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APPLICATION OF THE
MONOTONE-ITERATIVE TECHNIQUES
OF V. LAKSHMIKANTHAM FOR SOLVING
THE INITIAL VALUE PROBLEM FOR
IMPULSIVE DIFFERENTIAL-DIFFERENCE EQUATIONS

S.G. HRISTOVA AND D.D. BAINOV

ABSTRACT. In this paper a monotone-iterative technique
is applied to the construction of extremal solutions of the
initial value problem for an impulsive system of differential-
difference equations.

1. Introduction. Impulsive differential equations find a wide
application in the mathematical simulation of various phenomena and
processes in the theory of optimal control, chemical technology, shock
theory, impulse technology, population dynamics, etc., which during
their evolution are subject to short-time perturbations. The presence
of impulses in the system of differential equations affects essentially the
character of the solutions and obstructs significantly the solving of the
representative equations in quadratures. This requires the justification
of effective methods for their approximate solution. One of these
methods is based on the idea of combining the monotone-iterative
method and the method of upper and lower solutions and has been
justified by V. Lakshmikantham and his disciples for initial value and
periodic problems for some classes of differential equations [1, 3-10].

In the present paper the monotone-iterative techniques of V. Laksh-
mikantham are applied to the approximate solution of the initial value
problem for impulsive differential-difference equations.

We shall note that the question of approximate finding of a periodic
solution of an impulsive differential-difference equation by means of
another monotone method has been considered in [2].
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2. Statement of the problem. Consider the initial value problem
for impulsive systems of differential-difference equations

&= f(t,x(t),z(t —h)) forte0,T], t £t

(1) Azli=r, = Li(2(t:)),

z(t) = ¢(t) for t € [—h,0],

where z = (z1,22,...,2,), [ : [0,T] x R» x R®* — R", f =
(fis for-o s fu)s Li : R® = R, I = (Lin, Ligy - -+ 5 Lin), 9 ¢ [=h, 0] —
R", ¢ = (1,92, sn), h=const > 0,0 <t; <ty <---<tqg<T,
Azliey, = 2(t; +0) —z(¢; —0), i =1,2,... ,d.

Let z,y € R", © = (z1,22,.- ,Zn), ¥ = (Y1,Y2,--- ,Yn). We shall
say that z > (<)y if for each i = 1, n the inequalities z; > (<)y; hold.

With each integer j = 1,n we associate two nonnegative integers p;
and g; such that p; + ¢; = n — 1 and for any element of R" we denote

(Il,ﬂfz,... 7$pj+17ypj+27"' 7yn) for Pj Z j7
('Z'jv ['I.]pj7|:y]qj) = (xlam%'-' axpjaypj+17"' yYi—1,T5,Yj4+1y- - ayn)
for p; < 3.

According to the notation introduced, the initial value problem (1)
can be written down in the form

&j = fi(t, x5, []p;, [@]g;, @i (t = h), [2(t = h)]p,, [2(t = h)]g;)
for t # t;, t € [0,T],
Azjlimy, = Lij(xi(ts), [2(t:)]p; [2(t:)]g;),
z;(t) = p;(t) for t € [-h,0], j =1,n.

Consider the set G([a,b], R™) of all functions u : [a,b] — R™ which
are piecewise continuous with points of discontinuity of the first kind
at the points t; € (a,b), u(t;) = u(t; — 0), and the set G'([a,b], R™)
of all functions u € G([a, b], R™) which are continuously differentiable

for t € [a,b], t # t; and have continuous left derivatives at the points
ti € (a,b), (i =1,d).
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Definition 1. The couples functions v,w € G'([0,T],R"), v,w €
G([=h,T],R™) are said to be couples lower and upper quasisolutions
of the initial value problem (1) if the following inequalities hold
(2)

0 (t) < £5(E,v5(8), [v(t)]p [w(B)lg;, vi(E = R), [v(E = h)]p,, [w(t = R)]g,)
for t #t;, t € 0,7,

w;(t) > fi(t, wi(t), [w(t)]p, s [v()]g; wi(t=h), [w(t—h)]y,, [v(E—h)]g,)s
Avjli=r; < Lij(vj(ta), [v(ti)]p; [w(ti)lg; ),
Awjli—s, > Lij(wj(t:), [w(ti)ly,, [v(ti)lg;),

v;(t) < ¢;(t)

wi(t) > o5(t) for t € [—h,0].

(4)

Definition 2. In the case when (1) is an initial value problem
for a scalar impulsive differential-difference equation, i.e., n = 1,
p1 = q1 = 0, the couples lower and upper quasisolutions of the initial
value problem (1) are called lower and upper solutions of the same
problem.

Definition 3. The couples functions v,w € G'([0,T],R"), v,w €
G([—h,T],R™) are said to be couples quasisolutions of the initial value
problem (1) if (2), (3) and (4) are satisfied only as equalities.

Definition 4. The couples functions v,w € G*([0,T],R"), v,w €
G([—h,T],R™) are said to be couples minimal and mazimal quasi-
solutions of the initial value problem (1) if they are couples quasisolu-
tions of the same problem and for any couples quasisolutions u(t), z(t)
of (1) the inequalities v(t) < u(t) < w(t) and v(t) < 2(t) < w(t) hold
for t € [-h,T].

Remark 1. Note that in general for the couples minimal and maximal
quasisolutions v(t),w(t) of (1) the inequality v(¢f) < w(t) holds for
t € [—h,T] while for arbitrary couples quasisolutions u(t), z(t) of (1)
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analogous inequalities relating the functions w(¢) and z(¢) need not
hold.

Remark 2. If for each j = 1,n the equalities p; =n — 1, ¢; = 0 hold
and the functions v(t),w(t) are couples quasisolutions of the initial
value problem (1), then they are solutions of the same problem. If
in this case problem (1) has a unique solution u(t), then the couples
functions (u, u) are couples minimal and maximal quasisolutions of (1).

For any couples functions v,w € G([—h,T],R"), v,w € G*([0,T],R™)
such that v(¢) < w(t) for t € [~h,T| we define the set of functions

S(v,w) = {u € G([~h, T, R"),u € G*([0, T}, R") :
v(t) < u(t) <w(t) for t € [—h, T}

3. Main results.

Lemma 1. Let the functions g € G([—h,T],R), g € G*([0,T],R)
satisfy the inequalities

(6) g(t) < —Mg(t) — Ng(t—h)  fort#t;, t€l0,T],
(7) Agle=t, < —Lig(ts),
g(0) <g(t) <0  forte[—h,0],

where M,N,L; <1 (i =1,d) are positive constants such that
(9) (M + N) < (1 — L)%,

7 =max{t;, T — tg,max[(t;41 —t;) :1=1,2,...,d— 1]},
L =max{L;:i=1,2,...,d}.
Then the inequality g(t) < 0 for t € [—h,T] holds.

Proof. Suppose that this is not true, i.e., there exists a point £ € [0, 7]
such that g(&) > 0. The following three cases are possible:

Case 1. Let g(0) = 0 and g(t) > 0, g(t) # 0 for ¢t € [0,b], where
b > 0 is a sufficiently small constant. From inequality (8) it follows
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that g(t) = 0 for t € [—h,0]. Then by assumption there exist points
&1,&2 €[0,T], & < & such that g(t) = 0 for t € [—h,&] and g(t) > 0 for
t € (&1,&2). From inequality (6) it follows that g(¢) < 0 for ¢ € (&1, &3],
t # t;, which together with inequality (7) shows that the function g(t)
is monotone nonincreasing in the interval [{1, &2, i.e., g(t) < g(&1) =0
for t € [£1,&2]. Last inequality contradicts the assumption.

Case 2. Let g(0) < 0. By the assumption and inequality (7) it follows
that there exists a point n € (0,T], n # ¢; (i = 1,d) such that g(t) <0
for t € [-h,n), g(n) = 0 and g(¢) > 0 for ¢ € (n,n + €) where ¢ > 0
is small enough. Introduce the notation inf{g(t) : t € [~h,n]} = —A,
A = const > 0. Then there are two possibilities:

Case 2.1. Let a point ¢ € [0,n] exist, ¢ # ¢; (i = 1,d) such that
g(¢) = —A. For definiteness, let { € (tg,tg+1] and 7 € (tetms th+m+1)s
m > 0. Choose a point 171 € (tk+m,tktm+1], 71 > 1 so that g(n) > 0.
By the mean value theorem the equalities

g(m) — g(tktm +0) = g(&m) (M — tirm),
(10) g(tk+m + 0) - g(tk-i-m—l - 0) = g(fm—l)(tk-i-m - tk+m—1)v
g(tk+1+0) — g(¢) = 9(€0) (¢ — thr1)

hold, where & € ((,tht1)s €m € (thgm,m), & € (trtitrtiv1)s
i=T,m—1

From (7) and (10) we obtain the inequalities

g(m) — (1 = Liym)9g(thtm) < g(€m)T,

(11) g(tk-i-m) - (1 - Lk-‘:—m—l)g(tk-‘rm—l) < g(fm—l)Ta
9(tkr1) — 9(¢) < g(&o)T.

From inequalities (11) by elementary transformations we obtain the
inequality

(12) g(r]l) — (]_ — Lk+1)(1 — Lk+2) tt (1 - Lker)g(C)
< [g(fm) + (]_ _ Lk+m)g(£m—1) + (l — Lk+m)(1 - Lk+m—1)g(€m—2)
+- -+ (1= Lggm)(l = Lgym—1) -+ (1 = Liy1)g(&o)] -
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Inequalities (6) and (12) and the choice of the points 7; and ¢ imply
the inequality

—1=L)™(-\) < —[1+(1=D)+Q =02+ +1 =)™} (M +N)r(=)\)

where I = min{L; : i =1,2,...,d}.
Then the following inequality holds

(M + N)r

(13) (1-om < S

Inequality (13) contradicts inequality (9).

Case 2.2. Let a point t; € [0,7) exist such that g(tx + 0) < g(t) for
t € [0,m), i.e., g(tx +0) = —A. By arguments analogous to those in
Case 2.1 where ( =t + 0, we again get a contradiction.

Case 3. Let g(0) = 0 and g(t) <0, g(t) # 0 for ¢ € [0, b], where b > 0
is a sufficiently small constant. By arguments analogous to those in
Case 2, we again get a contradiction.

Thus, Lemma 1 is proved. ]

Theorem 1. Let the following conditions hold:

1. The functions v,w € G([—h,T],R"), v,w € G*([0,T],R") are
couples lower and upper quasisolutions of the initial value problem with
impulses (1) and satisfy the inequalities v(t) < w(t) fort € [—h,T| and
v(0) = ¢(0) < w(t) = ¢(t), w(0) = p(0) = w(t) — ¢(t) fort € [~h,0].

2. The function f € C([0,T] x R® x R",R"), f = (f1,f2,---» [n),
fj(taxay) = fj(taxjv [I]Pj7 [I]Qj’yj7 [y]Pj7 [y]q]‘) is monotone nonde-
creasing with respect to [x],, and [y],, and monotone nonincreasing
with respect to [x]y, and [ylq,, and for r,z € S(v,w), r(t) < z(t)
the inequalities f;(t, z;(t),[2(t)],,, [2(t)]q;, 2;(t — ), [2(t = h)],,, [2(t —
Mla;) = f(t,m5(2), [2 ()]p [2()]g;575(t = h), [2(t = W]y, [2 (t—h)] ) >
<M (2 (8) — r5(8)) — Ny (5t~ h) 5t~ 1)), j = T,m, t € [0,T], hold,
where Mj;, N; (j =1 n) are positive constants.

3. The functions I; : R® — R, I, = (I;1, L, ..., I;), (i = 1,d),
Lij(z) = L;j(xj,[x],;, [2]q;) are monotone nondecreasing with respect




APPLICATION OF MONOTONE-ITERATIVE TECHNIQUES 615

to [x],, and monotone nonincreasing with respect to [z, and for
z,y € R", v(t;) <y <z <wt) (i =1,d) satisfy the inequalities

Iij (mja ["’E]Pj7 [I]Qj) - Iij(yja ['T]Pj’ [x]qg')
2 *Lij(xj - yj)aj = lanai = lada

where L;; are positive constants, L;; <1 (i=1,d,j =1,n).

4. The inequalities

(M; + N;)7 < (1= L))" i=T,n
hold, where

T =max{t1, (T — tq),max{(t;41 — t;) 11 =1,2,... ,d — 1}},
Li :max{Lij _]: 1,2,... ,d}

Then there exist two monotone sequences {v*) (£)}5° and {w™® ()},
v (t) = v(t), w(t) = w(t), which are uniformly convergent in the
interval [—h,T] and their limits O(t) = limy_ o v™® () and w(t) =
limg 00 w(k)(t) are couples minimal and maximal quasisolutions of the
initial value problem (1). Moreover, if u(t) is a solution of the initial
value problem (1) for which v € S(v,w) for t € [—h,T], then the
inequalities v(t) < u(t) < w(t) hold for t € [—h,T).

Proof. Let us fix two functions n,u € S(v,w), 1 = (1,72, , M),
= (p1, 2, - - . , 4n)- Consider the initial value problems for the scalar
impulsive linear differential-difference equations

(14)
a'vj(t) + Mjacj(t) + ijj(t — h) = aj(t,n,,u) for ¢ 75 ti, t € [O,T],
(15) Azjle—y, = —Lijz;(t:) + Jij(n, 1),
(16) zj(t) =¢;(t)  forte[-hT], j=1n,
where

aj(t,n, 1) = £ (t,n;(2), n(8)];, [(t )]qjvnj(t_h) N(E=h)]p;s [u(t=h)lg;)
+ M;n;(t) + Njn;(t — h),
Jig (n, 1) = Lij (nj (83), [n(8:)] 5 [ )]qg)+Lsz

, 1,
D, j=Ln, i=1,d.
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The initial value problems (14), (15), (16) have a unique solution for
each fixed couple of functions 7, u € S(v, w).

Define a map A : S(v,w) x S(v,w) — S(v,w) by the equality
A(n, ) = x, where © = (x1,22,... ,2,), z;(t) is the unique solution
of the initial value problems (14), (15), (16) for the couple of functions
1€ S(v,w).

We shall show that v < A(v,w). Introduce the notation

oW = A@w),  g(t) =v(t) ~v D@, 9= (91,02, 19a).

Then the following inequalities hold

35(8) = 0;(t) = 51 (1)
< fitvs (B, [W(t)] 5203t = h), [v(t = h)lp;, [w(t = h)lg,)
— Mpo$M (8) — Njol (t — h) — o (t,v,0)
=—M,g;(t) — JgJ(tf h) for t #t;, t €10,T],
g (ti +0) — g;(ti — 0) < —Lijg;(t:),
95(0) = v;(0) = v (0) = v;(0) = (0) < g;() SO for t € [=h,0].
By Lemma 1 the functions g;(t), j = 1,n are nonpositive for ¢ €
[~h,T], i.e., the inequality v < A(v,w) holds.
In an analogous way it is proved that w > A(w,v).

Let n,u € S(v,w) be such that n(t) < w(t) for t € [—h,T]|. Set
W = A(n,p),z? = A(u,n), g(t) = 2V (t) — 2 (t). Then the
functions g;(t), j = 1,n satisfy the inequalities

g;(t) = &M (8) — &2 (8) = —M; (2 (1) — 2P (1))

— Nj(2$ (t—h) — &P (t—h)) + M;(n; () — (1))

+ Nj(m(t—h) — Ky (t_h))

+ £t i, 10O 5, 1Oy, 1 (E=R), [ (E=R)] 1 [t —)];)

— 15t g ()] gy 18] gy 15 (6~ ), [t Ry [t —B)]g,)
< —M;g;(t) — N;gj(t—h)  forte[0,T],

gj(ti +0) — g;(ti — 0) < —Lijg;(t:),
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g;(0) < g;(t) <0  forte[—h,0].

By Lemma 1, the functions g;(t), j = 1,n are nonpositive, i.e.,
A(n, 1) < A(p, ).

Define the sequences of functions {v*)(¢)}5° and {w® (¢)}s° by the
equalities

00 =y, w® = w,
oD = A ®) ) — A k).

The functions v(®)(t) and w®)(t) for t € [~h,T] and k > 0 satisfy
the inequalities
(17?
O <o) <o <P @) < <w® () < - wD () < wO(1).

Hence the sequences {v(*)(¢)}§° and {w® (¢)}5° are uniformly con-
vergent for t € [~h,T]. Introduce the notation 7(t) = limy_,., v*)(t)
and @(t) = limg_,, w® (t). We shall show that the couples functions
(0,w) are couples minimal and maximal quasisolutions of the initial
value problem (1). From inequalities (17) it follows that the inequality
o(t) < w(t) holds for t € [—h,T]. From the definition of the functions
v*)(t) and w'* (t) it follows that the functions (7, @) are couples qua-
sisolutions of the initial value problem (1). Let r, z € S(v, w) be couples
quasisolutions of problem (1). From inequalities (17) it follows that
there exists a positive integer k such that v*=1(¢) < r(t) < w®*=V(t)
and v*~V(t) < z(t) < w*=V(t) for t € [~h,T]. Introduce the nota-
tions g; = vj(-k) —rj, 7 = 1,n. By Lemma 1 the inequalities g;(t) < 0
hold for t € [—h,T), i.e., v¥) (t) < r(t).

In an analogous way it is proved that the inequalities r(t) < w(®)(t)
and v®(t) < 2(t) < w®(t) hold for t € [—h,T] which shows
that the couples functions (7,w) are couples minimal and maximal
quasisolutions of (1).

Let u(t) be any solution of the problem (1) such that v(¢) < w(t) <
w(t). Consider the couples (u,u) which are couples quasisolutions of
(1). From the fact that the couples functions (7, @) are couples minimal
and maximal quasisolutions of the initial value problem (1), it follows
that the inequalities () < u(t) < w(t) hold for ¢ € [—h,T]. O
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Theorem 2. Let the following conditions be fulfilled:
1. For any j = 1,n the equalities pj =n — 1, ¢; = 0 hold.
2. The conditions of Theorem 1 hold.

3. The initial value problem (1) has a unique solution u(t) for
t € [—h,T] for which v(t) < u(t) < w(t).

Then there exist two monotone sequences of functions {v*) ()}
and {w® ()}, vO(t) = v(t), wO(t) = w(t), which are uniformly
convergent and tend to the unique solution u(t) of the initial value
problem (1).
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