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NORMAL LIMITS IN STAR-INVARIANT SUBSPACES
IN MULTIPLY CONNECTED DOMAINS

JAWAD SADEK

ABSTRACT. In this paper we give a necessary and suf-
ficient condition for the normal limit to exist at a point on
the smooth boundary of a multiply connected domain in the
plane, for a function in the star-invariant subspace.

Introduction. Let U be the open unit disc in the complex plane,
and denote by H?, 0 < p < oo, the usual classes of analytic functions
onU [9, 13, 12]. Let ¢ be an inner function and write ¢ = c¢BS,, where
|c| =1, B is a Blaschke product with zero sequence {zx}, and S, is a
singular inner function with positive measure o which is singular with
respect to Lebesgue measure [9, 13, 12].

In [2, Lemma 3] Ahern and Clark gave the following generalization
of a famous theorem of Frostman [10] concerning the existence of the
radial limit of a Blaschke product at a given point in 7', the unit circle.

Theorem A. Let {y be on the unit circle T, and suppose ¢ = BS,
and 0({Co}) = 0. Then the following conditions are equivalent:

(i) Every divisor of ¢ has a radial limit of modulus 1 at (.

(ii) Every divisor of ¢ has a radial limit at (p.

(iti) > opeq (1 = lz)l/IC0 — 2] + [ do(u)/|u — (o < o0.

We say that f is a divisor of ¢ if ¢ = fg where both f and g lie in
the unit ball of H*°.

In [6, Theorem 3.1], Cohn noticed that condition (iii) implies a
stronger result than (ii). Let ¢ be an inner function, and let
Ky, = H?& pH?
be the star-invariant subspace generated by ¢. Let BMOA denote

the space of analytic functions of bounded mean oscillation and define
K, = Ky;NBMOA. Then we have the following result.
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Theorem B. Let (o be on T, and suppose ¢ = BS,. A necessary
and sufficient condition that lim,_ - f(r{y) exist for all f in K, is that

1) Sl [ o

<0—2k| T\CO—U|

Thus, condition (iii) actually shows that the radial limit at (o holds
for a larger class of functions than the class of functions that are divisors
of .

In [6, Theorem 4.1], Cohn also studied the case where 1 < p < oo
and p # 2. The analogue of K5 in this case is defined as follows.

Let K, be the subspace of H” defined by K, = ©HEY N HP. Here,
HY ={e " f(e"): f € HP}. For K,,, 1 < p < 00, the following theorem
was proved in [6, Theorem 4.1].

Theorem C. Let (; € T and suppose ¢ = BS,. Suppose p > 1 and
q is the exponent conjugate to p. A necessary and sufficient condition
that lim, 1~ f(rlo) exist for all f € K, is that:

@) Z |1 - \zk| do(u)

C0—2k|q 7 |Co — ul?

In the case p = 2, Theorem C is a result of Ahern and Clark, [1, p
333].

It is the purpose of this paper to generalize Theorem C to the setting
of a finitely connected bounded domain G in the plane with C*°
boundary curves. In Section 0 we give the definition of HP(G) spaces,
along with some basic results analogous to those for the theory of H?
spaces in the unit circle. In Section 1 we define and discuss the Szegd
kernel and some of its properties in G. In that section, we also prove
some estimates on the Szegé kernel with continuous positive weights.
In Section 2 we formulate and prove an analogue of Theorem C in G.
Theorem B will be generalized in a separate paper.

0. Basic elements of HP(G). In what follows G will be a bounded
domain in the plane with connectivity n such that its boundary consists
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of simple closed analytic curves. bG will denote the boundary of G. We

write
n+1

bG = U Siy
i=1

where the s;’s are the boundary curves. For z and a € G let g(z,a) be
the Green’s function of G with pole at a. Precisely,

g(z,a) = h(z,a) - 1Og |Z - a|7

where h(z,a) is the harmonic function on G whose boundary function
equals log |z — a|, z € bG, cf. [11, p. 16], [14, p. 11].

By a harmonic measure on G we mean a harmonic function h whose
boundary values are constant on each component of bG [15, p. 153].

We recall that a holomorphic function f on G belongs to HP(G),
0 < p < oo, if |f|P has a harmonic majorant on G, i.e., a harmonic
function h on G such that |f(2)|P < h(z) for all z in G [11, p. 51].

The function f is in H* if it is both bounded and holomorphic on
G. If f € HP(G), then f has nontangential boundary values almost
everywhere with respect to arc length ds on bG. We can identify
HP(bG) with a closed subspace of LP(bG), and in what follows we will
use this fact without further comment [11, p. 88].

Let R(G) denote those rational functions on G whose poles are off
G UbG. Then R(G) is dense in HP(G) if 1 < p < oo [11, p. 86].

Now we give the definitions of Blaschke products and inner functions
in G.

A bounded analytic function B in G is called a (generalized) Blaschke
product if

log | B(2)| = 3 9(z,00) + h(:)

where g(z, a) is the Green’s function for G and h is a harmonic measure,
cf., [15, p. 153]. It is well known [15, Lemma 21] that if {a,} is the
sequence of the zeros of a function in HP(G), repeated according to
multiplicity, then

> d(an,bG) < oo,
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where d(a,, bG) denotes the distance from a,, to the boundary bG. If
{a,} satisfies this condition, then there is a Blaschke product B whose
Z€eros are .

A bounded analytic function f, f # 0, can be factored into f = By,
where B is a Blaschke product with the same zeros as f and g is zero
free. The factorization is unique apart from bounded analytic functions
U, such that |U] is constant on each boundary contour, cf., [15, Lemma
3.

A bounded analytic function ¢ in G is called an inner function if the
nontangential boundary values of |¢| on each boundary contour of G
are equal almost everywhere to a constant [15, p. 154].

An inner function with no zeros is called a singular function. Singular
functions are those functions ¢ in H>°(G) for which

oglo(:)| = - [ 222 au) + ),

where 1 is a positive measure on bG which is singular with respect to
the measure given by arc length, 9/0n denotes differentiation along the
outward normal, and h is a harmonic measure. The measure p in this
representation is unique [15, p. 154].

A function f in HP is called an outer function if

dg(t, )
on

oz /()] = 5= [ sl G as, e

where g is the Green’s function of G and ds is the arc length measure
on bG [15, p. 155].

Every function f in HP may be factored into f = ¢F', where ¢ is an
inner function and F' is an outer function in H? [15, Lemma 11].

Throughout this paper, ¢ will be a constant which does not necessarily
have the same value at each occurrence.

1. Some estimates for the Szegd kernel and auxiliary theo-
rems. For f,g € L*(bG), we let

(f.ahn = /bG fghds
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be the inner product of weight h, where h is a positive continuous
function. For z € bG, dz = Z/(t)dt and ds = |7/(t)| dt where z(t) is
a parametrization of bG in the standard sense, i.e. counter-clockwise
on the outer boundary curve, and clockwise on the curves inside the
bounded component. For a in G and f in H2(bG), the evaluation map
at a € G is a continuous linear functional on H2(bG). Thus, by the
Riesz representation theorem, there is a unique function S(z, a, hds) in
H?(bG) which represents this functional in the sense that

f(a) = <f’S('aa7hdS)>h

for all f € H%(bG). S(z,a,hds) is called the weighted Szegd kernel for
H?(bG) at a. When h =1 we will write

S(z,a,ds) = S(z,a).

It is well known, cf. [3], [14, p. 389] and [5, p. 2], that S(z,a) is
holomorphic in z € G for fixed ¢ € G and that S(z,a) = S(a, 2).
Also, S(z,a) is holomorphic in a € G for fixed z € G, and S(z,a)
C>=(G x G — A), where A is the diagonal of G x G.

We need estimates on the Szeg6 kernel S(z,a) when z and a are
“fairly close” to one another, and at the same time they are “fairly
close” to a boundary curve s C bG. In order to state these estimates as
simply as possible, we will assume that s shares a common arc C with
the unit circle, and that |a| < 1 when a is “near” C. These estimates
combined with conformal mapping of a general domain onto one of this
type will suffice for our applications.

Theorem 1.1. Let (y € bG. Then there exists a simply connected
domain N in G with C* boundary bN such that bG NbN is an arc in
C containing (o, and the following inequality holds for all z and a in
N:

(3)
Here, A and B are constants independent of z and a.

Note 1.1. Theorem 1.1 seems to be a known result. A proof is given
in [16, p. 12].
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Note 1.2. The same type of estimate has been proved in a more
general domain and for several complex variables, cf. [8, Theorem C].

We now consider the problem of proving the same type of estimate
for the weighted Szegé kernel S(z,a, hds). We will need the following
theorem. For a proof see [17].

Theorem 1.3. Let h > 0 be continuous on bG. Then there is a
function F € H>®(G) such that |F|> = h? on bG, F(¢) = 0 for a
preassigned ¢ and F' has at most n zeros on G.

We now state and prove our result.

Theorem 1.4. S(z,a,hds) = F(a)F(2)S(z,a) + k(z,a); where
|k(z,a)] < M with M independent of z and a, and F is a bounded
holomorphic function on G such that |F(u)|?> = 1/h(u) on bG.

Proof. Let F' be the holomorphic function on G with boundary values
[F(O))? =1/h(¢), and let ai, k =0,--- ,m, be its zeros. Let X be the
space H?ah”_’am} ={feH?: f(ax) =0;k=1,--- ,m}. We note that
H? ¢ X is of dimension < m, and the Szegd kernel there is given as a
finite sum of bounded functions. For the definitions of those functions,
see [7, p. 294]. We claim that

F(a)F(2)S(z,a,ds) = Sx(z,a, hds),

where the right hand side is the weighted Szego kernel for X. To prove
our claim, let f € X. Then f = Fg, g € H?, and

/bG f(2)F(a)F(2)S(z,a,ds)hds
~ | FEF@FESEadhds
bG
= F(a) /bG 9(2)|F(2)|?hS(2, a,ds) ds

= F(a) /bG 9(2)S(z,a,ds)ds
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= F(a)g(a)
= f(a).

Since the Szego kernel is the unique function in X that satisfies this
reproducing property, the claim is proved and the theorem follows.
O

Corollary 1.5. Let (o € bG. Then there exists a simply connected
domain N in G with C* boundary bN such that bG NbN is an arc in

C containing (o, and the following inequality holds for all z and a in
W

C1 C2

< |S(z,a, hds)| <

[1—az| 1 —az|

c1 and co are independent of z and a.

We now briefly discuss some properties of what we are going to call
the “ Carleson curve.” Suppose f(z) is a bounded analytic function on
U, the unit disc, satisfying ||f||ec < 1. Let 0 < ¢ < 1. In constructing
the “Carleson region” R in U to prove the Corona theorem, a curve I'
associated with f, which we will call the “Carleson curve” in U, was
constructed with the following properties, cf., [12, p. 342] and [6, p.
727].

(1) T'=UNbR separates {z : | f(z)| > e} from {z : |f(2)| < e} where
e =¢(0) < 6.

(2) {z:1f(2)] <e} C R.

(3) Arc length on I is a Carleson measure.

)
(4) There is a constant €y > 0 such that 0 < g < |f(2)| < § for
zel

(5) T is a countable union of arcs or radial segments, I' = U~,,, where
Yn = [an,bs] denotes either a radial segment or an arc, and there are
constants 0 < ¢; < ¢z < 1 such that ¢1 < |(an — bn)/(1 — dpby)| < ca.

The following theorem was proved in [6, Theorem 2].

Theorem 1.6. Let {y € T and suppose ¢ = BI,. Let {w,} be the
set of midpoints of the segments 7y, given in property (5) above. Then:



1526 J. SADEK

(i) The condition

1= la] do(t)
Z|Co—an| 7 G0 — 1] =

where {a,} is the zero set of B, holds if and only if

(ii) For q¢ > 1, the condition
L] [ _do(t)
> <
|§0—an|q 7 |G — 17

holds if and only if

Let N be a set in G of the type described in the statement of
Theorem 1.1. Then, mapping U onto N conformally by, say, 1, we
can prove properties in N similar to (1)-(5) above, and a theorem
similar to Theorem 1.6 for G. For details see [16, p. 24]. Let ¢ be
an inner function in G with zero set {a,}, and denote by ¢ the inner
part of its restriction to N . Let ¢(I") = K, where I is the Carleson
curve associated with ¢ o in U. Let up, = ¢¥(wy) and ¢, = (). For
ug € bG the condition corresponding to (i) in Theorem 1.6 in the more
general domain G is

(ak, bQG) / dA(u)
4 < 00,
) Zduo,ak ve |uo — ul
and condition (ii) in Theorem 1.2 becomes
bG) dX
) I R
luo — arl® * Jog luo —ul®

where d(x,b@) is the distance from the point z to the boundary bG.
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Theorem 1.7. Let ug, ¢ and {ux} be as above. Then
(i") Condition (4) holds for ¢ if and only if

uk,bG
2 Tu ]

0 —ul ©
(ii") Condition (5) holds for ¢ and q > 1 if and only if

Z Uk,bG
fuo — ule ~

2. Normal limits in K, p > 1. Suppose ¢ is an inner function on
G. Let K, be the set of functions in H? which are orthogonal to ¢ H?
with respect to the inner product (f, g) defined by

f.9) =5 | 1GG s femr(@). ge (),

so that K, = (pHY)*NHP, 1/p+1/qg=1.

We start by giving a boundary representation for f € K. Let R be
a rational function in H?(G). Then

0= /b _HRRG) ds
- / FEe(2)R(2) ds,
bG

for all f € K,. By the multiply connected domain version of the F.
and M. Riesz theorem [11, p. 85], one obtains

fods=Hdz a.e. [ds],

for some H € H'(G). This implies

= H\ dz
f= <;)E a.e [ds],
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ie.,

(6) £(2) = (g)g ae. [ds], =€ bG.

Denote by K,(1/|¢]?) the set of functions in H? orthogonal to @ HP
with respect to the weighted inner product with weight 1/|p|?. By an
argument similar to the one we used to get a boundary representation
for functions in K, we obtain

/ =@w@.

From now on, if uy € bG and v € G, then lim,_,,, means the limit
when w is approaching ug along the line in G normal to ug, which we
will call the normal limit at uqg.

The following two results are needed.

Theorem 2.1 [4, Theorem 2]. Let G be a bounded finitely connected
domain with smooth boundary curves, and let 1 < p < oco. Then, for
F € LP(G), we have

d
F=f+g>,
ds

where f € HP(G) and g(dz/ds) is orthogonal to HY, q is the exponent
conjugate to p, ds is arclength on bG, and

H dz
g—
ds »

where ¢ depends only on p.

< | Flp,

Lemma 2.2. Let 1 < p < oo and q conjugate to p. Then
K = K (1/|¢|?) in the sense that if k € Kq(1/]¢]?) then the map

gives a bounded linear functional on K, with ||Ly| = ||k|l4, and every
such functional on K, is of this form.
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Proof. If f € K,(1/|¢|?) then the map

Li(f) = (f, k)

defines a bounded linear functional on K. We now consider a bounded
linear functional L on K, and show that L = Lj for some unique
k € K, (1/|¢[?) and also establish that || L|| = | k||,, where the notation
A = B means there are positive constants m and M such that
mA < B < MA. Let L € K;; by the Hahn-Banach theorem we
can extend L to a bounded linear functional on H?(G). Using duality
between H?(G) and H?(G) [4, Corollary 2], [11, p. 63], we can find a
function F' € H? with || F||, = ||L|| such that

L(f) = {f, F)
for all f € K,,. By the theorem of M. Riesz,
F dz

© 1+ dS,

where h(dz/ds) orthogonal to HY, k; € HP and

dz
%] <.
q
where ¢ depends only on g. Thus
d
F =k + @h—z.
ds

If we let k = ph(dz/ds), we see that k = F — pk; is holomorphic. Also,
k can be written as |¢|?(h(dz/eds)). Tt follows from the representation
formula above that k € K,(1/|¢[?). Thus,

L(f) = (f. okr + k) = (f.k)
for f € K,. Since ||k||; = ||h(dz/ds)|| we see that

1Kllg < el L]]-
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We now establish the uniqueness of k. Let | € K,(1/|¢]?) be such

that
1

<f7kW

For F € H?(G) we have

- 1
k-1 dsf/ k— 1) (pky T F2)— ds
ol )W o b Dok T h2) g

— 1
= (k—1)(k2)—>5 ds
/bG lop[?
=0.
To finish the proof of the lemma we need an inequality of the reverse
type.

Let H] and (K), be the unit balls in H? and K, respectively. By
duality between HP and H? we get

|kllq = sup{[(F, k)| : F € H}}
> sup{[(F, k)| : F' € (Kp)p}
= || L]
This completes the proof of the lemma. u]

)= (il

W), feK,.

The following theorem is the main result in this section. It is a
generalization of Theorem 3.1 in [6].

Theorem 2.3. Let ug € bG and suppose ¢ = BS,. Let p > 1
and q be the exponent conjugate to p. For lim, ., f(u) to exist for all
f € K, it is necessary and sufficient that

d(ay, bG) / do(u)
z o)
lak —wo)|? ~ Jog [uo — ul?

Proof of sufficiency. For f € K,(G) and u € G, the reproducing
property of the Szegd kernel together with (6) yield the following:

/f wuds

M w,u w
bG Sﬂ(w)S( ) dho-
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Thus,

H(w)
v p(w)

(7) W = S(w,u) dw.

Let N be the set in Theorem 1.1, and write
bN =1UC,

where I is inside G and uy € C (see the discussion preceding Theo-
rem 1.1 for the definition of C'). Assume at first that all the zeros of ¢
are inside N. Then the righthand side of (7) equals

(8) /CES(w,u)dw—k/bG HS(w,u)dw.

2 -c ¥

The second integral in (8) has a finite limit as u tends to ug. To deal
with the first integral, we write it as

H H
9) /bN ES(w,u)dw—/j;S(w,u)dw.

Since the integral over I also has a finite limit as u tends to ug, we
need only deal with the integral over bIN. To do this we use a technique
developed by W. Cohn in [6, Theorem 3.1], which involves taking the
integral from bV to . Write o = ¢O, where O is its outer part, and
note that ¢ must have the same zeros as ¢y and the same singular
measure on C.

Case 1. ¢ is a Blaschke product. Let ¢p be the product of the first
k factors of . If we let

/ —S(w,u) dw,
N Pk

Jim fi(w) = f(u)

we obtain

by the dominated convergence theorem. Now let R’ be the Carleson
region for ¢ in N, i.e., R" = ¢)(R), where R is the Carleson region for
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¢o1p in U. There are finitely many zeros of ¢y, so they lie inside finitely
many of the closed curves ¢y, co, ..., which constitute the curve IC. It
follows from the fact that ¢ is bounded away from 0 on N — R’ and O
is continuous on N that

lok| > [p| > 6 >0,

on N — R’ for all k. Since S(u,w) is holomorphic in w, Cauchy’s
theorem now yields

H
/—S(wudw— /—Swuw
bN Pk cn

where the sum is taken over all curves ¢, whose interiors contain zeros
of . If ¢,,, does not contain zeros of y, in its interior, then by Cauchy’s
theorem again

Thus o
fk(u):/’CES(w,u)dw.

Let k — oo and apply the dominated convergence theorem to get

_ H
(10) flu) = g ZS(U}, u) dw.

Case 2. ¢ is not a Blaschke product. If ¢ is not a Blaschke product,
we can find a sequence of Blaschke products { B, } converging uniformly
to ¢ on G [11, Chapter 5]. We then repeat the argument in Case 1 to
write f(u) as an integral over the same system of curves K, and then
we take the limit when n tends to infinity to conclude that (10) holds
for a general inner function.

flu) = ZFk(U)

Thus we may write

where

(11) Fk(u):/ MS(w,u)dw.
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Using Holder’s inequality and the fact that |p| > €9 on K, together

with the inequality
c
|8 (u, w)| <

1 — uw|’

which was proved in Theorem 1.1, one obtains

EENCEE |H<w>|?dw|>l/p< Hfl—jM)/

An elementary estimate on the second factor in (12) using the proper-
ties of the curves ¢, yields

A<l [ |H<w>|pdw|)l/p(|‘fflf’“_—’z(ﬁ)w.

1/p 1/q
d(ug, bG

Il < e [ ieoplan) (A9
o |[uk — o

Applying Holder’s inequality a second time, and using the fact that arc
length is a Carleson measure on K, we obtain that

(13) Z|Fk|ooSc[ /. |H<w>|p|dw|} [Zm:’i’ﬁq]
(14) < c|H]3

< o0,

Thus,

where we have used the fact that |dw| is a Carleson measure on K to go
from (13) to (14). By Theorem 1.7, (ii’), the last factor in (13) is finite.
It follows from the Weirstrass M-test that f = > Fy is continuous at
uo and lim,_.,, f(u) exists. This completes the proof of sufficiency.
]

Proof of necessity. Suppose lim,,_,,, f(u) exists for all f € K. Set

1 -
Ko(e) = 8 (0, g d5) = eS8 Gon we G
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Then it is straightforward to verify that K, € K,(1/|¢[*). On the
other hand, for f € K, we have

— 1
/ fEKu(z)ds = / fS(z,u, —5ds) ds
bG bG ||
(15) = / fE(WF(2)S(z,u)ds
bG
—|—/ fk(z,u) ds,
bG
where F' and k are as in Theorem 1.4. The second term in (15) stays

bounded. With X as in Theorem 1.4 and ug € v, for f € X we write
f = Fg, g € H?. The first term in (15) can be written as

= u ZZZUS
F@OZ;QFQMN@S@JOd&—F()L;9H1)|3(7)d

:ZkiF(u)/b 95(z,u) ds

G—y

+ cF(u) / gS(z,u)ds

.
=T + Ty,

where k; is the modulus of F' on ;. Now T stays bounded as u — uy.
For Ts, we write

Ty = cF(u) /bG gS(z,u) — cF(u) /be 9S(z,u)ds
= cF(u)g(u) — Ty
= cf(u) — Tz,

where T3 is also bounded as u — ug. It follows from the assumption
that lim, ., f(u) exists for all f € K, and the Banach-Steinhaus
theorem that the continuous linear functional A, defined on K, by

Auf_)<f7Ku>

is bounded and satisfies

(s Ku)| < el fllp
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where ¢ is independent of u. From Lemma 2.3 above, we conclude that
[Kullq < ¢

where c is independent of u.

A normal family argument shows that

lim K, (z) = S(z,up) — X@(Z)S(z,uo, VP% ds>

uU—ug

=K(z), z€G,

and K € K,.

If we restrict K to the neighborhood N, then we get a function in
H9(N) which we will also denote by K(z). As in the proof of the
sufficiency part, consider the Carleson curve K in N for the function
¢. Since arc length on K is a Carleson measure,

/K K (2)]1]dz] < €| K2,

ie.,

q
|dz| < | K|g-

J

It follows from Theorem 1.1, Corollary 1.5, and the fact that |p| < ¢
on I, that, for § small enough,

- 1
S(z,ug) — AS (z, ug, W ds>

K (2)] = ’S(Z,uo) - /\np(z)S(z,uo, @ ds)‘

> . zed.
— L — oz

/ |dz|
T - 1 < o0
|1 —upzle

Recall that K is 9(T") where ¢ is the Riemann map from U onto N,
that T is the Carleson curve for ¢ o in U and is a union of segments

Thus,
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Y, with midpoints w,,, and that ¥ (w,,) = u,,. Thus the last inequality

yields
Z Un, bG
[uo — Uy, |q

One now uses Theorem 1.7 to show that condition (5) holds. This
concludes the proof of necessity. O

To complete the proof of the theorem we still have to consider the
case in which there are some zeros of ¢ that accumulate outside of N.
Write ¢ = ¢1¢2, where ¢ is the Blaschke product in G with these
zeros. Let K,(I) denote (IH?) N HP, and let K,(I)(|¢1]?) denote the
same space with the inner product having weight |¢;|. Write

Kp(p) = Kp(61) @ o1 Kp(62)(|¢1]%).

The normal limit at ug exists for all functions in K,(p) if and only
if the normal limit at ug exists for all functions in K,(¢2)(|¢1]?). In
fact, ¢1 is continuous at ug since its zeros are outside N. For K,(¢1),
the integral over bN corresponding to the one in (9) is equal to zero.
Therefore, the limit of the functions in that space exist.

The proof of sufficiency can be done the same as for the space K, (¢2)
with only a few changes, making use of the estimates in Corollary 1.5
and the fact that |¢1]? is constant almost everywhere on bG.

For the necessity we need only notice that K,(¢2) is contained in
K,(¢). In K,(¢2) the problem has already been solved. Therefore,
condition (ii’) in Theorem 1.7 holds for the zeros of ¢2, which implies
it also holds for the zeros of . o
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