JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 11, Number 2, Summer 1999

BOUNDARY INTEGRAL EQUATIONS FOR
THE BIHARMONIC DIRICHLET PROBLEM
ON NONSMOOTH DOMAINS

GUNTHER SCHMIDT AND BORIS N. KHOROMSKIJ

ABSTRACT. In this paper we study the boundary reduc-
tion of the biharmonic interior and exterior Dirichlet problems
in a plane domain with piecewise smooth boundary. The map-
ping properties of single and double layer biharmonic poten-
tials, of biharmonic boundary integral operators, the Calderon
projections and Poincaré-Steklov operators for domain with
corners are analyzed. We derive existence and uniqueness re-
sults for direct boundary integral equations, which are equiv-
alent to the variational formulation of the problems.

1. Introduction. The paper is devoted to the direct boundary
integral method for solving the interior and exterior Dirichlet problems
of the biharmonic equation

A’u=0 inQcR?

ulr = fi, Opulr = fo.

(1.1)

Here 2 is an interior or exterior domain bounded by a closed piece-
wise smooth curve I" with corners, and the Dirichlet data (f1, f2) =
(v|r, Opv|r) are the traces of a function v belonging on a neighborhood
of T to the Sobolev space H?. For the exterior problem, one has to
impose additionally a special behavior of the solution at infinity.

The aim of the present paper is the study of direct boundary integral
formulations which are equivalent to the variational solution of (1.1).
As the main result, we derive different systems of integral equations on
I' and describe their solvability conditions. To do so we introduce
certain boundary integral operators for the bi-Laplacian and study
mapping properties in the corresponding trace spaces of H2-functions.
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As a by-product, we are able to analyze the Steklov-Poincaré operators
which map the Dirichlet data of biharmonic functions u to their
Neumann data (Aulr, 9, Aulr).

Among the different methods which exist for solving (1.1), integral
equation methods play an important role, especially in connection
with the boundary element method. For the interior problem and
for sufficiently smooth boundary I' such methods were investigated by
several authors. Let us mention some results related to the contents of
our paper.

In [4] and [14] a system of direct boundary integral equations was
studied which is closely connected with the system (6.11) of our ap-
proach. In [14] Fuglede derived necessary and sufficient conditions for
the equivalence of these equations to (1.1) if the Dirichlet data are
sufficiently smooth. A general approach of direct first kind integral
equations for (1.1) can be performed using the results of Costabel and
Wendland, see [6] and [13]. Based on the theory of pseudodifferential
operators, a complete description of the mapping properties of bound-
ary integral operators, Calderon projections and Steklov-Poincaré op-
erators can be obtained. This is mentioned in the paper of Costabel,
Lusikka and Saranen [9], where approximation methods for solving the
interior Dirichlet problem are studied which are based on three differ-
ent boundary integral formulations. Besides the equations coinciding
with our systems (6.13) and (6.11), the authors consider also an in-
direct method which goes back to Hsiao and MacCamy [16] and is
based on a single layer representation. This approach was extended by
Costabel, Stephan and Wendland studying in [12], to our knowledge
for the first time, boundary integral equations for the bi-Laplacian on
a nonsmooth curve. The authors consider the related boundary value
problem grad u|r = f and obtain a system of two integral equations of
the first kind with logarithmic principal part. Using Mellin techniques
the continuity in Sobolev spaces and a Garding inequality of the cor-
responding boundary integral operator are proven and the regularity
of solutions is studied. Finally, we mention the paper [2] of Bourlard
which proposes a direct Galerkin BEM for solving the interior Dirich-
let problem on a polygonal domain and obtains optimal convergence
rates for special graded meshes. Many of the stability results for the
Galerkin method appear also in our approach, and we will comment on
these results at the corresponding place.
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The paper is organized as follows. In Section 2 we consider the space
of Dirichlet data of H?-functions and the space of Neumann data of
H?-functions v with A%u € L?. The biharmonic potentials and their
traces, the boundary integral operators, are introduced in Section 3.
We investigate mapping properties of the boundary integral operators
with respect to the trace spaces, the jump relations of the potentials
and prove the Garding inequality for the single layer potential operator.
In Section 4 the behavior at infinity for solutions of the exterior
Dirichlet problem is specified and we prove representation formulas
for biharmonic functions. This allows the representation of Calderon
projections via boundary integral operators. The special structure
of these projections is used in Section 5 to analyze Steklov-Poincaré
operators for the bi-Laplacian. After these preparations in the last
section we deduce direct integral equations for solving the Dirichlet
problem (1.1). For the interior problem we give three 2 x 2-systems
of boundary integral equations and for the exterior problem two of
those systems. In particular, the interior Dirichlet problem can be
transformed to the system of integral equations on I'
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m(r) — ;/Fm(y)(?ny log |z — y| ds,
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+ = [ m)ogle = yl+1)ds, <o

We study the solvability of the integral equations and prove their
equivalence to the corresponding Dirichlet problem. For example, the
equations (1.2) are uniquely solvable for any Dirichlet data (f, f2) if
the logarithmic capacity of the boundary cap I' # e~! and the solution
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of (1.1) is given in 2 as the sum of potentials
1
u(@) = 5~ g f1(y)0On, log |z — y|ds,

1

- 3 [ Falw)logla =yl + 1) as,
1

+ o / 1 (y)0n, |z — y|* log |z — y| ds,
T Jr
1

- g [~ yPlogls ~ sl ds,.
™ Jr

To conclude the introduction we briefly comment on some topics not
treated in this paper. We do not consider the approximate solution
of the integral equations. If the boundary I' is smooth, then well-
known approximation results for pseudodifferential equations can be
used to prove the convergences of different approximation methods,
we refer to the papers [9, 10] and to Remark 6.1. For the case of
piecewise smooth I' the convergence of Galerkin and certain collocation
methods for the strongly elliptic system (6.6) is rather clear, whereas
the stability of approximation methods for solving the other systems
seems to be open. To get error estimates one has to know the regularity
of the corresponding solutions. We do not study this topic as well
as the continuity of boundary integral operators in other than the
energy norms because of the lack of space. Since we are dealing
with direct methods, some regularity results can be derived from the
known singularities of the solutions of the Dirichlet problem, see [1].
On the other hand, the calculus of Mellin operators provides a useful
tool in this direction. A more interesting problem not treated is the
analysis of direct integral methods for the biharmonic equation with
other types of boundary conditions connected with this plate bending.
The application of our methods to this problem will be considered in a
forthcoming paper, see Remark 5.3.

2. Traces of H?-functions on piecewise smooth boundaries.
For the following let T" be a simple closed curve in the plane (z1, z2) of
the form
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where T'; are of the class C® and adjacent arcs I'; form corners with
angles different from 0 and 27. The interior of I we denote by g,
the exterior RQ\ﬁl by €, and let the unit normal n on I' be directed
into Q5. The differentiation with respect to n is denoted by 9,. The
starting point of our analysis is

Lemma 2.1 (Jakovlev [17]). Let u € H*(Q41). Then

ulp, € HY2(1;),  8nulp, € HY2(I),
ul  ou
&vl F’ 61[12

ulr € HY(T), e H'*(D),

T

and there exists a constant ¢ > 0, not dependent on u, such that

n

>l + o) +

H1/2(T) H Do H1/2(I)

< cllull g2 (-

If the projections of the normal n onto the x1- and z5-axis are denoted

by n1 and ns, respectively, then

ou ou
(2.1) —1| = n10,u — nodsu, —| =ndyu+ n10su,

8.’51 r 81'2 r
where Oy denotes the differentiation with respect to the arc length s. In
the sequel we identify functions on I with periodic functions depending
on s and write d,u = v'. It is well known that, for [¢| < 1 the Sobolev
spaces H'(T") can be identified with the corresponding periodic Sobolev
spaces.

Note that the functions n; and ny as well as d,o|r and Jsp|r
for smooth ¢ € C§°(R?) belong piecewise to the class C? and C3,
respectively, having jumps at the corner points. Let us introduce the
trace space

V() = { (Z;) cuy € HY(D), nyug — nguy € HY?(),

naug + niul € Hl/Q(F)},
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equipped with the canonical norm and define the generalized trace

Lemma 2.2 (Jakovlev [17]). The linear mapping
v Hie (R?) — V(I)
s continuous and has a continuous right inverse
7T V(D) — H (R?).

In particular, v maps C$°(R?) onto a dense subspace of V(T).

To describe the dual V(T")’ of the trace space, we introduce the duality
form

v () ()] e e

where (-, -)r denotes the extension of the usual L2-scalar product on T'.
Since the mapping

njug — Naul
noug +nyu} | : V() — HY?(T) x HY?(T) x R
Jru1ds

is isomorphic we obtain

Lemma 2.3. The vector (Z;) belongs to V(T') if and only if there
exist z1,z € H™Y%(T) and a number a € R such that, for any
¢ € C§°(R?), the equations

(elr, vi)r = (Os|r, naz1 — nizo)r + a/ pds,
r

(@lr, v2)r = (@|r,n121 + noz2)r,
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are satisfied.

The trace yu € V(I') will be called the Dirichlet datum of u €
H2_ (R?) on I'. Now we define the Neumann datum. We introduce
the space

H2(Q1,A%) = {u € HX Q) : A% € L2())

with the graph norm.
Lemma 2.4. C*(Qy) is dense in H?(Q1, A?).

The proof is based on the same arguments as the proof for the case
H' (1, A) given in the book of Grisvard [15].

Lemma 2.5. Let u € H?>(Qq,A?). Then the mapping

(2.3) ou Y — [du, 9] = / (AuA (YY) — v ¢ A%u) da

Q

is a continuous linear functional on V(T') that coincides for sufficiently
smooth u with the functional

L 8nAu|p
(2.4) ou = ( Aulr ) .

Moreover, the mapping 6 : H*(Q1, A?) — V(') is continuous.
Proof. The first Green formula

/ (AuAv — vA?u) ds = /(Au@nv — vd, Au) ds
Q4 T

is valid for all u € H*(Q1), v € H?(Q4), see [5]. Hence, for sufficiently
smooth u,

6w, Y]] < | Aullz2@ 1A ) z2(00) + 1A%U]| 200 IV ¥l 2 (o)

< lullzz(@y,a0) 17 Pl H2(01)-
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From Lemmas 2.2 and 2.4 the assertion follows by continuity. a
Corollary 2.1. For u,v € H?(Q1,A?) the second Green formula
/ (VA% — uA?v) dx = [6v, yu] — [Su, Y]
Q

holds. If u € H?() solves the biharmonic equation A?u = 0, then
[0u,yu] > 0.

The construction of the Neumann data du is standard, for second
order equations we refer to [15] and [7], for the biharmonic equation a
similar construction is given in [2]. We note that the definition of Ju
is based on the bilinear form

a(u,v) = AuAv dx,
(o1

corresponding to the variational solution of the Dirichlet problem
(2.5) Au=f inQ, ~u=21,

with f € L?(Q1), ¢ € V(T). Since a(u,u)'/? defines a norm on HZ (),
see [5], Lemma 2.2 leads to

Lemma 2.6. The Dirichlet problem (2.5) has for any f € L*(Q1),
Y € V(T) a unique solution u € H*(Qy,A?). The solution operator

(2.6) T:L*(Q) x V(I') — H?*(Q4,A?)

18 continuous.
Now we can prove
Lemma 2.7. § maps C°(R?) onto a dense subspace of V(I')'.

Proof. Assume that there exists ¢ € V(I') such that

(2.7) [6p,9] =0 forall ¢ € C5°(R?).
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Due to Lemma 2.6, the boundary value v and an arbitrary f € L?(£;)
lead to solutions T'(0,%), T(f,0) € H?(1,A?) of the corresponding
Dirichlet problems. Applying Corollary 2.1, we obtain

[5T(f7 O)a w] = [6T(fa 0)7 'YT(O’ ¢)] - [6T(07 '(/))7 'YT(fv 0)]
- /Q (T(f,0)A2T(0, ) — T(0, ) A>T(f,0)) d

=— fT(0,v) dx.

Q

From Lemma 2.4, we conclude that (2.7) holds even for ¢ = T'(f,0) €
H?(Q4,A?), such that

fT0,¢)dr =0 forall fe L*(Q).
Q

Thus T'(0,7) = 0 and the relation ¢ = ~47T°(0,v) = 0 shows that
5(C§°(R?)) is dense in V(I'). o

In the sequel we consider also the Dirichlet problem in the exterior
domain 5. Besides the Dirichlet datum we have therefore to define the
Neumann datum of functions given outside of Q1. Let  be a domain
containing Qy, and let u € H2(Q\Q;,A?). For v € H2(Q\Q;), we
define

[0u, yv] = / (pvA?u — A(pv)Au) d,
o\
where ¢ € C5°(Q) with ¢ = 1 on a neighborhood of Q;. It is clear that
the definition of ¢ does not depend on ¢. Moreover, it ensures that for
¢ € C§°(R?) there holds

(¢la,) = d(¢la,)-

In the following the pair of Dirichlet and Neumann data (yu, du) will
be called Cauchy data of u.

3. Boundary integral operators for the bi-Laplacian. Here
we apply the approach developed in Costabel [7] to study boundary
integral operators for second order equations on Lipschitz domains.
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The boundary integral operators for the bi-Laplacian A2 are based on
the fundamental solution

1
G(I7y) = §|I—y‘210g|$—y|, IvQERQ,

satisfying
AYG(z,y) = ALG(z,y) = 6(z —y).

It is well known that the operator

is the two-sided inverse of A2 on the space of compactly supported
distributions on R? and represents a pseudodifferential operator of
order —4, i.e., the mapping

(3.1) G:H:,,(R*) — HT'(R?), seR,

loc

is continuous. Note that
(3.2) A,G(z,y) = AG(x )—ilo |z — |—|—i
: yG(@,y) = Do Glay) = 5 logle -yl + 5.

We have the following representation formula.

Lemma 3.1. Let u € L?*(R?) be a function with compact support
such that the restrictions ulg, € H*(Q1), ulg, € H*(Q2) and f =
A%u|ga\r € L*(R?). Then, for x € R*\T' the representation

u(z) = Gf(z) — [{ou},vG(z, )] + [0G(z, ), {yu}],
holds, where
{yu} = (ula,) —v(ula,), {du} :=d(ula,) — d(ul),

denote the jumps across I

The proof follows immediately from the second Green formula, Corol-
lary 2.1, and the known representation formula for sufficiently smooth
functions applied in a small ball enclosing the point x.
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Next we define the biharmonic layer potentials for € R?\I' as

’CoX(l') = [X,’)/G(.’E, )]v X € V(F)lv

3.3
33 Kri(e) = (3G(a, W], X € V(D)
and the boundary integral operators

AX = 29K0X, BXx := 25(/COX|Ql)a

A4
(34 o= 2y (Kavlay), D= —20(K1la,).

Lemma 3.2. The mappings

Ko: V() — HE.(R?), Ki:V(T)— H*(Q)
A: VI —V(I), B:V(I) —WV(I), C:V(I)— V()

are continuous and Dy =0 for all ¢ € V(T').

Proof. Because of
Kox(z) = (G(z,-),7"X)rs
we can write
(3.5) KoX = Gy'X.

The adjoint of the trace map ' : V(T') — H 2 (R?) is continuous,

comp
therefore the assertion for Ky follows from (3.1).

Due to Lemma 3.1 the solution u = T'(0,) of the Dirichlet problem
(2.5) can be represented in the form

T(0,1) = KodT(0,¢) — K11,

such that from Lemmas 2.5 and 2.6, we derive

1K1 20,y < cll¥llv -

Now the mapping properties of A and C are a simple consequence
of Lemma 2.1. The boundedness of B follows from Lemma 2.5 since
AQKQX =0 in Ql-



228 G. SCHMIDT AND B.N. KHOROMSKIJ

For ¢ = (vl) e V(I'), we get from (2.2), (2.4) and (3.2) the

v2
representation

1
3:6) Ki() =~ 5- [ 0w, logle - ylds,
TJr
1
o / va(y)(log |z — y| + 1) ds,.
TJr
Hence, K19 € H%(£2;) is a harmonic function and, for any ¢ € V(T'),

Dy, ¢] = 2/ (Y A% K19 — A(y"p)AKp)de =0. o

1

The layer potentials provide the following jump relations:

Lemma 3.3.
{7Kox} = 0,{6Kox} = =X for all x € V(T),
{1} =, {6K1¢} =0 for all p € V(T).

Proof. Since u = Kox € HZ, (R?), we have y(ulq,) = v(ulq,)-

Further, from (3.5) we obtain A%u = +/X in the distributional sense,
i.e.,

/R2 uA?pdr = (V'X, o)r2 = [X, v¢]

for any » € C§°(R?). On the other hand,

/ ul?pdr = / AulAgpdx — [dp,yu]
Q Q
= [0(ula, ), vl — [0, vul,

/Q uh2p dz = —[5(ula,),ve] + (50, vul.

Thus
X, ] = =[6(KoX|a,) — 0(KoX|a,), vel,

Vo € C°(R2).
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Now let u = K19, ¢ = ( ) € V(I'). From (3.6) and the jump relations
of the harmonic potentlals (proved for example in [11] for the more
general case (v1,v9) € HY?(T') x H-/%(T")) we obtain

ulo, — ulo, =v1, Ohulo—2 — Opulg, =v2. O

Now we consider the adjoints of the boundary integral operators (3.4)
with respect to the duality form (2.2). Here and in the following, Id
denotes the identity mapping in the spaces V(T'), V(I') or V(') x V(T")'.

Corollary 3.1. The following hold: A= A" and B' = C + 2Id.

Proof. The assertion follows immediately from the symmetry of the
kernel function G and the jump relations, for example,

[BX, ] = [6(KoX|a,) + 6(KoX|a,) + X, ]
= <g7/X|Q1 + g’y/X‘§22’5/w>R2 + [Xv w]a
where 6’1 denotes the compactly supported distribution on R? defined
by
(¢, 0")r = [0p, 9] for all € C5°(R?).

Since the jump relation yields, for u = Ky,
/ ul?pdr = [5p,¢] for all p € C5°(R?)
R?2

we have A2y = §"¢ in the distributional sense, hence K11 = Gd'¢ and

(V'X, G6"Yla, + G5 ¥la,)re + X, ]
= [X,v(K1la,) +v(K1¢la,)] + [X, Y]
= [X, 2v(K1¥|a,) + ] + X, ¥]
=X, Cy]+2[x,¢]. O

[BX’ W =

Let us introduce the operator

W:=1d +C.
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Then Corollary 3.1 implies that
B=1Id + W,

and from Lemma 3.3 we derive for j = 1,2, the relations

1rela,) = 5OV + (~1)71d)y,
(3.7)

5(KoX|,) = %(w’ — (—1YTd)x.

Therefore we call W the double layer potential operator of the bi-
Laplacian on I'. The corresponding single layer potential operator on
I' satisfies a Garding inequality.

Lemma 3.4. The operator A is strongly elliptic, i.e., there exist a
compact operator T : V(T')' — V(T') and a positive constant ¢ such that

X (A+ X > ellxX[§ iy, VX e V().

Proof. For x € V(I') and u = —KoX we have the relations

1
yule, = yulo, = —§AX, {6u} = x.

We choose ¢ € C§°(R?) with ¢ = 1 on a neighborhood of Q; and set
uy = ulq,, uz = @ulq,. Then

1
§[X’ AX] = [duy, yuq] — [duz, yus]

:/ |Au1\2daj—|—/ |Auz|2dx—/ us A%uy d.
o Qs Q2

Now we use the relation

0% 2 0%uq 0%uq ouq ouq
dx = d —, 05— ) .
/Ql (81”18:1:2) v /Ql dz? 0x2 T <3:1:2’ 014 >F
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For smooth functions and any bounded domain this equality follows
from Green’s formula and (2.1). By Lemma 2.1, it holds therefore for
any HZ2-function. Hence, for us = pulq,, we have

82UQ 2 82U2 82’112 8’11,2 8’11,2
dor= | Zmmmde—{ 7,0, ) .
Qs ({91’18.22 Qo 8%1 8$2 8x2 8%1 r

Because of yu; = yus, we get

||AU1H%2(QI) + ||AU2H%2(92) = |u1|§{2(91) + |U2|?{2(92)9
here | - |fr2(q;) denotes the usual seminorm, such that

1

§[X,AX] = ‘ulﬁ_]z(gl) + |UQ|%12(92) —/Q ’lL2A2u2 dx.

2

This leads, together with Lemma 2.5, to the inequality

IXIF 0y = [l0ur — duz |3,

A

< clluallFrz (0, + luallFraia,) + 18%u2]|72q,))

IN

C
A+ (Bl + ke,

8%l + [ waaunds).
Q

2

Since A2us is smooth and compactly supported in s, the term in the
brackets is generated by a compact bilinear form of X. |

Corollary 3.2. The operator A : V(I') — V(T') is Fredholm with
index zero. If Ax € V(I'), then X € V(I')".

4. Calderon projections. Now we are in the position to define
the Calderon projections which map onto the Cauchy data of functions
biharmonic in €4 or 25. Here we follow a method developed in Costabel
and Stephan [11] for second order equations.

We define the linear spaces

L; = {Kox(z) — Kyyp(x) : (,x) € V() x V(I'), x € Q;},
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in which the solutions of the biharmonic equation are sought. From
Lemmas 3.1 and 3.2 we conclude that L is the set of all functions u €
H?(Qy) satisfying A%u = 0. Moreover, for u € Ly, the representation
formula

u(z) =€,

4.1 Kod -K =
(a.1) odula) = Krate) = { o TS0
holds.

The space Ly consists of biharmonic functions u € HZ . (Q2) providing
a special behavior at infinity, which we refer to as radiation condition
and can be described as follows. We introduce the mappings

IjX(.’L’) = [X,’ng(ZC7 )]7 X € V(F),7 J= 1(1)47
151/1: [593(55")71/)], ¢€V(F),

where the functions g;(x,y) are given by

(4.2)

gl(xay) = 1; QQ(x,y) = Wa
ly> | (z-y)?
gs(wy) =yl galwy) = 5+ P

(here z -y denotes the inner product of vectors x,y € R? and, as before,
ly|> = y - y). Note that I, I3 and I5 are linear functionals, while IoX
and I, X are functions depending on the direction of .

Lemma 4.1. For given (¢, X) € V(I') x V(T')', the function

u(z) = K1yp(x) — KoX ()

behaves for large |z| = R as

1
u(z) = —8—(11XR2 log R — Iox(z)(2Rlog R + R)
T
(4.3) + (IsX — Isy) log R + LiX(x) — Is)
+O(R™).
This expansion was proved in [4] for the case of ¢ and X having con-

tinuous components, such that from Lemmas 2.2 and 2.7 the assertion
follows immediately.
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A representation formula similar to (4.1) also holds for functions
u € Lo.

Lemma 4.2. For u € Ly with Cauchy data (vyu,du), the following

holds

u(z) =€y,

(4.4) Kiyu(z) — Kodu(z) = { 0 z €.

Proof. We enclose Q1 by a ball Bg with radius R > |z|. Then the
representation formula (4.1) is valid for the bounded domain Qs N Br
yielding

u(z) = Kiyu(z) — Kodu(x)
+ / (u0n, AG(z, 2) — AG(x, 2)Opu + Aud,,_G(x, z)
Sr

— G(z,2)0,Au) ds.,.

Using the asymptotics (4.3) of u(z) as R = |z| — oo and the asymp-
totics of the fundamental solution given in [4],
1
G(z,z) = - <R2 logR— (z-n;)(2Rlog R+ R)
™
|z

FlaPlog R+ 4 (o nz>2) LO(R™),

one obtains that the integrand permits the expansion

1
6472

{((z ) I6u — Ig5u(z)) (3(1og R—1) —2(log R)?)

_ %((2(95 n,)? = |z]?) [ou + 236U — 2146u(z)>] + O(R™?).

Obviously,

/ (z-n,)ds, = / Iyou(z)ds, =0,
SR SR
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such that the integral of the first term in the brackets vanishes. Further,
denote by 60, the angle between z and the integration point z. Then

2z -n.)% —|2]* = |z|*(2c0s? 0, — 1) = |z|* cos? b,

implying
/ (2(z - n.)? — |z*) Léuds, = 0.

Sr

Finally, we have
Idu(z) — I30u = [du, vh(z, )]

with the function

‘ 2

2 2
ZY Y Y
h(z,y) = ( |Z|2) - |T = %6052927

where now @, is the angle between y and z. Denoting by « the angle
between y and n,, we get

Oy hl(2,9) = 20y - 1) (my - 1) — (3 )
= |y|(2cos b, cos(f, — a) — cos )

= |yl cos(26, — a).

Hence,

/ (I3du — I,0u(z)) ds, = 0,
Sk

such that

/ (uOn AG(z, 2) — AG(x, 2)Opu + Aud,_G(x, z)
Sr

— G(x,2)0,Au)ds, = O(R™"). O

Now we introduce the linear operator
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where O denotes the zero mapping, and define

(4.5) B, = %(Id — (=1)720).

Theorem 4.1. For j = 1 and 2, the operator B, is a bounded
projection in V(I') x V(T') mapping onto the set of Cauchy data (vyu, du)
of all functions u € L.

Proof. The boundedness of 3; follows from Lemma 3.2. Further, for
any pair of densities (¢, x) € V(T') x V(I')’, we have

u=(—1)7 (K1) — KoX) € L
and, by Lemma 3.2 and (3.7), we derive
(71‘) = (=1) < Y(K1¢la,) — (’C0x|Qj)>
ou S(K19|825) — 6(KoX|a;)

_ (9 D2 - A2
‘(‘”< —ov - (C1pa2 )

=5 ("7" W ) (1)
— - (-2 (V)

()

Now let u € L;. Then the representation formulas (4.1) and (4.4) give
u(z) = (=1 (Kyyu(z) — Kodu(z)), =€ Q;,
thus the jump relations of Lemma 3.3 and (3.7) lead to
Y\ oy [
(52) = (&)

This shows that the mappings 8; are projections and that the Cauchy
data of all functions from L; belong to the image of ;. O
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Since the Calderon projections corresponding to the interior and the
exterior problem are conjugate,

s’pl +§’132 = Id>

the space V(I') x V(I') can be decomposed as the direct sum of closed
subspaces

V() x V(T) = {(yu,0u) : u € L1} + {(yu,6u) : u € Lo}

Further, since &B? = P;, we get

Corollary 4.1.

(4.6) (Id £ W)?/4 = (Id £ W)/2, WA =AW

5. Steklov-Poincaré operators. In this section we derive equa-
tions with the strongly elliptic single layer potential operator A for the
solution of the interior and of the exterior Dirichlet problem

A*u=0 in Qj yu =1 € V(I),

5.1
(5.1) if j = 2 then u satisfies the radiation condition (4.3),

and study the corresponding solution operators.

From Theorem 4.1 we know that any function u € L; satisfies the
relation

[ TW

(5.2 aa -3 (34) =0

the first line of this system yields in particular the equality
(Id — (=1)W)yu + (=1)? Adu = 0.

Hence, if we consider the Dirichlet problem (5.1), then for given yu = 4
the unknown X = du has to solve the equation

(5.3) AX = (W — (=1)71d)ep.
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In order to study the solvability of these equations, we make the
assumption

Assumption A.1. The exterior homogeneous Dirichlet problem
(5.1), i.e., v =0, has only the trivial solution.

Recently Costabel and Dauge proved in [8] that for any general curve
I" there exist between one and four values of the scaling factor p > 0
such that the scaled curve pI' = {pz € R? z € I'} violates assumption
A.l.

Theorem 5.1. Suppose A.1. The equations (5.3) are uniquely
solvable for any ¢ € V(I'), and the weak solution uw € L, of the
corresponding Dirichlet problem (5.1) is given by

u(z) = (-1 (K1v(z) — KoX(z)), z € Q.

Proof. The unique solvability of the interior Dirichlet problem
(Lemma 2.6) and the jump relations for the operator Ky (Lemma 3.3)
imply that the equation

AX =0

has a nontrivial solution if and only if our assumption does not hold.
Since by Corollary 3.2 A is a Fredholm with index zero, it is clear that
A: V() — V(I) is bijective.

Remark 5.1. For a smooth boundary I' and the interior Dirichlet
problem this result was formulated in [9]. It follows from the general
theory of strongly elliptic boundary integral operators developed in [6]
and [13]. mi

Now we analyze the solution operators of equations (5.3)

(5.4) T =AW — (-1)1d) : V(T) — V(T),

which exist under assumption A.1 and map the Dirichlet data yu of a
biharmonic function v € L; to its Neumann data du. The mappings 7;
are called Steklov-Poincaré operators of the biharmonic equation.
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Let us define the operators
(5.5) P; = (Id — (-=1)'W)/2: V(') — V(I),

which are bounded projections by Corollary 4.1. These projections are
well studied. Indeed, by (3.6) we have, for ¢ = (5;) € V(T') and
z € R\’

1
Ki(z) = ~5- /F 01(y)On, log |z —y| ds,
1
+ 57 [ val)logle =yl + 1) ds,

i.e., K19 is the sum of harmonic potentials and satisfies the radiation
condition

(5.6) a(log |z| + 1) + O(|z|™') for some a € R as |z| — oo.

Using the equality (3.7) for the double layer potential operator W and
the well-known jump relations for harmonic potentials, it is easy to see
that on I’

w5 )

with the boundary integral operators

Sip(a) == —= / () (log |z — y| + 1) ds,,

™

1
Dy(x) := - /r ©(y)On, log |z — y| ds,,
ong

D'p(z) == — - /so(y) log |z — y| ds,,
I

O,
Hop(z) = 7/F<ﬂ(y)8ny log [z — y| ds,.

Here D’ is the adjoint of the operator D with respect to the L2-inner
product on I'. The mapping properties of matrices of the harmonic
boundary integral operators corresponding to the fundamental solution,
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—log |z — y|/2m, were studied for example in [11]. From these results
it is evident that the operators

%(Id + (=1)*w)

are bounded in H'Y/?(T') x H~'/(T") and project onto the boundary
values of weak solutions of the Laplace equation in €, which are
subjected to the radiation condition (5.6) if ¥ = 2. By Lemma 3.2
the restrictions of these Calderon projections are bounded in V/(T').
Therefore we obtain from (5.5)

Lemma 5.1. The trace space V(T') is the direct sum
V) =W+W
of the closed subspaces

Vii=imP; = {yu:u € HE, (D), Au = 0,u satisfies (5.6)},
Vo i=imPy = {yu:u € H*(Q;), Au=0}.

Note that the mappings P; appearing on the right-hand side of the
boundary integral equation (5.3) for the interior, j = 1, and exterior,
j = 2, Dirichlet problem project onto the traces of functions harmonic
at the opposite domain.

The dual space V(I')’ is the direct sum of the corresponding polar
sets
VD) =W

which, in view of

(5.9) Vit = (imP;)* =kerPj =im (Id —P})

coincide with the image of the adjoint of the conjugate projection. The
commutative relation (4.6) implies that

AP! = P AP} = P, A,
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yielding the equality
A =P AP] + P AP;.
Using (5.9) and Theorem 5.1, we derive

Lemma 5.2. The operator A is the direct sum of the mappings
AV — Vo and A:Vi — Vi,

which are bijective if the assumption A.1 is satisfied.

Now we show that A is a positive definite operator on a subspace of
V(T')'. Let us denote by P; the space of linear functions on R? and set

UT) ==~ (P1).
Lemma 5.3. There exists a constant ¢ > 0 such that, for any
X € I(T)*, the following holds
[ AN 2 ellXF -

Proof. We set u = —KoX, u1 = u|o, and us = u|q,. For any ball Bg
enclosing €27 the first Green formula yields

[X, AX]/2 = [du1, yu1] — [dug, yus]

:/ |Au1|2d:§+/ |Auz|? d
Q Q2NBr

—/ (Aug0pus — u20,Aug) ds.
Sr

Because of X € I(I')1 and the definition (4.2), it is clear that ;X =
Ix(z) = 0, leading to

1
ug(x) = 3 (Isxlog R + I;X(2)) + O(R™Y)  for |z| = R.

T
Hence, Auy € L?() and the integral over Sk converges to zero as
R — oo such that

(X, Ax] :2(/ |Au1|2dx+/ |Au2|2d:c> >0
Q Qo
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for X # 0. Since A is symmetric and strongly elliptic, the last inequality
implies that A is even positive definite on I(I")L. O

Remark 5.2. The polar set [(T')* can be identified with the dual of
the factor space V(I'")/I(T"); therefore, the inequality

DG AX] > ellXfy oy juryys YXE (VT)/UT)Y,

is valid with some constant ¢ > 0. This was used by Bourlard in [2] to
prove the existence of the solution u € Ly of (5.1) in the form

u(z) = [KoX](x) +pi(x), =€y,
where X € (V(T")/I(T"))" solves
[0, AX] =2[p, 9], Ve (VD)D)

|KCoX] is an element of the corresponding factor class in L;/P; and
p1 € Py is the linear function satisfying

yp1 =1 —y[KoXx]. O

Now we come to some consequences of the previous results.

Corollary 5.1. The restriction of A on Vz- C V(') is a symmetric
and positive definite operator between the dual spaces

A:Vih =imP] — Vi = imPy.

If the assumption A.1 is violated, then ker A C Vi and ker ANI(T')+ =
.

Corollary 5.2. x € V(I') coincides with the Neumann data du of
a function uw € L; if and only if [X,yv] = 0 for any harmonic function
v € HE () satisfying additionally the radiation condition (5.6) if
j=2.
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Corollary 5.3. If X € VjJ-, then the function KoX € HZ_ () is
harmonic in Q; and satisfies, in the case j = 2, the radiation condition
(5.6).

Proof. Corollary 5.2 states that, for any X € VjJ-, there exist u € Ly,
k = 3 — j, such that X = du. The representation formulas (4.1) and
(4.4) imply that

Kiyu(z) — (=D)Fu(z) =€ Q,
Kiyu(x) x € Q. o

Kox(z) = {

Now we are in a position to formulate some properties of the Steklov-
Poincaré operators. By (5.4) and (5.5) we get

T, =2 (-1)YTAT'P; =2 (-1)T'PjATP;

such that the following assertions hold.

Theorem 5.2. The Steklov-Poincaré operator Ty which maps the
Dirichlet data yu of a biharmonic function u € H?(Q4) to its Neumann
data 6U is continuous from V(L) into V(T'), symmetric with respect
to the duality (2.2), and there exists ¢ > 0 such that

(T1, %] > c[|Piy|lvy, Vo e V(D).

Moreover, the image im7y C V(T') is the closed subspace of elements

which are orthogonal to the traces v of all harmonic functions v €
H?(Oy).

Theorem 5.3. Suppose A.1 is true. Then the Steklov-Poincaré
operator Ty which maps the Dirichlet data yu of a function u € Ly to
its Neumann data du is continuous from V(T') into V(T'), symmetric
with respect to the duality (2.2), and there exists ¢ > 0 such that

— [T, 0] > c|Potllvry, Vo € AQD)L).

The image im Ty C V(T') is the closed subspace of elements which are
orthogonal to the traces yv of all harmonic functions v € HZ_(Qs2)
satisfying the radiation condition (5.6).
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Remark 5.3. The previous results confirm the well-known fact that
the Neumann problem

A*u=0 inQ;, du=xe V()

is not elliptic. A variational approach to boundary conditions different
from the Dirichlet one is based on the bilinear form
(5.10)
2 2 2, 92 2. 92
/ <Aum+<l_a><2 Ou_ O _@ﬂ_@ﬂ»m,
(o1

02102 011019 022 023 Ox3 Ox?
O0<o<1,

which is closely connected with the plate equation. A detailed analysis
of certain indirect integral equation methods on smooth boundaries for
these problems is contained in the book [3] of Chen and Zhou. Up
until now, the case of a nonsmooth curve I" has not been analyzed
in the literature. It is possible to modify our methods accordingly to
the form (5.10) such that direct boundary integral equations for plate
problems on domains with corners can be derived and analyzed. ]

6. Boundary integral equations for Dirichlet problems. In
this section we derive systems of integral equations for the interior and
exterior Dirichlet problems and study the existence and uniqueness of
corresponding solutions.

First we consider the concrete form of the mappings A and P; which
are 2 X 2 matrices of integral operators. In view of (2.2) and (3.4), the
action of the operator A can be written as

6.1)  Ax= (;, _CB) (L’;) X = (E) ev(Ty

with the integral operators
Agl@) = =2 [ Glap)oly) ds,
Bp(o) i= =2 [ 01, Gla)e(s) ds,.
Bpla) == ~20,. [ Gla.v)oly) ds,

Co(x) = 28%/F8nyG(x,y)s0(y) dsy.
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By the duality (2.2) and (5.7) we have

, (D' S\
v )

hence, the commutative relation (4.6) leads to the equalities between
the integral operators

AD' — BS = DA — SB/,
B'H-CD=HB-DC,
AH + BD = —DB — SC,
B'D'+CS=—-HA-D'B.

(6.2)

According to (5.5) the projections P; have the form

_1(I1-(-1)D  (-1)S
Pji( (-1)7H I+(—1)jD’>’

, 1 (I—(-1yD —(-1)H
Pji( —(-1)78 I+(—1)jD>’

which implies the well-known relations for harmonic boundary integral
operators

D?*+SH=D?4+HS=1,

(6.3) )
DS=SD, HD=DH.

For the following we mention some other properties of these operators.
It is well known that there exists a unique p € H~/(T), the Robin
potential, with {p, 1) = 1 such that the logarithmic potential

/ p(y)log |z — y| ds,

r

is constant, say = v, on I'. The positive number
capl’ =¢”

is called the logarithmic capacity of I'. We introduce the assumption
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Assumption A.2. The curve I is such that capT # e~ !.

Clearly, A.2 means that the exterior Dirichlet problem for the Laplace
equation

Av =0 1in Qo, vlp =0, v satisfies (5.6),

has in H}

loc

(Q2) only the trivial solution v = 0.

Let us note that, in the simplest case of a circle I" both assumptions
A.1 and A.2 coincide, they are valid if the radius of the circle r # e~ 1.

Evidently, if A.2 holds, then the operator S has a trivial kernel.
Moreover, S maps H~'/?(T") isomorphically onto H/2(T') and the
subspaces V; C V(I') can be characterized by the relation

(6.4) Y= (Z;) €V = vy =S D+ (1) Dv.

Turning to the duals and using (6.3) we obtain the characterization of
Vi cv(Ty

(6.5) X = (Z;) eV = v =S D+ (-1)1)vs,

where, of course, the equality is understood in the weak sense, i.e.,
(o1, @lr)r = (v2, STHD + (1)’ Dglr)r  for all p € C5°(R?).

Concerning the double layer potential D we note that the kernel of the
operator I — D is trivial, whereas the operators I + D and I + D’ have
one-dimensional kernels spanned by the constant function on I' and by
the Robin potential p, respectively.

The mentioned properties can be easily deduced from known results
about harmonic potentials corresponding to the fundamental solution
—log |z — y|/2m, from Corollary 4.1 and the fact that the projections
P; are bounded in V/(T').

In Section 5 we have already studied the equations for solving the
interior, j = 1, and exterior, j = 2, Dirichlet problem

AX =2 (=17 H1P;y,
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which can be written as the system

Avi = Bog = (D = (-1)' ) f = S

B'vy + Cvy = —H fy — (D' + (=1)71) fa,

where (f;) = 1) € V(T') are the given Dirichlet data and ( ) =o0u=

X € V(T') are the unknowns. From the results of Section 5 it follows
that, under assumption A.1, the unique solution X belongs to the closed
subspace

(6.6)

X € im P} = ker(I — Pj).

Consequently, we obtain, in view of (6.5),

Lemma 6.1. Suppose Assumption A.1 holds, and let j = 1 or
2. The unique solution (:;) € V(') of the system (6.6) solves the
corresponding systems of boundary integral equations

A’Ul — BU2 = (D — (—1)jl)f1 — Sf2

(6.7) .
SUl — (D — (—1)JI)U2 = O7

and

(6:8) B'vy 4+ Cvy = —Hf1 — (D' 4 (=1)71) f>

Svy — (D — (=1 T)vy = 0.
For the opposite direction we have the following result.

Lemma 6.2. Suppose Assumption A.2 holds, and let j = 1 or
2. Then any solution (Z;) € V(T') of the system (6.7) satisfies the
equations (6.6).

Proof. Since the operator S is invertible, we get from (6.2) and (6.3)
the equalities

(6.9) B'SYD-(-1)I)+C
= (B' (D' — (-1)I)+CS)S™*
=(-HA - DB (-1)7B")S™t
=S (D*-1)A— (D +(-1)'T)SB")S™!
=S YD+ (-1)I)(—(-1)A+ AD' — BS)S~!
=S H D+ (-1 I)(AS~(D - (-1)’I) - B)
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and

(6.10) —Hfi — (D' +(=1)71)fs
=S H D+ (-1)))((D - (=1)/I) f, = Sfa).

Hence, for v; = S™1(D — (—1)71)vy we derive
B'vy + Cvy = S™HD + (=1)’I)(Av; — Buy),

showing that the second equation of (6.6) is a consequence of the system
(6.7). O

Now we are able to prove solvability conditions for the boundary
integral equations of the interior and exterior problem.

Theorem 6.1. Suppose that T' satisfies Assumption A.2. For any
Y = (2) € V(T') the systems of boundary integral equations

A’Ul — B’UQ = (D +I)f1 - ng

6.11

( ) SUl—(D+I)U2=0

and

(6.12) B'vi+Cvy=—-Hfi — (D' —1)f;

Svy— (D+ 1wy =0

are uniquely solvable. The solution X = (Z;) € V(T') coincides with
the Neumann data du of u € H?(§);) solving the interior Dirichlet
problem

A2y =0 inQy, ~u = 1.

Proof. Lemma 6.2 states that any solution of (6.11) solves the system

A’U1 - B’UQ = (D+I)f1 - ng

(613) B/’Ul +Cvy=—-Hf, — (D/ _ I)fQ
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The same assertion is true for (6.12). Indeed, since the operator I — D
is invertible we get for j = 1 from (6.9) and (6.10)

Avy — Buy = (D — I)7'S(B'v; + Cuy)
=D -1)""'S(—Hf1 — (D' —1)f2)
=D +1)f1 = Sfe
On the other hand, due to Lemma 6.1, both systems are solvable for
any 1 € V(I') if T satisfies Assumption A.1. But the righthand side
of (6.13) belongs to V4 = im Py such that from Corollary 5.1 it follows

that (6.11) and (6.12) are solvable for any ¢ € V(I') even if A.1 is
violated.

So it remains to show that the solution is unique under A.2. This
follows immediately from Corollary 5.1, since Corollary 3.2 and (6.4)
imply that x € Vi*. n]

Remark 6.1. The system of boundary integral equations (6.12), which
coincides with (1.2) given in the introduction, seems to be a new
equivalent integral formulation of the interior Dirichlet problem for the
bi-Laplacian. This system has at least theoretically some advantages
compared with (6.11) or (6.13) concerning the numerical solution of
this problem. Let, for example, the boundary of 2; be smooth. Then
the integral operators are one-dimensional pseudodifferential operators
on the closed curve I'. In particular, the operator S with logarithmic
kernel is a strongly elliptic pseudodifferential operator of order —1,
whereas D is a smoothing operator, i.e., has the order —oo. From

1 1
_8nIG(;v7y)——(nm,x—y)(glogx_y|+8_ﬂ-)

On, Ony G, y) = —(namy) (= log o — | + ==
n, Un, T,Y)= Mgy Ny T og |x y .

(N, —y)(ny,  —y)
dr|z — y|?|

it can be easily seen that the mappings B’ and 2C — S are pseudodif-
ferential operators of order —3. Thus the system (6.12) corresponds to
the bounded mapping

o gy HO HHD)
V.= I1-p s )¢ X — X , s€ER,
Hs~YT) H:(T)
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which discretization provides a better conditioning than the systems
(6.11) or (6.13). Moreover, V represents a compact perturbation of the
simpler operator-matrix with lower triangular structure

HS(I‘) HS+1(F)
Vo :i= (SL/IQ g) : X — X ,
H*~1(T) H*(T)

which is bijective for any s € R if I satisfies assumption A.2. Thus,
applying as in [10] well-established approximation results for pseudod-
ifferential operators, it is easy to prove the convergence of Galerkin and
certain collocation methods for solving (6.12). |

Now we consider the Dirichlet problem for the exterior domain.

Theorem 6.2. Suppose that I' satisfies Assumption A.1. Then, for
any Y = (fl) € V(T'), the systems of boundary integral equations

2

A’Ul — B’UQ = (D — I)f1 — ng

(614) B,’Ul =+ C’UQ = —Hf1 — (D/ + I)fg
and
(615) A’Ul — B’UQ = (D — I)fl — ng

Svl — (D—I)’Ug = 0,

vy

are uniquely solvable. The solution X = (Uz) € V(T') coincides with
the Neumann data du of the function uw € Lo solving the exterior
Dirichlet problem (5.1) with yu = . If Assumption A.1 is violated,
then systems (6.14) and (6.15) with vanishing righthand side possess
nontrivial solutions.

Proof. From Lemma 6.1 we know that, under A.1, the solution of
(6.14) solves (6.15), too. Hence, in view of Theorem 5.1, it suffices to
prove that (6.15) is uniquely solvable. To this end we show that the
second equation of this system determines Vi even if Assumption A.2
is violated.

Indeed, in this case the Robin potential p spans the kernel of the

operator S and we have (2) = yw with a nontrivial solution w of the
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homogeneous Dirichlet problem for Laplace’s equation in €25 satisfying
the radiation condition (5.6). Note that, in general, yw ¢ V(I');
this would require a smoother curve, say I' € C*®. But the vector
(6) € V(I')Y, and in view of Corollary 5.2 we obtain that ([ ) € V-
and consequently

(616) X:<Zl) E‘/IJ'<:>57)1—(D—I)’U2=0.
2

vy

Thus the solution X = (w) of the homogeneous system (6.15) belongs
to Vi*; from Corollary 5.3 we conclude that KoX € H?(;) is harmonic.
But the first equation of this system requires CoX|r = 0 such that
Kox = 0in ©Q; and AXx = 0. Hence, the homogeneous system (6.15)
has a nontrivial solution only if Assumption A.1 is violated. o

The previous result gives a necessary and sufficient condition on I to
derive equivalent boundary integral equations for the exterior Dirichlet
problem, whereas Theorem 6.1 contains only a sufficient condition for
the interior Dirichlet problem. We can prove that Assumption A.2
is also necessary for the unique solvability of the systems of integral
equations if I" is sufficiently smooth.

Theorem 6.3. LetI € CY*, 0 < a < 1, capl’ = e ! and
fi = fa = 0. Then the systems (6.11) and (6.12) possess nontrivial
solutions.

Proof. We construct the nontrivial solution of (6.11) following a
method in Fuglede [14]. Since capl’ = e~ ! there exists a function
w harmonic in Oy, satisfying the radiation condition (5.6) such that
w|r = 0 and yw # 0. The condition T' € C1® ensures yw € V(T') such
that the solution u of the Dirichlet problem

A%y =0 in Qq, Yu = yw,

provides 0 # du € Vi~ and Adu = 2P;yw = 2yw. Hence du € V(T
solves the homogeneous system (6.11).

To get the nontrivial solution of (6.12), we start with Ko () €
H?(€), see the proof of Theorem 6.2, and denote A (g) = 27K (8) =
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2 (Zg ) Then we solve the Neumann problem for the Laplace equation

Av =10 in Qo, Opv|r = —wsy, v satisfies (5.6).

It is well known that T' € C1® implies yv € V(I'); hence, the solution
of the Dirichlet problem

A’u=0 inQy, YU = Yo,

gives du € Vi with Adu = 2P;yv = 2yv. So we derive

(e @)-+(m)

Now we use that A.2 is violated. Then Sp = 0 and, for X = (Z;) €
V(T')’, we obviously obtain the relation

(6.17) Svl—(D+I)v2—0<:>X€V2J‘—i—span{(g)}.

Thus du+ ( g) is a nontrivial solution of the homogeneous system (6.12).
O

Remark 6.2. The system (6.11) with the operator S replaced by the
usual weakly singular operator

1
Sip(e) = =1 [ logle —slolu) ds,

was introduced in [4] and analyzed in [14] for the case that the data
satisfy the conditions I' € C*<, f; € CH(T), fo € C(I'). It was proved
that the corresponding integral equations are uniquely solvable and
provide the solution of the interior Dirichlet problem if and only if the
boundary is subjected to the assumption capI" ¢ {e=1,1}. It can be
easily seen that, under this assumption, the assertions of Theorems 6.1
and 6.3 remain true for the systems (6.11) and (6.12) with the operator
S1 instead of S. o
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