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ATTRACTORS FOR SECOND ORDER NONAUTONOMOUS
LATTICE SYSTEM WITH DISPERSIVE TERM

XIAOLIN XIANG — SHENGFAN ZHOU

ABSTRACT. In this paper, we prove the existence of pullback attractor,
pullback exponential attractor and uniform attractor for second order non-
autonomous lattice system with dispersive term and time-dependent forces.
Then we prove the existence of uniform exponential attractor for the system
driven by quasi-periodic external forces.

1. Introduction

It is known that there are two important tools to study the asymptotic
behavior of non-autonomous evolution equations (see [10], [6], [15]). The first
one is the uniform attractor by introducing a so-called skew-product semiflows
on a larger phase space, which allows one to embed a given non-autonomous
system into an autonomous semiflow, and then to appeal to the general theory
of autonomous semiflows. The second one is the pullback attractor (or kernel
sections) directly for non-autonomous equations. The uniform attractor and
pullback attractor are natural generalizations of the notion of global attractor
for a non-autonomous dynamical system. However, these two attractors are
usually infinite dimensional and sometimes attract orbits at a relatively slow
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speed leading to take an unexpected long time to be reached, thus the uniform
exponential attractor and the pullback exponential attractor having finite fractal
dimension and attracting all bounded sets exponentially were introduced, and
they have become appropriate alternatives to study the asymptotic behavior of
non-autonomous dynamical systems.

Recently, there are several works about the existence of uniform attractor,
pullback attractor, kernel sections, pullback and uniform exponential attractor
for non-autonomous lattice dynamical systems (LDSs), which arise in many ap-
plied areas, see [1]-[4], [9], [17], [21], [22], [24], and the references therein. Of
those works, Zhou and Han in [21] and [22] presented some sufficient conditions
for the existence of pullback and uniform exponential attractor for the continu-
ous process on Banach space and space of infinite sequences, and applied them
to prove the existence of pullback exponential attractors for the first order and
partly dissipative non-autonomous LDSs and uniform exponential attractors for
the non-autonomous Klein—Gordon—Schrodinger and Zakharov LDSs. Motivated
by [21], [22], in this article, we consider the pullback attractor, pullback exponen-
tial attractor, uniform attractor for the following second order non-autonomous
lattice dynamical system with dispersive term and time-dependent forces

(1.1) iy + B(AL); + oty + y(Ad); + Au; + (Au); + filw) = gi(t),

and the uniform exponential attractor for second order non-autonomous lattice

system driven by quasi-periodic external forces:

where i € Z, t > 7,7 € R, u = (w;)icz, w; ER, >0,y >0, a >0, A >0,
a; € R, g; € C(R,R), hy, f; € C*(R,R), 5(t) € T" (n-dimensional torus), A
is a non-negative and self-adjoint linear operator with the decomposition A =
DD = DD, and D is defined by
l=myo
(1.3) (Du); = Z diwiyr, |di| <co, forall u = (u;)iez, —mo <1< mo,
l=—mg
and D is the adjoint of D. If A is defined by (Au); = 2u; — u;_1 — u;41, then
(1.1) can be regarded as a discrete analogue of the following continuous fourth
order partial differential equation in R:

(14) U — BUger + oy — YUgzt + AU — Uy + f(u, ‘T) = g(x, t),

which is a mathematical model for describing the spread of longitudinal strain
waves in nonlinear elastic rods and weakly nonlinear ion-acoustic waves; see, e.g.
[5], [11] and the references therein. The terms —Bug.sr and —vyu,,: are called the
dispersive and the viscosity dissipative terms, respectively. In the autonomous
case (i.e. g is independent of t) defined in a bounded domain and the stochastic
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equation driven by additive noise defined on the unbounded domain, the well-
posedness and the existence of attractors of (1.4) have been studied by [7], [8], [13]
and the references therein.

For the second order autonomous and non-autonomous lattice systems (1.1)
without dispersive term (i.e. 8 = 0), Abdallah, Fan, Zhao and Zhou et al. have
investigated the existence and finite-dimensionality of their global attractor and
kernel sections, see [2], [3], [12], [14], [16]-[20], [23]. Here, by following the
ideas of [21], [22], we consider the existence of pullback exponential attractor for
system (1.1) and the existence of uniform exponential attractor for system (1.2)
with g > 0.

The paper is organized as follows. In Section 2, we prove the existence
of pullback attractor of system (1.1). In Section 3, we prove the existence of
pullback exponential attractor for the system (1.1). In Section 4, we present the
existence of uniform attractor for the system (1.1). In Section 5, we prove the
existence of uniform exponential attractor for the system (1.2).

2. Pullback attractor

In this section, we consider the existence of pullback attractor of system (1.1)
with 8 > 0. Note that system (1.1) with initial data can be written as a vector
form

2.1) U+ BAU+ ot + yAGL+ du+ Au+ f(u) =g(t), t>T, reR,
w(T) = (Uir)icz = Ur,  W(T) = (V14,7 )icz = Uir,
where u = (u;)icz, All = ((All))iez, At = ((A)i)icz, Au = (Aus)icz, f(u) =
(fi(ui))iez, 9(t) = (gi(t))iez. Let
2 = {u = (u;)iez : Zuﬁ < 00, Uu; € R}
i€Z

be a Hilbert space with inner product (u,v) = > u;v; and norm
i€l

ul|? = (u,u) = Zu? for u = (u;)icz, v = (vi)icz € 1%
ez

Let

(2.2) v =1+ e,
where ¢ is a small positive constant such that

min{a — 26,7 — Be, A — ae + 2,1 — ye + e} > 0,

then

(2.3) (I4+BA)O+ (a—e)v+ (A —as+e2)u

+ (1 — e + Be?) Au + (v — Be)Av + f(u) = g(t).
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By the semi-positivity of operator A on [, we know that the operator (I +
BA)~! exists, and (I + BA)~! is linear and bounded: |[(I + BA)7!|| < 1. Let
E = 2 x [?, a Hilbert space with usual inner product and norm. The system
(2.1) is equivalent to the following first order evolution equation in E:

(2.4) ¢+ Clp) = F(p,t), (1) = <ZT> = <U1TCT€UT>, t>71, TER,
where
- (u> o= ((f + ﬁA)‘l[gf(u) - g<t>]>’
Cle)

Eu— v
B <(I+5A)1[(a5)v+()\a5+52)u+(1'ys+ﬂ52)Au+(’yﬂs)Av])'
We make the following assumptions on g;, f;:

(H1) g(t) = (9i(t))icz € G, where

G= {g € Cy(R,1%) : for every n > 0, there exists I(n) € N such that

sup o gi(t) < 77}7

teR |
[i|>1(n)

and Cy (R, [?) denotes the space of all continuous bounded functions from
R into 12, |[|glll = sup [lg(t)]];
teR

(H2) For any i € Z, f; satisfies:
(H21) f; € CY(R;R);
(H22) let Gy(s) = [y fi(r)dr, fi(s)s > vGi(s) > 0, for all s € R and for
some small positive constant v > 0;
(H23) there exist a function K € C(Ry;R,) and a Iy € N such that

sup max |f{(s)| < K(r), forallreR,.
|i|>1o SE[=T7]

Under assumptions (H1)—(H2), we see that for any (¢,t) € E x R, F(p,t) —
C(p) € E and F(p,t) — C(y) is locally Lipschitz from E x R into E with
respect to ¢ for ¢ in compact sets of R. Thus, for any ¢(7) = (ur,v.)" € E,
there exists a unique local solution ¢(t,7) = (u(t,7),v(t,7))T of (2.4) such that
o(-,7) € C([r, 7+ T0), E) N CH(7, T + Tnax), E) for some Tyay > 0. Moreover,
if Trnax < +00, then t_l>17{n [lo(t, 7)||E = +o0. Tt follows from Lemma 2.1 below

max

that the solution @(t,7) of (2.4) is bounded for all ¢ > 7 if ¢(7) belongs to
a bounded set, thus the local solution (¢, 7) of (2.4) exists globally in [7,400),
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that is, p(-,7) € C([r,4+0), E) N C1((1,4+0), E), implying that the solution
maps

W(t,t): (1) = (ur,vr) = @(t,7) = (u(t,7),v(t, 7)), t>71, TR,

generate a continuous process {W(t,7)}4>, on E.
First, we prove the existence of a uniform absorbing set of {W (¢, 7)}i>~.

LEMMA 2.1. The process {W(t,7)}i>r has a uniform absorbing set By =
By(0,70) ={p € E : ||¢|lg < ro} C E such that for any bounded subset B C E,
there exists Tg > 0 yielding W(t + 7,7)B C By for allt > Ts, where

[ 2 .
o = H|9m» u:mln{l,)\—as+52,5,1—75+ﬁ62},
J1exeYe%

2(~y —
0p = min {a — 2¢, %/6%)7 25,5V} .
Particularly, |J W(t,t —7)By C By for anyt € R and 7 > Tp,.
tER

PROOF. Let o(t,7) = (u(t,7),v(t,7))T € E be a solution of (2.4). By
computation, we have

_ld, 2 _1d 2 2
(1,0) = 5l + ellull?, (Au,v) = 3 Z1Dulf? + ]| Dul?,
(f(u)vv) > a ZGz(uz) + EVZGZ(’LQ),

i€EL iE€EZ

1 a
< — 24 Zwl)?
(9(8),v) < o Ilgll + S ol

Taking the inner product (-, -) of (2.3) with v(¢,7), we have

d 1
(2.5) %y+aoy§ a|||g|||2, for all t > 7,

where
y = |[v]|* + BIIDv[]> + (A — ae + &°)||ul[?

+ (L =g+ B[ Dul® +2 ) Giluy).
€L

Then applying Gronwall inequality to (2.5), we have
1
y(t) < y(r)e = 4 —|llg|||?, forallt>r.
[eXe]0%
By (1.3) and (H22)-(H23),

IDu(n)|I* =Y _(Du)i(7) < (2mo + 1)%cf|lu |,
1€Z
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1
Gi(ui(1)) <— max 1(8)] - wir?
Z (wilr) < v Zﬁ[*\luf\lallufll] i)

1E€EZL €7

1 ~
<*K T : T 27
< S K([Jur]l) - [ur]]
where
K(||u,|]) = max max 1(s)], K(||ur }
(-l {|z‘|s10,se[—uT,||ufm|f()| (-l
Thus,

(2.6) y(t) < (14 BCo+ A — ae + 2)|[v,||Pe=0t=7)
AL 2R Coo(t—r) , L
+<(17€+5€2)Co+K(IIuTII))IUTIQe ot=7) 1 —J||glII%,
v oo

for all ¢ > 7, where Cy = (2mg + 1)2¢2. It follows that the ball By = {p € E :
ll¢l|e < 7o} is a uniform absorbing set for the process {W(t,7)}y>- on E. O

Next we consider the “end” estimate of solutions of (2.4).

LEMMA 2.2. For any n > 0, there exist To(n, Bg) > 0 and No(n, By) such
that the solution p(t+7,7) = (p;(t+7,7))icz = (w;(t+7,7),0;(t+7,7))icz € E
of system (2.4) with (1) € By satisfies

Yo llet+nolE= Y. @t+nT)+0l(t+T 7)) <,
[#]>No(n,Bo) |i]>No(n,Bo)

fort > To(n, Bo).
PRrROOF. Let 7 € R,
o(t) =p(t+7,7) = W(t+7,7)p(T)
=(u(t+7,7),0(t+7,7)) = (ut),v(t) € E,
for ¢ > 0, be a solution of (2.4) with ¢(7) € By. By (2.6),
2.7) @)1+ BlDo®)]” + (A — as +2)||u()]]?
+ (1= e+ Be?)|[Du(t)||* < prg < g,

for all ¢ > T,. Taking the inner product (-, -) of (2.2) and (2.3) with u(¢,7),
0(t, T), respectively, we have

(2.8)  ||ul* < 2||v|* + 23| |ul* <21 +&P)rg =2r7, forallt> T+ Tp,.

and, for all t > T,

1 1
(2.9) §||1>||2 + 5ﬂ||Dq>||2 < (2(a —e+A—aec+¢?)

N (1 —~ve+ Be?) + (v — Be)
8

i 2f<2<ro>)r8 T o|lglIP? = 2.
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Choosing a smooth increasing function § € C*(R,R) satisfies:

0(s)=0 for 0 <s <1,

0<0(s)<1 forl<s<2,
(2.10) <00s) < ori=ss

f(s)=1 for s > 2,

|0’ (s)| < My for s >0,

where My > 0 is a constant. Let M be a fixed integer. Set w; = 0(|i|/M)u,,
zi = 0(|i|/M)v;, for all i € Z, y = (w, z) = ((w;), (#:))icz. Here we have

l:mg |Z| l:mo
Z dlZi-‘rl_H(M) Z dlvi+l

(2.11) ‘(Dz)i - 9(1\1}) (Dv)i

l=—m0 l=—m0
l=mg . . l=mg
B li + |] Mymoco
-2 (o("37) ~o(ir ) s < 2 Il
=—mg =—mg

Thus, by (2.7)-(2.9) and (2.11), for t > Tg,,

oo o(£)o)

i€Z
l:mo l:mo
Mymgc .
<M ST (S bl 3 Joial )
€L

l=—myg l=—mo

M 2 1 2.2 M 6
< 0mo(2mg +1)°cg Z(@§+v§) < M(Qrg‘ﬂ"g)'

2M ‘ 2M
€7
Similarly,

. |’L| . M0m0(2m0 + 1)20(2) 2 .9
S | - o 3y ) i < S + i)
i€Z M 2M i€l

Mom()éo
< W@T% +73),

for t > T'g,. Thus,

(Ab,z) =Y (Do) [9 (;}) (Dv); + (Dz); — 0 (;}) (Dv)l}
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() = Y0 7 ) (w2 - s

=
(Au, 2z) = (Au, W + ew)

S1d

2

£ 5 o(0) o+ o) o - 28

1€EZL i€Z
gul ( )ul—i—e thze< ) ?4—5;9(]'@[)@,
),z)ziéa(ﬂ)ai(umreyée(]'w)c:
w0 <53 0( {7 ) 3+2§o('@)g$<t>.

Taking the inner product (-, -) of (2.3) with z(¢,7), we have that, for t > Tg,,

(2.12) %Z (M>(vf+B(Dv)f+()\a5+52)uf)

€L
d )
+ at ; 4 <]|\Z4|> ((1 = ve + Be*)(Du)} + 2G;(u;))
+> 9(“) (o = 26)07 + 2(y — Be) (Do)} + 26(A — ae + %)u?)
icZ M
+ EZZ 9(}&) (26(1 — ve + Be?)(Du)? + 2evGy(u;))
1 Jo
@ |1§M M
where
Jo = (B(2r} +13) + 4(y — Be)rd) MomoCo
+ (1 = ye + Be2)(2r? + r2 + 2er2) Mym, C.

(9i(t))iez € G, by the definition of G, we have that for all n > 0,

Since g(t) =
there exists Noo(n, By) such that
fbup > g+ < M99 for all M > Noo(n, Bo).
QO cR 2
i|>M
Write

t) = Z 9(}\2) (v + B(Dv); + (A — as +e%)u?)

iE€L

+> 9(]\24') (1= ye + Be2)(Du)? + 2G(u;)).

I€EL
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Then by (2.12),

Oopn
2 )

By the Gronwall inequality to (2.13) on [7 + Tg,, T +t] (t > Tp,), we have that

for M > max{Iy, Noo(n, Bo)}, t > Th,,

d
(2.13) ayM(t) + ooym (t) < for all M > Noo(n, Bo), t > Tp,.

ym(t) = ZG(}@) (v? + B(Dv)? + (A — as + ?)u?)

i€Z
+ (1 —ye + Be?) Z 6 <J|\Z4|> (Du)? + 2G;(u;)
i€Z

< Y(Tp )20 4 21 < (oo eTo0) 4 21

)

where
~ 2
Ki(ro) =14 B(2mo + 1)%c2 + (A —ae + %) + (1 — ye + B*)Co + ~K(lroll)

Thus there exist To(n, By) > Tp, > 0 and Ny(n, By) = 2max{Iy, Noo(n, Bo)} €
N such that for ¢t > Ty(n, Bg) and M > Ny(n, Bp), we have

>+ ok0) = Lo k0 + ) <o

|i]>No(n,Bo) i€z

for all t > To(n, By). O

As a direct consequence of Lemmas 2.1, 2.2 and Theorem 4.2 of [16], we
obtain the existence of a pullback attractor for the process {W (¢, 7)}i>-.

THEOREM 2.3. {W(t,7)}i>r possesses a pullback attractor {K(t)}ier with
properties:
(a) forteR, K(t)= () U W(t, t—7)By (C By) is compact;
s>0T1>s
(b) (invariance) W (¢, 7)K(7) = K(¢) for all —oo < 7 <t < 00;
(c) (pullback attraction) for any bounded set B C E and t € R,

lim dg(U(t,t —7)B,K(t)) =0,

T—+00

where dg denotes the Hausdorff semi-distance between two sets of E.

3. Pullback exponential attractor

It is known from Theorem 2.3 that the process {W (¢, 7)}+>, possesses a pull-
back attractor {K(t)}icr. Here a natural question is that whether these sets
K(t), t € R are finite dimensional or not? How are the speed of their attract-
ing orbits? The infinite dimensionality and relatively slow attracting speed of
them will make us difficult in practical applications and numerical simulations.
For this reason, we consider the existence of a pullback exponential attractor
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for system (2.4) which has finite fractal dimension and attracts all bounded sets
exponentially, moreover, includes the pullback attractor.

In this section, we assume that (H1)—(H2) hold and make a further assump-
tion on the function K:

(H3) K(0) =0, where K is defined in (H23) of Section 2.
For any t € R, set

Y(t) = U W(t,t —7)Bo C Bo,

72Th,

where By is the uniform absorbing set in Lemma 2.1, then
W(t,T)Y(r) CY(t) C By, forallt>r.
Given any 7 € R and any initial data ¢, = (ur,v;), ¥r = (z,,y-) € Y(7), let

@(t) :W(ta T)SOTv'(/}(t) = W(TZTWn

$(t) = p(t) = »(t) = ($i(t))iez = (& (1), Gi(t)iez,
then ¢(t), ¥(t), ¢(t) € C([r, +o0), E) satisfy:
31 le®ll <ro, eI <ro, [¢E)] < 2rg, forall t > 7,
and
£=¢-et,

(3.2) (14 BAC + (. — &)+ (A — ae + £2)¢
+(1 — e+ Be?)AL + (v — Be) A + f(u) — f(x) =0, t>T.

First we consider the Lipschitz property of {W(¢,7)}i>- on Y (7), for all
T €eR.

LEMMA 3.1. There exists a continuous positive value function L: [0, 4+00) —
[0, +00) such that, for every T € R,

Wt +7,7)pr =Wt +77)rllp < L(E) - lor — ¢r ||,
for all pr, ¢, € Y(7), and

(3.3) lim sup |[[W(t,7)¢r — -l =0.
t—7+0 P €Y (7)

PROOF. It is easy to see that, for ¢t > 7,

() = £(@).0) = 3 e+ i — )it < 2 ey 1 Ly,

- 2
i€EZ



ATTRACTORS FOR LATTICE SYSTEM 903

Taking the inner product (-, -) of the second equation of (3.2) with {(¢,7), we
have

d
S (ICIP + BIDCIP + (A = ae + ) [I&]] + (1 = ye + 5*)[ | DEI?)

K2
< (2e = I + 2082 = DIDGIP + (T = 2203 - ac ) ) el
+25(e — 1 B2)1DgI .
for all t > 7. Thus

(3.4) %Y < oY, forallt>rT,

where
Y = [[¢]” + BIIDCI? + (A — ae + 2)[[E]]> + (1 — e + Be?)| | DE] )%,

2(Be —v) K3(rg)/a —2e(\ — ag + £?)
B ’ A —ae+e2

crlzmax{Ze—a, ,26(75—1—552)}.
Applying Gronwall’s inequality to (3.4) on [r,7 +t], (¢ > 0), we have
[Y(t+7)E <e™Y(r), t>0,
thus,
IW(t +7,7)pr = W(t+7,7)r |5
<Oy =l = L) -l =
for all £ > 0, where
C1 = max{1 + 8Co, (A — ae 4+ 2) + (1 — ye + B%)Co},
L(t) = iCle"lt, for all ¢ > 0.
It is easy to prove (3.3). O
Then we consider the decomposition of solutions.

LEMMA 3.2. There exist positive constants 71 > 0, v1 € [0,1/2) and (for
Ny € Z) 2(2N; + 1)-dimensional orthogonal projection Pn,: E — En,, such
that for every T € R and ., ¥, € Y (1),

||(I - PNl)(W(T + TIaT)QOT - W(T + TlvT)¢T)||E < ’71H(p‘r - '(/}THE

Proor. For i € Z, let

wi = 9<]|\i4|)¢i = <0<]|\i4|)&’0<]|\i4|)@> = (Ui, <), w=(wi)iez,
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where 6 is as in (2.10) and M > I,. We have

(46,9) Zéjtief(f"})wo MomoCo 1+ |2,
(16 = X o( g7 ) 0o - Mmoo, e,

€L

1d i ,
4692 5.3 520y ) 001 += 057 ) 0o

M, C
— =R (€I + 1€l 2 + 2¢llel),

o=ya (i) ©o=X0(3)e
;a( )fﬁs@)
sy (e

1€EZL
2(f(u) ég(' ) (516Gt vt = )62 + ac?)

By (3.2), we have

IEDIZ < 2SO + 2e?[|EOI < Co([[KONP +[[EDII?),  for all £ > 7,
IO + BIDS@IP < CsIIS@)IIP + IE@)P),  for all ¢ > .

where Cy = max{1, 2e2}, C4 = Cy/(28) and
C3 = max{a — g, A\ — ae + €%, (1 — ye + B)C}, (v — Be) %, K2 (o)}

Thus, taking the inner product (-, -) of the second equation of (3.2) with ¢(¢, 7),
we have that, for all t > 7,

35 5 L 0( 1 )@+ B0 + (1 az e+ (1= 9¢ + 52 (DE?)

1EL
+29(J|\i4|> (o = 26)¢F +2(y = Be)(DQ)F + 26(A — ae +£%)&7)

€L

+2e(1—ne+ D)y 9(;}) (D€)?

i€Z

<Z§(') e+ 0 - )P+ SHIER + 1),

i€Z
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where 9; € (0,1), Cy is a positive constant independent of M. By the continuity
of K(s) and K(0) =0 (see (H23)), there exists dy such that

I2(80) < ae(A — ae +£2).

By Lemma 2.2, for this dg > 0, there exist No(dg, Bo) € N, T (do, Bg) > 0 such
that, for t > 111(607 Bo) + 7,
sup  {[ui(t, 7507 [zi(t, 7)) [} < do,
i>N2(50,Bo)
implying that, for ‘Z| > NQ((SO, Bo), t> T1(50,B0) + 7,
|2i(t) + U (ui(t) — zi(t))| < (1 = i) |z ()] + [us (V)] < 6o, U5 € (0,1).
Thus, for ¢ > Ty (g, Bo) + T,

sup | f{(@i(t) + vi(ui(t) — 2i(1)]? < T?(60) < ae(A — ae + £°).
|i|> N2 (60, Bo)

Therefore, we obtain that for all M > max{Ny(dg, Bo), Ip} and t > T} (o, Bo)+T,

(36) D¥ar(t) + 02Yar(t) < SHUEDIP + CHIP)

where

Var = 30( §1 )62+ BDOR + (1~ ac + A62)

I€EL

d
e ) Yo g ) 06,
S/
2~y —
o9 = min {a — 2¢, (7556),5} > 0,
Applying Gronwall’s inequality to (3.6) from 7 + T1 (11 = T1(do, Bo)) to 7+t

(t > Ty), we have that, for M > max{Nz(do, Bo), lo},

(3.7) ST (1) + Clr+1) < ~Yaglr+1)
e .

1
< e MYy (1 + T, 7 ér)
U

G [T e P 411 )
M:U T+T ’ ’

1 1 CCy
<—(c (o14+02)Ty ,—0oat -
— p? ( 1e ¢ + M oy + 02

601t> . ||90‘r - TﬁTH%,

for all ¢ > T;. Setting

(0’1+0‘2)T1 2
71 = max {Tl(é();BO)a 1n(8016 /Iu )}7

02

8C1Cy
Ny =< 2N5(dp, B 1,20+ 1, —————e7'™"
1 { 2( 05 0)+ ) 0+ 7M2(0_1+0'2)e }a
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we have

1 1 CaCy
= Z.,/C elorto2)Tep—02m | _"27% ooimi o _ |
Al N\/ 1 + Ny o1+ 09 2

Thus, by (3.7), we have
I = Pn )(W(T + 710, 7)pr = W(T + 71, 7)07 )5 < mllor —¥rlle. O

From Lemmas 3.1, 3.2 and Theorem 2 of [21], we obtain the following result
of existence of a pullback exponential attractor.

THEOREM 3.3. Let (H1)-(H3) hold. Then the process {W(t,T)}i>- asso-
ciated with (2.4) possesses a pullback exponential attractor {A(t)}ier with the
following properties:

(a) for anyt € R, K(t) C A(t) C Y(t) C Bo;

(b) the fractal dimension of A(t), dims A(t) <InN./—Inac;

(¢) for any bounded set B C E,

dE(W(tﬂ T)B, A(t)) S

for —co <17+ Tp <t < +o0;
(d) }im de(A(t), A(s)) =0, —o0 < s < 00, where
—s

_1-2y _ —Ina.

T 4L(m) T o

and N¢ is the minimal number of closed balls of E with radius 6 covering
the closed unit ball By, (0,1) of En, = I, x [}, centered at 0, here
1%, = {u=(ui)icz € I> 1 u; = 0 for |i| > Ny}.

a: =2(y1 +eL(m)), ¢

4. Uniform attractor

Another important concept describing the asymptotic behavior of non-auto-
nomous dynamical systems is uniform attractor. In this section, we consider the
existence of uniform attractor for the system (2.4).

Given a fixed function g, € G C Cy(R;1?), take

H(g,) ={9.(- +h): h e R} C Cp(R; 1)

as a symbol space, then T'(h)H(g,) = H(g,), where T'(h)g(-)
all g € H(g,), for all h € R;. From Section 2, for any g €
the solution ¢(t) = (¢i(t))icz of (2.4) exists globally in |7, 400

= g(' + h)v for
Hig,) in (32),
), and maps of
solutions

Wo(t,7): or = @(t) = Wy(t, 7)o, € E, forallt>r1, geH(g,),

generate a family of continuous processes {Wy (¢, 7)}i>7 gen(g,) on £ which sa-
tisfying
Wyt +h, 74+ h) = Wrpyg(t,7), forall g e H(g,),
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forallt>7, 7eRandall h e Ry.
We have the following theorem for the existence of a compact uniform (w.r.t.
g € H(g,)) attractor of the family of processes {Wy(t,7)}i>r gen(y,) in E.

THEOREM 4.1. Assume that (H1)—(H2) hold and g, € G, then

(a) {Wy(t,7)}ger(q,) t>r possesses a uniform closed bounded absorbing ball
Bo = Bo(0,m0) = {w € E: ||¢llp < o} C E,

where 7o = \/2/(pooa)|||goll|, such that, for any 7 € R and each bounded

set B C E, there exists Tg > 0 such that |J Wy(t,7)B C By for all
g€H(g,)
t > Tp + 7. In particular, there exists a time T5,>0 such that

\J Wy(t.,7)Bo C Bo, forallt>Ts +7, 7€R;
gEH(g,)

(b) Set B= U Wg(t,0)§0 C By. For any 7 € R and any n > 0,
g€M(9,) t2T5,

there exist Ny(n, Bo) € N and T1(n, Bo) > 0 such that for any o(7) € B,
the solution (t) = ((u;(t),vi(t)))icz = Wy(t, 7)o(7) of (2.4) satisfies

sup Z (W2(t) +v2(t)) <n, for all t > Ti(n, By) + .
9 i1 R (0, o)

(c) {Wy(t,7)}ger(g,) t>r POsSesses a uniform attractor A C B C Ewith
properties:
(cl) A is closed,
(c2) tiigrnoo supgeﬂ(go)dE(Wg(t, T)B, A) =0 for any fized 7 € R and any
bounded set B of E;
(¢3) A is the minimal set (for inclusion relation) among those satisfy-

ing (c2).

ProoOF. Noticing that for any g € H(g,), ||/l < |llgoll|, thus (c1) and (c2)
are similar to the proof of Lemmas 2.1 and 2.2. The proof of (c3) is obtained by
Theorem 3.1 in [24]. O

5. Uniform exponential attractor

It is known from Theorem 3.1 in [24] that the uniform attractor A with
respect to g € H(g,) for the family of processes {Wy(t,7)}sen(g,), 1> On the
state space E is just the projection of the global attractor ©® C E x H(g,)
on E of semigroup {S(t)}+>0 (skew-product semiflow) on a extended phase space
ExM(g,):

S(t): B x H(g,) = E x H(g,), (¢, 9) = (Wy(t,0)0, T(t)g),
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for all ¢ > 0. Thus the dimension of A and © depend on the dimension of the
symbol space H(g,). In fact, generally, the dimension of A and O is infinite
dimensional when H(g,) is infinite dimensional. So it is necessary to consider
the existence of a uniform exponential attractor for system (2.4) which includes
the uniform attractor and has finite fractal dimension and attracts all bounded
sets exponentially. However, it is difficult to prove the existence of such uni-
form exponential attractor for system (2.4) with an infinite dimensional symbol
space H(g,). In this section, we consider the existence of a uniform exponential
attractor for system (1.2) with quasi-periodic external force.
Let T™ be the n-dimensional torus:

T ={p=(p1,...,pn) 1 pj € [—m,m),forall j=1,...,n}

with the identification

(Plv---7Pj—1»*7T;Pj+1a---7Pn) ~ (plv"'vpj—lvﬂapj—i-la"- apn)v

forall j =1,...,n, and the topology and metric induced from the norm given by
n 1/2
ol = (302) . orallp=(or..p) €T
j=1

Let x = (21,...,2,) € R™ be a fixed vector such that x1,...,z, are rationally
n

independent, i.e. if there exist integers ki, ..., k, such that > kjz; = 0, then
j=1

kj=0for j=1,...,n. For s € R, define

T(s)p = (x5 + p)mod(T"), peT",
then {T'(s)}scr is a translation group on T" with
T(s)T" =T", forallseR.

Consider the second order lattice system (1.2) with quasi-periodic external
forces and initial data, which is equivalent to the following vector form:

o) i+ B(Ail) + ait + y(A) + u + Au+ f(u) = ah(B(t)), t> T,

u(T) = (Uir)iez, () = (Uiyr)icz, T ER,

where 3, o, v, A\, A, f are as in (2.1) of Section 2; ah(p(t)) = (a;hi(p(¥)))icz,
p(t) =T(t)p = (xt + p)mod(T™) € T", p € T".
We make the following assumptions on h;, a;, ¢ € Z in (5.1):

(H4) for all i € Z, h;(Opn) = 0 and there exists kg > 0 such that

|hi(p1) — hi(p2)| < kollp1 — p2

(H5) a = (ai)iez €’

T, p1,p2 €T
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The problem (5.1) can be written as

U =€eu—,
1+ BA) Y+ (a—¢e)v+ (A —as+eP)u
+(1 — e + Be?)Au+ (y — Be)Av + f(u) = ah(p(1)),
u(t) = (Wir)iez, W) = (Uir)iez,
that is,

Ur

62 ¢+ 0 =Fien. o= (1) = (

vy

), t>71, T €ER,
Uir + eur

where

Fio) = ( : )
’ (1+ BA) = f(u) + ah(p(t))])
In the following, we assume (H2)-(H5) hold. By replacing g(t) in Section 4
by ah(p(t)), and by
[lah B> =D aihi(B(1) < Y aikillpllz. < ne’kglal®,
= i€z

similar to Theorem 4.1, we have the following theorem.

THEOREM 5.1. (a) For any 7 € R, any initial data p(7) = (u(1),v(7)) € E
and p € T™, there exists a unique solution of (5.2):

p(t) = (u(t),v(t)) € C([r,00), E) N C*((1,00), H), t>,
which generate a family of continuous processes {UP(t,7)}pern 1>7 on E -
UP(t,7): o(T) = @(t), t>1, TER, peT™.

(b) The family of processes {UP(t,T)},ern t>7 possesses a uniform closed
bounded absorbing ball By = Bo(0,Ry) C H centered at 0 with radius Ry =

V] (oga)wkollall.

(c) Set B = U U U?(t,00Bo C By. For any 7 € R and any n > 0,
pET™ t>Tp,

there exist N3(1, Ro) € N and Ts(n, Ry) > 0 such that for any () € By, the
solution @(t) = ((ui(t),vi(t)))iez = UP(t, T)(T) of (5.2) satisfies

sup Z (u(t) +v2(t)) <n, forallt>Ts(n,Ry) + 7.

PET" Ji> Ny(n, Ro)

(d) The family of continuous processes {UP(t,T)}pern t>- possesses a uni-
form attractor AC B C H.

Now we first verify the Lipschitz continuity of {U” (¢, T)},e1n +>- and provide
an estimation of the tail of the difference between two solutions of (5.2). Then
we obtain the existence of a uniform exponential attractor of (5.2).
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For j = 1,2, go(NjO) € By, p; € T" and ¢ > 0, let @ (t) = UPs(t,0)p00) =
(u)(t),v9)(t))(€ By) be the solutions of (5.2). Set
o(t) = V(1) = oD (1) = U (£,0)9"Y — U (1,0)0%" = (£(t), ¢ (1)),
for all £ > 0, we have
e (#)]| < Ro,  [|®(t)]| < 2Ry, forallt>0, j=1,2,

and

£=(—et,
(5:3) 4 (1+BAC+ (a—e)¢+ (A —as + 2+ (1 —ye + Be?) A¢

+(v = Be)AS + f(u) — f(x) = ah(p1(t)) — ah(p2(t)), > 0.

LEMMA 5.2. There exists a positive valued continuous function Ly : [0, +00) —
[0,400) such that, fort >0,

(5.4) U (2,000 = U (t,0)0V| g

< Lit)(Jo"” = o3 + llp1 — pallF) .
PROOF. Note that ||p; — p2||%. is independent of ¢, and for any ¢ > 0,

(f(u) = f(@),0) =D fl(wi +Di(ui — 2:))&Gi

1€EL
2 @]
swngu’w el
(ah(p1(t)) — ah(pa(t =Y ai(hi — hi(p2()))G
1EL

k8||a||2 2 a 2
< —- — n+ — .
<2 o) — ol + Skl

Taking the inner product (-, -) of the second equation of (5.3) with ((¢,7), we
have

(5.5) %Z(t) < 03Z(t), forallt >0,

where
Z = K| + BIDCIP + (A — as + )| [€]?
+ (1= e + BX)||DEI? + llpr — pallzn,
2(8e —7) 2K2(ro)/a— 25(A — as + ) k3|a|2}

b

B ’ A — e + &2 o
Applying Gronwall’s inequality to (5.5) on [0,¢] (¢ > 0), we have

03 = max {25 - q,

—_

IO +ED + llpr = p2lin < =12

=

1., . .
< o - (1ROE + llor = p2llEn) = La(t) - lor — ¥l
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for all ¢ > 0, where

Cs = max{1 + 8Co, (A — ae +£2) + (1 — ve + B£2)Cy, 1},
1 o3t
Li(t) = —Cse%%, forallt>0. O
i

LEMMA 5.3. There exist T* > 0 and M* € N such that

Do W I, 0)p10 — U1, 0)p P )ilH = Y€1) + )]

|2|> M= [i|>M~*

(10)

—(l¢ oL + oL — p2llfn)-

- 128
PRroOF. For i € Z, let

=0~ (o) (1)e) - 0.

w = (w;)iez, 0 is as in (2.10) and M > I;. Here
~ k¢a? ac?
(ah(7 ) on(aa(0).) < €11 ) (L2 s =l + 252,
€L

and

IO+ BIDCH)P < C5(IISOI? +IED + llpr = p27

T’”)v

for all ¢ > 0. Similar to (3.5), taking the inner product (-, -) of the second
equation of (5.3) with ¢(¢,7), we have that for all ¢ > 0,

dtz <||)(C2+B(D<) + (A —ae + )& + (1 — e + %) (DE)})

=
+ X 0( 1)t - 20962 420 - B DO? 260~ e + )
i€l
_ 2 M 2
+2e(1 — e + Be )§9<M>(Df)z
|| 242
< ¢ x; + Vi (u; — 0))|2E;
z (i)l

2 el + cl” + lor — p2||Tn>+pr1 pZHTnzg(jlwl) 2,
1€Z

where Cjg is a constant independent of M. By the continuity of K(s), K(0) =0
and Lemma 5.2, there exist §; > 0, and N4 (81, Ro) € N, Ty4(d1, Ro) > 0 such that

sup |f{(I1 —+ ﬂz(ul — .Z‘z))|2 S F2(51) S Oéé'()\ — o€ + 52),t Z T4(51,R0).
|7,“>N2(61,R0)
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Therefore, we obtain that for all M > max{N4(d1, Ro), Io} and t > Ty4(d1, Rp),

d CsCs
6.0 Y totur < ARt (RO + lor - o)
2k3 {
+ 2801~ palfe (1 )
iE€EL
where

Vo = 307 ) (@ BODO? + (- ac 4 )€

1€Z

+u—ve+&%§jeQQ)UEﬁ

i€z
2~y —
o4 = min{a — 2¢, 4l 3 68),5} > 0.
Integrating (5.6) from Ty = Ty(d1, Ry) to t (> Ty), we have
1
DG+ 1) < =Yu(t)
li|>2M H
1 1 CC
< 704(t—T4) % T L o3t | P O 2 o 2 N
<i(e W)+ g e (100 ool
2k} 2 2
+ p1— p2lTn a;
2= T
1 _ 1 CsCs
< C (O'3+0'4)T4 oyt o o3t (P 0 2 _ 2 n
5 (csetosrrmeent 2 Tt ) (10O + 1~ palfe)
2k 2 2
+ Lo, Z a; - [lpr — pallpn-
li|>M

By the condition (H5), there exists M5 € N such that

2
1
Qko Za2<7 M>M5.

Hooy e, — 512 -
Letting
Ty + 21n(1024 2
(5.7) T = max{(U?’ - ou)Ti + 2In(1024Cs /n )7T4}’
04
1024CsC *
(5.8) M* = max {M4,M5,10, 2T }
(o4 + 03)

we then have
1

112

oo T* 1 CsCs x 1
C (O’3+O’4)T2 o T o3T < ,
( 5¢ ¢ +M* (O’4+0’3)e ~ 512

Yo (E@)+GT) < %(II‘I’(O)II% +llo1 = p2lfn),

li|>2M*
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that is,

ST e T, 00 — UP(T*,0)p2), 2
|¢|>2M*

1
< (1999 =3 + llor = paf3). O

By Lemmas 5.1-5.3 and Theorem 2.2 of [22], our main result of this section
is as follows.

THEOREM 5.4. If conditions (H2)—(H5) are satisfied, then the family of pro-
cesses {UP(t,T)} pen 1>, possesses a uniform exponential attractor M C B with
the following properties:

(a) M is compact,

(b) AC M C B, where A is the uniform attractor;

(¢) M has a finite fractal dimension

dim (M) < Ko(n + 2(4M* + 1)) In /L1 (T%) + 1 + 1,
where Ko is a constant, T* and M* are as in (5.7)—(5.8);

(d) there exist two positive constants ki and ko such that

sup dg(UP(t,7)B,M) < kie ®=7)  forallt > 7, 7 € R.
peET™

REMARK 5.5. Similar results in this article are still valid for non-autonomous
lattice systems (1.1) and (1.2) defined on Z! with [ > 2 and 8 > 0.
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