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ABSTRACT. The authors study the conditioning of lin-
ear systems arising from the numerical solution of Fredholm
integral equations of the second kind. Convergent and stable
numerical procedures to compute polynomial approximate so-
lutions are proposed.

1. Introduction. The paper deals with the condition numbers of
linear systems arising from the numerical solution of Fredholm integral
equations of the second kind. The problem is well known. Let

(1.1) (I-Af=yg

with A a linear and compact operator on a weighted space LP. If we
look for a polynomial sequence {f,} converging in LP to the solution
of (1.1), then we are led to consider a finite dimensional equation of
the type

(1'2) (I_An) Jn = gn;

where A, : L? — P,_; is some approximation of A, and f,,
gn € Pn_1. This procedure includes projection methods and their
discretized versions. If suitable consistency conditions are fulfilled (for
instance, (2.3), (2.4), then I — A,, is invertible if (I — A)~! exists, the
condition number of I — A,, is a good approximation of the condition
number of I — A and f,, converges to f in LP.
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The numerical problem consists in the accurate computation of the
solution of (1.2). If we represent f, and g, by a pair of arbitrary
bases B and B’ of P,_; we obtain a linear system M,a, = by,
equivalent to (1.2). Yet the numerical solution of that system can
give an unsatisfactory solution if the condition number of the matrix
M, is very large.

In this paper we prove that, for special bases B and B’, the condition
number of M, is independent of the dimension of the system. Then,
if the weight u of the space LP is a generalized Jacobi weight, we
characterize the previous bases. These results, established in Section
2, are used in the Section 3 to study some integral equations with
special kernels. In Theorem 3.1 the mapping properties of a particular
Fredholm operator are established. In Section 3 some numerical tests
are given and Section 4 contains the proofs of some theorems.

2. Main results. For X C [-1,1] and 1 < p < oo, let LP(X) be
the space of all measurable functions f such that

112 ) = /X F(@)P dz < oo,

If X = [-1,1] then we use the notation |[f|zr(=1,1) = [Ifllp
LP([-1,1]) = L. If u is a weight function on [—1,1], then L2 is the
set of all functions f for which fu € LP. The set LP with the norm
IlfllLz = || fullp, is a Banach space. In the sequel we shall assume u is a
generalized Jacobi weight, u € GJ, i.e., u(x) = v*? () [T, _; [tk — ™
where v¥%(z) = (1—-2)*(14+2)?, -1 <t; < ... < t, <1, a,8,v > —1.
The symbol C' will denote a positive constant which may take different
values in different formulae. Sometimes we shall write C' # C(a, b, . ..)
if C is a constant independent of the parameters a,b,..., and A ~ B

. . .. +1
if there exists a positive constant M, such that (%) < M.

Let us consider the following operator equation

(2.1) (I-Af=yg

where A denotes a compact operator on the space L and I the identity
operator. By the Fredholm alternative theorem the equation (2.1) has
a unique solution f € L? for any g € L? if and only if the homogeneous
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equation (I — A)h = 0 has only the trivial solution. We shall assume
the existence and uniqueness of the solution of (2.1).

In order to construct a polynomial approximation of the solution f
of (2.1), we consider the finite dimensional problem

where f, and g, belong to the subspace P,_; of all polynomials of
degree at most n — 1 and A,, : LF, — P,,_; is a linear operator.

Let
TN =T|ler—rz = sup [(Tf)ullp

p_
L,=1

denote the norm of a linear operator 7" : L — LP. If we assume that

(2.3) |A— A, — 0, n—oo
and
(2.4) 19— gnllpp — 0, n— o0,

then, by a standard argument, we derive the following result.

Theorem 2.1. Assume that ker(I — A) = {0} in LY and conditions
(2.3) and (2.4) are fulfilled. Then, for all sufficiently large n, the
equation (2.2) has a unique solution f, € P,_1. Moreover

(2.5)  f = fal

22 < C (9= gally + 14 = Aull llgllzs)
with C independent of f and n, and
(2.6) |cond (I — A) —cond (I — A,)| = O(]|4A — A.||)

where cond(T) = ||T|| - [|[T~*| denotes the condition number of an
inwvertible operator T .

For completeness we shall give the proof of the previous theorem
in Section 4. For the time being we observe that, if ¢ € LP and
AL — I[P 1 < p < o0, is a compact operator, then there
exist an operator A, : L? — P,,_; and a polynomial g, that
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satisfy (2.3) and (2.4). In fact, for v € GJ, we can find a sequence
{Sm(w)} of Fourier projectors uniformly bounded in L2, see the proof
of Theorem 2.3. Therefore, with g, = S,(w,g), (2.4) is satisfied.
Setting A, f = Sp(w, Af), we also have:

IAS = Su(w. ADlull, < C | inf ([[Af = Plully = Eu-1(Af)up.

Then (2.3) follows, since the compactness of A is equivalent to

Enfl (Af)u,p .

lim sup =0

n—co rere || fullp

(see [25]).

At this point, from a theoretical point of view, we can obtain the
solution f, of equation (2.2), by solving a system of linear equations
equivalent to (2.2). The procedure is well known. Consider the
restriction (I — A,) |p,_, of the operator I — A,, to the subspace P,,_1
of L. It B={p;:i=1,...,n}and B' = {¢,:i=1,... ,n} are two
arbitrary bases of P,,_1, then we can represent the functions f,, and g,
as

n n
(27) fn = Zam’@ia gn = Z bnz"/);'
1=1 =1

Thus we can write the matrix M,, = (mij)i’jzl,m . of the isomorphism
(I-A,) |p,_, with respect to the pair of bases (B,B’) and the
following system
(2.8) M,a, = by
where

an = (anlv An2,y .- aann)T and bn - (bnla bn2, .. 7bnn)T .
It is well known that the polynomial f,, € P,,_1 given in (2.7) is the

solution of the equation (2.2) if and only if the vector a, is the solution
of (2.8).
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Now define by

n

1/p
Mol = (Sl ) "L 1<p <o,

k=1
on
the l,-norm of a vector vn = (Up1,... ,Unn) € R and by

[Lnll = sup [|Lvnlw

Ivall, =1

the related [,-norm of a matrix L,,. Let M, and éby be the pertur-
bations of the matrix M,, and by, in the system (2.8), generated by the
finite accuracy of the computer and denote by a, + da,, the solution of
the system

(2.9) (M, + 6M,,) (an, + da,) = by, + dby,.
Then, for [[0M,[| < [|My|| /2, we have

[[6anl];
(2.10) ——= < 2cond (M,)
||an||zp

16M,|| |5bnllzp>
M.l [Poall,

Since the equivalence between (2.2) and (2.8) does not imply

(2.11) sup cond (M,,) < o0,

n

cond (M,,) can be “very large” and the computation of f,, is unsatisfac-
tory, see Example 1 in Section 3. Consequently it is crucial to choose
the bases B and B’ such that (2.11) is satisfied. To this end we give
the following definition.

We shall say that B = {¢1,... , .} is a Marcinkiewicz basis, M-basis,
in LP if, for any polynomial ¢ = Y " | v,i¢;, we have:

(2.12) Vall, <llgllzy < Clivall,, 1<p<oo,

1
C

with v, = (Un1, ... ,Unn) and C # C(n, q). Marcinkiewicz first proved
in [13] (see also [27, p. 28]) inequalities of type (2.12), with p # 2, for
trigonometric polynomials. In the algebraic case the reader can consult
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[14], [15] and the references therein. In L?/m, we GJ,if {p,}, is an

orthonormal set of polynomials, then B = {¢1,... ,p,} is an M-basis
since [|vnll;, = HqHL%, but in LP for p # 2 we cannot expect a similar
situation.

By using M-bases, we can give a simple estimate of the perturbation
of the polynomial f,, arising from the numerical solution of the system
(2.8). In fact if B is an M-basis, then, denoting by a,* = a, +
dan the numerical solution of (2.9) and by f; = > ,_,  ap;p; the
corresponding polynomial, the estimate (2.5) has to be replaced by the
following one

(2.13) If = Falley < IIf = fal

where the second addendum, recalling that B is an M-basis, can be
estimated as follows

wr 1= Falle

o= filye [(S5mt0mies)u| - san,

Vil Tl Tl
160M,,||  [10ball;

< M, L.
>~ CCOIld ( n) ( ||MnH ||bn||lp

Here C' and the constants in “~” are independent of n and the
functions.

Then estimate (2.13) is comparable with (2.5) if sup,, cond (M,,) < oo
and the quantity in the brackets is very small, e.g., as the machine
precision. Moreover, the following proposition holds.

Proposition 2.2. If the polynomials f, and g, in (2.2) are repre-
sented by means of M-bases, then the matriz of the system (2.8) satisfies

(2.14)

écond ((I —Ap) |pn_1) < cond(M,,) < C cond ((I —Ap) |pn_1) ,

with a positive constant C independent of n. In particular, if B and B’
are orthonormal bases in L2, then we have

(2.15) cond (M,,) = cond ((I — A,) |p,_,) -
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Proof. Let an = (ani,- .- 7ann)T € }%n, fn = E?:l anipi. Let us
recall that if by = Myan, by = (bp1,-.. ,bun)” and g, = (I — Ay) fa
then the second formula in (2.7) holds. Thus, by (2.12), we can write

(2.16) [ fnllLy ~ llall,,
and, also,
(2.17) [Myan|l, ~ [[(1 = An) fall e -

« ”

Here and in the sequel the constants in “~” are independent of n and
the functions. According to the definition of the operator norm and
taking into account conditions (2.16) and (2.17), one has

HMnan”zp
M| = sup ——FF
S T,
llanll,,#0
(1 = An) fall e
~ osup = [|(I = 4,) [, |-
Fr€Pn_s | full o

In the same way, for the inverse matrix, we can write

-1
MY = sup A4, oall,
n o [ball,
Iball,, 20
H(I_ATL)ilgn
: [t
lfn%lfl’gfl lgnllze I n) [ ]
In Lﬂ;éo

Then, by the definition of the condition number, (2.14) follows. Finally
(2.15) follows by replacing in the previous relations the symbol “~” by
LL:77 . D

Now, we are able to state the following result.
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Theorem 2.3. Assume that the system (2.8) is obtained from
(2.2) by representing fn and g, by means of the M-bases B and B,
respectively. Moreover, under the assumptions of Theorem 2.1, the
following results

é cond (I — A) < liminf cond (M,,)
2.18 "
( ) < limsup cond (M,,) < Ccond (I — A),

n

with a positive constant C' independent of n. In particular, if both B
and B' are orthonormal bases, in L2, then

(2.19) lim cond (M,,) = cond(I — A).

n

Obviously Theorem 2.3 can be applied if the Marcinkiewicz bases
are known. Yet the existence of such bases in arbitrary Banach
spaces seems to be an open problem. To confirm this fact, until
now, (polynomial) M-bases are not known in LP with w arbitrary and
p # 2. In LP with p € (1,00) and u a generalized Jacobi weight,
such bases do exist. To show this fact we need some notations. Let
w € GJ be a weight function (equal or different from «). Denote by
{pn(w)},, the system of the orthonormal polynomials with respect to
the weight w having positive leading coefficients and let z,; = x,,;(w),
j = 1,...,n, be the zeros of p,(w). Furthermore, let L, (w,F)
be the Lagrange polynomial interpolating a function F' at the zeros
of pp(w), i.e., Ly(w, Fyx) = 375 lyj(w,2)F (zn;) with lnj(w,z) =
(pn(w, z))/(p}, (w, zp;) (x — 2y )). Finally, for a given weight o, let

n—1 —1
)\n(O',ZL'): |:pr(0,$):| ) TL:].,2,...
i=0
be the n-th Christofel functions. Obviously

(220)  Bi(ww) = {A7P (0P, 20y (w) lns () |

j=1,....n

is a basis of P, _1, but, in general, it is not an M-basis. The following
proposition characterizes the M-bases of type (2.20).
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Proposition 2.4. BP(u,w) is an M-basis if and only if the weights
u and w satisfy the conditions
VW
221) 4 e, Y cpe Sy

1
we u p

=1, @(x):m.

ISHE

Proof. Every polynomial g€ P, _1, can be written in a unique way as
n
0= 3 @A W ) Ly (W), g = AP (0P ) 0 (20s)
j=1

By Theorem 2.6 and Theorem 2.7 in [14], if v and w satisfy (2.21),
and only in this case, Marcinkiewicz inequalities hold and, then, the
equivalence

" 1/p
1
(222) glauly < | D lansl” | < Claully
j=1
is fulfilled for some C' independent of n and gq. ]

Remark 1. Since the conditions (2.21) are equivalent ([14]) to the
uniform boundedness of the operators L, (w) in the Sobolev type spaces

Wt = { e 2 Il + 106 <oof. v,
p

we can rewrite Proposition 2.4 as follows.
BY (u, w) is an M-basis if and only if sup,, || Ln(w)|lyr ) —wr @) < 00

In this section we assumed 1 < p < oo; the case p € {1,00} is an
open problem.

3. Special cases and numerical tests. In this section, in order
to apply the results in Section 2, we shall consider some special cases.
To this end let (I — A)f = g in L? where 1 < p < 0o and u = v*¥ is a
Jacobi weight (u € J). We also assume that (I — A)f = g has a unique
solution for any g.
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Moreover we recall some basic facts about the polynomial approxi-
mation in L (see [5], [14]). The error of the best approximation is
defined as

En(fup = pier%’f [(f = P)ullp, 1<p<oo,

1
u=v"" a,f>-=,

and, in order to estimate E,,(f)y,p, we can use the following modulus
of smoothness

k _ k
Q@(f7 t)u,p - Oil;ll:[%t H(Ahépf)uHLp(Irh)

where p(z) = VI= a2, A, f() = S, () (1if + ((/2) -
i)hp(x)) and I, = [—1 4 (2rh)?,1 — (2rh)?]. Then we can write the
Jackson theorem and the Stechkin inequality by

1/m
En(fup <€ [ 0510F
(3.1) "
(1) <o S+ B
u,p

) =0

for some C' > 0 independent of m and f. By (3.1) the equivalence

Q5 (£ 1),
(3.2) sup - tr =2~ sup krEk(f)u,p
>0 k>1

follows, with & > r > 0, r € R. Z? denotes the Zygmund space with
index r, defined as

QL (f,t)u
Zf:{fELﬁ:sup@

<oo, k>rp,
>0 t

where u =v*% 1 <p<oo,0<r€ ]%, equipped with the norm

QL (f, 1),
zz = | fllLg + sup ===
>0

£ -
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Note that, in virtue of (3.2), the semi-norm in ZP can be expressed by
Ei(f)u,p. Moreover for r > (1/p), ZP admits a function continuous
n (—1,1), as a representative. Finally we recall a result about the
polynomial interpolation.

Let L,,(w, f), w € J, be the Lagrange polynomial interpolating a
function f at the zeros of Jacobi polynomial p,,(w). Then, for any
g € C9(—1,1), there exists a constant C' > 0, independent of m and f,
such that

C 1/m Qk( )
33 Nlo=Ln(wallee < mo [ =28 1<p<ee

if and only if the weights u and w satisfy (2.21) [14].

Case 1. For the equation (I — A)f = g we assume

(i) For all f € L&, QFE(Af,t)up < Ct|full,, C # C(f,t) and
E>r> %

(ii) g € ZE, v > (1/p).

This case appears frequently in applications. Condition (i) can be
verified by estimating directly Qf,(Af,t)u,p. For instance in the case

(Af)(t) = A [1, k(z,t) f(z) dz, X € R, it is not hard to prove that, if
sup|, <1 I|k(x, )HZf < oo and supjy<1]|k(-,t)|| z» < 0o, then Af satisfies
(i). Now, if A and g satisfy (i) and (ii) respectively, we choose a
Jacobi weight w verifying (2.21) and we set A,f = L,(w, Af) and

gn = Ln(w,g) where Ly (w, F,z) = 35 lp(w)F(2k), pa(w, i) = 0.
Hence we solve the finite-dimensional equation

(34) (I - An)fn = Gn-

By representing f, and g, by the M-basis BP(u,w) = {lx(w)/
()x,lz/p(up, k) te=1,... n, (3.4) is equivalent to the system

(3.5) AVP(uP,z Zang o (P ) [(1 = A)ly(w)] ()

:A}/L/p(up7l'z)g($z) i:17._. , T,
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where a,, ; = A,lz/p(up, x;) fn(x;), that is well conditioned. Moreover by
(ii) and (3.3) it follows

c

1CA = An) flley < Sl ller-
Therefore by Theorem 2.1, the system (3.5) has a unique solution, say
(@niy--- 5 Gnn), and we set

n

i=1 Avll/p(up, ;)

as the approximate solution of (I — A)f = g. Indeed by Theorem 2.1
it follows

= C
(3.6) If = fally < — gl z;-

S v
Consequently the solution f belongs to ZP, in view of the Steckhin
inequality (3.1).

Remark 2. Collocating the equation (3.4) on the interpolation knots
Z1,...,Tpn, we obtain the following system

(37) Z fn(xj)[(l - A)l](w)](xz) = g(xi)v i=1,...,n

Now if we multiply (3.7) to the left by the diagonal matrix, whose
entries are A\Y/?(uP,x;), i = 1,... ,n we obtain (3.5). In this context
condition (2.21), characterizing the interpolation nodes (and, in this
example, also the collocation nodes), seems to be crucial. Indeed, if
(2.21) is not satisfied, then (3.6) is not true and BE(u,w) is not an
M-basis.

If we denote by B,, the matrix of the system (3.7), then sup,, cond (B;,)
may be infinite. In fact, for each polynomial ¢ = Y. I;(w)q(z;), by
using the Marcinkiewicz inequality, we have

G ; Y7 o lauly
Tl < (Llateor) < 1%l
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where A = min; )\}/p(up, x;) and A = max; A,lz/p(up, x;). Then working
as in the proof of Proposition 2.2, we get

cond (B,) < Ccond [(I — An)p,_,] (%) )

Since A,lz/p(up,xi) ~ u(z;)(y/1—22/n)V/P, for u(z) = (1 — 2?)°,

a > 0, we have (A/\)? ~ niets,

Then the procedure in Case 1 can be seen as a preconditioned
collocation method. Nevertheless the results of Section 2 can be used in
different contexts. In this example we deduce the space of the solution
by (3.6) while other methods are based on the a priori knowledge
of the smoothness of the solution (see [18] and enclosed references).
Finally we observe that the system (3.5) requires the computation of
cij = [(I — A)lj(w)](x;). Sometimes this can be avoided if g and Af
satisfy (i) and (ii) with r sufficiently large. To this end we show the
following

Case 2. With (Af)(z) = MK f)(z) = AL k@, y)f (y)dy, A € B, we

consider the equation (I — AK)f =g in L? ie.,p=2 and u = 1, and
assume g € Z7, sup|, < [[k(z, )|l z2 < 00 and sup, oy [|E(-,y)] 2z < oo
with r sufficiently large. Then we can use the following procedure.
Define the integral operator

1
(3.8) Ko f(x) = / Ly lk(a 9)) £ () dy.

-1

Throughout L, denotes the Lagrange interpolation operator based
on the Legendre nodes and the subscript y in L, , means that the
interpolation is done with respect to the variable y. Then, consider the
following finite dimensional equation

(3.9) (I = ALy Ko) fn = Lng

where f,, is an unknown polynomial of degree at most n — 1 (see also
[10], [11]). Represent (3.9) in the M-basis {)\;jl/Qan}j:L,“ n, Le.,
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(2.20) with v = w = 1 and obtain the system

(3.10) /\71142 E :anj P‘;jlﬂ dij — /\)\%2 k(i xnj)] = /\71142 9(Tni),
. =
i1=1,...,n,

that is well conditioned. By solving (3.10), we construct the polynomial

(3.11) frno = aniA, Flnj € Py,

Jj=1

that satisfies (3.6) with p =2 and u = 1.

Remark 3. The described numerical method can be considered as
a preconditioned Nystrom method (see, for instance, [1]) using the
Gauss-Legendre quadrature rule approximating the integral K f(z),
that is,

j=1

Recall that the Nystrém method consists in solving the following system
n
j=1

and in constructing the approximating solution by the Nystrém inter-
polation formula

(3.13) Fal@) = g(@) + XY Angh(@, @ag) fog-

j=1
Let us observe that the unknown coeflicients fy;, 7 = 1,...,n can
be also obtained by solving the system (3.10) and computing f,; =
/\T_le/zanj, j=1,...,n, with the advantage of solving a system which
is well conditioned.

Case 3. Finally we consider the equation

(3.14) (I-AKMf=g
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where g € Z2, (K"f)(x) = [, k*(2,9)f(y) dy, k*(z,y) = |z — y|",
—1 < pu<0and k%(z,y) = log |z —y|. k*(x,y) is a classical kernel and
the equation (I — AK*)f = g was considered by several authors (see,
e.g., [17], [18], [21] and references therein). The mapping properties
of the operator K* in some spaces are well known [9]. Here we state a
more accurate result.

Theorem 3.1. Let k(x,y) be as in (3.14). Then the operator K*
satisfies the following estimate

c
(3.15) E, (K" f), < p—E

||fH27

with a constant C independent of n and f. Consequently K* : L? —
Z2 is a compact operator for all s <1+ p.

In virtue of (3.15) and by assuming g € Z2, r > 1/2, we construct a
polynomial approximation of the solution of (3.14), as in Case 1. We
set (Kt f)(x) = Ly, (K" f, z) and g, = Ling, where L,, is the Lagrange
operator based on Legendre zeros and we consider the equation

(3.16) (I = AKE) fu = gn.

Representing f,, by means of orthonormal Legendre polynomials {p;},

e, fo =" copi and gn by {l;//N; }iz1....m (ie. (2.20) with
u=w = 1), we have the system

n—1
aan M 2 o i) - MM (@] = A (o).
. Z

1=1,...,n,

where M} (z;) = K"pj(xn,i) can be computed by a recurrence relation
(see for instance [4], [18]). The system (3.17) is well conditioned and
has a unique solution (for n large) since by (3.15)and (3.3) we get

|K — K|l = O(n=)
and

If = fulle = O(n™?), s = min(l + p, 7).



326 C. LAURITA AND G. MASTROIANNI

Notice that, if ¢ is sufficiently smooth, e.g., g € C*)(—=1,1) k large,
then, by [26], f and Af belong to Zs,43 and || f — fnll2 = O(m™2+73).
Here we considered the case —1 < p < 0. The case p > 0 is similar. In
particular for p > 0 “large” the system (3.10) is more suitable.

In order to show some numerical tests, we consider in L? equations
of the type f(z) — )\f_ll k(z,t)f(t)dt = g(z).

Example 1. Let A = 1, k(z,y) =z +y, g(z) = 2% + 2.

Following Case 2, from the finite dimensional equation (3.9) we have,
by using an M-basis, the system (3.10). The numerical results are in
the following tables

TABLE 1.1

fa(=1) fn(—0.5) fn(0.5)
8 | 7.666666666666 | -8.33333333333e-2 | -1.4083333333333e+1
16 | 7.666666666666 | -8.333333333332e-2 | -1.4083333333333e+1

TABLE 1.2

n cond (M,,)

8 | 1.3928203230275e+1
16 | 1.3928203230275e+1
32 | 1.3928203230275e+1

If we represent f, and g, = L,g in (3.4) by using the fundamental
Lagrange polynomials l4,... ,l, based on given zeros Zi,...,Z,, We
have the linear system

> [m =AY l0) Y Ak, w )l (e0) | fa(75) = gn (3:),
(3.18) i k=1 =1
1=1,...,n.
Denote by C,, the matrix associated with the system (3.18). Then, if
x; ={-1+(2/n—1)i}, i =0.... ,n — 1, the condition number of C,
has the following behavior
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TABLE 1.3

cond (Cy,)

8 | 3.552202729523286e+4-001
16 | 4.340167849100752e+-004
32 | 8.615969917640776e+012
64 | 3.079632038081276e+-017

If # = ,;(v"7) are the zeros of Jacobi polynomial p®? with
a = =17, then we have

TABLE 1.4

cond (C},)

8 | 1.599545062878915e+-004
16 | 2.343021438144193e+-006
32 | 9.165456903104157e+008
64 | 7.229867516189905e+011

Example 2. Let A = 0.2, k(z,y) = |z — y|*/?, g(z) = |z|?/2.

The exact solution f belongs to Z§/2. Tables (2.1)—(2.2) show the
behavior of the solution and of the condition number of the system.

TABLE 2.1

Fa(£1) | fu(£0.75) | fo(£0.25) | f(20.5)

8 | 151 9.9e-1 2.e-1 5.7e-1

16 | 1.51 9.91e-1 2.71e-1 5.73¢-1

32 | 1512 9.913e-1 | 2.719¢-1 5.7392¢-1

64 | 1.5127 | 9.9139e-1 | 2.719¢-1 5.739-1

128 | 1.5127 | 9.91395e-1 | 2.7199e-1 | 5.73932¢-1
256 | 1.512704 | 9.91395¢-1 | 2.719916¢-1 | 5.739322722¢-1
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Example 3. Let A = 0.2, k(x,y) = |z — y| =%, g(x) = cos (22 + 1).

From the theoretical results, we have f € Z? with » = 2.2, and the

C. LAURITA AND G. MASTROIANNI

numerical tests are

TABLE 2.2
n cond (M,,)
8 2.0897
16 | 2.0897
32 | 2.089735
64 | 2.0897353
128 | 2.089735
256 | 2.089735296
512 | 2.0897352963

TABLE 3.1
n | fn(0) fn(£0.25) Fn(£0.75) fa(£1)
8 | 1.059 0.987 0.366 -0.14
16 | 1.0597 0.9870 0.3667 -0.14
32 | 1.05972 0.987089 0.366791 -0.141
64 | 1.059726 0.98708924 0.36679105 | -0.141
128 | 1.0597264 0.98708924 0.36679105 | -0.141
256 | 1.05972645 | 0.98708924707 | 0.36679105 | -0.1410
512 | 1.0597264512 | 0.987089247072 | 0.3667910549 | -0.14101
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TABLE 3.2
n cond (M,,)
8 2.
16 | 2.6
32 | 2.6
64 | 2.7
128 | 2.7
256 | 2.73
512 | 2.733

4. Proofs.

Proof of Theorem 2.1. At first, let us observe that, by applying the
Fredholm alternative theorem to the equation (2.1), we can deduce that
it has a unique solution f € LP for any g € L?.

Moreover, since the condition (2.3) holds, it is a well known result
(see for instance [1]) that, for sufficiently large n, the inverse operators
(I - An)f1 exist and are uniformly bounded with respect to n and
satisfy the relations:

(4.1) (T—A) ' =[I-T-A)" (A-4,)] ' (T-4)"
and taking the operator norm (i.e., || - || = || - ||zz_z» ), we have

I =7
(= A7 1A= A

(42) WI_AMAHfl—H

Then the finite dimensional equation (2.2) has a unique solution f,
which belongs to P,,_1, since f, = g, + A, fn. Now, to prove the error
estimate (2.5), let us observe that

f_fn:(I_An)_l[g_gn+(A_An)f]
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and, using (4.2), one has
1 = fallzy < | (7= 40) 7| lg = g + (4 = ALy
< C (llg = gnll oy + 1A= Aull - 111z )

<O (llg = gallg + 14 = Aall - lgllzz )

with C' # C(n).
It remains to prove (2.6). It is clear that
(4.3) T = Anll = 1T = Al < |A = An]-
For the inverse operators, we can write (see, for instance, [22])
(I =A™ = (= A7 = (I = )7 (= AT = An) ™ 1]
= (= A7 - A) = (I - 4,)]( - 4,) 7"
= —-A) YA, - AT -A,)"
Then, taking the norms, we get

(4.4) H(I N R A)—1H

<[l = 1A= Al (= 407
and, consequently, taking also into account (4.2),
5 |[a-an - la- a7 < cna- .

Combining (4.3) and (4.5), the relation (2.6) follows. In fact we can
write

|cond (I — A,) — cond(I — A)]
= |17 = Al ||z = ) 7| = 17 = Al fjz - )7

< I = Anl

R N e [

= a1 -l - 17— Az - 4|

= [ = an7 | = Au =11 = 4
7= Al = 40| =l = a7
<ClA- 4,
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with C # C(n). O
Proof of Theorem 2.3. Set B=I1I—Aand B, =1—A,. Let ¢ > 0 be

arbitrarily chosen, but fixed. By the definition of the operator norm, a
function f. € LP such that

€
1Bfellpy > 1Bl =5, llfellzz = 1.
Now, let P, be a projection of L2 onto P,,_; such that

(4.6) sup || Py < oo.

Let us observe that a projector satisfying (4.6) exists in L. It is
sufficient to consider the Fourier operator

n—1 1
Sutwnf) = 3 cmi(w), = | @y (o) do
=0 -

under the assumptions

U w w 1
e LP, d —,/——¢€lLf,
VW an u © u

1 1
plr)=vV1—22, —+=-=1,
p q
(see [2], [3], [22]).
Then, as is well known, one has
(47) 1Baf = fllgy — 0, asn— o0

for any f € LP. By applying (4.7) to the function f., we can deduce
that there exists an index ng € N such that

||Pnf€_f5||L§j, Vn > ng.

< €
2||B|° -
Then, for any n > ng, one has

HBPnfEHLﬁ 2 ”BfEHLﬁ - ||B (Pnfe - fs)”Lﬁ
9 3
> 1Bl -5 -5 =IBl —e,
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from which it follows that
1Bl = e < IBPufellps = |B Ipuy Pufellpp < B lpus|l - 1Pafellps -
Therefore, taking into account (4.7), we obtain
1BIl - & < liminf |B [, || - If]| ; = liminf |[B e, |
and then
I1B|| — & <liminf || B [p,_,|| < limsup||B [p, || < | B].
We can deduce that there exists lim, || B |p,_,|| and one has

(4.8) lim B le, || = B].

Now, let us observe that, by (2.3), we have |B — B,|| — 0, asn — oo
from which it follows that || B, |p,_, =B |p,_,|| — 0 as n — oo and
then

(4.9) H’Bn |Pn,1H - HB |Pn,1H’ — 0, n— oo.
Since

[11Bule il = 1BI < [[|Bn o] = [I1B le-. [l
+{[B e, [ - 1B

b

by (4.8), (4.9) and taking into account the relation || M| ~ || Bx |p,_. ||,
with the constant in “~” independent of n, we conclude that

1
(4.10) o | B|| < liminf || M,]|| < limsup | M,|| < C||B|
n n

with C' constant and C' # C(n).

A similar result can be obtained for the inverse operators M, ! and
B~!, taking into account the relations (4.2), (4.4) and ||Mn_1H ~

[t

i.e

3 )

(4.11) L | B! < liminf ||M,; || < limsup ||, '] < C||IB7!.
C n n
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Combining (4.10) and (4.11) we get (2.18). Equation (2.19) follows by
replacing the symbol “~” by “=". O

Lemma 4.1. Let K f(z) = f_ll |z — y|*f(y) dy, with —1 < p < 0.
Then for every f € L? one has

Q%’ (K“f, t)2

(4.12) sup ey

t>0

< C[l 2,

where the constant C' depends only on .

Proof. We set o1(2) = /1 — [z]. Since (p(z)/v2) < ¢1(x) < p(z),
¢(x) = V1 — 22, the p-modulus €, is equivalent to £, [5]. Thus we
prove (4.12) with Q,, replaced by Q.

We can write

1—4h? 1/2
80 B Dl = ([ 18y () @) o)
—144h?

s(/o |Amewmem)m

—1+4+4h?2

1—4h? ) 1/2
F([ 18 ) @) a)
0
= I1 + IQ.

Let us estimate I;. We have
1
A @l =| [ |
1
g/ )l dy
-1
IH(1+w/2) z—hp1 () wther(z) (e /2)
AL
-1 —IH1Hx/2) Ja-hei(z) wther (2)
2+ 1 w
Sl )
H1+x /2) 21

Fw)ldy =" Gilo)

©w

x—gsm(:v)—y M]f(y) dy‘

h
$+5801($)—?/

©w

©w

h h
T+ 5@1(%)—3/ w—gsol(fv)—y

h
v+ 5 01(@)-y

37—%%(95)—2/
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It follows that

To estimate A; and A we shall use the following bound:

m

h h »
(4.13) x+§<ﬂ1(ﬂc)—y r—-oi(x) —y

[\)

O CR R

since |u| < 1. Let us estimate A;. We have

—1+(z+1/2)
Gi(z) = ’/
-1

h H

$+§<P1($)—y

m

h
~Je= Gt -] [Irwlay
—14+(z+1/2) h K=l
<hVl+zx <$—5901(9U)—y> |f(y)| dy
-1
—1+4(z+1/2)
< Ch(1+ )=/ / |f(y)l dy
—1

—1+4(z41/2) 1/2
< Ch(1+ w)““”’llfllz( / dy)
—1

< Ch(L+2)"|[fll2,
where we have taken into account the following facts

Vi+z h 1+z
z <
;T anlls—
1+x h 1+x
:>x—§<p1(33)—y2 T

x> —-144h? <= h <

y< -1+
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It follows, by using

B Vite

< — h* > O(1+2) W2,

that

0 1/2
Ay = (/ Gy () d:c)
—1+4+4h?2

0 1/2
< Ch1+#||f|2(/ (1+z)* dx)
—1+4h2
< CR™ ) £z

To estimate Ga(z) (and consequently As) we use (4.13) and the change
of variable x —y = 74/1 + z. One has

z—he1 () h ol
G <5z [ (- Ro-) 1r(ldy
(a1 /2)
(VIFE/2)

- h(lﬂ)(l/zmwz)/
h

|f (z—7V1+z)| (T—%)Ml dr.

Setting

0 {1 x>0
T, =
0 <0

since v/1 + z/2 < (1/2), we have

|G2(y)| < h(1+ x)(1/2)+(u/2)

x/hl/2|f(:v—7\/1+—w)’ (T_g)”l(\/y_xq)o ir
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from which, by the generalized Minkowski inequality, we deduce

0 1/2
Ay = (/ |Gy ()| da:)
71+4h2

0 1/2 h p—1
A+l -7 T——
gh(/_thQ(l—i—x)“ /h |f (2 \/1+:v)|( 2)
— 0 2 1/2
><< 12_'_96—7) dr dx)
Jr

2

fo=rVTFD)

1/2 p—1 0
<[ (=)
h 2 —14+4h?

X K‘/l;—x —T) +°} 2(1+x)“+1 dx) v dr

1/2 h p—l 0 1/2
< Ch/h (7—5) (/_ ’f ($—T\/1+JJ)’2 dx) dr.

144712

In order to evaluate the second integral at the righthand side we
use the change of variable s = 2 — 7¢/1+x, ie.,, * = s+ (72/2) +

P s 41 de = (14 (/2T T 5+ 1)) ds. We gt

/ |f(x—T\/1+a:)|2dx

—1+472
., -
= f(s 2(1 + ) ds
/_1+2T2| G 2\/(12/4) +s+1
< CIIf113,

since from 7 € [h,1/2] and s > —1 + 272 it follows that s + 1 +

(12/4) > (9/4)7% and hence 1 < 1+ (7/2y/s+ 1+ (72/4)) < (4/3).

Consequently,
1/2 h p—1
A2 S CthHQ/ <’7’ - 5) dr
h

~cnsi](3) - (3-3) ]

< R f]]a.
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To estimate G3(y), and then As, we use the following decomposition

T z+hp(z) h Iz
i <{ [ [T e few -y
z—hp1(x) r
”w
|- 2 pr(a) —y
1) dy 2= Fy(z) + Fye).
Observe that
(4.14)
T h "
B [ e Ge) - 1wy
z—hp1(z)
and
(4.15)
x+he () L Iz
Fao) < [ vt 5 o)~y 1f)]dy.

By using the change of variable © — (h/2)p1(x) — y = hrpi(z) in the
first integral and = + (h/2)p1(z) —y = h7e1(z) in the second one, we
may estimate quantities such as

1/2
h”%(xn”’“‘/o

Consequently, to obtain an estimate for As3 we can proceed as in the
estimate of Ap. If we repeat this procedure by replacing 7 by (1/2+7)h
and assuming, as it is possible, h < (1/2) in the estimate of the integrals

/0
—1+44h?2

THdr.

f(xih(% :I:T)(pl(x)

2
dx,

f(xih(% i7-><p1(:1;)

we get
Az < CRYH| flla.

To estimate Ay As; and Ag we shall use the following bound:

Iz Iz

(4.16) ||z + g o1(z) —y
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The estimate of A4 can be obtained by proceeding as for the estimate
of As. One has
Ay < O flo.

To bound As, observe that

2z+1 p—1
Gyla) < WWITa ( —ﬁmx)—m) () dy

e+(142/2) 2

2x+1
< WL 4 )P0/ / FW)ldy
1+a

T+

< CR (L4 2| £,

from which we can deduce

0 1/2
As < Oh1+“||f||z</ (1+ ﬂ"‘“) < O fl2.
—1+4h?2

Let us estimate Gg(z) and consequently Ag. We have

pn—1
Golz) < hWIT T (y——m) x) o

2x+1

<h/1+z (y+ D)"Y f(y)| dy
2x+1
1

<Ch [ (y+D)" %|f(y)dy
2z+1

1
< Cpte / (y+ 1)®D-W/2) 1) dy
2z+1

1 1/2
< Chl*“lfllz( / <y+1>ﬂ-1dy)
2

x+1
< ChY || fllo(1 + @)/,

sincey > 2x+1 < y—x > (y+ 1)/2 from which it follows that
— (h/2)p1(z) —x < (1 +y)/4. Therefore we get

0 1/2
Ag < Ch”“llfllz( [+ w)ﬂdx) < OR" ]
—144h?
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Finally we conclude
(4.17) I < CRYH| £

A similar estimate can be obtained also for I, recalling that in this
case p1(x) = /1 — 2 and dividing the interval [—1, 1] as follows

1—
[-1,1)=[-1,-1+ 22]U [—1+2x,x_ 2:11

U {x T e h(pl(x)]
Ulz = hei(z), 2 + her ()]

1-— 1-—
U{x—i—h(pl(x),l— QI}U[l—Tx,l}. O

Proof of Theorem 3.1. For —1 < p < 0, (3.15) follows from (4.12)
and (3.1). Let us prove the theorem in the case p > 0.

The following inequality (Favard’s Theorem) holds (see [5]):
(4.18) En(h)y < — inf |[(h" = P)yell,,

with ¢(z) = V1 —22.

By applying (4.18) to K*f in [u] + 1 iterations, one has

E, (K"f), < n[u—c];-l PeP,iLI,lf[MHl) ‘(Kﬂf)([u]—s-l) — PH2
< e B (Km0
= n[u]+1+€1+u—[u] 1712
= Al

where we used (3.15) by replacing u by —1 < p— [p] — 1 < 0.
Let us now consider y = 0. By applying (4.18) to K°f we have

C
0 < — 3
E"(K f)2 n PlenPf’n

i)

<

2
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Since
w0y = [y = ng),

with Hf the Hilbert transform of f, using the boundedness of H in

L%/@ ([17]) one has
C C C
En(K°F) < —I(HAVBI, < Z 11V, < —IIfl;
and the theorem is completely proved. a
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