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ON THE STRUCTURE OF THE SOLUTION SET
OF ABSTRACT INCLUSIONS WITH INFINITE DELAY
IN A BANACH SPACE

LAHCENE GUEDDA

ABSTRACT. In this paper we study the topological structure of the solu-
tion set of abstract inclusions, not necessarily linear, with infinite delay
on a Banach space defined axiomatically. By using the techniques of the
theory of condensing maps and multivalued analysis tools, we prove that
the solution set is a compact Rgs-set. Our approach makes possible to give
a unified scheme in the investigation of the structure of the solution set of
certain classes of differential inclusions with infinite delay.

1. Introduction

When an existence result is proved for the Cauchy problem for a class of
systems where the solutions are not unique, it is natural to discuss for this
class the topological structure of the solution set. For this reason in recent
years much work has been done in that direction. It was Aronszajn [2], who
first proved that the solution set of the Cauchy problem 2/(t) = f(¢,z(t)) for
almost every t € [0,7T], (0) = zp, where f(-,-) is a bounded, continuous
function on [0,7] x R™, is an Rs-set. This result was extended to differential
inclusions by Himmelberg—Van Vleck [22] and De Blasi-Myjak [12] for differential
inclusions in R™ and by Bothe [5], M. Cichori-Kubiaczyk [8], Deimling—Rao [14],
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Conti-Obukhovskii-Zecca [10], and Papageorgiou [27] for differential inclusions
in Banach spaces. For more literature and some recent developments on the
topic see [16], [20] and the references cited therein.

In [17], existence and continuous dependence results are presented, and the
Rs-structure of the solution set is claimed for a semilinear differential inclusion
with infinite delay in a Banach space.

We aim in this paper to study the topological structure of the solution set of
abstract inclusions, not necessarily linear, with infinite delay in a Banach space.

More precisely, let ¢ be a real number and 7" > 0 be a fixed time. By
C(]o, T +0]; E) we denote the space of continuous functions defined on [0, T + 7]
with values in a Banach space (F, || - ||), endowed with the uniform convergence
norm and by L'([o,T + o]; E) we denote the space of all Bochner summable
functions endowed with the usual norm. For any function z: (—o0,0 +T| — E
and for every t € [o,0 + T, 2 represents the function from (—oo,0] into E
defined by z:(0) = z(t + 0); —oo < 8 < 0. Let B be a Banach space of functions
mapping (—oo; 0] into E endowed with a norm || - | g and satisfying the following

axioms:

If z: (—o00,0 + T] — E is continuous on [o,0 + T| and z, € B, then, for every
t € [o,0 + T, we have

(B1) z € B;
(B2) [|ztl[s < K(t—0) sup [z(s)l|+ N(t —0)l|zs |5, where K, N: [0, +00) —

o<s<
[0,4+00) are independent of z, K is positive and continuous, and N is

locally bounded;
(B3) the function ¢ — z; is continuous;
(B4) ||z(t)llg < U||2¢llB, where I > 0 is a constant independent of z.

A space satisfying (B1)—(B4) was first introduced by Hale and Kato [21]
and has been considered as a phase space in the theory of retarded functional
equations (see [9], [26], [28]). Let us give two examples of Banach spaces B
satisfying axioms (B1)—(B4), see for example [23] and [24, p. 20].

Let ¢g(0), 0 € (—o0,0], be a positive continuous function such that g(f) — oo
as § — —oo.

The space UC,. The space UC, is a set of continuous functions ¢ such
that ¢/g is bounded and uniformly continuous in (—oo,0]. Set

1¢lls = sup {[|6(0)[|/9(f) : 6 € (—o0,0]}.

UC, is a Banach space satisfying axioms (B1)—(B4).
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The space L,. The space L, is the set of strongly measurable functions ¢
such that ||¢||/g is integrable over (—oo, 0]. Set

16lls = [6(0)] + /

0

16(0)[1/9(6) d6-

L, is a Banach space satisfying axioms (B1)—(B4).

Let us denote by the symbol C((—o0, 0 + T; E) the space consisting of func-
tions z: (—o0o,T + o] — E such that z, € B and the restriction 2|, 74 is
continuous, endowed with the norm

Izlle = 2o ll5 + |2lio. 7401 | o (o 74 0.2
It is easy to see that C((—o0,0+T1; E) endowed with the norm || - ||¢ is a Banach
space.
Let us consider abstract inclusions with infinite delay on B described in the

form

(1.1) z € Soselp(z) on[o,0+T)],

Ro = ¥
where o € B, F: [0,T + o] x B — 2¥ is a compact convex valued multimap
satisfying upper Carathéodory and y regularity conditions, where y denotes
the Hausdorfl measure of noncompactness in E, the symbol selr denotes the
superposition operator generated by F, i.e. for any z € C((—o0,0 + T|; E),

selp(2) = {f € L'([0,T + o};E) : f(s) € F(s,z,) for ae. s € [0,T + 0]},

finally, S: L([o, T + o]; E) — C([o, T + o]; E) is an abstract operator satisfying
S(f)(e) = ¢(0) for all f € L'([o,T + o]; E). By S oselp(z) we mean the set

{S(N(); f eselr(2)}.

DEFINITION 1.1. A function z € C((—o0,0 + T|; E) is a solution of (1.1) if
zo = ¢ and there exists f € selp(z) such that z|,r40) = S(f).

DEFINITION 1.2. For z € C((—o0,0 + T|; E) with z, = ¢, if there exist b,
o <b<T,and f € selp(z) such that z|j5 0] = S(f)|s,040], then we say that
Z = 2|(—o0, b+o] 18 a local solution of (1.1).

We aim in this paper to give an answer to the following problem:

Suppose that the solution set of inclusion (1.1) is nonempty and bounded in
C((—o0,0 + T); E) and suppose that each local solution has an extension to all
(—o0,0 + T]. Under which conditions on the operator S this set is a compact
Rs-set in C((—o0,0 +T|; E)?

Giving an answer to this problem it makes possible to present a unified
scheme in the investigation of the structure of the solution set for certain classes
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of differential inclusions with infinite delay and to generalize and improve all
theorems of Aronszajn-type to such classes of differential inclusions without or
with finite delay, as shows the following illustration:

Consider the Cauchy problem for differential inclusions with infinite delay of

the form
(1.2) 2'(t) € A(t,z(t)) + F(t,z) forte[o,T+ 0],
Zo = .
In this situation as an operator S we take the solution operator of the quasi-linear
problem
(13) 2'(t) € A(t,2(t)) + f(t) forte [o,T+ 0],

)
z(0) = #(0),
, for every f € L'([o,T + o]; E), the value S(f) stands for the (unique)
solutlon of problem (1.3). Then, problem (1.2) can be written as

y € Soselp(y),
Yo = P

Finally, let us mention that after a convenient formulation of problem (1.1), our
presented scheme of the proof in this paper is inspired from [5], [8], [10] and [25,
Theorem 5.3.1].

2. Preliminaries

Let us recall some notations (see, e.g. [1], [13], [19], [25]). A Hausdorff
topological space A is said to be contractible if the identity map ix: A — A is
null homotopic, i.e. there exist a continuous h: [0,1] x A — A and z¢ € A such
that h(0,2) = = and h(1,x) = =z for all x € A. A subset of a metric space is
an Rs-set if it is the intersection of a decreasing sequence of nonempty compact
contractible sets.

Let X,Y be two topological vector spaces. We denote by P(Y) the family of
all nonempty subsets of Y and by K(Y") (resp. Kv(Y')), we denote the collection
of all nonempty compact (resp. nonempty compact convex) subsets of Y.

A multivalued map F: X — P(Y) is said to be:

(i) upper semicontinuous (u.s.c.), if F~1(0) = {z € X : F(z) C O} is an
open subset of X for every open O C Y

(i) lower semicontinuous (ls.c.), if F~3(Q) = {z € X : F(z) C Q} is
a closed subset of X for every closed @ C Y

(i) continuous, if it is both upper and lower semicontinuous;

(iv) closed, if its graph I'p = {(x,y) € X x Y : y € F(z)} is a closed subset

of X xY.
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From [25, Example 1.1.6, Theorem 1.1.7 | one can easily show the following
simple result:

LEMMA 2.1. IfY is a Banach space and M C C([a,b];Y) is a compact set,
then the map
M(+): [a,b] = K(Y), t—= M(t)

is continuous and the set M([a,b]) CY is compact.

Let E be a Banach space and (), <) be a partially ordered set. A map
U: P(E) — Y is called a measure of noncompactness in E if ¥(Q) = ¥(co Q) for
every () C P(E), where co ) denotes the closed convex hull of 2. The measure
of noncompactness ¥ is called:

(i) nonsingular, if for every a € E, Q € P(E), ¥({a} UQ) = ¥(Q);

(ii) monotone, if Qo Q1 € P(E) and Qo C Q; imply U(Qp) < T(2y).
If YV is a cone in a Banach space we will say that

(iii) W is regular, if ¥(2) = 0 is equivalent to the relative compactness of .

One of most important examples of a measure of noncompactness possessing

all these properties is the Hausdorff measure of noncompactness, defined by
x(2) = inf {e > 0: Q has a finite e-net in E}.

The sequential measure of noncompactness X: P(E) — RT generated by x
is given by

X(Q) = sup x(D),
DEA(Q)

where A(Q) is the collection of all denumerable subsets of .
LEMMA 2.2. We have X(2) < x(2) < 2x(£2).

Let ¥ be a measure of noncompactness in E. A multimap G: Z — K(E),
where Z C FE is a closed subset, is called W-condensing if for every bounded set
Q) C Z, the relation U(G(Q2)) > ¥(N) implies the relative compactness of 2. For
more details, see for example [3, 25].

By the symbol L!([a,b]; E) we denote the space of all Bochner summable
functions.

A multifunction £ : [a,b] = K(F) is said to be:

(i) strongly measurable, if there exists a sequence {F ,, }°° ; of step multifunc-
tions such that Haus(F (¢t) — F,(t)) — 0 as n — oo for p-a.e. ¢ € [a,b],
where p denotes a Lebesgue measure on [a,b] and Haus denotes the
Hausdorff metric on K(F). Every strongly measurable multivalued map
[ admits a strongly measurable selection, i.e. there exists f: [a,b] - E
measurable with f(¢) € F (t) for almost every t € [a, b];

(ii) 4ntegrable, if it has a Bochner summable selection f € L!([a,b]; E);
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(iii) integrably bounded, if in L'([a,b]; RT) there exists a summable function
q(+) such that ||[F(¢)]| = sup{|lyll : y € F(#)} < ¢(t) for almost every
t € la,b.

For more details, see for example [13], [19], [25].

A sequence {f,}5°, C L'([a,b]; E) is semicompact if:

(i) it is integrably bounded: ||f,(t)|| < ¢(t) for almost every ¢ € [a,b] and
for every n > 1, where ¢(-) € L'([a,b]; RT);

(i) the set {fn(t)}5%, is relatively compact for almost every ¢ € [a, b].

n=1
LEMMA 2.3 ([15]). Any semicompact sequence in L'([a,b]; E) is weakly com-
pact in L([a,b]; E).

3. Formulation of the problem, statement of the result

Throughout this paper B is considered as a Banach space of functions map-
ping (—o0; 0] into E endowed with a norm || - || 5 and satisfying axioms (B1)—(B4).
Let o be a real number, T > 0 a fixed time and E an arbitrary Banach space.
We denote by XE C C((—o00,0 + T1; E) the solution set of (1.1).

3.1. Hypotheses. We impose the following hypotheses.

The map S: LY ([o,T + o]; E) — C([o, T + o]; E) satisfies the following con-
ditions:

(So) for all f € L([o, T + 0]; ), S(f)(0) = ¢(0);

(S1) there exists M > 0 such that for all f,g € L'([o, T + 0]; E),

1S(£)(@E) = S @ SMIIS(f)(S)—S(g)(S)HJrM/ 1F(v) =gl v,

forc <s<t<T+o;

(S2) for any compact K C E and sequence {f,}5°,; C L'([o, T + o]; E) such
that {f,(¢)}°22, C K for almost every ¢ € [0, T+0], the weak convergence
fo - frn implies S(f,) = Sfo in C([o, T + o]; E).

The multimap F': [0,0 +T] x B — Kv(FE) satisfies the following conditions:

(F1) the multimap F': (-,u) — Kv(FE) has a strongly measurable selector for
every u € B;

(F2) the multimap F': (¢, -) — Kv(E) is u.s.c. for almost every ¢ € [o,0+T];

(F3) there exists a function a € L!([o, 0 + T]; RT) such that for every u € B,

|F(t,w)| <a@)d+|ul) ae telo,o+T];

(F4) there exists a function k(-) € L'([o,0 + T];R") such that for every
bounded © C B,

X(F(t,Q)) < %(t)_oigg@x(ﬂw)),

for almost every t € [0,0 + T, where Q(6) = {u(9) : u € Q}.
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3.2. Main result. We can now state the main result of this paper.

THEOREM 3.1. Suppose that under conditions (So)—(S2) and (F1)—(F4), the
following are valid:

(Zy) the set 25 is nonempty and bounded;
(Z2) each local solution of (1.1) has an extension to all (—oo, T + o].

Then Xk is a compact Rs-subset of C((—o0,0 4+ T]; E).

REMARK 3.2. Note that if the set 25 is nonempty then it is necessarily
bounded thanks to (F3) and (Sg)—(S1). Indeed, let z € ¥5. Then z, = ¢ and
z(-) = S(f)(+) on [0,T + o] for some f € selp(z). By using axiom (B3) and
conditions (Sp), (S1) and (F3), for any ¢t € [0,T + o], we have the following

estimate:
t
le@®I = 15O < | _max ||5(0)(t)||+M/ 1£(s)ll ds
€lo,T+o] o
t
<
< o SO+ [ a()(1+ ) ds
t
<wsy —i—wl/ a(s) max ||z(0)]| ds,
P 0€(o,s]
where

wi =M max K(t—o);
t€lo,T+o]

wp = max [[S0)(t)]| + Mllallp:(1+[ells sup N(t-o0)).
t€lo,T+o] t€lo, T+o]

Since the last expression does not decrease, we have

t
max [|z(s)|| < wa + wl/ a(s) max ||z(0)]| ds.
s€(o,t] p 0€(o,s]

Applying the Gronwall-Bellmann inequality to the function t — m{ax}”x(s)H,
se|o,t

t € [o,T + o], we obtain

max [|z(s)|| < wa exp <w1 /: a(s) ds).

s€(o,t]

Therefore
TH+o

lelle < llglls + we exp (w1 / als) ds).

As a consequence, for (Z;) one can assume that ZZ is only nonempty.

REMARK 3.3. In Section 4, we describe some concrete situations where the
conditions of Theorem 3.1 are verified.
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Before giving the proof of Theorem 3.1, we need some auxiliary notation and
we prove some auxiliary results.
In the space C([o,T + o], E), let us define the set

D(p,T)={z € C([o,T + o, E]) : z(0) = ¢(0)}.

It is clear that D(p,T) is a closed convex subset in C([o,T + o]; E).
For every « € D(p,T), let us define the function z[p] € C((—o0, T +0]; E) by

pt—o) if —co<t<o,

z|p|(t) =
L) x(t) ifo<t<T+o.
Then
pt—o+0) if —co<l<o—t,
(3.1) z[ple(6) = ,
z(t+6) ifo—t<60<0.
The function x[ap]}[g Tho] = x(+) is continuous and z[p], = ¢, hence by axiom

(B1), z[¢]: € Bfor all t € [0,T + o].
Let the map o: [0,T + o] X D(¢,T) — B be defined by

(3.2) o(t, ) = z[pl:.

It is known (see [18, Section 3]) that, for every x € D(p,T'), the map o(-,x): [o,
T + o] — B is continuous and the map o(¢t, - ): D(y,T) — B is Lipschitz conti-
nuous uniformly with respect to t € [0, T + o].

Let us consider the superposition operator selg: D(p,T) — P(L'([o, T +
o]; E)), defined as

(33) slp(x) = selp(ale]) = {f € L (0T + o]; B) :
f(s) € F(s,0(s,x)) = F(s,z[g],) for a.e. s € [0,T + 0]}

The superposition operator selp is well-defined (see [18, Remark 3]). Moreover,
using the uniform Lipschitz continuity of o(¢, - ) and [25, Lemma 5.1.1], we obtain
the following property of weak closeness of selp (see also [18, Lemma 4]).

LEMMA 3.4. If the sequences {x"}5°, CD(p,T), {fn}2, C L ([0, T +0], E)
with f,, € selp(z™), n > 1, are such that ™ — 2°, f, — fo, then fo € selp(x°).

In D(p,T), let us consider the following problem:
(3.4) x € Soselp(z).
Denote by 7 C D(p,T) the solution set of (3.4).

LEMMA 3.5. We have 5 = {z[g] : z € 25(0)} and 25(0) =xF o0t T]"
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PROOF. It is enough to observe that by condition (Sy), the mutimap S o
selp(-) maps D(p,T) into itself and

5L o) = Fix(S o selp) = Fix(S o selp)| 0

= |
[o,0+T] — lo,0+T]"

COROLLARY 3.6. From conditions (Z1)—(Z2) of Theorem 3.1, it results that
the set 25(0) is nonempty bounded. Moreover, each local solution of (3.4) has
an extension to all [o,T + o], i.e. if x € D(p,T) satisfies T|jzp40) € S ©
selr(7)|(o,b40], for some o < b < T, then x has an extension to all [0,T + o].

The scheme of our proof of Theorem 3.1 is as follows: first, we prove that
Zg(o) is a compact Rs-set in D(p,T), then, by using a simple result (see Lem-
ma 3.23), we deduce that X is a compact Rs-set in C((—o0,0 + TJ; E).

The next two lemmas give some properties of the operator S which will be
needed in the sequel.

LEMMA 3.7. If S satisfies conditions (So) and (S1), then S satisfies
(1S1) for all f,g € L' ([0, T + o}; E),

1S()(E) - \<M/ 17(6) — g@)]|do, o<t<T+o:

(281) for all go, 91,92 € L'([o, T + 0], E) if Sg1 = Sga, then

(3.5) S(1ie0191 + Lo, 740190) = S(L5,0192 + Lio,740]90)>

for all 0 € [0, T + o], where 11, denotes the characteristic function of
the interval [a,b].

PRrROOF. Taking s = o in (S1) and using (Sp), we deduce (1S;). It remains
to show (2S;1). Let 0 € [0,T 4 o]. Remark that from (S;) it follows immediately
that

(36) S(l[mg]gl + 1[6,T+a]90)(t) = S(gl)(t) for all t € [O’, 9]

Indeed, for t € [0, 6], using (S1) and (Sp), we have

1S(Lie0191 + Lo, 710190)(t) — S(g1) (1) ||
< M||S(Lp 091 + Lig,14+6190)(0) — S(g1)(0)]|

t
M / 1 110.61(T)g1(7) + Lip 01 (P)gol(7) — g (7)|] dr
< Mp(0) \|+/ l1(r) — ga (7| dr = 0.

By symmetry, we also have

(3.7) S(16,0192 + 1, 7106190)(t) = S(g2)(t) for all t € [o,d].
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Since S(g1) = S(g2), from (3.6) and (3.7), it results that for all ¢ € [0, 6],
(3.8) S(Lio.0191 + 110,740190)(t) = S (L0192 + Lo,74+5190) (1)-
Now, for ¢t € [0, T + o], using again (S;) and bearing in mind (3.8), we have
1S 10191 + Lio,7+0190) () = S(Lo0192 + Lig,740190) (1)]]
<||St(L.0191 + Lo, 740190)(0) — S(L(s0192 + Lo, 740190) (6) |
+/(:H1[g,0] (T)Sh (T)+1[0,T+a] (T)QO(T) —1[0,0] (7)92 (1) —1[0,T+a] (7)90(7) H dr=0.
Hence, for all t € [0, T + o],
(3.9) S(1is091 + 1o, 740190)(t) = S(Lis,0192 + Lio,740190) (1)
Condition (2S;) follows from equalities (3.8) and (3.9). O

LEMMA 3.8. Assume that the operator S satisfies conditions (1S1) and (Sa2).
Then:

(a) if the sequence of functions {f,}5°, C L'([a,b]; E) is such that
/@] <6(t), foralln=1,2,... and a.e. t € [0,T + 0]

and x({fn}521) < C(t) for a.e. t € [a,b], where 6,¢ € LY ([o,T + o}),
then

x(S{fn()}nz1) < 2M / ((s)ds, forallte [o,T +0l;

(b) for every semicomapct sequence { f,}5°, C L ([o, T+0]; E) the sequence
{S(fn)}22, is relatively compact in D(p,T), and; moreover, if f, —

fo then S(fn) — Sfo
PROOF. See, for example, [25, Theorems 4.2.2, 5.1.1]. O
Using standard arguments, we have:

LEMMA 3.9. We can assume without loss of generality that F satisfies the
following global estimate:

(F4) there exists a function @ € L'([o, 0 + T); R™") such that for every u € B,
|E(t,u)|| <alt), fora.e t€lo,0+T].

PrROOF. Let p > 0 be chosen such that HEE(O)||C([U7T+U];E) < p. Note that
the existence of p is ensured by Corollary 3.6. Set

(3.10) Br = tg}g%]f((t);
(3.11) BN = sup N(t).

t€[0,T]
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By axiom (B2), we obtain, for all z € 25(0)’

=[]l < Br sup ]Hx(S)II + Bullells < pBx + Brllels.
selo,t+o

Set p = pBr +Bnll¢lls- Let F: [0, T+0]xB — Kv(E) be a multimap defined as

F(t,u) = F(t, pr(u),

where p,.: B — Bg(0,p) is the radial projection, i.e.

u if Jlul < p,
pr(u) = - . ~

pu/llullif flul > p.
Since p, is a Lipschitz map, it is easily seen that F satisfies conditions (F;),

(F2), (F4), condition (Fj5) with @(t) = a(t)(1 + p), and Eg(o) = 25(0)' O

In what follows, we suppose that the multimap F': [0,T + o] x B — Kv(E)
satisfies conditions (F1), (F2), (F4) and (F%) instead of (F3).

LEMMA 3.10. There exists a nonempty compact convex subset X C D(T, )
such that X D 25(0) and, for everyt € [o,0 + T,

{S(N(@): f e L o,0+TJ;E) and f(t) € @ F(t, X[¢]:)
for a.e. t €[o,0+T]} C X(t),
where X (t) = {z(t) : x € X }.

PROOF. Set X° = {z € D(p,T) : ||lz|| < &}, where £ = , [m%)i ]||S(0)(t)|| +
€lo, o

Mlla( )| o ([o,04+1);r+), M from condition (S;), and @(-) from (F3). It is clear

that X° is a closed convex subset of D(y¢,T), and by means of (1S1) (see

Lemma 3.7), we have X% D 25(0).

Define X" =coY™", for n > 1, where Y is given by

V' ={yeD(p,T):y=5(f); feLl(o,T+0]; E);
f(t) €@ F(t, X" 'pl) for ace. t € [0,0 +T]}, n=1,2,...
As ©F

(0
of D(p,T). Moreover, by construction, we have that X® ¢ X"~ ! n > 1.

Let us define on bounded subsets of D(¢,T) a measure of noncompactness

y C X™ n >0, the sets X™, n > 0, are nonempty convex closed subsets

U as follows,

3.12 U(Q2) = max su e L=\ (D(t)),
(312) (@)= o o X(D(1)

where A(Q) is the collection of all denumerable subsets of Q, D(t) = {x(¢):
x € D}, and L > 0 a constant, chosen so that

¢
(3.13) g= sup 4M [ e L09k(s)ds <
t€lo, T+o] o

)

|~
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where x(-) is from condition (F4). The range for the function ¥ is Ry. It is
known (see [25, Example 2.1.4 ]), that ¥ is well-defined monotone and nonsin-

gular measure of noncompactness.
For t € [0, T + 0], using expression (3.1), we immediately have that, for every
bounded set Q@ C D(p,T),

sup  x(Qeli(0)) < sup  x(p(t—o+0))+ sup x(Q(t+0))

—o0<6<0 —oo<f<o—t o—t<6<0
= sup x((0)).
o<0<t
Hence, by (F4), for every bounded set Q C D(p,T),
(3.14) X(F(t,Q[p]:)) < k(t) sup x((0)), forae. te o, T+ o]

o<O<t

We claim that ¥(X") == 0. Remark first that ¥(X") = ¥(c0Y") = ¥(Y™),
for n > 1. Let the maximum on the left-hand side of inequality (3.12), with
Y™ instead of , be achieved for a countable set D' = {z™}°_, C Y™. Then,
2™ = S(fm), m > 1, where {f}m C L'([0,T + o]; E) is a sequence such that,
for almost every t € [0,T + o], fm(t) € €0 F(t, X" ")), for m > 1.

For simplicity, if Q is a subset of E, we denote also by A(ﬁ) the collection of
all denumerable subsets of €2. Using (3.14) and Lemma 2.2, we have, for almost
every t € [0, T + o],

XU ()} o=1) < X(@ F(t, X" ple) = x(F(t, X" [¢]1))

< k(t) sup x(X"71(0)) < k(t) sup 2 sup x(D)
o<0<t o<0<t '5€A(Xn—1(0))

=2k(t) sup  sup  x(D(9))
o<O<tDEA(X 1)

< 2k(t) sup sup sup x(D(9))
0<0<t [DeA(X"1)o<O<t

=2k(t) sup sup x(D(0))
DeA(X—1)o<0<t

<2eMt=9) k() sup sup e~ =) (D(9))
DeA(X1)o<0<t

=2 k() w(X"Y).
Due to Lemma 3.8 (a) and (3.13), we have, for all ¢ € [0,T + o],
e HON (") m=r) = e HON(S{ fn (D} o=1)

< AMe Et=) [ B0 k() ds U(X )

M\HQ\&

<qU(X"H) < —w(xmh),
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Hence, U(X") = ¥(Y") < ¥(X"1)/2, for n > 1. Therefore
(3.15) U(X") -0 when n— oo.

This proves that our claim is true.

Now let us consider the set X = (] X™ C D(¢,T). Because 25(0) C X, the
n>0

set X is nonempty closed and convex. Moreover, from the monotonicity of ¥,

we have U(X) = 0, hence x(X(t)) =0, for all t € [0, T 4+ o]. Thus by (3.14), we
obtain

(316)  x(@F(t,X[¢]:) = X(F(t, X[¢]) =0, forall t€[o,T +0].
The set X C )?, X = @}7, where

Y ={yeD(p,T):y=5(f); feL(o,T + o]; E);
f(t) €@E(t, X[g];) for ae. t € [0,T + 0]},

is compact. Indeed, consider any arbitrary sequence {ym,}>_, C Y with ym, =
S(fm), fm(t) € @F(t,X[g]:), for almost every t € [0,T + o]. From (3.16),
we have, x({fm(t)}°_;) = 0, for almost every t € [0,T + o], and by (F%),
the sequence { f,,}>°_; is integrably bounded. Then {f,,}5°_; is semicompact in
LY([o, T+0]; E), by Lemma 2.3, we have f,, % fo- Applying Lemma 3.8 (b),
we get that e

m—roQ,

Ym = S(fm) —— yo = S(fo)-
Let us show that fo(t) € 0 F(t, X[g];), for a.e. t € [0, T+0]. Thanks to Mazur’s
lemma (see, for example [6]) there exists a double sequence of nonnegative num-
bers {a;,}72, such that £, = 1 for all 4 = 1,2,...; for every i = 1,2,...
there exists a number ko(7) such a;, = 0 for all k > ko(4); the sequence {ﬁ};’il,

Filt) =" aik f(t)
k=i

converges to fo with the respect to the norm of the space L!([o,T + o]; E)
compact. We can extract a subsequence of {ﬁ}f; which converges to fo almost
everywhere on [0,T + o]. For simplicity, we denote this extracted sequence by
{ﬁ}fil We have

fi(t) e F(t, X[g];), forae. te o, T+ o] and for all i > 1.
Then
fi(t) eco F(t, X[g];), for ae. t € [o,T + o] and for all i > 1.

Consequently, fo(t) € @ F(t, X[g];), for almost every ¢ € [0, T + o). Hence Y is
relatively compact. Therefore X = oY is compact. By construction, the set X
is the required one. O
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COROLLARY 3.11. The set 25(0) is compact.

Proor. Indeed, taking into account Lemma 3.10, it is enough to show its
closeness. Let {z,}5°_; C Ei(o) be an arbitrary sequence with z,, = S(fm),
fin(t) € F(t,zm[¢):), for almost every t € [0, T + o] and z,, ——— xy. Arguing
as above, one can easily show that the sequence {f;,,}5°_; is semicompact in
L'([o,T + o]; E), by Lemma 2.3, we have that f,,——f;. Lemma 3.8(b)

m—o0

together with Lemma 3.4 imply that z,, = S(fm) D% gy = S(fo) with
fo € selp(z0). Hence zq € 25(0). O

LEMMA 3.12. The set X[p].y={z[p].): t—=z[pl; 2z € X} CC([o, T +0]; B)
is compact.

PROOF. Let us consider the map ( defined as
¢: D(p,T) = C([o, T +0;B),  ((x) ==[e]().
By axiom (B2), we have

sup  [lz[e]e —ylelills < Bx sup sup [z(s) —y(s)]|
te€lo,T+o] te€lo,T+o]s€lo,t]

< Brllz(+) = y()lleor+o18)
where B is from (3.10). As a consequence ( is continuous. Therefore ((X) =
X[@](.y is a compact set in C([o, T + ol; B). O
COROLLARY 3.13. From Lemma 2.1, it results immediately that the applica-
tion,
X[@ly: o, T + o] = K(B), t— X[ol:,

is continuous and the set X[p|is,r4o) C B is compact.

Now consider the metric projection P: [0,T 4 o] x B — Kv(B),
P(t,u) = {v e X[g] : [J[v — ul| = dist(u, X[e])},

where dist(u, X[¢]¢)} = inf{||u — 7|, € X[¢]s}. Let F: [0, T+0]x B — Kv(E)
be defined by

(3.17) F(t,u) = F(t, P(t,u)).

Bearing in mind the results of the previous corollary and arguing exactly by
the same reasoning as in the proof of [25, Lemma 5.3.2], one can easily show
that the multimap F satisfies (Fy), (F3) and (F4), condition (F}) is obviously
satisfied by F. Hence taking F instead of F in Lemma 3.5 and Corollary 3.11,
we deduce that under the conditions of Theorem 3.1, the solution set Ef ©0) of
the problem

z € Sosels(z)

is a compact set.
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nF

F
LEMMA 3.14. ¥ £(0)"

@(0) ~

PROOF. Let z € 25(0). Then

x(t) € {S(g)(t) cg€ LY[o,T +o]; E), g(t) € ﬁ(t,x[g@]t) a.e. te [U,T—i—a]}
={S(9)(t) : g € LY([0, T + 0], E), g(t) € O F(t, P(t, z[¢]:))
for a.e. t € [0,T + 0]}
C{S(9)(t): g€ L' ([0, T + 0], E), g(t) € O F(t, X[pls)
for a.e. t € [0, T + 0]} C X(¢).

Consequently, P(t,z(t)) = {z(t)}. Thus z(¢t) = S(f)(t), t € [0, T + o], with
F(t) € F(t,alp)) = @ F(t, P(t,[pl:)) = @ F(t,xlp:) = F(t, [g]s),

for almost every t € [0, T+0]. Thus, z € 25(0)' Let us prove that ng) - Ef(o)'
Let z € Eg(o)' As 25(0) C X, we have, for every t € [0,T + o], z[p]: € X[¢]:.

Hence, for every t € [0,T + o], P(t, z[¢]:) = {z]p]:}. As a consequence,

z=5(9), g(t) € F(t,algle) = F(t, P(t,alel) = F(t,2lele),
for almost every ¢ € [0,T + o]. Thus, z € 25(0). g

LEMMA 3.15. There exists a sequence of multimaps {F,,}, F,,: [0, T+0]xB —
Kv(E) such that:

(a) each multimap F,(t, -): B — Kv(E) is continuous for almost every t €
[o,0 4+ T1;
(b) F(t,u) C ... C Fop1(t,u) C Fo(t,u) C o F(t, X[ple), n > 1;
(C) ﬁ(t’u) = ﬂ Fn(t’u);
n>1

(d) for each n > 1, there exists a selection g,(t,u) € Fu(t,u) such that
gn( -, u) is measurable and g, (t, -) is locally Lipschitz in the sense that,
for every compact R C B, there exist ¢1(R) > 0 and co(R) > 0, such that
for almost every t € [o,T + o] and for all u,v € EQ(R),

(3.18) [gn(t,u) = gn(t, 0)|| < cr(K)a(t)[|u — |,
where ECQ(,Q denotes the closure of the ca(R)-neighbourhood of & and
a(-) is from (F%).

Since the space B is supposed to be a Banach space, the proof of Lemma 3.15
follows, except for some obvious modifications, the same lines as in the proof of
[25, Lemma 5.3.4] (see also [13, Theorem 7.2], from where this approximation is
taken). We do not give details.

LEMMA 3.16. For each n > 1, the set Zg?o) s compact contractible.
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The proof of this lemma is obtained from five auxiliary lemmas. Note first
that from (a), (b) and (d) of Lemma 3.15, it follows that each F,, n > 1,
satisfies conditions (F1), (F2), (F5) and (F4). Hence, according to Lemma 3.5
and Corollary 3.11, under conditions of Theorem 3.1, for each n > 1, the solution
set E (0) of the problem

(3.19) x € Soselg, ()

is a compact subset of D(¢,T'), where selx, (-) is given by (3.3) with F), instead
of F.

Fix n > 1. LetanE
each 7 € [0,1), let D7 (x,,

o(0)y With 2, = S(fn) for some f,, € selp, (z,). For

T) be a set defined by
D7 (z,,T)={x € D(p,T) : x(t) = x,(t), for all t € [o,7T + o]}.

It is clear that for each 7 € [0, 1), the set D7 (z,,T) is a closed (convex ) subset
of D(p,T). Let f: [0,T + o] x B— E be defined by

f(ta U) = 1[U,TT+U] fn (t) + 1[TT+0'7T+0'] gn(tv u)a

where g, is from Lemma 3.15 (d). It is clear that for any € D" (z,,T), we have

Self(x) = 1[U,TT+0] fﬂ( : ) + 1[U+TT,T+U]( : ) gn( : 735[90] . )
LEMMA 3.17. For every x € D™ (x,,,T), we have

(3'20) l[o,TT-‘rU] In (t) + 1[7’T+O',T+O']gn(t’ x[@]t) € Fn(tv x[@]t)a

for almost every t € [0, T + o].

PROOF. Since z € D™(x,,T), we have z(t) = x,(t), for all t € [0,7T + o].
Thus

(3.21) fa(t) € Fu(t, xnlelt) = Fu(t, xle]t), forae. t € lo,7T + ol.
Now, from Lemma 3.15 (d), we have
(3.22) gn(t, x[0):) € Fu(t,x[p):), forae. te[tT+0o,T+o0]
Expression (3.21) together with (3.22) imply (3.20).
Let F7: D" (2y,T) = D7 (xy,T) be defined by
Fu(z) = Soselq(z).

Observe that, for every x € D" (x,,T), one can write,

@f(x) = 1[0,TT+0'] fn + 1[U+TT,T+0'] G; (33),
with
0 fort € o, 7T + 0],

GT(x)(t) =
n(@)(®) gn(t,z[p]y) fort € lo+ 7T, T+ ol.
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Thus, for every « € D™ (x,,T), we have
Folz) = S(l[a,‘rT-‘rU]fn + 1[0'+TT7T+O']G:L(I))' O
LEMMA 3.18. For each 7 € [0,1), the map F; is well-defined and maps
D7 (2, T) into itself.

PROOF. From property (2S1) of S (see Lemma 3.7), the value F (z) does
not depend on the choice of f,,. Hence F; is well-defined.
Using property (1S1) (see Lemma 3.7), we obtain, for all € D7 (x,,,T),

[F () () = zn ()]l = (175 (2)(t) = S(fn) (D]
=S 1101 fn + Lioprr.r401GR(2)(1) = S(fa) (@) |
=01 [ 166) = Ul =0
for all t € [0,7T + o]. Hence, for all x € D" (z,,,T), we have
(3.23) Fr(x)(t) = xn(t), forallte€ [o,7T + o].
Consequently, F maps D7 (z,,T) onto itself. O
Now, for each 7 € [0, 1), let us consider in D7 (x,,T) the problem
(3.24) z=Fr(z)=So @f(:z).

LEMMA 3.19. Ewery local solution of problem (3.24) is a local solution of
problem (3.19) (see Definition 1.2).

PRrOOF. Let z € D7(x,,T), such that z|j, ,44 is a local solution of (3.24)
for some 0 < b <T'. Then

(3.25) (- )|[a,a+b] = S(I[U,TT-HT] Int 1[0+TT,T] G (2))( )|[o,a+b]-
Expression (3.20) together with (3.25) imply that z is a local solution of (3.19).0

LEMMA 3.20. For each T € [0,1), problem (3.24) has a local solution defined
on [0, 7T 4+ o + h] for some h > 0 small enough.

PROOF. Let us fix 7 € [0,1). Consider the function p(¢) given by

_ Zn(t) for t € [o,7T + o],

(3.26) A1) =
Tn(o+7T) forte€[tT+o0,T+ o).

It is clear that ¥ € D7 (x,,T). The set

(3.27) Q=0([o,T+0],9)={Pl¢li:t€o,T+0|} CB

is compact, where g is from (3.2). Let ¢1(Q), c2(Q) > 0 be such that (3.18) holds
with 8 = Q, and let » > 0 be chosen so that

(3.28) mBr < c2(Q),
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where Sk is from (3.10). By O, g, denote the closure of the r5x-neighbourhood
of Q. Let h > 0 be chosen so that

o+7T+h r
3.29 a(s)ds < — h<T(1-— d
( ) /U+TT a(s)ds < 0L <T(l-71) an
(3.30) ' mta)|<<thn(t1) —zp(te)|| <7/2, t1,1t2 €0, T+ 0],
L1 —Ll2 =n

where @ is from the estimate (F3) and M from condition (S1).
Consider the map F7: D7 (2, T)|io,rr4o4n] —+ D7 (2, T)
fined by

lo,7T+o+h]s de-

(3.31) FZ(£|[U,TT+a+h]) = }—g(z)ho?TT-i-o-i—h]
= S(]-[U,TT+U] fn + 1[0+TT,T+0'] G;(£))|[G’,TT+O’+}I];

where D7 (2, T)|jo,r74o+h] = {Zlo,rT4o4n) : T € D™ (2, T)}. Here, for z €
D(xy,,T), the element |y ;74045 € C([o, 7T + 0 + h]; E) is the restriction of 2
to the interval [o,7T + o + h].

Before continuing the proof, let us make some remarks:

REMARK 3.21. It is clear that,

(a) the set D(xpn, T)|[o,774+0+n] is closed (convex) subset of C([o, 7T + o +

hl; E);

(b) from (3.23), we have for all z € D" (z,,T) and ¢ € [0,7T + o],
(332) ]:77; (:El[a,‘rT—i-d—&-h])(t) = ]:;L— ("I;)‘[U,TT-"O"‘"}L] (t) = ]:77; (x) (t) = mn(t);

(c) for all z € D™ (zy,,T),
(3.33) T(grrtotn) [t = 2]y, forallt € [o,7T + o + h.

Now, in D™ (2, T)|{g,77+0+1]> denote by BT (|s -14+0+n),7) the closed ball
of the radius r centered at @i, r7444), Where P is from (3.26), i.e.

§(¢ ‘[O',TT+0'+h] ’ 7")

= {2lio,rr1041 € DT (@0 T)ljg 4o+ :

Hx lo,7T+o+h] — E‘[U,TT«HT«HL]||C'([o’,TT+o’+h];E) < 7"}

= {x|[U,TT+U+h] € DT(me”[U,TT-HT-‘rh] : sup ||.T(t) - @(t)” < 7’}
t€lo,c+7T+h]

= {x|[U,TT+cr+h] S DT(xnaT)|[a,'rT+0'+h] :

s a(t) — (o + T < 7.
t€lo+7T,0+7T+h)]

Let us prove that 7 maps B (@

Le [o,7T+o+h],T) into itself. Take z|(; 714544
in B™(@|{o,~7+0+h]»7)- Let us estimate the value

Hfr: (SL‘| [U,TT+o+h]) - @‘ lo,7T+o+h] || :
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From Remark 3.21 (b) and (3.23), we have for any t € [0, 7T + 0],

||f171—(x [G,TT+0+h])(t) - ¢|[U,TT+<7+h] (t)H = Hxn(t) - xn(t)” =0.

By property (1S1) (see Lemma 3.7), (3.29), (3.30), (3.32), and the fact that
S(fn)(+) =x,(-), we obtain for any t € [T + 0,77 + 0 + k],

H]?r: (@lio.rT+o4h) () = PliorT4o4h) (t)H
= 1SV o rrro1fr + Ligsrrr10) GR(2)) () = n(o + 7T)||
<NSoirrsosnifo + LotrT rdorn Gr()(t) = S(f2)(#)]|
F1S(fn) (@) = zn(o + 7T

TT40o
< M/ ”fn(’y) - 1[0,TT+U]fn<'7)|| d’)/

o+17T+h

+M [ () = gn (v, 2lely) dy + |20 () — 20 (0 + 7T)||
o+1T

o+17T+h

T T T
<2M a(vy)d - <2M — + - =r.
<oM [ Aty <M g p =

Now in the space C([o,7T + o + h]; E), let us consider the equivalent norm
[ - ||+ given by

_ —n(t=0) |1y (¢
1y« oA € ly@)Il,

where 77 > 0 is a constant which will be determined later.
Let us prove that

]?7:: (§(¢|[U,TT+0+h]’T)7d*> — (§(¢|[G‘,TT+0'+h]7T)7d*>

is a contraction, where d, is the metric induced by || - ||..
Remark first that for 2|y rrioqn € §(¢|[U’TT+U+,1],7’), by axiom (B2) and
expression (3.33), we obtain, for any ¢t € [0,0 + 7T + h],

| 2lio,r T +o 411121t = Plio,rT+o-+h] [‘P]tHB = |lz[¢l: — Plelells

<Px sup z2(t) —P@)| + M(t - 0)llp - ¢lls
t€lo,c+7T+h]

< Bk sup [2(t) =) < Brr
t€lo+7rT,0+7T+h]

But, for allt € [o+7T,0+7T+h], Plg]: € Q, where Q is from (3.27). Therefore,
using (3.28), we obtain, for all t € [0,7T + o + h],

(3.34) 2o, rr+o+n [Pl = (¢l € Qprer C Qry(0)-

Let @|(o,rT4o+h]s Yl[o,rT+o+h] € B7(p*,7). Using (3.34), we have, for any t €
[o,7T + o + h],

o rrrorn Pl = Tplt € @m{r C QCQ(Q)a

Yliorrrorn Pl = ylolt € @BKT = @Cz(Q)'
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Hence, because ¢g(t, -) is locally Lipschitz (see Lemma 3.15(d)), we have, for
almost every t € [0,7T + o + h],

(3.35) llgn (8, zl@lt) = gn(t, ylelo)l| < er(Q)a(®)l|zlel: — ylelills-
Now, for any t € [0, 7T + o + h], let us estimate
H‘Fr: ({IJ| [U,TT+G'+h])(t) - 'F':L-(y| [U,TT+U+h])(t) || .
If t € [0,7T + o], using (3.32), we get
(336) H}—;(xl[a,rT+U+h])(t) - f;(y|[a,rT+o+h])(t)H = Hxn(t) - xn(t)” =0.
Ift € [0 +7T,7T + o + h], using condition (1S;), (3.32), (3.33), (3.35), and the
fact that z(t) = y(¢) for all ¢ € [o,7T + o + h], we obtain
| Fn(@lio,rrto001) (&) = Frp Wlio o) ()| = |17 (2) (1) = FL (@) (0]
< ||S(1[U,TT+U]fn + 1[0+7T,T+¢T]G;(m))(t)
- S(I[U,TT-HT] fnt 1[U+TT,T+<7] G;(y))(t) ||

TT+o
<M / L zsolfa(1) — Lpmzsorfa)l dy

t

+ M gn (7s 2[0ly) = gn (v, ylly)| dy
o+7T
t
<c(QQM . T@(v)llw[@]w —ylely s dy
t
<ca(QQM a() Bk sup llz(s) —y(s)|l + Bnllz[e)e — ylelsll] dv
o+7T o<s<
t
<P (@M a(y)e" "= sup  ||z(s) — y(s)|| dy
o4+1T o+71T<s<xy
t
<Br e (QM a(y)e"™ = sup e ||a(s) — y(s)| d,
o+1T o+1T<s<y

where @(-) from is condition (F%), 8k is from (3.10) and By is form (3.11).
Thus

Sup e—n(t—a) H]::z— (‘T‘ [chrTT,TJrU])(t) - ]:r:(y| [U+TT,T+U]>(t) H
o+1T<t<tT+o+h

< sup [MﬂKcl (Q) /

t€lo+7T,T+0] o

t
a(,y)efn(tfv) dfy]

sup e 157 |lx(s) — y(s)|| dy.
o+1T<s<tTHo+h

Observe that
t

sup [MBKcl(Q) /

a(v) e”(twdfy] — 0,
t€lo,T+o] o
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when 17 — 4-00. Choose 1 > 0, so that

t

g= swp [MﬁKq(Q) /

e =) dv} <1
t€lo, T+o] o

Hence, we obtain

(337) T<S1<lpT he_n(s_a)H‘F;(x)l[aJrTT,T+o] - *7:771—(/3/)|[0+TT,T+0]H
o+17T<s<tT+4+o+
<q sup e la(s) = y(s)])-
oc+717T<s<tT+o+h

Expression (3.36) together with (3.37) imply that F is a contraction. By the
Banach contraction principle, it results that for each 7 € [0,1), the equation
x'[a,TT-‘rU-l-h] = J—.ZL— ('r)|[O',TT+O'+h] has (a unique) solution in D(l‘n, @)‘[U,TT-&-U-HL]-
Thus, problem (3.24) has a local solution defined on [0, 7T + ¢ + h| for some
h > 0. O

Denote by Zz,7 that solution. Since f instead of F), satisfies conditions (F1),
(Fg), (F5) and (F4), by hypothesis (Z2), the function Zz; has an extension to
all of [0,T + o]. Lemma 3.19 ensures that this extension belongs to 25?0). Let

zn € 25?0) be an extension of Z;7 to all of [0, T + o].
LEMMA 3.22. z] is unique.

PROOF. Let z € 25?0) be another extension of z;7 to all of [0, T + o]. Then
zh(t) = z(t) for all t € [0,7T + o + h], where h > 0. Set

A={t€ o, T+o]:z(s) =z(s) for each s € [o,]}.

n

As 27 and z are continuous and z](s) = z(s) for each t € [o,7T + o + h], the
set A is nonempty bounded and closed, hence compact. Set a = max.A. It is
clear that o + 7T+ h < a < T 4+ 0. Let us prove that a = o +T. Assume
the contrary. Then for each ¢t € [0,a] with a < T + o, we have 27 (s) = z(s).
Reasoning as above, we can see that z] and z must coincide on an interval of the
form [o,a + A'], with A’ > 0 sufficiently small. Since this statement contradicts
the definition of a, it follows that the supposition a < T + o is false. Then

a=T+o. ]
PrROOF OF LEMMA 3.16. Let n > 1 be fixed. Let us define the deformation
hi [0,1] x 205 — S50 by
h(r, ) = 2z for 0 <7 <1,

x, forT=1.

It is clear that h(0, -) = 20 and h(1, -) is the identity.
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It remains to prove that h is continuous. Since, for all ¢ € [0, T + o], 27 (t)
S(]-[O',TT+0]f + 1[0+TT,T+0]GZ—1(Z:1—,))(t)7 where f € QF(x) is such that Z'n( ) =
S(f)(-), we have

5(1[077—'1"4_0]‘][ + 1[J+TT7T+U} GZL(Z:L)) for 0 <7< 1,

Ty for 7 = 1.

h(r,zp) =

Recall that by property (2S;) (see Lemma 3.7) of the operator S, the value
h(7,x,) does not depend on the choice of f. As

(Lo 1401 f + iorm G (25))(t) = f(t), forae. t€ o, T+ 0],
we have
an = S(f) = S rr0)f + Lot 140G (27)) = h(1, 20).
Hence, for all (7,z,) € [0, 1] x 25?0)7 one can write
M1 2n) = Sorr+01f + Ligwr,m401Gr(20))-

It is clear that by condition (1S1) (see Lemma 3.7), we have

(3.38) (7, 2,)(t) = S(f)(t) = zn(t), forallt e [o,7T + o].
Let (i, ) € [0,1] x BE7) with (rg, 21) == (7, 2). Set
() = [|h(r, 2)(t) = h(7h, 25) (D)]]-
We are going to prove that ) [sujp+ ]z/)k (t) F2%0 0. We consider only the case
telo, T+o

T < 7, the remaining cases can be treated similarly. For ¢ > 0, let 6 > 0 be
chosen such that for every measurable set I C [0, T + o], meas(l) < §, we have

(3.39) zm@@<%,

where @ is from the estimate (F%5) and M is from (S;). Choose k. > 1 so that,

for all & > k.,
€ 1)

(3.40) 1z = 2l (o r+o18) < 775 e =7l < 7

Let k > k.. We distinguish three cases:
Case 1. If t € [0, 7T + o], then by (3.38), we get

Ui(t) = ||lz(t) — zu(t)] < %.

Case 2. It t € [0 + 7,T, 7T + o], then using condition (S;), (3.39) and (3.40),
we obtain
Ue(t) = [[S(N®) = SUporr+a1fs + Linrror+0Grlz))|
< MHS(f) (0 + TkT) - S(l[O',TkT-'rO'] fk + l[TkT+z7,T+o] G:L(z;;k))(g + TkT) ||
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t
+M 1£(s) — g(s, 23" [0]s) || ds
o+1iT
TT+o
<M||z(c + 7%T) — xp(c + 7T)| + 2M la(s)|| ds
T T+o

€ €
<M— +2M— = 3e.
< M+ % €

Set K = {z[¢]; : t € [0,t + 0],z € XL } From Corollary 3.11, we know that

©(0)
nin (0 is compact. Taklng »Fe instead of X in Corollary 3.13, we deduce that

#(0)
K is compact. Let ¢1(K),ca(K) > 0 be such that (3.18) holds with & = K. We
have for all k > k.,

Case 3. If t € [0 + 7T,T + o], then, by means of condition (S;), Lem-
ma 3.15(d), and the last inequality in Case 2, we obtain

Yr(t) < MHS(l[U,TT-HT]f + 1[TT+U,T+0] G:L(ZT))(U +7T)

- S(l[U,TkT+U]fk + 1[TkT+0',T+U]G:—l(Z]::—k))(U + TT)H
t

+M (s, 27 [ls) — g(s, 2% [¢]s)) || ds
o+7T

<o r D)+ [l Tl —ato, 7l 0
t
<sMz+ Mei(k) [ @l - o7 leh sy

<ante M) [ @) s 176) - )]

o+1T o<s<vy

T Bl el — mgﬂ &

<3Me + Mey(K) / a(y) [ﬂK sup ||zf<s>z;k<s>+ﬂzv||ws4|4 d

o+1T o<s<vy
t

§3A45%-A16K010C)/p
o+1T

a(v)[ sup  [127(s) — 2+ (5)]

o<s<o+1T

©oswp [ - z;’“(s)ll] &

o+1T<s<vy
t

a(y)[3e+  sup [|=7(s) = 27 (s)]] d

< 3Me + MBi 1(K) / up
o+1T'<s<7vy

o+1T
t
§3M€+35MBK01(IC)/ a(y)dy
o+71T
t

T MBicer(K) / aly) swp  [27(s) — ()] dy

o+1T o+1T<s<vy
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§3(M+MﬁKcl(lC)||@HL1)a+MﬁKcl(lC)/ a(y) sup  ¥(s)dy,

o+1T o+7T<s<vy

where Sk from (3.10) and Sy form (3.11). Since the last expression does not
decrease, we have

sup  P(s) < 3(1+ M Bk cr(K)|[@l|p)e

o+7T<s<t
t

+ MBg cl(lC)/ a(y) sup  (s)dy.

o+1T o+7T<s<vy
Thus, applying the Gronwall-Bellmann inequality to the function
()= sup (s),

o+717T<s<t

we obtain
TH+o

QZ(t) <3(14+ MBr cr(K)||@||p1) e exp <MBK01(IC) /+ T&(v) d’y).

The continuity of h follows from the arbitrariness of €. This achieves the proof
of Lemma 3.16.

In the proof of our main result we will need the following simple lemma.

LEMMA 3.23. Let E1, Es be two metric spaces and let p: Fy — E5 be a con-
tinuous injective application. If C is an Rgs-set in Ey, then o(C) is an Rgs-set
mn EQ.

PROOF. Let C be an Rs-set in Fy with C = [ Cy, C,, compact contractible

n>1
and, Cp41 C C,, for all n > 1. Tt is clear that ¢(C,) is a compact set and

©(Cpt1) C 9(Cy) for allm > 1. For any n > 1, let hy: [0,1] x C,, — C,, be
a continuous function such that, for every z € C,, h,(0,z) = zf € C, and
hn(1,2) = 2. Let hy,: [0,1] X ¢(Cy) — ©(Cy,) be defined by

%H(T’ y) = (P(hn(T, 13)),

where x € C,, is the unique element (since ¢ is injective) such that y = p(z). It
is clear that h, (-, ), n > 1, is continuous and satisfies for every y € ¢(C,,),

77,”(07?/) = @(hn(o’x)) = @(xg) € @(Cn)a

hn(1,y) = @(hn(1,2)) = ¢(z) = y.
Thus for all n > 1, ¢(C,,) is contractible. Using again the fact that ¢ is injective,

w1 =¢( €)= N e,

n>1 n>1

Therefore ¢(C) is an Rs-set. O

we have
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PROOF OF MAIN RESULT (Proof of Theorem 3.1). Let us prove that

Frn
30(0 ﬂ E</J(0)7

n>1

where F is given by (3.17). From Lemma 3.15 (b), we immediately have that

<p(0 C ﬂ Ew(o

n>1

Let us prove the converse inclusion. Let x € () EF(O) Then, for each n > 1,
n>1
there exists a function f,, such that

fn € LY[0,T +0; E), fo(t) € Fu(t,x[0];), fora.e. t€[o,T+al,
and z(-) = S(fn)(-). From Lemma 3.15 (b), we have, for all n > 1
F,(t,z[¢]:) CeO F(t, X|¢]t), forae. t€ o, T+ 0],
where X is from Lemma 3.10. Hence using condition (F4), we obtain

X{fu(t)}nz1) < x(@ F(t, X[p]t)) = x(F(t, X[¢]:) = 0,

for almost every ¢ € [0,T + o]. Further, condition (F%) ensures that the se-
quence {f,}52, is integrably bounded. Consequently, the sequence {f,}52, is
semicompact, so we can assume without loss of generality that

fn == fo € LYo, T +0]; E) when n — oo.
Applying Lemma 3.4, we have, for almost every ¢ € [0,T + o] and for all n > 1,
fo(t) € F(t, z[]t), forae. t€ o, T+ 0]
Hence, using Lemma 3.15 (¢), we obtain, for almost every ¢ € [0,T + o],
€ [ Fult,zlel) = F(t,z[el).
n>1

By Lemma 3.8, we have S(f,) — S(fo) when n — oo. But for all n > 1,
S(fn)(-) ==(-), then S(fo)() z(+). Consequently, z € ©F o(0)- Thus

Fy
30(0 ﬂ E<ﬁ(0)'

n>1

From Lemma 3.15(b), we have ¥ ’(LJ)I C EF(O), n > 1. Hence invoking Lem-
ma 3.16, we deduce that Zw(o) is an Rg-set. Corollary 3.11 and Lemma 3.14
imply that Eg(o) is a compact Rs-set.

The application ®: D(p,T) — C((—o0,T + o]; E) defined by ®(z) = x[y]
is continuous and injective. Applying Lemma 3.23, we conclude that the set

¥ = @(Zg(o)) is a compact Rg-set in C((—o0, T + o]; E). O
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4. Applications

Let F: [0,T 4 o] x B— Kv(FE) be a multivalued map satisfying conditions
(F1)—(F4) and let ¢ € B be a fixed element, where B is a Banach space of
functions mapping (—oc; 0] into E satisfying conditions (B1)—(B4). Consider
the quasi-linear problem

(4.1) y'(t) € At,y(t)) + F(t,y:) forte o, T +al,

Yo = P-

As an operator S: LY ([o, T +0]; E) — D(y,T), we take the solution operator of
the quasi-linear problem

y'(t) € A(t,y(t)) + f(t) fort € [o,T + o],
y(o) = ¢(0),

i.e. for each f € L' ([0, T+0]; E), the value S(f) stands for the (unique) solution
of (4.2). Then, problem (4.1) can be written as

(4.2)

y € Soselp(y),
Yo = ¥.
Let us describe some concrete situations.

Semilinear case. A(t,z(t)) = Ax(t), where A: D(A) C E — F alinear not
necessarily bounded operator generating a strongly Co-semigroup {e4?, ¢t > 0}.
By means of the variation of constants formula, the mild solution operator S
associated with the inclusion (4.1) can be expressed explicitly by

S: L'([0,T + o] E) = C([o, T + ol; E),

S(F)(t) = e~ A=) p(0) + / A=) f(5) ds.

Let M > 0 be a constant such that |le=4t|| < M, for all t € [0, T + o). It is easy
to see that S satisfies condition (S;). Condition (S2) follows from [25, 4.2.1 ].
According to [18, Theorems 2, 3], the solution set Eg is nonempty and compact
(hence bounded) and each local solution has an extension to all (—oo, T + o].
Thus, the solution set of (4.1) is a compact Rs-set in C((—o0,T + o]; E).

Fully nonlinear case. A(t,z(t)) = —Ax(t), where A: D(A) C E — P(E)
is an m-accretive operator, with 0 € A0, such that —A generates an equicon-

tinuous semigroup not necessarily compact. Suppose that ¢(0) € D(A). Let
S: LY ([0, T +0]; E) = C(|o, T + 0l; E) be the integral solution operator, i.e. for
every f € L'([o, T+0]; E), the value S(f) is the unique integral solution of prob-
lem (4.2). Suppose that the dual space E* of E is uniformly convex, then one
can invoke [5, Proposition 1, Lemma 4] to infer that the operator S satisfy (S2).
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Condition (S7) follows from the fact that if y;, ¢ = 1,2, is the integral solution
to the problem

yi(t) € —Ay;(t) + gi(t) fora <t <b,

then
ly1(®) = y2 @) < flyr(s) — y2(s)l +/ lg1() — g2(7) || dr,

for all a < s <t <b. (For more details see [4].) According to [18, Theorems 4.1,
5.1], the solution set Ef; is nonempty and compact (hence bounded) and each
local solution has an extension to all (—oco, T +o]. From Theorem 3.1, we deduce
that Zf; is a compact Rs-set in C((—o0,T + ol; E).

Nonautonomous semilinear case. A(t,z(t)) = A(t)z(t), where family
{A(t)}+ejo,1) is a family of closed, not necessarily bounded operators in £ gene-
rating a strongly continuous evolution operator U: A — L(FE), where A = {¢,s €
[0,T]: s <t} and L(F) is the space of all bounded linear operators in E.

(Uy) For any z € E, the function (¢,s) — U(t, s)x is continuous in A;

(Ug) for all (¢,s),(s,0) € A, the relations U(t, s) o U(s,0) and U(t,t) = Ig.
The mild solution operator S associated with inclusion (4.1), with o = 0, can be
expressed explicitly by

S: L'([0,T); E) = C([0,T); B),
S(F)(t) = U(t,0)(0) + / U(t, ) f(s) ds.

Let M > 0 be a constant such that ||U(t,s)||zg) < M, for all (t,5) € A. It is
clear that S satisfies condition (S;). Condition (S3) follows from [7, Theorem 2]
(see also [11]). If conditions (Z1) and (Z2) of Theorem 3.1 are satisfied, then ES
is a compact Rs-set in C((—o0,T]; E).

REMARK 4.1. (a) In our approach, the space B was considered as a Banach
space, however it is more natural to consider it as a seminormed space. Another
approach would be to assume that B is a complete seminormed space satisfying
axioms (B1)—(B4) and to show that the solutions observed only for t € [0, T + 7]
form a compact Rs-subset in C([o,T + o]; E). In this case, the space C((—oo,
o + T); E) becomes a complete seminormed space and many of our preliminary
results are valid, but the major constraint is Lemma 3.15 that played a key role
in the proof of our main result. This is why we choose B as a Banach space.

(b) In Section 4 where some concrete situations are described, it is not as-
sumed that the operator A generates necessarily a compact semigroup. This is
one of the interesting points of this work.
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