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SOLITARY WAVE, BREATHER WAVE AND ROGUE
WAVE SOLUTIONS OF AN INHOMOGENEOUS
FIFTH-ORDER NONLINEAR SCHRODINGER
EQUATION FROM HEISENBERG FERROMAGNETISM

LIAN-LI FENG, SHOU-FU TIAN AND TIAN-TIAN ZHANG

ABSTRACT. In this paper, we consider an inhomo-
geneous fifth-order nonlinear Schrodinger equation from
Heisenberg ferromagnetism, which describes the dynamics of
a site-dependent Hisenberg ferromagnetic spin chain. Based
on its Lax pair, we study the determinant representation
of the n-fold Darboux transformation (DT). Furthermore,
by using the n-fold DT, we obtain the higher-order soli-
tary wave, breather wave and rogue wave solutions of the
equation, respectively. Finally, the dynamic characteristics of
these exact solutions are discussed.

1. Introduction. In [9], Fokas proposed an integrable generaliza-
tion of the nonlinear Schrédinger (NLS) equation

(1.1) U — Vg + YUge + J|u|2(u +ivu,) =0, o+l

by using bi-Hamiltonian methods, where v and v are nonzero real
parameters and u(x,t) is a complex-valued function. When v = 0,
(1.1) reduces to the NLS equation. Equation (1.1) arises as a model
for nonlinear pulse propagation in monomode optical fibers and is the
first negative member of the integrable hierarchy associated with the
derivative NLS equation [16]. In [18], Lenells and Fokas applied the bi-
Hamiltonian structure to write the first few conservation laws of (1.1)
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and derive their Lax pair, by which they solve the initial value problem
and analyze solitons. In [39], Tian and his collaborators obtained the
quasi-periodic waves and rogue waves to a (44 1)-dimensional nonlinear
Fokas equation.

Recently, rogue waves (RW), a special type of solitary wave, also
known as monster waves, killer waves, extreme waves, and giant waves,
have attracted much attention in the physical branch of mathematics.
Rogue waves have been observed in many fields, such as oceanics
[2, 3, 14, 24, 26], finance [52] and nonlinear optics [15, 28, 54],
and there are several techniques, which can be used to investigate
rogue waves, such as the dressing method, the Backlund transformation
method, Darboux transformation (DT) method, bilinear method, etc.,
1, 8, 10, 11, 13, 17, 19-23, 25, 29, 30, 36-38, 47, 51, 53,
55-57]. Recently, we have studied the breather wave, rogue wave and
solitary wave solutions of some nonlinear differential equations by using
the Hirota bilinear method [5-7, 27, 31-35, 40—46, 48—50].

In this paper, we mainly study the following inhomogeneous fifth-
order nonlinear Schrédinger (NLS) equation [4]

iqt - ZEsza::rw - 102€|q|2Q$zw - 2OZEQ:1;(I*QM - 30%5|q|4Q$
- 1Oi5(|qm|QQ)m + Qua + QQ|Q|2 —igq, =0,

(1.2)

where ¢ = ¢g(x,t) is a complex function, = and ¢ denote the spatial
coordinate and scaled time respectively, € is a perturbation parameter,
and the asterisk represents the complex conjugate.

As far as we know, the breather wave and rogue wave of eq. (1.2) have
not previously been discovered. The primary purpose of the present
paper is to employ the DT method to construct higher-order solitary
wave, breather wave and rogue wave solutions of eq. (1.2), respectively.

The outline of this paper is as follows. In Section 2, we present a
simple method to obtain the determinant representation of the n-fold
DT. In Section 3, Based on the DT, we obtain the one- and two-soliton
solutions, first-breather solution, first-rogue and second-rogue waves,
respectively. Finally, some conclusions are discussed in the last section.

2. Darboux transformation. The Lax pairs corresponding to in-
homogeneous fifth-order NLS equation (1.2) can be given by the two
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matrix spectral problems [4]

where ¢ = (¢1, ¢2)’, and
(2.2) U= (_;i‘ ;i) L v= <_V‘1/}2 _Vllff) :
where

Vi = —16i\%e + 8iX3e|q|? + 4 % (qq — q.q") — 2i)?
23) — 2ire(qq}, + Guad” — |g2|” + 3lq|*)

— A+ i|q)* + e(Queed” — UG py + Qe — Guad
+6lal*q*q. — 6la*azq),

(2.4)

Viz = 16X"eq + 8iX%eq, — 4Ne(qas + 2|q/%q)
— 20iAe(quan + 6]0)°¢s) + 2Xq + igs + ¢
+ &(quaze + 8117 Gz + 20° ¢y + 4la2?q + 654" + 6[q|*q).

Here, ) is a constant spectral parameter, 1) is called the eigenfunction
associated with A of eq. (1.2). In addition, eq. (1.2) is equivalent to the
compatibility condition Uy — V, + [U, V] = 0.

2.1. One-fold Darboux transformation. Now, we will introduce a
simple gauge transformation
(2.5) Pt = Ty,

After this gauge transformation, we can transform linear problems (2.5)
into a new one possessing the same matrix form, namely,

(2.6) Yl =pllypll, gyt = iU 4 7y,

(2.7) W _ yllytl ylpl) — gy plly,
By cross differentiating (2.6) and (2.7), we obtain

2.8) v -yl vl =1, - v, + [U, V]) (TH) L
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This means that, in order to make eq. (1.2) invariant under the
transformation (2.5), it is necessary to search a matrix T so that
UM and VI have the same forms as U and V. At the same time, the
old potential (or seed solution) (g, ¢*) in spectral matrices U and V are
mapped into new potentials (or new solution) (g!!l, ¢"*) in transformed
spectral matrices UM, VI,

Next, we assume that the Darboux matrix T in (2.5) is of the
following form:

[1] _ ~[1] _ 1 0 ag bo
e () R )

where ag, by, cog and dy are the functions of x and ¢, which will be
expressed by the eigenfunctions associated with A and seed solutions
(¢,¢*) in the Lax pair. Firstly, setting two eigenfunctions 1; as

_ (90 o
(2.10) Vi = (¢j2> . i=1,2,....2n,
b1 = ot X;),  Pja = Pia(@,t,Ag).

Note that ¢1(z,t, A) and ¢a(x, t, \) are two components of eigenfunction
¥ associated with X in eq. (2.1). It should be pointed out that, since
the eigenfunction

(211) w= ()

is the solution of the eigenvalue equations (2.1) corresponding to \j,
and the eigenfunction

(212) o= ()

71

*

7, where * denotes

is also the solution of eq. (2.1) corresponding to A
the complex conjugate.
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From now on, we assume that even number eigenfunctions and
eigenvalues are given by odd ones, as in the following rule:

Agj = )\Sj—la
P2j1 = _¢;j—1,2()‘2j—1)a

P22 = ¢35_1.1(A2j-1),
j: 1,2,...,71.

(2.13)

For convenience and simple mathematical operation, we derive the
following theorem.

Theorem 2.1. The elements of a one-fold Darbour matrix are pre-
sented with the eigenfunction 11 corresponding to the eigenvalue A1, as
follows:

(2.14)
“ :_L Ao11 12 b :L Ao11 b1
0 Ay |A2g21  Paa|’ 0 Ay |A2g21 P21’
oo — 1 d12 A2 d :_i d11 Aid12
0 Ay |22 Aoz’ 0 Ay |P21 Aoz’
1 (Mo g2 1 |Mdn oun
A2 |Xatpa1 o2 A2 | Xoho1 a1
— THO; ) = 2021
(i h) 1 [P12 Mo 1 |1 Mg |
A2 |hog Ao A2 D1 Aaghao
with
$11 912
2.15 Ny =
( ) 27 o1 paal’
and then the new solution ¢ is given by
1 Mo o
2.16 M= g4 2i— |17
(2.16) 4 ¢t ZAQ Aador  Po1|’

and the new eigenfunction wjm corresponding to \; is

(2.17) T AR YD V) | N

2.2. n-fold Darboux transformation. By n-times iteration of the
one-fold DT T, we obtain the n-fold DT T of eq. (1.2) with the
special choice on Ag; and ¢9; in (2.13). In order to save space, we
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omit the tedious calculations of T and its determinant representation.
Then, we give ¢[") in the following theorem.

Theorem 2.2. Under the choice of eq. (2.13), the n-fold DT T
generates a new solution of eq. (1.2) from a seed solution q, as:

.Na
2.18 = g —2i =22
(2.18) q = 2ip
where
(2.19)
o111 P12 Mon Moz - ANTlon ATén
P21 P22 Mg Aagoz oo AyTlgar ABom
®31  ¢32  A3¢a1 Aagaz o0 A los Aiém
Nonw= |04 s Madbu Moaz -+ NiTloa Nida |
Gon1  Panz Aondani Aandana 0 Aon Tdon1 AB,dont
(2.20)
P11 P12 Ao Moz - ANTlon AT lon
P21 P22 Ao Dodhos o+ A o AT oo
P31 P32 A3da Asgzz o AT ldsr AL lgs
Don =164 sz Maom Madas - N o AN oo
Gon1  Boanz Aan@ani Aanbonz o Agn tPan1 MY 10on2

3. The explicit solutions. In this section, we will use Theorem 2.2
to construct the explicit solutions of eq. (1.2), including the solitary
wave, breather wave and rogue wave solutions.

3.1. Solitary wave solutions.
(i) Let the seed ¢ =0 and Ay = o +i3. Then,
b1 = e iz +(16eAT+227+A1)t)

(3.1) | o
¢12 _ ez()\lm+(16s)\‘1’+2)\2+)\1)t)’

where ¢11 = ¢35, P12 = —P3;.
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Taking ¢11 and ¢12 given by eq. (3.1) into (2.16), we obtain one
soliton solution

266_2if2
3.2 M=z
(32) ¢ cosh(2f1)
with
fi = =168t 4+ 1600233t — 80 Bet — daft — Bt — B,

3.3
(3:3) fo = 80aBret — 160a°B2et + 16a°ct — 262t + 2a%t + at + ax.

(ii) Let the seed ¢ = 0 and Ay = a + i3, A3 = £ 4+ in. By solving
linear problems (2.1), the eigenfunctions can be obtained as following:

P11 = e~ 1 A1z (16eXT+20T+X1)1)
)

bro = ei(A1x+(165,\§+2,\§+A1)t)

(3 4) 12 9
’ _—i(M3z+(16eA3+2X2 4+ 2s)t

¢31 —e ( 3 ( 3 3 3) )7

_i(Mgz+(16eA34+2024+23)t
¢32—€Z( 3x+(16eA;3 3 3))’

where ¢11 = ¢35, P12 = =31, P31 = ¢y and ¢32 = —P;.
Choose n = 2 in eq. (2.18). Then, we have

(3.5) g =—2i2,

where

P11 P12 Mo Mon
N, = P21 P22 Aaga1 A3¢an
b3 d32 Asds1 A3dar|’
a1 a2 Mada1 Aidar

$11 012 M1 Aid12
Dy — $21 P22 Aadar  Aadao
31 ¢32 A3d31 A3h3a|”
Ga1 a2 Aadar Aadao

Based on this, we can obtain the two-soliton solution of eq. (1.2). In
addition, through iterations of the DT, we can directly obtain the n-
soliton solution of eq. (1.2) from a trivial solution.
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(a) (b) (©)
Figure 1. (Color online). One-soliton wave (3.2) for eq. (1.2) by choosing
suitable parameters: a = 0.5, 8 = 0.5, ¢ = 0.5. (a) Perspective view of the
real part of the wave. (b) Overhead view of the wave. (c) Wave propagation

pattern of the z axis.

(a) (b) (c)
Figure 2. (Color online). Two-soliton wave (3.5) for eq. (1.2) by choosing
suitable parameters: a = 0.5, 8 = 0.5, £ = 1/3, n = 1/3, ¢ = 1/2.
(a) Perspective view of the real part of the wave. (b) Overhead view of
the wave. (c) Wave propagation pattern of the z axis.

Figures 1 and 2 describe the one- and two- soliton solutions, respec-
tively. Figure 1 describes the one-soliton solution. By choosing suitable
parameters, we can observe the amplitude of the one-soliton |q[1]|2 of
eq. (1.2). Figure 2 describes the two-soliton solution. Applying all of
these effects for |¢l?!|?, we obtain something similar to Figure 1.

3.2. The first-order breather wave solution. In this section, we
first solve the eigenfunctions associated with a periodic seed ¢ and use it
to obtain a first-order breather by using the determinant representation
of one-fold DT in (2.16).

Starting with a non-zero seed

(3.7 q=ce®,
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with p = ax+bt, b = 2c>*+a—a?+e(a®—20a®c*+30ac?), a,b,c € R. By
using the principle of superposition of the linear differential equations,
then the new eigenfunctions corresponding to A; can be provided by

(3.8) ¥ = (ddwezizgig + dQZ:(a/Z +c+ )\j)ei(j(/z/;d)d)> 7
ace +dii(a/24+ 1+ Aj)e P
with
2
cp =14/ + ()\jJr;)
= hgr + thy, d = (x4 cat)eq,
dy = ez‘cl(so+s15+~~+sn,15"*1)’
(3.9) dy = e—icl(s0+516+~~+sn,15"*1)7
co = a*e — 2a®e); — 12a%c®e + 4a’eX} + 12ac’e ),
— 8a€)\§? + 6¢te — 8025)\? + 168)\? —a+2\+1
=dp+d;.
Here, s; € C,i1=0,1,2,...,n — 1, § is an infinitesimal parameter.

For convenience, let a = —2«. Using the one-fold DT and A\; = a+if8
(j = 1), then we obtain the following first-order breather:
(3.10)
n (C + 2p{ w1 cos(2G) —ws cosh(2F)]—i[ (w1 —2c?) sin(2G) —ws sinh(QF)]})eip’

Tor = w1 cosh(2F) —ws cos(2G)
with
a 2
wr =+ (hr 4B+ (a+hR+2) ,
(3.11) wy =2c(hr +m),  ws =2C<a+hR+;>,

F =zhr + (drhr + d[hR) t,
G =xhgr + (dRhR — d[h[) t.

This is a periodic traveling wave. The coefficient € can affect the period
of the breather wave through G.

It is not difficult to find that
(3.12) gy | = (c+28)°,
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which is the height of peaks of this breather wave. From eq. (3.12), we
can easily find that height has nothing to do with a, a and ¢, but this
does not mean that ¢ cannot affect the properties of the breather. As
a matter of fact, it is not hard to see from eq. (3.10) that e actually
controls the period of the breather wave. This observation can clearly
be seen in Figure 3.

(d) () ()
Figure 3. (Color online). Dynamical evolution of |ql[71T]|2 of eq. (3.10) with
specific parameter o = 0.2, 5 = 0.4, ¢ = 0.7, so = 0. Perspective view of the
real part of the wave: (a) e = 1. (b) e = 1.5. (¢) € = 2. Overhead view of
the wave: (d) e =1. (e) e =1.5. (f) e = 2.

3.3. Higher-order rogue wave solutions. In this section, we shall
construct higher-order rogue waves of eq. (1.2). We mainly use (3.8)
to study the higher-order rogue waves. Generally, it is difficult to
derive higher-order rogue waves from multi-breather solutions, since
the explicit expression of the nth order breather is very challenging to
calculate when n > 2. We can overcome this problem by using the
coefficient of the Taylor expansion in the determinant representation of
a higher-order breather ¢ [12].

When n = 1, the first-order rogue wave of eq. (1.2) follows from

T — 16ic2t + 160ic2a’te — 480ictate — 3\
(3.13) qE},z—( Gic*t + 6021613_?5 80ictate 3)06”77
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with

(3.14)

T = 100a®c*t?e? —800a° c*t?e? +6000a* c®t%e? +3600c' 2 — 80a° c*t2¢
+ 640a>c*t%e + 480ac’t?e + 40a4c230t5 + 40a*Pt?e + 40a*Ptae
— 480a%c*sote — 480a*c*t?e — 480a*c*tre + 240c%sote + 240c°t%e
+ 240c%tze + 16022t 4+ 1642 — 16ac?sot — 16ac?t? — 16ac?tx
+ 4028(2) + 8c%sot + 8c?spx + 4t + 82 tx + 422

It is trivial to find that |ghs|?> = ¢ when 2 — oo and ¢ — co. This

also means that the asymptotic plane of |q7[i]u|2 has the height ¢2. In

Figure 4, for larger values of ¢, it is clear that the compressions in the
t direction are quite high.

(d) (e) (f)

Figure 4. (Color online). Dynamical evolution of the first-order rogue wave

|q£ﬂ,|2 of eq. (3.13) with specific parameters ¢ = 0.8, a = 0.5, s = 0.
Perspective view of the real part of the wave: (a) e =1. (b) e =2. (c) e = 3.
Overhead view of the wave: (d) e =1. (e) e =2. (f) e = 3.

When n = 2, we construct the analytical formulas for the second-
order rogue wave. However, due to their long expressions in describing
the solution, we do not present them here. The second-order rogue wave
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consists of two patterns. The first part is the fundamental pattern; it
has a highest peak surrounded by four small equal peaks in two sides.
Its evolution is presented in Figure 5 with the condition sy = s; = 0.
From Figure 5, we can see that ¢ can affect high compression in the ¢
direction. The second part is a triangular pattern, which consists of
three equal peaks. As is shown in Figure 6, when taking d; # 1,
and do # 1, the large peak of the second-order rational solution
is completely separated and forms a set of three first-order rational
solution for sufficiently large s1, while sg = 0, and actually forms an
equilateral triangle. From Figure 6, we can see that, as the value of ¢
increases, the rogue wave compression increases.

(d) (e) ()

Figure 5. (Color online). Dynamical evolution of the second-order rogue

wave |q£2u],|2 with specific parameters ¢ = 0.6, a = 0.5, s1 = 0. Perspective
view of the real part of the wave: (a) e = 1. (b) e = 1.5. (c) € = 2. Overhead
view of the wave: (d) e =1. (e) e =1.5. (f) e =2.

4. Conclusion and discussions. In this work, we have investi-
gated an inhomogeneous fifth-order nonlinear Schrédinger equation
from Heisenberg ferromagnetism. From its Lax pair, we obtained the
n-fold Darboux matrix of eq. (1.2). On the basis of the Darboux trans-
formation and some periodic seed solutions, we obtained the first-order
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(d) () (f)

Figure 6. (Color online). Dynamical evolution of the second-order rogue

wave \q?u],\z with specific parameters ¢ = 0.6, a = 0.5, s; = 100. Perspective
view of the real part of the wave: (a) e = 1. (b) e = 1.5. (c) ¢ = 2. Overhead
view of the wave: (d) e =1. (e) e =1.5. (f) e =2.

breather wave solution. In addition, by the Taylor expansion, we
constructed the first- and second-order rogue wave solutions. All of
these solutions have parameter € denoting the contribution of higher-
order nonlinear terms. The compressed effects of these solutions were
discussed through numerical plots by increasing the value of ¢ in Figures
3-6. We hope that the results obtained in this paper will help to better
study breather and rogue waves in Heisenberg ferromagnetism.
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