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THEOREM 2.9 ([24]). Let F: Q — C, where Q ={z+iy e C: —a <y <a},
a > 0, be a bounded holomorphic function. Assume that the function g: R — R,
given by the formula g(x) = F(x) for x € R, is uniformly almost periodic. Then
the function f, defined by the formula

1
——  for x € R such that g(z) # 0,
@)= | @ (
0 for z € R such that g(x) =0,
18 [4-a.p.

One of several equivalent definitions of Levitan almost periodic functions uses
the notion of an [N, ¢]-almost period of a function which is defined as follows.

DEFINITION 2.10 ([17]). A real number 7 is said to be an [N, €]-almost period
of a function f: R — C (briefly: [N,¢e]-a.p.) if |f(x+7)— f(x)] < € for |z| < N.

Using the notion of an [N, e]-almost period of a function one can define
Levitan almost periodic function as follows.

DEFINITION 2.11 ([17]). A continuous function f: R — C is said to be Levi-
tan almost periodic (briefly: LAP) if for every N,e > 0 there exist A1,..., A, € R
and ¢ > 0 such that every number 7, satisfying inequalities |A,7| < § (mod 27)
for r =1,...,p, is an [N, e]-a.p. of the function f.

REMARK 2.12. The inequality |z] < § (mod 27) means that there exists
k € Z such that —§ < z — 2kw < 0.

REMARK 2.13. It is easy to show that f: R — C is LAP if and only if
Re f and Im f are LAP. A similar fact is true for uniformly almost periodic
functions and almost periodic functions in view of the Lebesgue measure. This
is a consequence of the following obvious inequalities:

|Rez|,|Imz| < |z| and |z| <|Rez|+|Imz|, forzeC.
REMARK 2.14 ([17]). The set of all LAP functions is an algebra.

REMARK 2.15 ([17], [18]). Every uniformly almost periodic function is an
LAP function.

Now we recall some basic results concerning LAP functions which will be
useful in the sequel.

THEOREM 2.16. The limit of a uniformly convergent sequence of LAP func-
tions is an LAP function.

PROOF. The proof follows from the inequality

|f(@47)=f(2)] < [ (@47) = foo (@4T) |+ fno (@+T) = Frp (2) |+ fro (2) = f(2)]. T
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THEOREM 2.17 ([25]). If g: R — R is uniformly almost periodic and f:
g(R) — R is continuous, then the superposition f o g is Levitan almost periodic.

Now we state a very useful lemma which describes another way to construct
examples of LAP functions.

LEMMA 2.18. Let (f,) be a sequence of continuous 2-3" 1 -periodic functions
such that
(2.1) supp fn C [3”, 3"+ 1] +2.3"M7Z  forneN.
Let, moreover,
fo(z) forze[3,3"+1]+2-3""Z, neN,
0 otherwise.

fz) =

Then the function f is well defined and it is Levitan almost periodic.

PROOF. The function f is well defined because the sets [37, 3" +1]+2-3" 17,
for n € N, are pairwise disjoint. Let us fix arbitrary N, > 0. Let us choose
ng € N such that 3" > N + 1. We define

Ano = [73”03 3n0] +2- 3n0+1Za
B, = (3",3"+1)+2-3""'Z forneN.

First, we will show that A,, N B,, = 0 for n > ng. Since 2-3"T! + A4, = A,
and 2-3"*t! + B, = B,,, for n > ng, it will be sufficient to show that

Apy N B, N [3"+1—2-3"11 3" +1] = 0.
We have
B,N[3"+1—-2-3""1 3" +1] = (3",3" + 1).
We will show that for k € Z and n > ng we have
(2.2) ([-3",3"] + 2k - 3™ )N (3",3" +1) = 0.

For n = ng + 1 we have 3" < 3™ and —3™ + 2.3%7*! > 37 4 1. Thus
condition (2.2) is satisfied.
For n > ng + 1 we have

(2.3) 3" 42.3™ 4 (2.3m0F 4+ 423771 =3,
Thus we have
3m0 4 (2-3mF 4 4 2.3"7h) < 3n
and adding to both sides of equality (2.3) the number 2-3m0 ! —4.3m0 we obtain
=30 4 2.3m0tl 4 (2.3m0F 442,37 =3n 4 2.3m0 T _4.3m0 5 3 41,
We found a number s € N such that
30 4 25-3"0FT < 3" and  —3"0 £ 2(s+1)-3"F > 37 41,
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This means that (2.2) is satisfied and thereby sets A,,, By, are disjoint for n > ny.
For n < ng and k € Z we have
re€B, & r+2k-3" eB,.
Thus, for || < N + 1 and k € Z, we have
J(@+ 23740 = f(@) = 0
because z, z + 2k - 3! € A, and according to (2.1) we have
x ¢ B, = fu(x)=0, forneN (f, are continuous).

The function f is uniformly continuous on the interval [-N — 1, N 4+ 1]. Thus
there exists § € (0,1) such that for z,y € [-N — 1, N + 1], if |z — y| < 4, then
|f(z) — f(y)| < e. Let T =2k 3"+l + h for some k € Z, |h| < §. Then, for
|z| < N, we have

[f(z+7) = f(@)| = |f(e+h+2k-3"7) — fz)| = |f(z +h) - fz)] <e.

We showed that every number 7 which satisfies the inequality

2m 2mé
‘2 Tl T‘ < 3 gno (mod 2m)
is an [N, e]-a.p. of the function f. This means that f is LAP. O

EXAMPLE 2.19. Let

) n- 3" lsin (27z) for xz € [37,3" + 1] +2-3"T1Z, n e N,
xTr) =

0 otherwise.

Then, from Lemma 2.18, f is LAP. Moreover, we have

1 gm ! 1 3741 1 om n
.- / JOIr / @t = sy "

for n € N. Therefore
T

limsup —
T—400 2T -T

|f(t)] dt = +oo.

The function f is not almost periodic in the sense of Stepanov, Weyl and Besi-
covitch, because it is well known in the theory of almost periodic functions that
each almost periodic function of such type satisfies the condition

T

lim sup |f ()] dt < +oo (see e.g. [1]).

T—+oo ﬁ -T

Moreover, the function f satisfies

lim supp({z € [u,u+1]: |f(z)| = n}) =1,

n—-+oo wER

and, from Theorem 2.7, f is not p-a.p.
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We will also need the following
LEMMA 2.20 ([18]). For any numbers Ai,...,\, € R, § > 0 the set
{reR:|7A| <6 (mod2r) forr=1,...,p}
is relatively dense.
REMARK 2.21. From the above lemma if f: R — C is LAP, then

liminf |f(z)] < 4o0.
T——00

3. The comparison of LAP and p-a.p. functions

In this section we want to establish a relation between the class of Levitan
almost periodic functions and the class of p-a.p. functions. The class of LAP
functions is defined on the space continuous functions, while the class of p-a.p.
functions is defined on the space of functions measurable in the Lebesgue sense.
Obviously, if we want to compare these classes we should compare the classes of
Levitan almost periodic functions and continuous p-a.p. functions.

The intersection of these two classes contains uniformly almost periodic func-
tions, which are uniformly continuous and bounded ([4]). Moreover, this intersec-
tion contains some continuous and unbounded functions. Indeed, let g be a gener-
alized trigonometric polynomial of constant sign and such that inf,cg | f(z)| = 0.
Then, by Theorems 2.9 and 2.17, we know that the function f: R — R, defined
by the formula f(z) = 1/g(z) for x € R, is simultaneously LAP and p-a.p. In
particular, the function defined as follows:

1

= for z € R,
2 + cos  + cos (v/2x)

/()

is LAP and p-a.p.
The first example below shows that there exists a uniformly continuous and
bounded Levitan almost periodic function, which is not p-a.p.

ExaMPLE 3.1. Let

+o00o
sin (2mz) for w € | J([3",3" +1]+2-3"'2),
fz) = e
0 otherwise.

By Lemma 2.18, the function f is Levitan almost periodic. Moreover, the func-
tion f is uniformly continuous and bounded. We will show that this function is
not p-a.p.
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Let us assume that f is u-a.p. Let us denote A,, = 3" +2-3"1Z, for n € N.
+o00
For z € |J A, we have

) u({we (22411 |£(@)] > ;}) -2

By Lemma 2.8, the set £{1/3,1/2; f} ﬁ 18Z is relatively denbe
Ifre E{1/3,1/2; f} N18Z and = € U A, then 742z € U A,,. Indeed, let

n= n=1

us suppose that 74 z ¢ U A,,. Then
n=1

u({oetes+ s n - s = 5)
—u({z ezt i@z 5f) =3

This means that 7 ¢ E{1/3,1/2; f}.
Since the set E{1/3,1/2; f} is symmetric, for 7 € E{1/3,1/2; f} and z €

+o0 oo
U A, we have —7 + z € |J A,. This leads to the equality

n=1 n=1

+oo
(3.1) U T+ A4,) UA

Let us fix 7 € 18Z \ {0}. Let 7 = 2-3°"1m, for some s € N, m ¢ 3Z. Every
set A,, where n < s, satisfies 2 - 3°t1m + A,, = A,,. Therefore

U(T+An) = U A,.
n=1 n=1

The sets 7+ A, for n € N, are pairwise disjoint, and the sets A,,, for n € N,
also are pairwise disjoint, so (3.1) is equivalent to the equality

+oo
U T+ A4,) U A,
n=s+1 n=s+1

or equivalently to the equality

—+o0 —+o0
Uem+3~'+2.32) = JB' +2-37).

i=1 =1
We will show that the above equality leads to a contradiction.
For i = 2 and arbitrary z; € Z there exist j > 1, 29 € Z such that

2m 4+ 3+ 182 =371 4 2.372,.
Suppose that j > 1. Then
2m = —3— 1821 + 3771 +2.372 =3(—1— 62, + 3772 +2.37712).
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So 2m € 3Z, but this is impossible, because m ¢ 3Z. Therefore for i = 2 we
have 57 = 1. Then
2m+ 3+ 1821 =1+ 629

and m + 1 = —92z7 4+ 325. Thus the number m satisfies m + 1 € 3Z.
Moreover, for i = 1 and arbitrary z; € Z there exist j > 1, zo € Z such that

2m + 1462, =371 +2.37 2.
Suppose that j > 1. Then
2m 4+ 1= 621 +3771 +2-372 =3(—22 +372 423" 1z),

so 2m + 1 € 3Z. This implies that m € 3Z, because we know that m + 1 € 3Z.
Therefore for ¢ = 1 we have j =1 and

2m +1+6z1 =1+ 625.

We obtain that m = —3z; + 3z5. This is a contradiction, because m ¢ 3Z. We
have shown that for 7 € 18Z \ {0} we have

+oo +oo
U(T+A7L) # U Ap,
n=1 n=1

soT ¢ E{1/3,1/2; f}. Thus f is not p-a.p.

REMARK 3.2. In the paper [2], Basit and Giinzler posed the following prob-
lem:

Give an explicit example showing that AP is strictly contained in BAA,,
where AP denotes the class of uniformly almost periodic functions and BAA,,
denotes the class of uniformly continuous, almost automorphic functions in the
sense of Bochner. In this article we do not recall the definition of almost automor-
phic functions, but even from remarks in the paper [2] we know that the class of
uniformly continuous and bounded almost automorphic functions coincides with
the class of uniformly continuous and bounded LAP functions. Furthermore,
every uniformly almost periodic function is p-a.p. (see Remark 2.6). Therefore
the above example gives a stronger answer.

The next example shows that there exists a continuous and bounded function
p-a.p., which is not a Levitan almost periodic function.

ExaMPLE 3.3. Let us define the sets A4,, = 2"~ ! + 2"Z for n € N. Let us
observe that

—+o0
U 4n =2\ {0}.
n=1
Indeed, we have A; = 1+ 27Z. Let z = 2F(1 + 21), where k € N, [ € Z. Then

z=2F 4 2Rl e Ay,
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Suppose that 0 € A,, for some n € N. Then there exists k € Z such that
0=2""14+2"k = 0=2""1(1+2k).

This is impossible, because the right-hand side of the above equation is the
product of two nonzero numbers. Moreover,

Apy1 CZ\ <UAn) =2"7 forneN.
=1

Let

1 1
- 2"1++}+2"Z, neN,

1 1
cos (4mnz) for x € {2"1 + 2 & ™

fz) =

0 otherwise.
The function f is well defined, because the sets
1

1 1 1
[2n1+28’2”1+2+8} for n € N,
n n

are pairwise disjoint. We will show that for every e, > 0 and for 1/n < & we
have 2"Z C E{e,n; f}.
Fix e,n > 0. Let 7 € 2"Z. If z € Z, then z € |J 4; if and only if 7+ z €

i=1
n

U A4;. For z € |J Ai, we have

=1 =1

{x € 2,2+ 1] : fla+7) # f(@)}) = 0.

Further, for z ¢ |J A;, the following inequality holds:
i=1

1=

p{ € o2+ 1) F@) £ 0} < -

Therefore for z ¢ |J A; we get
i=1

p{z €z, 2+ 1] : flw+7) # f(2)})
<ulfw € lez 41 fa+m) £ 00+ plfe € 5,24 1] f@) #£0)) < o
This implies that for arbitrary u € R we have

p({z € [u,u+1]: [fz+7)— f(2)] >n})
<p(r € fu,u+1]: f(o+7)# f(2)})
<p({x € [u), lu) +1] fx+7) £ f(2)})

oz ellu) +1,[u] +2): flz+7) # f(2)}) <
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Every set E{e,n; f} contains the relatively dense set 2"Z, so E{e,n; f} is also
relatively dense. Thus f is a p-a.p. function. Moreover, f is continuous because
it is continuous on every interval [z, z + 1], for z € Z.

By the construction of the function f we deduce, that for x € [0, 1] we have
f(z) =0, and for z € Z\ {0} we have f(z+ 1/2) = 1. Let us fix 7 > 1. There
are two cases.

i) f-1<|r|]—-7<-1/2,let £ =3/2+4|7|—7. Thenz € [0,1], f(x) =0
and f(z+7) =1. Thus |f(z +7) — f(z)|=1> 1/2.
(ii) If —1/2 < |7] —7 <0, then for x = 1/2+ 7| —7 we obtain the analogous
conclusion.
Therefore if 7 > 1, then 7 is not [1,1/2]-a.p. of the function f. By Lemma 2.20,
the function f is not LAP.

REMARK 3.4. Every uniformly continuous and bounded p-a.p. function is
uniformly almost periodic (see [24]); it is also is an LAP function (Remark 2.15).
Thus there is no uniformly continuous and bounded function p-a.p., which is not
LAP.

4. Convolution of Levitan almost periodic functions

In this section we are going to investigate the convolution of LAP functions
with some functions integrable in the Lebesgue sense. First we recall a result for
bounded LAP functions.

THEOREM 4.1 ([9]). Let f: R — R be a bounded Levitan almost periodic

function and g: R — R be a Lebesgue integrable function. Then the convolution
f*g: R—= R, defined by the following formula:

+ o0
(f*g)(x) = / fla — tyg(t) dt,

— 00

is bounded and almost periodic in the sense of Levitan.
For every LAP function we shall prove the following

THEOREM 4.2. Let f: R — C be a Levitan almost periodic function and
g: R — C be a compactly supported Lebesgue integrable function. Then f x g
exists and it is LAP.

ProOF. Clearly, for every x € R the convolution exists, because g is com-
pactly supported and f is a continuous function. If fR lg(t)| dt = 0, then the
conclusion of the theorem is obvious. Let us assume that n:= [, [g(¢)|dt > 0.
Let, moreover, supp g C [—M, M], for some M > 0. Let us fix arbitrary , N > 0.
We will show the following implication: if for some 7 € R we have

|f(x+¢)—f(x)|<% for [z| < M + N,
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then
[(f*g)(x+7)— (f*g)(x)] <e for|z| < N.

Indeed, we have

+oo
(Frg)e+n) — (e < [ 1w+ —0 - - Dllgo]de
M M
:/_M|f($+7'—t)—f(x—t)‘|g(t)|dt< %/_]V[|g(t)‘dt:g,

The continuity of the convolution f* g follows from the above implication. More-
over, since f is Levitan almost periodic, there exist numbers A;,..., A, and
d > 0 such that every number which satisfies inequalities |[7A,| < § (mod 27) for
r=1,...,p, is [[M 4+ N),e/n]-a.p. of the function f. We have shown that every
[(M 4+ N),e/n]-a.p. of the function f is [IV,¢]-a.p. of the convolution fxg. O

Now we will consider the convolution of LAP functions with the function
gr: R — C (Re X < 0), given by the formula
e* for z >0,

g(z) =
0 for x < 0.

REMARK 4.3. Let us notice that
—+o0 x xT
(Fea@ = [ fOa-na= [ fora=o [ oo

—o0
Moreover, the existence of the convolution f * gy (for every x € R) of an LAP
function f with the function gy is equivalent to the condition

0
/ F()]e= RN dt < oo,

—o0
The continuity of the convolution follows from the fact that the function ¢ —
f(t)e=>t is locally integrable and from the form of this convolution.

THEOREM 4.4. Let f: R — C be a Levitan almost periodic function which
satisfies the condition

u+1
(4.1) sup/ |f(®)] dt < +o0.
uelR Ju

Then f % gy exists for all x € R and it is bounded, and Levitan almost periodic.

PROOF. The convolution f * gy exists for all z € R because

0 +oo —r+1
[ rwle e a =" [ e
- r=1v""
+o0 —r+1 u+1 +oo
<) e Rerlr / |F(8)| dt < sug/ [f()]dt- " eR AT < oo,
r=1 —-r ue u r=1
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Moreover, it is bounded because we have

i +oo  z— 7‘+1
(Fean@l=| [ e ] = 3 [ e
too r—r+1
LD DL / (1)t
r=1 T—r

u+1 +oo
< sup/ |f(2)]dt - ZeReMr_l) < +o00.
u€R Ju r=1

Let us define the sequence (g,,) of functions by the formulae g, () = gxX[0,n]
for n € N, where x[o,,,] denotes the characteristic function of the interval [0, n].
By Theorem 4.2, we know that the convolution f * g, is LAP. We will show that
f * gn converges uniformly to f x gy. Since

frgn(z) = e)“’”/ f(t)e*)‘t dt,
we have

[(F+gx) (@) = (f * ga)(

/ ft)e M dt — e ’ f(t)e“dt‘

z—n
N T— N N Z r—n— T+1 \
SeRe $/ ‘ ()| —Re tdt Re T / | —Re tdt
+o00 ( ) rz—n—r+1
S eRe Az e~ ReA(z—n—r+1 / |f(t)| dt

7; T—n—r

u+1 400

u€R Ju r—1

as n — +0o, uniformly in view z € R. By Theorem 2.16, the convolution f * g
is LAP. O

REMARK 4.5. The condition
u+1
sup/ [f(®)]dt < +o0
u€ER Ju

is equivalent to the conditions

u+1 u+1
sup/ |Re f(t)|dt < +o0 and sup/ | Im f(¢)| dt < +o0.

u€ER Jy u€ER Jy

REMARK 4.6. From the paper [9], we know that the convolution of a real-
valued bounded Levitan almost periodic function and the function gy is Levitan
almost periodic. Theorem 4.4 is a more general result, because every bounded
LAP function satisfies condition (4.1).
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The next example describes a real-valued Levitan almost periodic function,
which is neither bounded below nor bounded above, and satisfies condition (4.1).

EXAMPLE 4.7. Let

1
nsin (2rnz) for x € [3",3" + } +2.3"M7Z, neN,
flz) = n

0 otherwise.

Then f is neither bounded below nor bounded above. By Lemma 2.18, we know
that f is a Levitan almost periodic function. It is easy to establish that f
satisfies condition (4.1). By Theorem 4.4, we know that the convolution f * gy
is a bounded Levitan almost periodic function.

The next theorem gives a sufficient condition which guarantees that the con-
volution with the function g, is not a Levitan almost periodic function.

THEOREM 4.8. Let A € R, A < 0 and f: R — R be a nonnegative locally
integrable function which satisfies the condition

u+1
(4.2) sup/ f(t)dt = +o0.
uweR Jy
If the convolution f*gy exists, then it is unbounded and it is not a Levitan almost
periodic function.

PrOOF. From (4.2) we know that for every a > 0

(k+1)a
(4.3) sup/ f(t)dt = +o0.
kE€Z Jka

Let us observe that

T 0
(Fr9)r) = (P9 = [ feNae- [ foean

Let us assume that f * gy is LAP. Then there exist numbers Aq,..., A, € R,
d > 0 such that for every number 7 satisfying the inequalities |A\,7| < § (mod
27) for r =1,...,p and |z| < 1, we have

[(fxg)@+7) = (f*g)(x)] <1

In particular, for z = 0, we obtain

(4.4) e /T f(t)e—“dt—/o f(t)e‘“dt‘ <1.

Let w > 0 describe the relative density of the set

{r eR:|A\7| <§ (mod 27) for r =1,...,p} (see Lemma 2.20).
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For every k € Z there exists [1,1]-a.p. 7% € ((k + 1)w, (k + 2)w). Thus

Tk (k+1)w
e)‘T’“/ ft)e > dtZe’\T’“/ ft)e M dt

—oo kw

(k+1)w (k+1)w
> AR AR / ft)dt > > / f(t)dt.
k

w kw

The last inequalities lead to a contradiction, because simultaneously (4.3) and
(4.4) are satisfied. By the last inequalities and (4.3) we deduce that f x g is
unbounded. O

REMARK 4.9. Let us emphasize, that in the above theorem we do not assume
that f is LAP.

The next example shows that there exists an LAP function, which satisfies
the conditions of Theorem 4.8.

EXAMPLE 4.10. Let

n|sin (2rx)| for x € [37,3" + 1] +2-3"1Z n e N,

0 otherwise.

fz) =

Then, by Lemma 2.18, we infer that f is a Levitan almost periodic function.
Moreover, for A € R, A < 0, the convolution f x gy exists, because we have

0 +00 +00 Lz 41
/ f(t)e Mdt = ZZ/ f(t)e M dt

+o00 +oo Zk,n+1
< Z Zef)\(zk,,fkl)/ f(t) dt

n=1k=1 Zk,n
400 00 m ] i
= E E e AETERITTAD) oo (cf. Remark 4.3)
T
n=1k=1

where zy, ., = 3" — 2k - 37+1 for k,n € N. Moreover,

3"+1
2
/ f(t)dt:—n for n € N.
n Vs

By Theorem 4.8, we infer that the convolution f * g, is not a Levitan almost
periodic function.

COROLLARY 4.11. By Theorems 4.4 and 4.8, it follows that if f: R — R s
a nonnegative LAP function such that f x g\ exists (A € R, A < 0), then the
convolution f = gy is LAP if and only if f satisfies the condition

u+1
sup/ f(t)dt < +oo.
uweR Jy
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COROLLARY 4.12. By Corollary 4.11, Remark 2.14 and linearity of convolu-
tion it follows that if f: R — R is a bounded below function (or bounded above)
such that f x gy exists (A € R, A < 0), then the convolution f * gy is LAP if and
only if f satisfies the condition

u+1
sup/ [f(t)]dt < +oo.
ueER Ju

COROLLARY 4.13. By Theorems 4.4 and 4.8 it follows that if f: R — R s

a nonnegative LAP function such that f x gy exists (A € R, A < 0), then the
convolution f = gy is LAP if and only if f * gy is bounded.

COROLLARY 4.14. By Corollary 4.13, Remark 2.14 and linearity of convolu-
tion it follows that if f: R — R is a bounded below function (or bounded above)
such that f x gy exists (A € R, A < 0), then the convolution f * gy is LAP if and
only if f * gy is bounded.

Now we are going to investigate the convolution of a certain classical un-
bounded Levitan almost periodic function with the function gy (A € R, A < 0).
EXAMPLE 4.15. Let
1
€T =
/(@) 2 + cosz + cos (2/2)
It was proved in the paper [10] that the function f satisfies condition (4.2) and
that the convolution f x gy exists (A € R, A < 0). By Theorem 4.8, we know
that f * gy is not a Levitan almost periodic function.

for x € R.

The next example shows that convolution of an LAP function with the func-
tion gy does not need to exist.

EXAMPLE 4.16. Let Re A < 0 and

fa) e 2ReN" gin (27z)| for z € [3",3" 4+ 1] +2-3"TZ, neN,
€Tr) =

0 otherwise.

By Lemma 2.18 we know that f is LAP. Moreover, we have

0 Zn+1
[ orwle ™= [ e

n

zZn+1 ) n
>67Re)\zn/ ‘f(t)|dt:767Re)\3 ;
2 Qo

n

where z,, = 3" — 2. 3""1. Therefore

0
/ |F(t)]e” BReAM dt = oo

—0o0

and the convolution f * g, does not exist (cf. Remark 4.3).
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5. Final remarks about linear differential equations

In this section we are going to consider LAP solutions to the linear differential
equation of the form

(5.1) y'(z) = My(z) + f(z), ReX#0.

As follows from the lemma below, for ReA < 0, for this, it makes sense to
examine the function

(5.2)  y(x) =€ /j fe Mdt = (f*ga)(z), = €R (cf. Remark 4.3).

REMARK 5.1. It is easy to establish that if the function (5.2) is well defined,
then it is a solution to equation (5.1).

REMARK 5.2. We may assume that Re A < 0, because the case when Re A > 0
can be transformed to the case Re A < 0 in the following way: if y; is a solution
to (5.1), then yo(x) := —y1(—x), for x € R, is a solution to the equation

y'(x) = =My(x) + f(2),
where f(z) = f(—z) for z € R.

REMARK 5.3. The case Re A = 0 is quite different from the case Re A # 0.
Using the variation of constants method, we obtain that the solution to equation

(5.1) has the form

y(z) = u(w)e™”,

where u is a solution to the equation

ul(x) = f(x)e .

Since the product of LAP functions is also an LAP function (Remark 2.14), this
problem concerns an antiderivative of LAP functions. Therefore each solution to
equation (5.1) is LAP or each solution to equation (5.1) is not LAP. The problem
of antiderivative of LAP functions we can find e.g. in [18]. Moreover, taking a

Az

continuous periodic function f given by the formula f(z) = e*®, we obtain that

equation (5.1) does not have an LAP solution because the equation
w(r) =1
does not have an LAP solution.

REMARK 5.4. Equation (5.1) with ReA < 0 possesses at most one LAP
solution. Let us assume that it possesses two different LAP solutions. Then
their difference is also LAP (Remark 2.14). Since all solutions to equation (5.1)
are of the shape

y(z) = ce™ + e)‘””/ ft)e M dt,
0
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this implies that for some ¢ # 0 the function g(z) = ce’* is LAP. But

lim inf |ce ¥l = 400 (cf. Remark 2.21).

T——00

LEMMA 5.5. Let us consider equation (5.1), where ReA < 0 and f: R - R
is constinuous. If yo is an LAP solution to (5.1), then

yo(z) = nEr-sI-loo e / f(t)e M dt,
for all x € R and for some sequence (7,) such that 7, = —00, as n — +o0o.
PrROOF. Since all solutions to the above equations are of the shape
y(z) = ce® + e /T ft)e Madt,
0
there exists cg € R such that

yo(x) = coe™” + e / f(t)e Mt
0

Then, since yy is an LAP solution to the equation under consideration, there
exists a sequence (7;,) of [1,1]-almost periods such that 7, — —o0, as n — +00
(see Lemma 2.20), and such that the following inequality holds:

<1

Tn
coe ™ 4 e / f®)e M dt — ¢y
0

Therefore .
‘coe)‘r” + e/\T"/ ft)e M dt‘ <l|eo|+1<M
0

for some constant M > 0. Hence

co +/ f(t)e M dt‘ < Me ReAn 0 asn — 4oo,
0

and thus
= lim / f(t)e M dt. O

n——+oo

REMARK 5.6. If equation (5.1) has an LAP solution and the convolution
f* g exists, then by Remark 4.3 and Lemma 5.5, this solution is equal to f *gy.

REMARK 5.7. If the convolution f * gy exists but it is not LAP, then from
Remark 4.3 and Lemma 5.5, equation (5.1) does not have an LAP solution.

REMARK 5.8. If A € R, A < 0 and f is bounded below or bounded above
and if the convolution f * gy does not exist, then by Remark 4.3 and Lemma 5.5,
equation (5.1) does not have a Levitan almost periodic solution. Indeed, for
a function bounded below or bounded above existence of the limit

0
; —Xt
ngrfoo /Tn fe *dt
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for some sequence (7,) such that 7, — —oo, as n — 400, is equivalent to the
condition

0
/ ft)e M dt < +oo.

The next example shows that it may happen that the convolution f gy does
not exist, but equation (5.1) possesses a uniformly almost periodic solution (in
particular an LAP solution).

EXAMPLE 5.9. Let a, = 62'3n+1, b, = 323" for n € N. Let us define

an sin(2mbpx) for x € [3",3" +1]+2-3"1Z, n €N,

g(x) = ,
0 otherwise,
and
n (1 — cos(2mb,x)) for z € [3",3" +1]+2-3"T1Z, n €N,
G(z) = 27hy,
0 otherwise.

From Lemma 2.18, we know that the functions g and G are LAP. Moreover,
0<Gla) < o fora e (33" +1]+2-3"71Z, ne N,
by,

Since the sets [37,3" + 1] + 2 - 3"F1Z, for n € N, are pairwise disjoint (see
Lemma 2.18), the function G is the limit of uniformly convergent sequence of
periodic functions. This means that G is uniformly almost periodic (see The-
orem 2.3). We have G'(z) = g(z) for x € R. Let f = G+ g. Then f is
LAP (Remark 2.14). Immediately from the definition of the function f we have
G' = —G + f, so the function G is a solution to the equation

y'(@) = —y(x) + f(2).

Zn+1
n 2an
/ 9(t)] dt = 2.

™

Moreover,

n

where z, = 3" —2-3"*! n € N. The convolution G * g, exists because G is
bounded. A similar reasoning as in Example 4.16 (for A = —1) establishes that
lg| * g» does not exist. By Remark 4.3, the convolution g * gy also does not exist.
Therefore the convolution f x gy = G % g) + g * g» does not exist.

Our considerations in the previous section lead to the following results.

THEOREM 5.10. Suppose that Re A < 0 and f: R — C is an LAP function.
Then one of the following cases holds:

(a) the convolution f * gy is a solution to equation (5.1) and it is its unique
LAP solution;
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(b) the convolution f x gy is a solution to equation (5.1), but equation (5.1)
does not have an LAP solution;

(c) the convolution f* gy does not exist and equation (5.1) does not have an
LAP solution;

(d) the convolution f * gx does not exist, but equation (5.1) has one LAP
solution.

PROOF. The case (a) follows from Theorem 4.4, Remarks 5.1 and 5.4. The
case (b) follows from Theorem 4.8, Example 4.10 and Remark 5.7. The case
(c) follows from Example 4.16 and Remark 5.8, while the case (d) follows from
Example 5.9 and Remark 5.4. (]

THEOREM 5.11. Suppose that X € R, A < 0 and f: R — R is a bounded
below (or bounded above) LAP function. Then the equation (5.1) possesses an
LAP solution if and only if f satisfies the condition

u+1
sup/ [f(t)]dt < +o0.
ueR Ju

Then the convolution f * gy exists and it is an LAP solution of this equation.

THEOREM 5.12. Suppose that A € R, A < 0 and f: R — R is a bounded
below (or bounded above) LAP function. Then equation (5.1) possesses an LAP
solution if and only if this equation has a bounded solution. Then the convolution
f * gx exists and it is equal to the bounded solution to equation (5.1).

The last example shows that sometimes equation (5.1) with A € R, A < 0
and f: R — R possesses an unbounded LAP solution given by the convolution.

EXAMPLE 5.13. Let

nsin(2rz) for x € [3",3" +1]+2-3"T1Z, neN,
9lw) = 0 otherwise,

and

i (1 —cos(2rz)) for x € [3",3" +1]+2-3"MZ, neN,
G(z)={ 27
0 otherwise.

From Lemma 2.18, we know that the functions ¢ and G are LAP. Moreover,

G'(x) = g(z) for z € R. Let f = =AG+g (A € R, A < 0). Then f is LAP

(Remark 2.14) and G’ = AG + f, so the function G is a solution to the equation
y'(x) = Xy(z) + f(2).

The function G is not bounded because for n € N we have

n, LY n
G<3+2>—7r.
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Moreover,

Zk,n"l‘l 2 Zk,n"rl
[ awna=2 [ G- o

Zk,n Zk,n 2m

where 2., = 3" —2k-3""1 for k,n € N. A similar reasoning as in Example 4.10
shows that |g| * gx and |G| * gy exist. Therefore, from Remark 4.3, g * g) and
G x gy exist and also f * g = —AG % g\ + g * g) exists. From Remark 5.6,
G=fxgx
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