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Dedicated to W.J. Thron on the occasion of his 70th birthday

ABSTRACT. Applications of Szegd polynomials, moment
theory and two-point Padé approximants to problems in dig-
ital signal processing are described. The frequency analysis
problem consists of determining unknown frequencies in a sig-
nal which is the sum of a finite number of cosine waves su-
perimposed to white noise. The problem of filter design is
to construct a causal filter 7" with finite energy, which has a
prescribed amplitude response function ®(6). Examples are
given to illustrate each of the two applications.

1. Introduction. Connections between Szegd polynomials (or-
thogonal on the unit circle), the trigonometric moment problem and
two-point Padé approximants are well known and have been given, for
example, in [2, 12, 13, 18, 19 and 21]|. The purpose of this expos-
itory article is to describe important applications of these topics to
two problems involved with digital filters and the processing of digital
signals.

In the frequency analysis problem, we consider a signal u = {u(k)},
superimposed on white noise, where u(k) has the form

I
(1) u(k) :)\0+Z)\j cos(wjk +¢;), k=0,£1,£2,...,
. o

1<I<oo, A=>0, /\j>07 o.)j,ngER fOI‘lSjSI.
We wish to determine the unknown frequencies wy,ws, ... ,wy. The lin-

ear prediction method of Wiener [28] and Levinson [24] used for this
problem is described in Section 3. Also included there for illustration
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388 W.B. JONES AND O. NJASTAD

are results from three numerical experiments. In order to make this
presentation reasonably self-contained we have summarized in Section
2 a number of definitions, notations and known results that are subse-
quently used. Among the topics included are digital filters, Levinson’s
algorithm, and positive PC-fractions and their relation to the two-point
Padé table, Szeg6 polynomials and the trigonometric moment problem.

The problem of designing digital filters is dealt with in Section 6.
In particular, we consider a given real-valued function ®(#) on [—, 7]
such that

(1.2a) ®0)>0 and P(—0)=P(0) for —7<O<n7
and
(1.2b) /7r [®(0)]% df < oo.

A method is described for constructing a function Ky(z), defined and
analytic for |z| > 1, such that Ky(z) is the transfer function of a causal
filter T with finite energy, satisfying

(1.3) hr{1+ |Ko(pe®)| = ®(0) a.e. on [—m, 7).
p—

It is shown (Theorem 6.1) that a function Ko(z) of the above type
exists provided

(1.4) / Inv’(0) df > —oco (Szegd’s condition)

—T

where

0
(1.5) b(0) = / [®()]2 dt + 0 (0),

—T

where o(6) is an arbitrary singular distribution function.

The function K(z) is seen to be (cf. (6.14)) the limit of the sequence

{A,(2)}, where
1

)=
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where ¢ (z) = 2"pn(1/Z), @n(z) being the normalized n-th Szegd
polynomial with respect to the distribution function ¥(6). For illus-
tration, some examples are described at the end of Section 6, where
G, (0) := |A, ()| is used to approximate ®(6).

In order to make this part of the paper self-contained, we have in-
cluded in Section 4 some basic results on the theory of Szeg6 polynomi-
als. Closely related to this is the discussion of deterministic, weakly sta-
tionary stochastic processes given in Section 5. We have included proofs
of certain results which were felt to be necessary for self-containment.
References are given for these and for other proofs that are omitted.

2. Background. This section is used to summarize material em-
ployed in subsequent parts of the paper. First we describe connections
between positive PC-fractions, the trigonometric moment problem, and
Szegb polynomials (Theorems 2.1, 2.2, 2.3). The Levinson algorithm
is described and references are given for other fast algorithms to solve
real positive definite Toeplitz systems. The section concludes with a
brief summary of basic concepts about digital filters.

Positive PC-fractions. A double sequence of complex numbers
{1132 _ o is called hermitian positive definite if

(2.1a) bk =pg, k=012 ...

and
Ho  Ho1 o fin

(2.1b) A, = le MZO Mﬂf“ >0, n=0,1,2,....
fn Hn1 o

A continued fraction

20 1 (-8 1 (L&)

2.2 oo — - -
(22a) 00— | 574 51 4 09z + 5+

is called a positive PC-fraction (positive Perron-Carathéodory continued
fraction) if

(2.2b) 0o >0 and |d,] <1, n=1,2,3,....
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The n-th numerator P,, and denominator @,, of (2.2) are defined by
the difference equations

(23&) P() = 50, P1 = —50, QO = Ql = ].,
(2.3b)

(an) = (@) - (@05) - nmrase
(2.3¢)

() = (@) oo (G5)

n

From these it follows that, for n > 1, Py,(2), Q2n(2), Pant+1(2) and
Q2on+1(2) are polynomials in z of degrees at most n, with Q2,(0) = 1
and Qa,41(2) = 2™+ -+ -+ d,. Connections between hermitian positive
definite sequences {yy} and positive PC-fractions are summarized by
the following theorem, a proof of which can be found in [19, Theorems
2.1, 2.2., 3.1 and 3.2] where PC-fractions were introduced. Here the
symbol O(z") is used to denote a formal power series (fps) in increasing
powers of z, starting with a power not less than r. If R is a rational
function, then the symbols Ag(R) and Ao (R) denote the Taylor and
Laurent series expansions of R about 0 and oo, respectively.

Theorem 2.1. (A) Let (2.2) be a given positive PC-fraction. Then
there exists a unique pair (Lo, Loo) of fps

(2.4) Lo := o+ 2 Zukzk, Lo := —po — ZZu_kz_k
k=1 =

such that, form=0,1,2,...,

(2.5a) Lo — Ao (Sz:) =0(z")

o reea (@) =o(()7)
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and

(26&) QQnLO — Pgn = O(ZnJrl), QZnLoo — P2n = 0(1),
(2.6b)
1

Qont1Lo — Papg1 = O(Zn)a Qont1Loc — Popt1 =0 (;) .

Also, form =1,2,3,...,

(2.7a) o > 0, e = [hn, A, >0,
AnAv’LfQ
(2.7b) 1 —[0,]? = —57=,
" A?L—l
-1 Ho Tt Hn—2
-H)r -2  H-1 o Hn—2
(2.70) = o > 0, Op = ( ) . . ". 3
Anfl : . :
H—n H—n41 -+ H—1
and
Ho M1 Hn
1 H—1 Ho Hn—1
QQ’I’L(’Z) - Anfl ’
Bent1 H—n+2 K1
2" Zn—l 1
(2.7d)
Ho H—1 —n
1 H1 Ho H—n+t1
Q2n+1( ): Anfl : : :
Hn—-1  Hn—2 - H—1
1 Z DY Zn

Moreover, for |z| < 1 (|z] > 1), Pan/Q2n(2) (Pan+1(2)/Q2n+1(2))
converges to a holomorphic function f(z) (g(z)) such that

(2.8a) Ref(z) >0 forlz|] <1 and Reg(z) <0 for|z|>1

and

(2.8b) f(z)=—g(1/z) forlz] <1.
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The convergence is uniform on compact subsets of |z| < 1 (|z| > 1) and
Lo (Lso) is the Taylor series expansion of f(z) (9(z)) about 0 (c0).

(B) Conversely, let (Lo, Loo) be a given pair of fps (2.4) such that
(2.7a) holds. Let {0,}5° be defined by (2.7c). Then (2.2b) and (2.7b)
hold so that (2.2a) is a positive PC-fraction. Moreover, the positive PC-
fraction (2.2a) corresponds to (Lo, Loo) in the sense that (2.5), (2.6) and
(2.7d) hold.

The correspondence properties (2.6) insure that Ps, /Qay, and P41/
Q2n+1 are the weak (n,n) two-point Padé approximants for (Lo, L)
of orders (n+1,n) and (n,n+ 1), respectively (see, for example, [19]).

Trigonometric moment problem. A bounded, nondecreasing function
1 will be called a distribution function. The trigonometric moment
problem (TMP) can be stated as follows: For a given double sequence
{pr}°,, of complex numbers, find necessary and sufficient conditions
for the existence of a distribution function (6) with infinitely many

points of increase on —7 < € < 7, such that

(2.9) L :/ e M0 dp(0), n=0,%1,%2,....

—T

Such a function ¥ will be called a solution of the TMP. It is well known
that, if a solution of the TMP exists, then it is unique except at points
of discontinuity [2, pp. 180-181].

The class C of normalized carathéodory functions is defined by

C:=[f:f(0)>0 and f(z) isholomorphic and

2.10
(2.10) Re f(z) >0 for |z] < 1].

We consider the decomposition C = C, UCy, UC ., where C, consists
of all constant functions equal to a positive constant; C, := U:O:1 Cn

where C,, denotes the class of all rational functions of the form
(2.11)

n 19m+z
Z)\m T — Am > 0, < <Oy <<, <

m=1

and C . consists of all elements of C not in C, UCy.
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Connections between the TMP, the class C., hermitian positive
definite sequences, and positive PC-fractions are summarized by the
following theorem; proofs can be found in, for example, [18, 19, 21].

Theorem 2.2. Let {u}>, be a given double sequence of complex
numbers such that

(2.12) o >0 and p_p=pr fork=12,3,....

Let Lo be the fps defined by

(2.13) Lo := u0+2z,ukzk.
k=1

Then the following four statements are equivalent:
(i) {pr}> is hermitian positive definite.

(ii) There exists a solution ¥ to the trigonometric moment problem
for {ux}, and Lg is the Taylor series expansion at z = 0 of the
holomorphic moment generating function

el 4o
(2.14) £(2) ;:/ T2 a0), |2l < 1.

et — 2
(iil) There exists a positive PC-fraction (2.2) corresponding to the

pair (Lo, Loo) of fps (2.4) in the sense of Theorem 1.

(iv) The fps Lo converges for |z| < 1 to a normalized Carathéodory
function f(z) in the class C .

Szegé polynomials. We denote by ®..[—m, 7] the family of all dis-
tribution functions t(f) with infinitely many points of increase on
—m < 0 < w. It can then be seen that each ¢ € ®[—m, 7] defines
an inner product on A x A by

@13 (9= [ H o) for fg€ A

Here A denotes the linear space of all Laurent polynomials (L-
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polynomials)

q
chz’", chn€C, —o0o<p<n<g<oo.
n=p

The following theorem describes connections between positive PC-
fractions and Szegb polynomials orthogonal on the unit circle with
respect to the inner product (2.15).

Theorem 2.3. Let (2.2) be a given positive PC-fraction and denote
its n-th denominator by Q,(2) and the distribution function of Theorem

2.2(i4) by ¥(0). Let {pn} and {p%(2)} be defined by
(216)  pu(2) = Qansa(2) and pi(z) = Qan(z), n=0,1,2,... .
Then, forn =0,1,2, ...,
(2.17a)
(=) 5= [ pule)e ™ a0

—T

{0, ifm=01,...,n—1,
An/An—h ifn=m,

(2.17b)  (p,2™) = { An/Ap1, ifm=0

0, fm=12,... ,n,
(2170) (pnvpn) = (Pn, Zn) = An/An—la
(2.18) pn(2) = 2" pn(1/%),

and, form=1,2,3,...,

(2.19a) pu(2) = 2pn—1(2) + 0npy -1 (2)
and

n—1 (n—1)
(2.202) 5o ) Yool Fi
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where

(2.20b) pn(z) =: Zq;n)zj, qfln) =1.

Remarks on the proof of Theorem 2.3. The orthogonality and
normality conditions (2.17) can be derived easily from (2.7), (2.15) and
(2.16). The reciprocity conditions (2.18) and recurrence relations (2.19)
follow directly from the difference equations (2.3). Finally (2.20) is a
simple consequence of (2.17) and (2.19).

The polynomials p, defined by (2.16) are called the monic Szegd
polynomials with respect to the distribution function 1. It is clear from
(2.17) why one says that the Szeg6 polynomials are orthogonal on the
unit circle I' := [z € C : |z] = 1]. Szegd considered the polynomials

(2.21) on(2) == appn(z), an = VA1 /A,

normalized so that (¢, ¢n)y = 1, n > 0. If we are given the moments
{pr} for a distribution function ¢ € ®[—m, 7| (see (2.9)), then the
Szegb polynomials p,, (or ¢,) can be computed by various means. The
importance of this computation for this paper is shown in Sections 3
and 6. We therefore discuss some procedures by which the computation
can be carried out.

Levinson’s algorithm. One method is to compute the coefficients d,,
in (2.19) by Levinson’s algorithm [24] described as follows (see also
(3.29)). Suppose that, for some integer n, one has computed ¢,,—1 and
the coefficients q](-"d), j=0,1,... ,n—2, defined by (2.20b). One then
has from (2.19)

q(()nil) = 571—1 and qj(‘nil) = qj(rizz) + 6n—1q§1717227)ja
i=1,2,...,n—2,

(2.22)

from which §,, can be computed by (2.20a). The process can be
repeated to compute d,,41,d,42,... . It can be seen that the number of
operations needed to compute 81, da, ... ,d, is O(n?). Some evidence
for the numerical stability of Levinson’s algorithm is given by [7]
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and [8]. The latter reference also describes two other methods to
compute the J,, coefficients: Schur’s algorithm and a quotient-difference
algorithm (see also [20] and [27]). The quotient-difference algorithms
in this context can be derived from properties of the PC-fractions.

The Szeg6 polynomials p,, can also be constructed by solving systems
of linear equations for the coefficients qj(-") in (2.20b). We restrict
ourselves here to the case in which the moments py, are all real. Such
systems of equations can be obtained by using the well-known property

that, for each n =0,1,2,..., the set
[(R,,Ry) : Ry(2) is a monic polynomial of degree n]

attains its minimum value for the unique polynomial R, = p, [13,
Section 2.2]. We write

(223) Rn(z) = Zrﬁn)zj, rj(") c R’,m(ln) -1

It follows that the system of equations

L
arsy
has the unique solution Tj(-n) = Q§n)a J=0,1,...,n—1. Hence, the q§n)

satisfy the positive definite Toeplitz system of equations

n—1

(2.24) Zr§n)um_j = —lm-pn, m=01,...,n—1
§=0

In deriving the normal equations (2.24) we make use of
@) Rk = [ RAPa6) = 3 s,
- 4,k=0

which is a consequence of (2.9), (2.15) and (2.23). The system (2.24)
can be solved by Gaussian elimination, which requires O(n?) arithmetic
operations. Much faster algorithms for solving real, positive definite
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Toeplitz systems (2.24) have been found recently, using divide-and-
conquer techniques, by [3, 4, 5 and 6]. These methods require only
O(nloga n) operations.

Digital filters. Since our interest here is in discrete filters, we consider
the linear space ¢ of all real double sequences

Ci=lu={ulk)}i_o:ulk)eR, k=0,+£1,%2,...].

k=—o0

An element u € ¢ is called a (discrete) signal. We are concerned with
linear transformations T : £p — fg that map subsets ¢p of ¢ into
subsets £r. One such transformation is the shift operator S defined by

(Su)(k) ==u(k—1) foralluedl, k=0,£1,£2,....
A transformation T is called shift-invariant if
(2.26) ST =TS.

We note that (2.26) implies S™T = T'S™ for m = 0,+£1,£2,.... A
linear shift-invariant (LSI) transformation T : {p — {g is called a
digital filter.

The signal ¢ defined by

506) ::{o, k#0

1, k=0

is called the unit pulse and its image h = T is called the unit pulse
response for a digital filter T. The following theorem indicates the
manner in which the unit pulse response can be used to represent a
digital filter. We employ the standard terminology for normed linear
spaces

b= fue il 3 fath] < oc]

k=—o00

and

log = {u €l ||uljoo := sup |u(k)] < oo}
kEZ
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We also make use of the notation for the convolution uxh of two signals
u, h € ¢ defined by

(2.27) wkh = { > u(m)h(k - m)} :

m=-—-0o0 k=—o0

provided the sums in (2.27) exist.

Theorem 2.4. Let h € {1 be given. Then the sums in (2.27) are all
convergent if u € {o; moreover,

(2.28) Tu:=uxh=hxu, u€/lyx

defines a digital filter T : oo — loo, T is a continuous transformation,
and h is the unit pulse response h = T4.

A filter T is called BIBO (bounded input bounded output) stable if the
sequence Tu is bounded whenever the input sequence u is bounded.
Clearly, the filter (2.28) of Theorem 2.4 is BIBO stable.

A signal u € ¢ is said to be causal if
u(k) =0 for k <O0.

A digital filter T is said to be causal if it maps causal signals into causal
signals. It can be shown that T is a causal filter iff

u(k) =v(k) for k <m = (Tu)(k) = (Tv)(k) fork<m.

It is easily seen that if T': o, — £ is a filter defined by Tu = h xu
where h € /1 and h is causal, then T is causal.
The Z-transform is a useful concept in the theory of digital filters.

For each u € ¢, the Z-transform U(z) of u is defined by the formal
series

m=—0oo

In our notation we use a cap letter for the Z-transform of a signal
denoted by the corresponding lower case letter, and we write

" ou= {u(m)}>,

U(z)o
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to indicate the correspondence. It is readily seen that

H(2)U(z)o oh * u,

provided the sums in h * u converge. Thus, we have

Theorem 2.5. If h € {1 and

(2.29) y=Tu:=hxu forué€ly
then
(2.30) Y(z) = H(2)U(z).

Since h € {1, the series H(z) := > > _h(m)z~™ is convergent at
least for |z] = 1 to a function H. If h € £; and h is causal, then the
series H (z) converges at least for |z| > 1 to a function H holomorphic in
|z| > 1. The function H in Theorem 2.5 is called the transfer function of
the filter T; H(e'?), |H(e")| and arg H(e'?) are called, respectively, the
frequency response, magnitude response and phase response functions
of T. The importance of these functions is made clear by the following
theorem, which is an immediate consequence of the preceding results.

Theorem 2.6. Let u = {u(k)} be a given signal of the form, for
k=0,+1,42,...,

I I
(2.31) u(k) = Y ;e =g+ > "\ cos(wik + @),
j=—1I j=1

where 1 < T <00, ag =Xy >0, wy =0, and, for 1 <j <1, A\; >0,
woj=-w;€ER,p_;j=—p; R, and a_; = a; = (1/2)\je""%i. Let
T : 4l — b be defined by Tu := hxu, h € {1. Then

(2.32)

I
(Tu)(k) = Z o H(e5) ek

= N H(1) + ) Aj|H(e™)| cos(wsk + p; + arg H(e™7)).

j=1
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It follows from Theorem 2.6 that each term of the input signal u with
frequency w; appears in the output signal T'w with the multiplicative
factor H(e™s). Thus, the frequency response function H(e%) controls
the filtering of the individual terms in the input. In particular, we see
that
(2.33)

H(e*)=0 for0<j<T= (Tu)(k)=0 fork=0,4+1,+2,....

Therefore, the entire signal is filtered out if the frequency response
function vanishes at the points s on the unit circle. This property
is of special interest in the problem of frequency analysis (Section
3). Theorem 2.6 also helps us understand the role of |H(e?)| in the
problem of constructing filters treated in Section 6. We are ready now
to consider the frequency analysis problem in the following section.

3. Frequency analysis. The problem of frequency analysis
considered here is the following. For a given signal v = {u(k)}?2 _ of
the form

I
(3.1) u(k) = Y aje™t k=0,+£1,42,...,
j=—1I
where ap > 0, wg =0, w_j = —w; E R, a_j =@q; for j =1,2,...,1,
we wish to find (or approximate) the frequencies wy,ws, ... ,wr. By

Theorem 2.5 we see that if we could find a digital filter T" of the form
Tv = h*v with h € ¢; and v € s, such that Tu = {0}, the zero
signal, then we would expect that the zeros of the transfer function
H(z) e—*—0 are e™i, j=1,2,3,.... We describe here a method that
yields a sequence of filters {7}, } with transfer functions {H,(z)} of the
form

(3.2) Ho(z) =Y 07 pY e R g =1,
§=0

such that T,u = {aén)}, and we determine the h§") so as to minimize

the sum of squares Z;i_w[elg")]z. It will be seen that the zeros 27(7?),

m=1,2,...,n, of H, all lie in the unit disk |z| < 1. We choose the
ones nearest to the unit circle to approximate the values e, from
which €' can be determined, |j| < I.
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Since our computations can involve only a finite number of terms in
the signal (sequence) u, we shall work with truncated signals uy =
{un(k)}>,, defined as follows:

(3.3) UN(k):{U(kL for k=0,1,... ,N —1,

0, otherwise.

In practice, the sample size N will be much larger than the degree n in
(3.2). The following autocorrelation theorem is basic for this purpose.

Theorem 3.1. Let v = {z(k)}> be a given real signal such that
(3.4a) x(k)=0 fork <0 andfork>N,
and
(3.4b) z(k*) #0  for some k*  such that 0 < k* <N — 1.

Let

(3.5) py = Z z(m)x(m+k), k=0,£1,£2,....

m=—0oo

Then {pur}> is a hermitian positive definite sequence; that is, it
satisfies, for k=1,2,...,

(3.6) po >0,k =k and A, = det(pj—k)7 p_o >0

(see (2.1)).

Proof. For each k = 0,+1,42,..., we see that, by (3.5),

oo oo

pori= Y almlam—k)= > a(+k)a(i) =

By (3.4),

N-1
o= 3 [a(m)]? > [a(k))? > 0.
m=0
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Since

(z(0),z(1),... ,z(N —1)T #(0,0,...,00T e RY,
there exists tg such that 0 <t; < N — 1 and
(3.7) z(to) #0 and z(t) =0 fort < tp.

Let n > 0 be given. We then let (ug,u1, ... ,u,)? denote an arbitrary
nonzero vector in R™!. Hence, there exists jy such that 0 < jo < n
and

(3.8) uj, 70 and u; =0 for jo <j<n ifjo<n.

Setting mg := tg — jo, we obtain from (3.8), (3.6) and the definitions
of mg and jo

(3.9) Jo

It follows from (3.9) that

Z UjUpfl—j = Z ujuk[ Z x(m+ j)x(m+ k)}
3,k=0 j,k=0 m=-—00
= Z Z ujz(m+ jlugz(m + k)

m=—0o0 ]7k=0

n 2
= [ U m—i—j)}
7=0

(3.10)

m=—0oo

Y%

[ZO ujz(mo +j)]2 = [uj,z(to)]> > 0.

We can deduce A,, > 0 for n > 0 from (3.10) and the theory of positive
definite Toeplitz forms [17, Section 9.3, Theorem 6]. O
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We now describe the Wiener-Levinson linear prediction method and
apply it to a signal uy = {un(k)}>°, of the form given by (3.1) and
(3.3) for some given positive integer N. For each n = 1,2,3,... we
seek a predictor Gy (k) of un (k) of the form

>~ h(") : ()
3.11)  an(k) = ‘];hj un(k—j), k=1, B eR,
0 k <0.

Its residual is then
(3.12) e,(cn) =un (k) —an(k Z k—7), h(()n) =1,

and, hence,
o0
(n) i (n) (k )
£ =& }k:—oo_ h] un J
(3.13) =0

k=—o00
(A} # fun ()} = A % uy.

It follows that (™) is the output from a filter T}, with unit pulse response
{h(")} where hyl) =0 for j < 0 and j > n; hence,

j=—00>
(3.14) Ty, =™ =R xun

and thus the transfer function H,, of T, is given by (3.2). Clearly,
h(") € ¢; and u, € {+. Following the ideas stated at the beginning of
this section, we wish to choose the coefficients hg.") so as to make the

residuals 5,(6") small in magnitude. In fact, we shall determine the hg-")

in such a manner as to minimize the sum of squares of the residuals
et™)3 := Z,ji_oo[s(")P. To achieve that end we write

R = 3 [ZW —j] by (3.12)

k=—o00
RSB S" un (k= g)un (k —m)
0 k=—o0

NER
M:

(3.15) =

I
o

m

J

(n) g (n
S n

I
M-
WE

i
o
3
Il

j—m>
0
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where we define

o

(3.16) pei= Y un(mun(m+k), k=0,+£1,+2,. ...

m=—0oo

It follows from Theorem 3.1 that {py }°° is hermitian positive definite.
Therefore, by Theorem 2.2, there exists a solution 1 to the trigonomet-
ric moment problem for {uy}, and hence

(3.17) m :/ e RO (), k=0,+1,42,....
Combining this with (3.15) yields

n

= =32 D2 Hn [ i age)

=0 m=0 -

(3.18) :/7r Zn (M) g—ijo
J
L

= (anHn) = ”HnH2

dip(0)

in the notation of (2.15). If we define 0, (2) := 2" H,(z), then it is
readily verified from (3.18) that

(3.19) ™3 = (Hns Hn) = (2700, 27" 00) = (00, o).

Since o0, is a monic polynomial in z of degree n, it follows from a
well-known theorem on Szegd polynomials [13, Section 2.2] that

(3.20) E, = min ||€(")||§ = (pn, Pn),
h;,")eR

where {p,} is the sequence of monic Szeg6 polynomials with respect to
the distribution . The preceding results are summarized in

Theorem 3.2. Let uy = {un(k)} be a given signal of the form (3.3)
and (3.1). Let h(™") = {hgn)} be such that

(3.21a) B =1 and K" eR, j=+1,%2,...
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and
(3.21b) hg-n) =0 forj <0 and forj>n.
Let Ty, : loo — Lo denote the digital filter
(3.22) Touy =™ == bW s uy = {Z hg")uN(k —j)}
j=0 k=—o00

For k = 0,£1,+2,..., let u :== Y oo un(m)un(m + k), so that
{pr} is positive-definite hermitian (Toeplitz). Let ¢ be the solution to
the trigonometric moment problem for {ui} and let {p,} denote the
sequence of monic Szegd polynomials with respect to the distribution 1.
Then

(A)
o 2
(3.23) min @)= min > || = (pnpn)
h{Mer hWer | T
s attained by
n
(3.24) Hy(z) =Y 0§27 = 27, (2).
=0

(B) The normal equations 8H5(")||%/8h£,7}) = 0 are equivalent to the
positive-definite Toeplitz system

(3.25) ST ey =t m=1,2,... 0.

j=1

Numerical illustrations. We describe here some numerical results that
illustrate both the computational procedures and the types of results
obtainable with the Wiener-Levinson method of frequency analysis.
Our observed signals uy consist of superpositions of sine waves and
white noise

4
(3.26)  un(k) = 'Z1aj sin(w;k) + Ry(k), k=0,1,... ,N—1

j=
0, k<OQork>N,
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with a; > 0. It is readily seen that

4 4

Zaj sin(w;k) = Z et

j=1 Jj=—4
where ag = 0, w_; = —wj;, a_; = &;, ¢; = arga; = —n/2, and
a; = 2|a;l, for j =1,2,3,4. Hence, (3.21) has the form given by (3.1)
and (3.3) with I = 4. The component R, (k) consists of white noise
and was formed by

R _
(3.27a) R, (k) ::( ’“s ”)a, k=01,... N—1,

where the Ry are random whole numbers taken from [1, pp. 991-995],
and

=2

1 N—-1 1 —1
— — il — )2
(3.27h) = kz:% L e ) O(Rk )2,

It follows that R, (k) has sample mean equal to zero and variance o2.

We then compute the autocorrelation coefficients (3.16) by

N—k—1
(3.28) pe= Y un(muy(m+k), k=012, K,

m=0

and set p_p = pg, k=1,2,... , K. We can now apply the

Levinson algorithm. Given pug, 41, ... , tx, we compute &g, Ey, d1,
FEy, ..., 0k, Ex successively. Set initially

(3292) do=1, Eo=po, & =—pm/po, a5’ =0, ¢’ =1
Then, for £k =2,3,..., K, compute

k—1
By = Z q](‘k_l),ufkflfja
§=0

k=1 (k—1)
(3.29b) 5 = =0l M+
Ei 1 ’
k k— k- .
¢ =0 MY, G=12 k-1,

o’ =1 " =0
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Finally,

(3.29¢) Ex =Y a" puxc_;.

Jj=0

We consider three examples of signals of the form (3.26), where the
sample size N = 200 and the variance of white noise 02 = 0.02. The
amplitudes a; and frequencies w; are chosen as follows:

Example 1. N =200, ¢2 = 0.02.

J
aj

ENE N Rl B
o

wj | T = 785398

Example 2. N = 200, 02 = 0.02.

711 2
a; |1 1 00
wj | § =.785398 | 5 =1.047198

Example 3. N =200, 02 = 0.02.

i1 2 3 4
aj | 1 1 1 10
wj | T =1.570796 | T = 1.047198 | T = 523599 | 37 = 2.356194

For each of the three examples, the reflection coefficients d; and sums of
squares of residuals Fy have been computed using Levinson’s algorithm
(3.29) (see Table 1). In each example it can be seen that Ej, decreases
as k increases. The rate of decrease of Fj, is high for small k. A large
value of §; generally coincides with a large jump from Ey_; to FEj.
Zeros z§k) of the Szego polynomials py(z) are given in Tables 3, 4 and
5, respectively, for Examples 1, 2 and 3. We have included only the
zeros that are very near to the unit circle |z| = 1; that is, the zeros
that provide approximations of the frequencies w; ~ Arg z](-k). It can
be seen that the approximations have about three significant digits in
all cases provided k is sufficiently large. For Examples 1, 2 and 3, it
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suffices to choose k = 12,24 and 24, respectively. From Table 1 we see
that, for higher values of k, Ej decreases very slowly. This concludes
our discussion of the frequency analysis problem.

TABLE 1. Reflection coefficients 0 and sums of squares of residuals Ej.

Example 1 Example 2 Example 3

k Ok Ey, Og Ey, Ok Ey,
0 1.00000 206.44 1.00000 399.04 1.00000 20651.19
1 -.68110 110.67 -.59189 259.24  .67266 11306.98
2 .85320 30.10 .90686  46.08  .83772  3371.93
3 .66066 16.96 .16329 44.81 -.59796  2166.27
4 33795 15.02 -.07624 44.55 .63988  1279.28
5 .05890 14.97 .32520 39.83 -.26756  1187.69
6 -.23779 14.12 43363 32.34 .27821  1095.76
7 -17296 13.70 33325  28.75 .31942 983.96
8§ -.16160 13.34 -.14114 28.28 .00186 983.96
9 -.06837 13.28 -.34191 24.88  .33702 872.19
10 .07683 13.20 -.27696  22.97  .60999 547.66
11 12469 13.00 -.09115 22.78  .27864 505.13
12 -.05560 12,96 .06167 22.70 -.40173 423.61
13 .09100 12.85 .34276  20.03 -.50309 316.39
14 20358 12.85  .13461 19.67 -.12329 311.58
15 .00699 12.84 -.05064 19.62 .19343 299.92
16 .00684 12.84 -.11123 19.37  .10820 296.41
17 .00505 12.84 -.07340 19.27 .01145 296.37
18 .01479 12.84 -.00159 19.27 .10034 293.39
19 -.03620 12.82 .01854 19.26  .09033 290.99
20 .11318 12.66  .15901  18.77 -.05774 290.02
30 .06109 12.27  .05124 1838 .07574 271.70
40 -.00374 12.06 .00510 17.98 -.01212 267.27
49  .04136 11.96 .01360 17.86  .05280 264.61
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TABLE 2. Zero z%k) of pi(z) for Example 1 giving the approximation
Arg 2"~ wy = /4 = 785398

Re z%k) Im z§’“) \zgk) | Arg ng)

700 946 .699 025 .98993 .784 026

8 .704 172 .704 374 .99599 .785 541
12 .704 617 .705 289 .99695 .785 874
16 .705 058 .704 785 .99691 .785 204
20 .705 524 .704 923 .99735 .784 959

TABLE 3. Zeros zik) and zék) of pi(z) for Example 2 giving the approximations

Arg 2% oy = % ~ 785398

and

Argzgk) N wg = % = 1.047198.

Re z§k) Im z](.k) \Z(k) | Arg z§k)
j=11] 8 .682672 .669 799 .95638 .775 880
12702 575 .696 048 .98898  .780 731
16 .705 565 .703 016 .99601  .783 588
20 .705901 .704 518 .99731  .784 417
24 706 041 .704 820 .99763  .784 532
28 .705 748 .705 112 .99762  .784 947
j=2| 8 .475995 .835592 .96165 1.052 991
12491 088 859 168 .98961 1.051 531
16 .496 624 .863 971 .99653 1.049 100
20 498 059 .864 287 .99752 1.048 011
24 498 362 .864 099 .99749 1.047 685
28 498 654 .864 058 .99762 1.047 379
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TABLE 4. Zeros z](.k) of pi(z) for Example 3 giving the approximations

Arg 2™~ wy = g = 1570796, Argzl®) ~ wy = g = 1.047198,
. 3 .
Arg 2P~ wy = % = 523599, Argz{") ~wy = Tﬂ = 2.356194.

kE  Re zgk) Im zgk) |z§k) | Arg z§k)
j=1|12 -.009 829 .982 445 .98249 1.580 801
16 .005 964 .993 505 .99352 1.564 792
20 .004 095 .994 613 .99462 1.566 678
24 .002 071 .996 296 .99629 1.568 717
28 .002 152 .997 496 .99749 1.568 638
j=2112 487094 .850 849 .98041 1.050 857
16 498 136 .862 708 .99619 1.047 153
20 498 729 .861 227 .99521 1.045 892
24 499 070 .862 992 .99690 1.046 484
28 498 713 .863 708 .99734 1.047 153
j=3 |12 .858 126 .485824 .98610 .515 154
16 .861 865 .496 758 .99477  .522 867
20 .862 835 .497 871 .99617  .523 349
24 .863 656 .497 546 .99672  .522 655
28  .863 437 .497 930 .99672  .523 098
j=4112 -703 958 .707 034 .99772 2.354 014
16 -.705 469 .705 293 .99755 2.356 318
20 -.704 985 .705 663 .99747 2.355 713
24 -705 793 .704 758 99741 2.356 928
28 -.705 158 .705 448 .99744 2.355 988

4. Szegd’s condition and Ha-functions. In this section we give
a brief exposition of some aspects of the behavior of Szegd polynomials
and their reciprocals under special conditions. For the general content
of this section, we refer to [11-13]. For the theory of boundary
behavior of analytic functions and harmonic functions and the theory
of H,-spaces, we refer to [10, 16, 25 and 26]. These results are
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applied in later sections to problems concerning stochastic processes
and construction of digital filters.

For later use we introduce the notation

D:=[zeC :|z|<1], D:=[zeC : |z <1],
0D :=[z€C :|z| =1],
E:=[2€C:2¢ D], E:=[zeC:2¢D].

For convenience, we recall some basic facts about Szegb polynomials
(cf., Section 2).

Let a distribution function ¢(6) on [—7, 7] be given. The distribution
function gives rise to moments p,, (see (2.9)), monic Szegd polynomials
pn(z) and their reciprocal polynomials pf(z) := 2" p,(1/Z) with norms
(see (2.15))

(41) ﬂO = AR =V 60; ﬂn = Hanw = Hp:LHw’ n= 051727"' ’

reflection coefficients

(4.2) O = pn(0),

and normalized Szegd polynomials ¢, (z) (see (2.21)) and their recipro-
cal polynomials ¢} (2) := 2"y, (1/Z). Here and in the following (-, )
denotes the inner product, and || - ||, denotes the norm in the Hilbert

space L;P[—W,W], ie., for all F,G € L;b[—w,w], we have

(F.Gy = [ FOT@d0) and [|Flly = \/(F.F)y.

-7

We also note the close relationship between this inner product and
the one defined by (2.15); it is given by

(Fg) = [ g (o) = (), o)
We may then write

(4.3) on(z) =B, 12" + - 4 by,
(4.4) on(z) =b
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where b, denotes the constant term of ¢, (z). Note that 3, = a,?!
where a, is introduced in (2.21). By using the recurrence relation

(4.5) pn(2) = 6npy(2) + (1 = |5n‘2)2’pn—1(2)7

which follows from (2.3) and (2.16), we see that
(4.6) -
5721 = Hanzp = (pn,2") = <pn(ew)v€m9>w
= (1= 16a*)(pn—1,2""") = (1 = [8a]*) 87—

from which we obtain the formula
(47) /672L = 58 H(]- - |5k|2)v n Z 17 60 = \/,U‘O,
k=1
(cf. (2.7b) and (2.21)). Since |0,| < 1 for n > 1, it follows immediately

from (4.7) that the sequence {3, } of positive numbers is nonincreasing.

The polynomial wy,(z) associated with ¢, (z) is defined by

T etl 4 o )
@8) o) = [ S o) - oua)] (o)

€Y =z
We recall that, from (2.16) and (2.21),

(4.9) Brpn(2) = Qant1(2), 67#7:;(2) = Q2n(2),

where @,,(z) is the n-th denominator of the positive PC-fraction asso-
ciated with the moment sequence {u,} and distribution function (0)
(Theorem 2.2). By using the recurrence relations (2.19), one can easily
verify that

(410) ﬂnwn(z) = P2n+1(Z)7 ﬂnw;‘;(z) = _PQn(Z)a

where P,(z) is the n-th numerator of the positive PC-fraction. Here
wi(z) = z2"w,(1/Z). For more details about w,(z) and w}(z), the

reader can refer to [21]. By taking into account (4.7), (4.9) and (4.10),
the determinant formula for continued fractions [22, (2.1.9)] yields

(4.11) ()P4 (2) + pu(2hw (2) = —227.
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From the recurrence relations (2.19) we can deduce the following
Christoffel-Darboux type formulas
(4.12)

n

05 (@) 5 (y) — 27en(@)en(y) = (1—29) Y er(@)er(y), =yeC
k=0

(see [23, Section 2]). For completeness, we state and prove the following
basic result about the zeros of ¢, (z).

Lemma 4.1. All of the zeros of ¢y (2) lie in the unit disk D, and all
of the zeros of ¢ (z) lie outside D.

Proof. The two statements are easily seen to be equivalent. Thus,
it suffices to prove the second one. By setting z = y = z in (4.12) we
obtain

(4.13) 5 ()1? = 2Plen () = (L= 121 Y len(2) .
k=0

Hence, for fixed z € D, we have

(4.14) s LD g
72

since pp(z) = B;'. It follows that there are no zeros of ¢ (z)
in D. Now assume that ¢f(z) = 0 for some zg € 0D. Then
on(20) = 20¢%(1/Z0) = 209}, (20) = 0. Since this contradicts (4.11), it
follows that no zero of ¢*(z) lies on dD. O

The distribution function 1(#) has a nonnegative derivative ¢’(6) a.e.
(with respect to Lebesgue measure) and

(4.15) 7T1//(9) do < /Tr dy(0) < oo.
Then, also,

(4.16) /W o/ (8)do < [ 4(0)do < .

—1T
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However, both of the cases

/ Iney’(0)df = —oco and / Inv’(0) df > —o0
can occur. The distinction between these two cases is of fundamental
importance and is sometimes called Szegd’s alternative. The condition
[T Iny'(0)d§ > —oc is called Szegi’s condition.

Theorem 4.2. Let (0) be a distribution function on [—m,w| and
let n(2), 9% (2),0n and B, be derived from ¥ (0) as above. Then the
following four statements are equivalent:

(4.17) / Ine’(6) df > —cc (Szegd’s condition).
(4.18) {on(e®)}2y  (equivalently {e™°}5° )

is not complete in LY [—m, ).
(4.19) lim 8, =: 8> 0
(4.20) > 16k]? < oo

k=1

Proof. Tt follows immediately from (4.7) that (4.19) and (4.20) are
equivalent.

We shall now prove the implication (4.17) = (4.19). Both here
and later we make use of the following inequality between weighted
geometric and arithmetic means:

o 1"
(4.21) FJ PO WO @ F/ p(0)f(0) do,

where p(0) is nonnegative and Lebesgue integrable, f(6) is nonnegative,
and [7 p(#) df =: P (sce, e.g., [11, p. 17] and [25, p. 7]). By using this
inequality with p(6) := 1/(27) and f(0) := |p%(€)|?1' (), we obtain

g . 1 [T nflo* (ei9)[24)’
(4.22) / 0% (61924 (6) dB > g3 ST mllen P @) do.
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Since ¢} (z) has no zeros for z € D (cf. Lemma 4.1), the function
In(|¢% (2)]?) is harmonic for z € D, and hence

1" *(LI0N[2Y g0 )12 — 1
42 o [ e P = o) =i 5 )
(see, e.g., [25, p. 15] and [26, p. 228]). Combining (4.1), (4.22), (4.23)
and the fact that

T

10 a0 = [ 10w @@ o 10) 2 0 ac.

—T

we obtain

™ * (00 7’
1> zﬂ_eﬁf_ﬂln\apn(e )2 do eﬁ " Iny'(0)do

(4.24) 2 L :’W In <’ () df

2w

B
It follows from this and Szegd’s condition (4.17) that

ffﬂ In <’ (6) do

(4.25) g:= lim £, >V Sre > 0.

Next we prove the implication (4.19) = (4.18). By considering the
function ¥g(6) := e~ we can write

n+1

1— E aV_lezué’
v=1

()

)

(4.26) ‘
v

Yo(0) = are™
k=0

and by the minimum property of p,+1(2) (see, e.g., [13, Section 2.2])
we then conclude that

> Hpn+1HdJ = ﬂnJrl > 5 >0

(4.27) |
”

Yo(0) = age™
k=0

for an arbitrary linear combination >.;_, ape™ with arbitrary n.
It follows that the system {e™}°°, is not complete in LY[—m,x];
consequently, the system {i,,(e""?)}22 is not complete in LY [—m, 7].
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Finally we prove the implication (4.18) = (4.17). Since {e™?}2°
is not complete in LY [—m, 7], there exists a nonzero element () €
L;ﬁ[—w, 7] which is orthogonal to every ™ n =0,1,2,...; that is,

(4.28) /ﬂ 0(0)em dip() =0, n=0,1,2,....

—T

Note that, since p(f) € LY [, 7], we also have

(4.20) / " 10(6)] di(9) < oo.

Multiplication of (4.28) by z~("*1) and summation over n gives
eine

(4.30) > /W Wﬁ dy () = 0.
n=0""T

The series > oo e /z"*t! converges uniformly in 6, for fixed z €

E. Consequently, > 0" (0)(e'™ /z"+1) converges a.e. (for z € E).
Furthermore,

(4.31) =0 .
el”l ™
< max x| [ le®)due)

From (4.29), (4.30) and the uniform convergence of > oo, e? /2" we
conclude that
(4.32)

/W [i Zen—i@] diy(6) = g:g/_: ;ﬁmdw(a) —0, :cE.

—TLln=0

By summing the geometric series ZZO:O e /271 we may then con-
clude that

(4.33) AMz)=0 forzeFE
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where

(4.34) A(z) = / "0 ).

Con) et — 2

We note that the function A(z) is analytic for z € D and for z € E.
We define the complex distribution function 7(8) by

(4.35) dr(0) := e () dip(0)

and may then write

T et dr
(4.36) A(z) 1/ d—@

o ef — 2

—T

The distribution function 7(#) has bounded variation, since

31) [ 1ar @)= [ 1] 1o0) de©@) = [ 100) dp6) < .

—T —T —T

The expression (4.36) is thus an integral of Cauchy-Stieltjes type. Since
AMz) = 0 for z € E, the integral is a Cauchy-Stieltjes integral and
hence belongs to the Hardy space Hj (see, e.g., [25, pp. 65-68]).
Consequently,

(4.38) /_ﬂ In |7 (0)| dyp > —o0

(see, e.g., [25, pp. 54-57]). Now |[7/(0)|> = |p(0)?> - [¢'(0)|?, and
therefore

(4.39)

/_ 1n¢’(9)d9+/_ (| o(8) 2 (6)] d9:2/_ In |7 (6)| d8 > —oco.
Since
aw) [ ullp@Peow < [ lpoFao <.

we conclude from (4.39) that the Szego condition (4.17) is satisfied. O
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We recall the definition and basic properties of the Hardy space Hs
(see, e.g., [10, 16, 25, 26]). A function H(z), which is analytic for
z € D, belongs to Hy iff

(4.41) sup/ |H (re'?)|? df < oo

0<r<1J -7

or, equivalently, iff
oo

(4.42) D |h* < 0
n=0

where {h,,} is the sequence of the Taylor coefficients for H(z) at z = 0.
If H(z) € Hs, then the limit

(4.43) H(e"?):= lim H(re")

r—1-

exists a.e. and

(4.44) / |H(e)|? df < oc.
Furthermore,
(4.45) / In|H(e)|df > —oc if H(z) # 0.

Theorem 4.3. Let ¥(0) be a distribution function on [—m, 7] and
let ©n(2), ¢i(z), 0, and B, be derived as above. Assume that the
(equivalent) conditions (4.17)—(4.20) are satisfied. Then the following
hold:

(A) The sequence {1/(V2mp}(2))} converges for z € D to an analytic
function Hy(z).

(B) The function Hy(z) belongs to Hs.
(C) The function Hy(z) satisfies

(4.46) |Ho(e')]? =4/ (9), ae.
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(D) The function Ho(z) can be expressed by the formula

[T 04z n’
(4.47) Ho(z) = e™ C e my(6)d

Proof. (A). Let 0 < r < 1. For |z| < r we obtain from (4.13) the
inequality

n
N 1—7?
@a9) Pz 1Y e > T
k=0 B
From the theory of normal families of analytic functions (see, e.g., [14],
[26, pp. 271-273], [25, p. 18]), by considering the analytic functions
1/¢7,(2), we conclude that there exists a subsequence {¢},,,,(2)} which
converges for z € D, uniformly on compact subsets, to a function II(z)
which is either analytic or identically equal to co. Since

1 1
4.49 £ (0) = <2,

it follows from (4.19) that II(z) is an analytic function. By setting
x =z and y = 0 in (4.12), we obtain

1, S
(4.50) 6—%(2‘) =Y ve(0)¢r(2).
" k=0
The Cauchy-Schwarz inequality (with n > m) then gives
1 1 2 n n
(4.51) 6—902(2) - 6—902@(2) < D e D lewl0)
n n k=m+1 k=m+1

From (4.48) and the fact that {¢],,(z)} converges, it follows that the

sequence {ZZ(:VO) lor(2)]?}52, converges for z € D. Then, also, the
series >_p_, |ok(2)|? converges for z € D. From this, (4.19) and (4.51),
we conclude that {¢f(z)} is a Cauchy sequence for z € D. Since
{¢5,,)(2)} already converges to II(z), we may conclude that

(4.52) lim ¢ (2) =1I(z) for z € D.

n—oo
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Since ¢} (z) # 0 for z € D by Lemma 4.1 and II(0) = lim,,_.o 1/8, =
1/8 # 0, it follows from Hurwitz’s theorem (see, e.g., [15, p. 283]) that
II(z) # 0 for all z € D. We define

(4.53) Ho(z) == \/ﬁ;ﬂ(z)

This function is then analytic for z € D.

(B). For z € 9D the determinant formula (4.11) can be written

(4.54) wi (€)oh () + o5 (€ )y (€7) = 2.
Consequently,
. [ w;(ew)] 4 [wi(e®)ne) + wi () ()
e |— - = -
(4.55) o (e?) |05 (e)[?
1
e

Since ¢ (2) has no zeros in D, there exists a neighborhood of D where
the Taylor series expansion

wr(z =
(4.56) - j:( ) _ po+2Y
on(z =

~—

is valid (see Theorems 2.1 and 2.2 and note that —w(z)/¢k(z) =
Py, (2)/Q2n(2) converges to Lo = pig+2 > oo, u2" for z € D). Because
of uniform convergence of (4.56) on 9D, we can then integrate term-
by-term and obtain

4 do g w;(ew)
(457) /_WW = —Re /_ﬂ_ gp;‘l(ezg) d9 = 271'[10.
We define
n g do
(4.58) I’E):_/WW’ 0<r<1,n=123,....

Since 1/ (z) is analytic for z € D, the function 1/|¢%(z)|? is subhar-

monic and thus the integral I is a nondecreasing function of r for
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0 <r <1 (see, eg., [25, p. 23-26], [26, 328-330]). Hence, it follows
from (4.57) that

(4.59) IM <271py, 0<r<1,n=123,....

Then, also, by Fatou’s lemma

T dé
(460) /ﬂ-m <2mpg, O0<r<l.

This means that Hy(z) = 1/(v/2nI1(z)) belongs to Ha.
(C). Let P.(t) denote the Poisson kernel; that is,

1—r? 1+ re
4.61 P (t) ;== —— 5 =R — .
(4.61) ® 1—2rcost+1r? ¢ (1—7’6”)

The function Re [w};(re'?)/ps: (re')] is harmonic for z € D. Hence, it
follows by (4.55) that

(4.62) Re {7_”;(’”6%] _ ! /W BO-1 4

palre®) | 2m ] fen(e)P?

Also, In (1/]¢,(re™)[?) is harmonic for z € D and, therefore,

(4.63) In (W) — %/_:PT(Q )l (ﬁ) dt.

Setting p(t) := P.(0 —t) and f(t) := 1/|p:e)|? in (4.21) and using
(4.62) and (4.63), we obtain

1 % 6
|7, (re??)] i (re’?)
We recall from Section 2 (Theorems 2.1 and 2.2) that

. Pay(z . —wi(z T el 4 2
(4.65) nlLII;O Qz ((z)) :nlirrgo o (i)) :/ it _Zdw(t), z € D.

This together with (4.52) and (4.64) gives

(4.66) —— < Re/ﬂ e iy = [ Po - 1) due),

‘H(T6i9)|2 - 71_eit _ reie

—1T
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Since

s

(4.67) lim P60 —t) dy(t) = 2w’ (0) a.e.

r—1- J_,

(see, e.g., [25, p. 34], [26, p. 226], [16, p. 34]), it follows from (4.66)
that

1
4- 1' T—, A~ 0 < 2 ! .
(468) A igrempe < 20
We define
(4.69) () := lim TI(re') a.e.

r—1-

Assume that 1/|T1(e?)|? < 29’ () on a set of positive measure. Then

s s 1 1
/ In[27¢)’ (0)] d6 > / In NCOE df =27 1n OE 2 In(5%).

—T —T

Hence,
£ 7 Iy’ (0)de
B2 < 27‘(’62”‘[’" o )

which contradicts (4.25). Hence, we may conclude that the above
assumption is false and

1 1
4.70 — = lim ———— = 2m’(#) a.e.
IO e~ B e — 20 e
which is the same as (4.46).

(D). The inequality

2T e
(4.71) 82 < gmewe] @0

(not with strict inequality sign) follows from the argument under (C)

above without the assumption 1/|TI(e?)|? < 274(#) on a set of positive
measure. This together with (4.25) gives

(4.72) = Vamei ) mw @@,
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Since Hy(z) € Hy and Hy(z) has no zeros, it follows by (4.46) that we
may write

a [ 042 n’
(4.73) Ho(z) = 8(z) - ™ o iz v/ @ a0

for z € D,

where S(z) is a singular inner function (i.e., an inner function without
zeros (see, e.g., [25, p. 78], [16, pp. 67-70], [26, p. 338]). Using
Hy(0) = B/+/2m, we obtain, from (4.73),

Ver

From (4.72) we then conclude that S(0) = 1. This is possible only if
S(z) = 1. Formula (4.47) follows then from (4.73). O

(4.74) B _ gyed  mv @,

Theorem 4.4. Let ¥(0) be a distribution function on [—m, 7] and
let on(2), ©5(2), 6n and B, be derived as above. We assume that the
equivalent conditions (4.17)—(4.20) are not satisfied. That is, we assume
that:

(4.75) / Invy’(0) df = —oo0,
(4.76) {on(e)}2,  (or equivalently, {e™?}5 )
is complete in  LY[—, 7],
(4.77) lim 8, =0,
(4.78) > [6k]? = 0.
k=1

Then the following hold:

(E) There exists no function H(z) € Hy for which |H(e')|> = '(0)
a.e., except in the case where ¥(0) is singular (i.e., ¥'(0) = 0 a.e.).

(F) The sequence {1/¢%(2)} converges to 0 for all z € D.
Proof. (E). If H(z) € Ha, H(z) # 0, then

/ In | H()|*d0 > —oo

—T
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by (4.45). This shows that |H(e?)|? cannot be equal to ¢’(f) a.e. by
(4.75).

(F). We assume that {1/¢(z)} does not converge to 0 for some
z = zg € D. Then there exists an € > 0 and a sequence {n(v)}5; such
that

1

(4.79) e

>e forallv=1,23,....

The functions 1/ ) (2) are analytic and different from zero for z € D.
By (4.48) (which does not depend on (4.17)-(4.20)), it follows that
{1/¢},,)(2)} is uniformly bounded on compact subsets of D. Then, by
the theory of normal families of analytic functions (see, e.g., [14], [26,
pp. 271-273], [25, p. 18]), there exists a subsequence {n(v(\))} such
that {1/¢},(r)} converges uniformly on compact subsets of D to a
function f(z) which is analytic for z € D. From (4.77) it follows that

1

(4.80) F(0) = lim ———— = lim B, () = 0.
A—00 wn(u(/\))(z) A—00 (»(3)

We may then conclude from Hurwitz’s theorem (see, e.g., [14, p. 283])

that f(z) is identically zero for z € D. On the other hand, (4.79) implies

that f(zo) # 0. This contradiction shows that lim,_,. 1/¢%(z) = 0 for

all z € D, which was to be proved. O

5. Weakly stationary stochastic processes. A measure space
(Q, P) is a set Q equipped with a probability measure P. A stochastic
variable x(w) is a measurable function on (€, P). A sequence {z,(w) :
n € Z } is called a stochastic process if all x,,(w) are stochastic variables.
For a discussion of basic properties of stochastic processes, the reader
can refer to [13].

Let {z,(w)} denote a given stochastic process such that
/ |zn(W)|?dP(w) < 0o forallm=0,4+1,+2,....
Q

Let Ly denote the closure of the linear hull {> CnTpn : Cp € C}

n=-—m

in LY (Q). Then L, is a Hilbert space with inner product

(5.1) (u,v)p = /Qu(w)v(w) dP(w), wu,v € Lg.
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The covariance function s, is defined by

(5.2) Tsp = /Qa:s(w)act(w) dP(w) =: (x5, 2t)p, s,tEZL.

The stochastic process {x,(w)} is called weakly stationary if

(5.3) / Zp(w)dP(w)=0 forallneZ
Q

and

(5.4) Tst = Tstmttm forall s t,meZ.

In this case we define

(5.5) m =To.m formeZ.
Clearly, we also have

(5.6) P =Ts stm forallm,seZ.

It is readily seen that p_,, = [, for m € Z and that the Toeplitz

forms
n
E CjCrflj—k
§,k=0

are all positive semi-definite. Therefore, by the Trigonometric moment
theorem (Theorem 2.2), there exists a distribution function () such
that

(5.7) i = /W e~ qp(8), neZ.

—T

This distribution function is called the spectral function for the weakly
stationary stochastic process.

The mapping z,(w) « e~ establishes an algebraic isomorphism
between Ly and LY [—m, 7] Since (-,-)p and |- || p denote inner product

and norm, respectively, in Ly and since (-,-)y and | - || denote inner
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product and norm, respectively, in L;P[—ﬂ,ﬂ, it follows by linearity
from (5.7) that
(5.8)

N N
(35 cmton S~ ) =3 e 3 )
P k=M j=M Y

and, in particular,

N
Z cprk(w)

k=M

(5.9)

N
§ Ck671k0
k=M

P P

Thus, the spaces Ly and L;p[—ﬂ', 7] are isomorphic as Hilbert spaces.

The stochastic process {z,(w)} is said to be deterministic if xo(w)
can be approximated arbitrarily well in the || - | p norm by finite linear
combinations from the set {z;(w) : ¢ < 0}; that is, if zo(w) can be
predicted with arbitrarily small error from knowledge of the past. The
process is called nondeterministic if such approximation is not possible.
It can be verified that, since the process is weakly stationary, the
concept of deterministic is independent of the choice of zg(w) as the
variable to be approximated by the foregoing variables. The choice of
any other fixed x;(w) would lead to the same results.

‘We define

(5.10) E™ = min
g,(C")ER

Z Qz(en)f k

P

Then the process is deterministic iff £(™) can be made arbitrarily small
for sufficiently large n; that is, iff lim, .. F(™ = 0.

Let {p,} denote the sequence of monic Szegd polynomials with
respect to the spectral function () for the stochastic process, and
let ¢, (%), B, and 4, have the same meanings relative to ¢(6) as in
Section 4. By the well-known minimum property of Szegd polynomials
(see Section 2, (2.20)) we have
(5.11)

= mll’l

Bn=|lpnly = min
" sMer

oer

1+Z (n) zk@

n—1
ein@_’_zgl(:)eike
k=0

P
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From the isomorphism between L;p[—’ﬂ',’f(] and Lo given by (5.9), it
follows that

n n
(5.12) zo(w) + Zg,(cn)m_k(w) =1+ ngeike
k=1 P k=1 o
From (5.11) and (5.12), we conclude that
(5.13) EM™ =8,

and it is clear from (3.20), (5.11) and (5.13) that E = E,. The
following result then follows directly from Theorem 4.2.

Theorem 5.1. Let {z;(w)} be a weakly stationary stochastic process
with spectral function ¥ (0), and let v, (2), ©i(2), 0, and B, be derived
from(0) as in Section 4. Then the following statements are equivalent:

(A) The process {x¢(w)} is nondeterministic.

(B) The equivalent conditions (4.17)—(4.20) are satisfied.

6. Design of digital filters. For general information concerning
the problem treated in this section, we refer to [7] and [9]. A signal
{u(n)}so__ . is said to have finite energy if Y oo |u(m)|* < co. We
shall say that a digital filter 7' with transfer function K(z) has finite
energy if the unit pulse response {k(m)}s°__ has finite energy. A
digital filter T is said to be causal if u(m) = 0, for m < my, implies
(Tw)(m) = 0, for m < mg. An equivalent condition is easily seen to be
that k(m) = 0 for m < 0 (cf., Section 2). We recall that the transfer

function K (z) is given by
(6.1) K(z) = Z k(m)z=™.
m=—oo

The causality condition requires that k(m) = 0 for m < 0; if, in
addition, T has finite energy, then Y - [k(m)]* < cc.

A function K (z) which is analytic in E := [z € C : |z > 1] is said to
belong to Ky if

(6.2) S k(m)P < oo,
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where {k(m)} is the sequence of coefficients in the Laurent expansion
at z = oco. Thus, the transfer function of any causal filter with finite
energy belongs to Ks.

To every function H(z) € Hy we define a function H# (z) by
(6.3) H#(z):= H(1/Z), z€E,
and to every function K(z) € Ky we define a function K#(z) by
(6.4) K#(2):=K(1/2), z€D:=[z€C :|z|<1].

It follows immediately that H#(z) € Ko, K#(2) € Hy and

(6.5) H#*#(2) = H(z) and K7%(2) = K(2).

Furthermore,

(6.6) lim K(pe®) = lim H(reif).
p—1+ r—1-

We see from this and the properties of Hy that, if K(z) € K>, then the
limit

(6.7) K(e?) = lim K(pe')

p—1+

exists a.e. and

(6.8) /F |K(e9)]? df < oc.

—T

In this section our interest is primarily in the following problem, which
arises naturally in many situations. Let ®(6) be a given nonnegative
function on [—m, 7]. We wish to construct a causal filter T with finite
energy whose magnitude response function |K(e?)| equals ®(6) a.e.
We shall consider only the situation in which ®(6) is an even function.
It can be seen that this is the case iff the unit pulse response {k(m)}
is a sequence of real numbers. In the special case that ®(f) = 1, a
solution to the problem is called an all-pass filter.
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We see from the discussion following (6.1) that a causal filter with
finite energy has a transfer function which belongs to K5. Hence, by
(6.8) it is necessary to have

(6.9) / " [0(0)2d8 < oo

—T

if the magnitude response of the filter equals ®(0). Property (6.9) is,
therefore, a necessary condition for the filter construction problem to
have a solution.

By the aid of Theorems 4.3 and 4.4 we can now obtain

Theorem 6.1. Let ®(0) be a given real-valued function on [—m, 7],
satisfying the following conditions:

(6.10) O(0) >0 for —m <6 <m,
(6.11) B(—0) = B(0) for —7 <0<,
(6.12) /ﬂ (®(6)]2 d6 < oo,

Let the distribution function ¢(6) be defined by

6
(6.13) P(0) == / [®(1)]? dt + o(8),
where o(0) is an arbitrary singular distribution function (in particular,
o(0) may be identically zero). Let p,(z),vk(2),d0, and B, be derived
from (0) as in Section 4. Then the following hold:
(A) If the (equivalent) conditions (4.17)—(4.20) are satisfied, then the
function

(6.14)
. 1 [T S () do
Ko(z) = HF ()= lim ———— —¢ 27 xc?— ,
olz) 1= H3 2) =0 /21 % (1/7)

is defined for z € E and is the transfer function of a causal filter T
with finite energy, satisfying

lim |Ko(pe)| = ®(6) a.e.
p—1+
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(B) If the (equivalent) conditions (4.17)—(4.20) are satisfied and
if K(z) is the transfer function of a causal filter with finite energy
satisfying

(6.15) lim |K(pe?)| = ®(0) a.e.,

p—1+

then there exists a function J(z) which is the transfer function of an
all-pass filter (i.e., J#(2) is an inner function) such that

(6.16) K(z) = J(2)Ko(2).

(C) If the equivalent conditions (4.17)—(4.20) are not satisfied, then
there exists no causal filter with finite energy such that the transfer
function K(z) satisfies lim, 1+ |K(pe'?)| = ®(0) a.e., except in the
case where ®(0) =0 a.e.

Proof. Note that () is a distribution function because of (6.12).
We also note that 1/(0) = [®(0)]? a.e.

(A). From Theorem 4.3, it follows that the function
1 [T St ma(0) do

6.17 Hy(z) = llm —— =¢ /-
(647 o= M )

belongs to Hy and satisfies

(6.18) lim |Ho(re'?))? = [@(0)]® a.c.

r—1-

Then Ko(z) belongs to Ky and, by (6.6), Ko(z) satisfies (6.15). From
considerations preceding the statement of the theorem, it follows that
Ky(z) is the transfer function of a causal filter with finite energy.

(B). Let K(z) be an arbitrary function with the desired properties and
set H(z) :== K#(z). Then H(z) € Hy and lim,_,;- |H(re??)| = ®(0)
a.e. by (6.6).

Consequently, we may write

(6.19) H(z) =1(2)Hy(z)



SZEGO POLYNOMIALS 431

where I(z) is an inner function (see, e.g., [16, p. 67|, [ 26, pp. 336-338],
[25, p. 78]). Then K (z) := H#(z) may be written in the form (6.16)
with J(2) := I#(z). Clearly, every function of the form (6.16) is a
solution of the problem.

(C). If the conditions (4.17)—(4.20) are not satisfied and if ®(6) is
not zero a.e., then by Theorem 4.4 there exists no function H(z) in
Hy such that lim,_,;- |H(re??)| = ®(f) a.e.; hence, no function K (z)
exists in K» such that lim, .+ [K(pe?)| = ®(6) a.e. This means that
there exists no causal filter with finite energy whose transfer function
satisfies

lim |K(pe'?)| = ®(0) ae. O
p—1t

We conclude this paper with a brief summary of the procedure
and examples for constructing approximations A, (z) of the transfer
function Ky(z) of a causal filter T with finite energy satisfying a given
amplitude response condition (6.15). For illustration, we present some
numerical and graphical results for particular examples.

Suppose that a function ®() satisfying the conditions of Theorem
6.1 is given. Our first step is to compute moments

(6.20) - / e~ dup(0) = / e~ (9)]2 do,

where 9(0) is defined by (6.13). Next we apply Levinson’s algorithm
(3.29) to compute the reflection coefficients d,, and the coefficients q§")
for the Szegd reciprocal polynomials pj,(2) = -7, qfln_)jzj, ¢ = 1.
We then set

1 Bn
6.21 A, (2) = — — —_—
(6:21) N e CE R ITA0E)

where the §,, can be computed by (4.7). The filter T,, with transfer
function A,,(z) then has magnitude response function

0 1 Bn
022 GO == e ~ Vampne)

which approximates the given ®(6).
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For illustration we consider functions ®.(6) of the form

L, ifo<|9 <5
(6.23) ®:(6) = {s, if T < 0] <.

The moments

(6.24) fin ::/ e (0)2ds, n=0,1,2,...

are then given by uo = 7(1 + €2), p2, = 0 for m > 1, and

2(=1)"(1 — €?)

=0,1,2,....
2m+1 ) m vy &y

Hoam+1 =

Example 1. In (6.23) and (6.24) we choose € = 0.5. Figure 1 shows
graphs of G4(0) and Ga¢(6) superimposed to ®g5(6). Clearly, G, (0)
appears to converge to @ 5(6) as predicted by theory. However, there
exists a “Gibbs phenomenon” near the discontinuities at 0 = +m/2,
also expected.

Example 2. Counsider the case with ¢ = 0.1 (see Figure 2 for
graphs of G4(0) and Goo(f) superimposed to ®g1(6)). The large
oscillations of G, (#) near the discontinuities of ®¢ () are even more
pronounced. It is believed that these oscillations could be significantly
reduced by altering the definition of ®.(6) to eliminate the discontinuity
and perhaps choose a ®(6) (for example, using spline functions) to be
smooth. Considerations of this type will be dealt with in future studies.

Acknowledgment. The authors gratefully acknowledge the able
assistance of Kevin D. Jones for the computations and computer
graphics used for illustrations.



Gy() AND 5()

Gao() AND 5()

SZEGO POLYNOMIALS

G,,AS A FUNCTION OF THETA

2.0 [ITF T T T T T T T T T T

1.8
1.6
1.4

1.2

1.0

0.8
0.6

0.4
0.2

-3.0 -20 -1.0 0 10 20 3.0
THETA RADIANS

G, AS A FUNCTION OF THETA
=0.5

2.0 [T TR I e e
1.8
1.6
1.4
1.2

1.0

0.8

0.6

0.4

0.2

-3.0 -20 -1.0 0 10 20 3.0
THETA RADIANS

FIGURE 1.

433



434

G,() AND ()

Gao() AND ¢ 4()

2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

W.B. JONES AND O. NJASTAD

G,,AS A FUNCTION OF THETA

=0.1
T T A T AT T
L /0_1() /(64() ]
B N\ ) i
YT FETITTTT] [IITTTTI FITTTRTINI FRTTRINITI AT
-3.0 -20 -1.0 0 1.0 20 30
THETA RADIANS
G, AS A FUNCTION OF THETA
=0.1
T T T
__ 0.1() /Gzo() __
B A/\/\ZAI\/\/\/\/\ ]
VAAAAASAA
N TTTTTTTI MATITITTY [ITITTTTI FITTTNTINI FRTTRTITNI FRTTININ
-3.0 -20 -1.0 0 1.0 20 30

THETA RADIANS

FIGURE 2.



SZEGO POLYNOMIALS 435

REFERENCES

1. M. Abramowitz and I.A. Stegun, Handbook of mathematical functions with
formulas, graphs and mathematical tables, National Bureau of Standards, Appl.
Math. Ser. 55, U.S. Govt. Printing Office, Washington, D.C., 1964.

2. N.I. Akhiezer, The classical moment problem and some related questions in
analysis, (Translated by N. Kemmer), Hafner, New York, 1965.

3. Gregory S. Ammar and William B. Gragg, The implementation and use of
the generalized Schur algorithm, in Computation and combinatorial methods in
systems theory (C.I. Byrnes and A. Lindquist, eds.), Elsevier Science Publishers
B.V., North-Holland, 1986, 265-279.

4. , The generalized Schur algorithm for the superfast solution of Toeplitz
systems, in Rational approximation and its applications in mathematics and physics
(J. Gilewicz, M. Pindor and W. Siemaszko, eds.), Lecture Notes in Mathematics
1237, Springer, Berlin, 1987, 315 —330.

5. , Superfast solution of real positive definite Toeplitz systems, STAM J.
Matrix Anal. Appl., 9, No. 1 (Jan. 1988), 61-76.

6. R.R. Bitmead and B.D.O. Anderson, Asymptotically fast solution of Toeplitz
and related systems of linear equations, Linear Algebra Appl. 34 (1980), 103-116.

7. Adhemar Bultheel, Algorithms to compute the reflection coefficients of digital
filters, Numerical methods of approzimation theory, vol. 7, (L. Collatz, G. Meinar-
dus, H. Werner, eds.) Birkhduser Verlag, Basel (1984), 33-50.

8. George Cybenko, The numerical stability of the Levinson-Durbin algorithm
for Toeplitz systems of equations, SIAM J. Sci. Statist. Comput. 1 (1980), 303-319.

9. P. Dewilde and H. Dym, Schur recursions, error formulas, and convergence
of rational estimators for stationary stochastic sequences, IEEE Trans. Inform.
Theory, IT-27 (1981), 446-461.

10. Peter L. Duren, Theory of HY Spaces, Academic Press, New York, 1970.

11. Ya. L. Geronimus, Polynomials orthogonal on a circle and their applications,
Amer. Math. Soc. Trans. 104 (1954).

12.

13. Ulf Grenander and Gabor Szegd, Toeplitz forms and their applications,
University of California Press, Berkeley, 1958.

, Orthogonal polynomials, Consultants Bureau, New York, 1961.

14. P. Henrici, Applied and computational complex analysis, vol. 1, Power Series,
Integration, Conformal Mapping and Location of Zeros, Wiley, New York, 1974.

15. , Applied and computational complex analysis, vol. 2, Special functions,
integral transforms, asymptotics and continued fractions, John Wiley and Sons,
New York, 1977.

16. K. Hoffman, Banach spaces of analytic functions, Prentice-Hall, Englewood
Cliffs, New Jersey, 1962.

17. K. Hoffman and R. Kunze, Linear algebra (Second Edition), Prentice-Hall,
Inc., Englewood Cliffs, New Jersey, 1971.




436 W.B. JONES AND O. NJASTAD

18. William B. Jones, Olav Njastad and W.J. Thron, Schur fractions, Perron-
Carathéodory fractions and Szegd polynomials, a survey, in Analytic theory of
continued fractions 11 (W.J. Thron, ed.), Lecture Notes in Mathematics 1199,
Springer-Verlag, New York, 1986, 127-158.

19. , Continued fractions associated with the trigonometric and other
strong moment problems, Constr. Approx. 2 (1986), 197-211.

20. , Perron-Carathéodory continued fractions, in Rational approximation
and its applications to mathematics and physics (J. Gilewicz, M. Pindor, W.
Siemaszko, eds.), Lecture Notes in Mathematics 1237, Springer-Verlag, New York,
1987, 188-206.

21. , Moment theory, orthogonal polynomsials, quadrature and continued
fractions associated with the unit circle, Bull. London Math. Soc., 21 (1989),
113-152.

22. William B. Jones and W.J. Thron, Continued fractions: analytic theory and
applications, Encyclopedia of Mathematics and its Applications 11, Addison-Wesley
Publishing Company, Reading, MA, 1980, distributed now by Cambridge University
Press, New York.

23. , A constructive proof of convergence of the even approximants of
positive PC-fractions, Rocky Mountain J. Math., 19 No. 1 (Winter 1989), 199-210.

24. Norman Levinson, The Wiener RMS (root mean square), error criterion in
filter design and prediction, J. Math and Physics 25 (1947), 261-278.

25. 1.I. Priwalow, Randeigenschaften analytischer funktionen, VEB Deutscher
Verlag der Wissenschaften, Berlin, 1956.

26. W. Rudin, Real and complex analysis, Second Edition, McGraw-Hill Book
Company, New York, 1974.

27. Andrew E. Yagle and Bernard C. Levy, The Schur algorithm and its appli-
cations, Acta Applicandae Mathematicae 3, D. Reidel Pub. Co., 1985, 255-284.

28. Norbert Wiener, Extrapolation, interpolation and smoothing of stationary
time series, Published jointly by The Technology Press of the Massachusetts
Institute of Technology, and John Wiley and Sons, Inc., New York, 1949.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COLORADO, BOULDER, CO
80309-0426

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TRONDHEIM (NTH), 7034
TRONDHEIM, NORWAY



