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GENERALIZED UMEMURA POLYNOMIALS

ANATOL N. KIRILLOV AND MAKOTO TANEDA

ABSTRACT. We introduce and study generalized Umemura
polynomials Uff%(z,w;a, b) which are a natural generaliza-
tion of the Umemura polynomials Uy (z,w;a,b) related to
Painlevé VI equation. We will show that if a = b or a = 0

or b =0, then polynomials Ufl?gn(z,w; a,b) generate solutions
to Painlevé VI. We will describe a connection between poly-

nomials UT(L(?,)n(z,w;(z7 0) and certain Umemura polynomials
Uk(z7w;a7ﬁ)'

1. Introduction. There is a vast body of literature devoted to the
Painlevé VI equation Pyt := Py, 3,7,9):

(1.1)
g 1/1 1 1 dg\> (1 1 1 dgq
ﬁ—i(m-—ﬁm)(ﬂ ‘(¥+m+ﬁ)(a)

q<q_1)<q_t)<a—5;—2+v (t-1) +5t(t—1))

TRy (@—1)2  (¢—1)?

where t € C, ¢ := q(t;,3,7,9) is a function of ¢ and «, 3,7,d are
arbitrary complex parameters. It is well known and goes back to
Painlevé that any solution ¢(t) of the equation Py satisfies the so-
called Painlevé property:

e the critical points 0, 1 and oo of the equation (1.1) are the only
fized singularities of q(t).

e any movable singularity of ¢(t), the position of which depends on
integration constants, is a pole.

In this paper we introduce and initiate the study of certain special poly-
nomials related to the Painlevé VI equation, namely, the generalized
Umemura polynomials U,(,k)n (z,w;a,b). These polynomials have many
interesting combinatorial and algebraic properties and in the particular
case n = 0 = k coincide with Umemura’s polynomials U,, (22, w?; a,b),
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see, e.g., [2, 5]. In the present paper we study recurrence rela-
tions between polynomials U,(f,%@(z,w; a,b). Our main result is Theo-
rem 4.1 which gives a generalization of the recurrence relation between
Umemura’s polynomials [5]. As a corollary, we obtain that polynomi-
als UT(L?,)n(z, w; a,0) also generate solutions to the equation Painlevé VI.
The main tool in our proofs is Lemma 4.2 from Section 4. For example,
we prove a new recurrence relation between Umemura’s polynomials,
Theorem 4.9, and describe explicitly connections between polynomials
Un,m(0,b) and Umemura’s polynomials Uy, (b1, b2), see Lemma 4.7. Fi-
nally, in Section 5, we state a conjecture which describes the Pliicker
relations between certain Umemura’s polynomials.

2. Painlevé VI. In this section we collect together some basic results
about equation Painlevé VI. More detail and proofs may be found in
a familiar series of papers by Okamoto [3]. We refer the reader to the
proceedings of conference, “The Painlevé property. One century later,”
[1] where different aspects of the theory of Painlevé equations may be
found.

2.1 Hamiltonian form. It is well known and goes back to a paper by
Okamoto [3] that the sixth Painlevé equation (1.1) is equivalent to the
following Hamiltonian system

dg/dt = (OH/0p)
2.1 Hvi(b;t,q,p) : {
2y OGPV (dpar) = (01 /00)
with the Hamiltonian
1
= —D(g—t)p* —{(b1 +b2)(g—1)(g — ¢
Y [a(g = 1)(g = t)p” = {(br + b2)(¢ — 1)(¢ — 1)

+ (b — ba)q(q — ) + (b3 + ba)g(q — 1)}p
+ (b1 + b3)(b1 + ba)(q — 1)],
where b = (b1, bg,b3,bs) belongs to the parameters space C*; the

parameters («, 3,7, 0) and (by, be, bs, by) are connected by the following
relations

H := Hvi(b;t,q)

1 1
o= 5(53 —by)?, 8= —5(51 + b2)?,

1
(by = b2)?, 0 = =5 (by — ba) (b + by — 2).

(2.2) :
2
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Proposition 2.1. [3]. If (q(t),p(t)) is a solution to the Hamiltonian
system (2.1), the function

h(b,t) = t(t — 1)Hy1(b;t,q(t),p(t)) + e2(b1, b3, bs)
1
- 562(51,52,173,174)

satisfies the equation Evi(b):

(2.3) dh [t(t - 1)612—}1} 2 + [dh {Zh (2t — 1)2—} - b1b2b3b4}

dt dt? dt
4
dh
=] (E + bk>.
k=1

Conversely, for a solution h := h(b,t) to the equation Evi(b) such that
d*h/dt? # 0), there exists a solution (q(t),p(t)), to the Hamiltonian
system (2.1). Furthermore, the function q := q(t) is a solution to the
Painlevé equation (1.1), whose parameters («, 3,v,9) are determined
by the relations (2.2).

We will call the equation Evi(b), see equation (0.3), by the Painlevé-
Okamoto equation.

2.2 Bdicklund transformation. Consider the following linear transfor-
mation of the parameters space C*:

S1 ¢ (bl,bQ,b3,b4) — (bz,b1,b3,b4)
s9 := (b1, b2, b3,b4) — (b1, b3, ba, bs),
s3 := (b1, ba, b3, ba) — (b1, bg,b4,b3)
S0 := (b1, ba, b3, by) — (b1, ba, —bs, —by),
I3 := (b1,b2,b3,by) — (bl,bg,bg +1,b4).

Denote by W = (sq, s1, s2, 83, [3) the subgroup of Aut C* generated by
these transformations. It is not difficult to see, that W = W(Dfll)),
i.e., W is isomorphic to the affine Weyl group of type DS).

Proposition 2.2. ([3]. For each w € W, a birational transformation

L., : {solutions to Hyi(b)} — {solutions to Hyi(w(b))}.
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The birational transformations L,,, w € W(Dfll)) are called by Backlund
transformations associated with the equation Painlevé V1.

2.3 T-function. Let (q(t),p(t)) be a solution to the Hamiltonian sys-
tem (2.1), the 7-function 7(¢) corresponding to the solution (g(t), p(t))
is defined by the following equation

%logT(t) = Hyi(b;t,q(t), p(t));

in other words,

7(t) = (constant) exp </HVI(b; t,q(t),p(t)) dt)

2.4 Umemura polynomials. Suppose that b3 = —1/2, by = 0. Then it
is well known and goes back to Umemura’s paper [5] that the pair

( - ((61 +b9)? — (b3 — b3)\/t(1 —t) bigo — 2(by +b2)>
1o-Po) = (b1 — b2)? + 4b1bot " qolgo—1)

defines a solution to the Hamiltonian system (2.1) with parameters

b = (b1,b2,—1/2,0). Note, see, e.g., [5]

2

_ {bl(bl C1)(1 = 26) + 2632t — 1)

t(t—1)

1
Hy = Hy1 ((bh by, —=,0);t, QO(t),Po(t))

+ 2by(by — t) + ba(by — 1)(1 — 2t) — 2b3+/t(t — 1)},

To(t) = exp { /Ho(t) dt}.

To introduce Umemura’s polynomials, let (g, pm) be a solution to the
Hamiltonian system Hvy1(b1, b2, —(1/2)+m, 0) = Hy (15 (b1, b2, —(1/2),0)

and
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obtained from the solution (go,pg) by applying m times the Backlund
transformation [3. Consider the corresponding 7-function 7,,:

d 1
E IOng = HVI ((b17b2> _5 + m70>7t>Q’m(t)7pm(t)>

It follows from Proposition 2.1, see e.g. [3, 5], that the 7-functions
Tn 1= Tn(t) satisfy the Toda equation

Tn—1Tn d d

Following Umemura [5], define a family of functions T,(t), n =
0,1,2,..., by

) = Tu0ex ([ (o - "R 4)

Proposition 2.3 (Umemura [5]). 7T,(t) is a polynomial in the
variable v := \/t/(t — 1) + /(t — 1)/t with rational coefficients.

For example, To = 1, Ty = 1, Ty = (1/2)(—4b? +1)(2—v) /4+ (—4b3 +
1)(2+v)/4). It follows from the Toda equation (2.4) that polynomials
T, := T, (v) satisfy the following recurrence relation [5]:

1 1\?
Ty = {122 - 23 4 0 =) + (- 5 ) f72
2 2
(2.5) 1 2 _ 42 TdT”_ Ty
RIS R dv
1 dT,
+ Z(’U2 — 4)’[}THW

with initial conditions Ty = 17 = 1.

Definition 2.4. Polynomials U,, := U, (z,w,by,by) := 2"=NT, (v)
where z = (2—v)/4, w = (2+v)/4, are called by Umemura polynomials.
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The formula (2.6) below was stated as a conjecture by Okada, Noumi,
Okamoto and Umemura [2] and has been proved recently by Taneda
and Kirillov

(2.6)
2”("_1)Tn(v) = Up(z,w,b1,b3) = Z dn(I)cId[n,l]\Izmwllu‘,
IC[n—1]
where

(i) [n — 1] = {1,2,...,n — 1}; for any subset I = {i; > iz >

- > iyt C [n—1], dy(I) = dimf(ngn) stands for the dimension
of irreducible representation of the general linear group GL (n) cor-
responding to the highest weight A(I) with the Frobenius symbol
AI) = (i1 iz, iplis — Lyia — 1, iy — 1)

(ii) c = —4b}, d = —4b3, 2 = (2 —0v)/4, w = (2 +v)/4;
(i) e =c4+ 2k —1)% d =d+ 2k — 1)% cp = C1G2- G, dpp =
dids - - - dg;

(iV) |I| =11 +i2+---—‘y—ip.
Recall that Frobenius’s symbol (a1, as,... ,ap|b1,b2,...,b,) denotes
the partition which corresponds to the following diagram

< a |
\ < a, I
bl b2

[

3. Generalized Umemura polynomials. Let n,m,k be fixed
nonnegative integers, k& < n. Denote by [n;m] the set of integers
{1,2,...,n,n+2,n+4,...,n+ 2m}. Let I be a subset of the set
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[n;m]. Follow [6], define the numbers

B 1+ - i—n
I | R =
i€l el
jelmm\T i>n

It has been shown in [6] that, in fact, d,, ,,, (I) are integers for any subset
I C [n;m]. Now we are going to introduce the generalized Umemura
polynomials

U,(zk,)n = U,(lk,)n(z7 w;a,b)

- > I (H
, t—J
[k]CIC[n;m]i€l\[k]
JElK]

)dmm<f><—1>°<f>e5"’m”“> (z,w),

where

(i) [k] stands for the set {1,2,...,k};

(ii) ar = a+ (k — 1) by = b+ (k — 1)? and ag, = asay- - - as,
A2k+1 = @1G3 - - G2k+15 bag = baby - - bog, bag 1 = bibs - - bag1;

(iii) for any subset I C [n;m], we set ar = [[,c; as, br = [];c; s
(iv) €™ ) (2,w) = ap (b s 2 Elpl N

Note that the polynomial Ué?r)n coincides with Umemura’s polynomial
T (2%, w?;a,b). The formula for generalized Umemura polynomials
stated below follows from the Cauchy identity, and in some particular
case was used by van Diejen and Kirillov [6] in their study of g-spherical

functions.

Lemma 3.1. The generalized Umemura polynomials Ur(tkr)n (a,b;z,w)
admit the following determinantal expression

a;w H <Z _ 8)6i’j

U,(L]f)n (a,b; z,w) = det

s€k]
o .
+ (_1)6(1).—1. H Z.+ > bz’ s
1+ sepromy, 108 i,5€[nim]\[k]
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where c(i) =i if i <n and c(i) = (i —n)/2 if i > n.

In the particular case k = 0, n = 0, this formula gives a determinantal
representation for Umemura’s polynomials and has many applications.

4. Main result. Let us introduce notation U, ,, := y(L?,)n(z, w;a,b).

The main result of our paper describes a recurrence relation between
polynomials Uy, .

Theorem 4.1.
Un,mflUn,erl - (_dn+2m+222 + Bn+2m+2w2)Uy2l,m
(41) + 822w2D32¢Un,m o Un,m

4
_ mab(a — b)22w2(U,r(:7)n)2,

where for any two functions f = f(x) and g = g(x)
Difog=f"g—2fg + fg"

denotes the second Hirota derivative and / = (d/dz); here variables
z,w and z are connected by the relations z = (1/2)(e* + e~ % — 2)1/2,
w= (1/2)(e® + e % +2)1/2,

Below we give a sketch of our proof of Theorem 4.1. Detailed
exposition will appear elsewhere. The main step of the proof is to
establish the following algebraic identity which appears to have an
independent interest.

Lemma 4.2. For any two subsets I,J of the set [n;m], we have

r+24+ A T — N\ T — N\ x+2+ A
() I+ O T (555)
Aed el el

el

1,0
by

:2+ s
/\;J (x+2-=X)(z+A)

where bi"] are some constants, depending on \,I and J, which may be
computed explicitly.
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One can prove this lemma by using the residue theorem.

Lemma 4.3. For any two subsets I,J of the set [n;m], we have

7oy = a1 - 7)) - A(] + | ).
xeluJ

This lemma follows from Lemma 4.2.

Lemma 4.4. For an element A € INJ, we have bf\"] =0 if and only

if X\—2¢€INJ. For an element \ € I\ (I N.J), we have by’ =0 if
and only if A\ —2 € J.

This lemma follows and Lemma 4.4 can be deduced by direct calcu-
lations. O

Remarks 1. If n = 0, then Up, = Upt1(22, w?; a,b) coincides with
the Umemura polynomial and Ué}n)T = 0. In this case the recurrence
relation (4.1) has been used by Taneda in his proof of Okada-Noumi-

Okamoto-Umemura’s conjecture (2.6).
2. Note that Upm = Ug(}glfl/@m + 1), and more generally U,ik,)n =

USED (2K + 1)N@m — DI/(2k + 2m + 1)UL, where (2n + 1)l =

1-3-5---(2n+1).
3. “Unwanted term” in (4.1) which contains (UT(Llr)n)2 vanishes if either
a=0orb=0o0ra=b

In the case a = b and k = 0 the expression egn’m’k) (z,w) doesn’t depend

on a subset I C [n;m] and is equal to a[n;m]zmw‘[”?m]\”. Hence, in
this case
(4.2)

U,(l?,)n(z,w;a,a) = Qn;m) Z Ay (1) (=1) D g lIrm N

IC[n;m]

TN G ) P G
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Recall that a; = a -+ (Z - 1)2, A; = Q2G4 -+ in, az;+1 = (_7,1&3 LR C_lQiJrl
and af, ;m) = [[;epn.m) @i- The last equality in (4.2) has been proved for
the first time by van Diejen and Kirillov [6]. On the other hand, we
can show that the polynomials

<n+m+1) <m+1>
Xnm(2,w;a) = appym) (2 + w) 2 (z —w) 2

also satisfy the recurrence relation (4.1) and coincide with polynomials
U,(L?%@(z,w;a,a) if m = 0. From this observation we can deduce the
equality X, ., (z,w;a) = Uy(l?%l(z,w;ma), which is equivalent to the
main identity from [6]. Another case when “unwanted term” in (4.1)
vanishes is the case when either a = 0 or b = 0. In this case we have

Corollary 4.5. Assume that b = 0. Then the polynomial
Un,m(z,w;a,0) defines a solution to the equation Painlevé V1.

Finally we compare polynomials U, ., (z, w;a,0) and Uy, (z, w; o, 3).
For this goal let us consider functions

ho := ho(t) = {B(VE — VI—1)? + B(VE+ VET 1)} /4,

and

hn,m = hn,m(bla b2) = t(t - 1) 1Og(Un,m)/ - hO'

Proposition 4.6. (i) ho,, satisfies the Painlevé-Okamoto equation
EVI(b17 b27 m+ 1/25 0)7

(ii) Ry = —(2t — 1)(m + 1)%/2 satisfies the equation Evi(0,m +
]-, b3, b4)a

(iii) hp,m (0, b2) satisfies the equation Evi(0,bs, (n/2), (n+2m+1)/2).

Proposition 4.6 follows from Lemma 4.7 and Lemma 4.8 below. Let
us define Uy, (b1, b2) := Uy m (2, w; —4b%, —4b3), then
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Lemma 4.7.
(4.3)  U,m(0,b2)
b[n;mHoddw("/mzU01m+(n/2)((n/2),b2) if n is even
M)zUoﬁ%(m + 2L by) if s odd,

b[n;m]oddw

where [n;mloga = {i € [n;m] | 4 is odd}.
From Lemma 4.7 we can deduce the following

Lemma 4.8.

h0,m+%(%,b2) if n is even,
hn,m(07b2) = h’O,%(m_’_ nTH,bQ) zfn s odd.

It follows from Lemma 4.7, (4.3) and Theorem 4.1 that Umemura’s
polynomials Uy, (b1, b2) satisfy a new recurrence relation with respect
to the first argument b;.

Theorem 4.9.

U (b1 — 1,b2)Up, (b1 + 1,b2) (b7 — b3)
= (b2 — b2)UZ (b1, ba) + 222 DU, (b1, ba) 0 Uy (b, ba).

Recall that D? denotes the second Hirota derivative.

5. Conjecture. We define ¢, := ¢, (t) by

1 d
Gm —t = 4U,2n{<m+ §>t(t— 1)£logUm+1

3 d

1 1 z w
— =b1b ()% Sadpiy > St
21 2+4(1w+ 22)}/

(Unt1Upm—1 — (2m +1)°U7).
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One can check that ¢, 1is a solution to both equations
Pyr(by,ba,m+ %, 0) and Py1(by,b2,0,m+ %) It follows from Okamoto’s
theory [3] that the function

- d 1 z w
Ry = t(t — 1)@ log Uppy1 — 1 <b%5 + b%;)

+ +1 1 +1
m 2Qm 2m 5

is also a solution to Evi(by,ba,n+ %, 1). Based on the latter expression
for the function hq,,, and using Lemmas 5 and 6, we come to the
following

(5.1)

Conjecture 5.1. If by =0, then we have
1
Unt1Um—1 — 2m +1)°U2 = — U3 .1,
4bs =

where Uy, := U (0,b2) is a special case of Umemura’s polynomial, and
Usm—1 = Uszm—1(0,b2).
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