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MULTIPLE SOLUTIONS FOR A FRACTIONAL
p-KIRCHHOFF PROBLEM WITH SUBCRITICAL
AND CRITICAL HARDY-SOBOLEV EXPONENT

HADI MIRZAEE

ABSTRACT. In this paper, by using the variational
method and the theory of genus, we obtain the existence
of multiple solutions to a fractional p-Kirchhoff problem with
subcritical and critical Hardy-Sobolev exponent.

1. Introduction and statement of the main result. In this
article, we consider the following Kirchhoff equation involving the
fractional p-Laplacian:

(1.1)
M ([u)2,)(~A)gu = o f ) o] ~<lul" 2+ ol ~*Jul*%uin ©

u=0 in RV \ Q

where N > sp with 0 < s < 1, and

// u(y)[? dr dy
71” R2N ‘LL’— |N+p5 ’

(—=A); is the fractional p-Laplacian with 0 < s < 1, and 1 <7 < p3(b),
p<q<pib),c<sr+N(1-r/p),d<sqg+ N(l-q/p),and o € R,

with (N —)
* p -
s(b) = N s
ps
the critical Hardy-Sobolev exponent, where 0 < b < ps, and with

M :RTU{0} — R" a continuous function. Here, 2 is a bounded open
subset of RV with smooth boundary such that 0 € Q.
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The operator (—A)Z is the fractional p-Laplacian, which may be

defined, up to normalization factors, by the Riesz potential for z € RY
by

AVl e 2 T [9(@) = eI () = $(v))
( A)p(p( ) 22*“) RN\ B, (2) |x_y|N+ps dyv

r € RV, along any function ¢ € C§°(f2), where B.(z) := {y € RV :
ly—x| < e}. The fractional p-Laplacian (—A); reduces to the fractional
Laplacian (—A)*® if p = 2.

When M = 1, equation (1.1) becomes the following fractional p-
Laplacian equation

(1.2) (=A)su = af (z)|z|¢|ul" 2w+ |z|~¥ul?%u  in Q
u=0 in RN\ Q,

which is the fractional form of the following p-Laplacian equation

(1.3) —Apu = af (@)]a|~u|"Pu+ |2l in Q
' u=0 in RV \ Q,

In recent years, great interest has been devoted to Kirchhoff equations
of the type:

(1.4)

(a+b [, |Vul*dz)Au = f(z,u) inQ
w=0 in RV \ Q.

This problem is related to the stationary analogue of the equation

L
(1.5) Uy + (ZZJ + % ; |uw2dx) Uge = f(7,u)
proposed by Kirchhoff [21]. This equation extends the classical
d’Alembert’s wave equation, by considering the effects of the changes in
the length of the strings during the vibrations. Equation (1.4) received
much attention only after Lions [24] proposed an abstract framework
to the problem, see for example, [1, 2, 3, 8, 10], and the references
therein.

On the other hand, great attention has recently been focused on the
study of elliptic equations involving the fractional Laplacian operator.
This type of operator arises in many different applications, such as con-
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tinuum mechanics, population dynamics, phase transition phenomena
and game theory, see [5, 6, 12, 20, 22, 26, 27, 28, 29, 30, 31, 34].
In addition, much interest has grown on problems involving critical
exponents or critical Hardy-Sobolev exponents in recent years. The
interested reader is referred, for example, to [4, 15, 18, 23, 32], and
the references therein.

Motivated by the above references, in the present paper, we inves-
tigate the existence of multiple solutions to the fractional p-Kirchhoff
problem (1.1). To prove our main results, we mainly follow the ideas in
[13, 14, 17]. In particular, our proofs are based on variational methods
and the theory of genus.

Throughout this paper, we make the following assumptions on the
the Kirchhoff function M : R*U{0} — R and the function f : Q — R:

(Mjy) the function M is continuous, and there exists an mgy > 0 such
that M (t) > mg for all ¢ > 0;

(Ms) the function M is increasing;

(f1) f € L*>(Q), and there are constants w; and ws such that
0 <wy < f(x) < ws for each z € Q.

Theorem 1.1. Suppose that 1 < r < p < g < p*(b), ¢ < sr + N(1 —
r/p), d < sq+ N(1—q/p), and (My) and (f1) hold. Then, there exists
an oy > 0 such that problem (1.1) has infinitely many solutions for
each o € (0, o).

Theorem 1.2. Suppose that d = b, ¢ = pi(b), 1 < r < p, ¢ <
sr+ N(1 —r/p), and (My), (Mz) and (f1) hold. Then, there exists
an oy > 0 such that problem (1.1) has infinitely many solutions for
each a € (0, a1).

Theorem 1.3. Suppose that d = b, ¢ = pi(b), p < r < pi(b),
¢ < sr+ N1 —r/p), and (My), (M3) and (f1) hold. Then, there
exists an ag > 0 such that problem (1.1) has a non-trivial solution for
each a € (ag,00).

The remainder of this paper is organized as follows. The variational
framework and some preliminaries are given in Section 2. In Section 3,
we consider problem (1.1) with subcritical exponent and verify Theo-
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rem 1.1. The proof of Theorem 1.2 is given in Section 4. Finally, in
Section 5, using the same ideas as in [13], we prove Theorem 1.3.

2. Preliminaries. In this section, we give some preliminary results
which will be used to prove our main results. We first provide some
basic notions on the Krasnoselskii’s genus that we will use in the proof
of our main results. Let E be a real Banach space, and let us denote
by ¥ the class of all closed subsets A C E \ {0} that are symmetric
with respect to the origin, that is, u € ¥ implies —u € ¥. For A € ¥,
we define

v(A)=inf{m € N : there exists a ¢ € C(A,R™\{0}), p(—x)=—p(z)}.

If there is no mapping as above for any m € N, then v(A) = co. We
list the following, main properties of the genus (see [33]).

Proposition 2.1. Let A,B € . Then:

(a) if there exists an odd map g € C(A, B), then v(A) < v(B);

(b) if AC B, then 4(4) < ~(B);

(c) (AU B) <~(4) +v(B);

(d) k-dimensional sphere Sy, has a genus of k+1 by the Borsuk-Ulam
theorem;

(e) suppose that E = RN and that 0 is the boundary of an open
symmetric and bounded subset Q@ C RN with 0 € Q. Then,
7(092) = N;

(f) if v(B) < oo, then v(A\ B) = v(A) — v(B);

(g) if A is compact, then y(A) < +o00, and there exists a 6 > 0 such
that Ns(A) C ¥ and v(Ns(A)) = v(A), here Ns(A) = {z € E :
o — Al < o,

The next result, due to Clark [9], will be needed later.

Proposition 2.2. Let ® € C(X,R) be a functional satisfying the
Palais-Smale condition. Assume that:

(i) @ is bounded from below and even;
(i) there is a compact set K € X such that v(K) = k and
sup,c i ©(z) < ®(0).

Then, ® possesses at least k distinct pairs of critical points, and their
corresponding critical values are less than ®(0).
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Proposition 2.3. If K € ¥, 0 ¢ K and v(K) > 2, then K has
infinitely many points.

In this part, we introduce the basic variational framework. We first
recall some definitions and basic properties of fractional Sobolev space
that will be used later. Let Q be any open set of RY. Following [15],
we define the fractional Sobolev space Z(2) as the closure of C§°(Q),
with respect to the norm

//Rw < |z — yN(+p)e|p da dy) l/p.

Since Z() is a density space, the election of this solution space is an
improvement with respect to the space

Xo() :={ue WP(RN):u =0 almost everywhere in R \ Q},

which has been used in recent research related to nonlocal problems.
In particular, the density result proven in [16, Theorem 6] does not
hold for X,(€2) without assuming more restrictive conditions on the
open bounded set . Further, if Q is an open, bounded subset of RY,
then Z(Q) C Xo(2), with possibly Z(Q2) # Xo(f2). Note that, if Q
is any open subset of R, and u denotes the natural extension of any
u € Z(Q), then @ € D*P(RY). Thus,

(2.1) Z(Q) C {ue LP-(Q) : e D¥P(RN)},

see [15] for more details. Therefore, the function space Z(R") reduces
to D*P(RY), and

Z(RN) = DSP(RY)

pL N )|p
{uEL (R //RM \x— |N+p8 dmdy<oo}.

Next, we state the fractional Hardy-Sobolev inequality from [15] that
will be used later.

Lemma 2.4. Assume that 0 < b < ps < N. Then, there exists a
positive constant C, possibly dependent only upon N, p, s and b, such
that )

(2.2) /]R i a2

for all u € Z(RY).

v < Clu)ty?,
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Consequently, we can define the fractional Hardy-Sobolev constant
Hy, = H(p, N, s,b) by

(2.3)

ul?
= 1nf D [ ]571) ’
u€Z(Q)\{0} \|U||Lp:<b>(g,|x|*b)

where LP:()(Q, |2|7?) is the weighted LPs(®) space with norm:

ps(b 1/p5(b)
||’u,||Lps(b) Q,|z|— b) / ‘U .
! Ifcl”

Note that, when b = 0, the fractional Hardy-Sobolev inequality (2.2)
reduces to the fractional Sobolev inequality:

s(1—s) )
(N —pprt o

< CN,p

for all u € D*P(RY), where |||, denotes the usual L, norm, and Cy ,
is a positive constant dependent only upon N and p (see [25]).

In deriving the following theorem we were inspired by [7, 37]. In
particular, Theorem 2.5 implies the compact imbedding from the space
Z(Q) into some L, spaces with weights and gives us a new version of
the classical Rellich-Kondrachov compactness theorem:

Theorem 2.5. Assume that 0 < b < ps and that Q C RY is an open,
bounded domain with smooth boundary and 0 € . The embedding
Z(Q) = L™(Q,|z|~%) is compact if

N -0
1§r<u, a<sr+N(1—T>.
N —ps p

Claim 2.6. From the assumptions of Theorem 2.5, it follows that there
are constants cy, cy > 0 such that, for each u € Z()) we have:

) r/p3(0)
(2.4) ||~ |u|"dx < c. </ |x_bu|ps(b)dm> < cwep([u)sp)"-
Q Q

Proof of Theorem 2.5. Hence, it suffices to prove the compactness
part of Theorem 2.5. Let {u,,} be a bounded sequence in Z(). For
any 1 > 0, let B, (0) C Q be a closed ball centered at the origin with
radius 7. In view of Claim 2.6, {u,,} C LP(Q2\ B,(0)) is bounded. It
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can easily be seen that {u,,} C W*?(Q\ B,(0)). Since

pN-b) PN
N —ps N —ps’

1<r<

the Rellich-Kondrachov compactness theorem (see [11]) implies the ex-
istence of a convergent subsequence of {u,, } in L"(Q\ B,(0)). By taking
a diagonal sequence it may be assumed, without loss of generality, that
{tn, } converges in L"(2\ B, (0)) for any n > 0.

Since

* pN_b
T<q:PS(b):Z(prs)a

from the Holder inequality and the fractional Hardy-Sobolev inequality
(2.2), for any n > 0, we have
(2.5)

|2 um — uy|"de
lz|<n

(a—r)/a r/q
S( / |m|—(a—br/Q)q/(q—r)dx> </|:U|_b|um—uj|qu>

|z|<n |z|<n

n (g—7)/q
<C ( / tN—l—(a—bT/q)q/(q—T)dt>

0

= opW—ta=br/a)a/(a=r)a=r/q

for some constant C independent of m and j. Assumption a <
sr+ N(1 —r/p) implies that:

(2.6)
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(1))

p(N
% p(N b)*TN%”I“pS b

=0.

Thus, for a given € > 0, we can choose 1 > 0 such that
/ || "%t — u;|"dx < e for all m,j € N,
|| <n
Now, let N € N be such that

/ |$|7Q|Um—uj|rd$ﬁca/ |um —u;|"de <e
Q\By (0) Q\ B, (0)

for all m,j > N, where C, = n~* for « > 0 and C, = (diam(£2))~“
for a < 0. Thus,

/ || ™% |um — uj|"de < 2¢ for all m,j > N.

Q

Therefore, {u,,} is a Cauchy sequence in L"(, |z|~%). Now, by con-
sidering the proof of compactness portion of Theorem 2.5, Claim 2.6

can easily be verified. Hence, the proof of Claim 2.6 is omitted. O

The energy functional associated with (1.1) is defined on Z(Q2) by

]' c T
1) = S50l ) = & [ F@)el s
(2.7) 1
— o el i,
q.Ja
where M fo 7) dr. Obviously, I is of class C'!, and the solutions

to problem (1.1) are the critical points of the functlonal I'in Z(Q). In
fact,

P=2(y(z)—u
(2.8) (I'(u), ) = M(|[ulq // ( :c)—| IJ\(f+is) W)
- (w(@—w(aﬂ)) da dy
- a/ F@)|z~lu(@) | u(@)p(a) dz
Q
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- / 2|~ u(2)] 2u(z) o (x) d.
Q

The functional I is even and I(0) = 0. Considering Proposition 2.2, in
order to prove Theorems 1.1 and 1.2 we need that the Euler functional
I is bounded from below. Thus, following the same idea as in [17], we
will use a modified functional to obtain the critical points of I. Hence,
we shall construct the auxiliary functional: From (M), (f1) and the
inequality (2.4), we obtain

(2.9)
]' c T
1) = STl o) =% [ @lel it = 2 [ ol fuptaz
mo Cl Co
> ?HUHZ(Q) ||“HZ(Q) ||u||Z(Q)'
Now, we define
Qu(t)y= "0 — oSy _ Sy,
p r q
Thus, I(u) > Qa(||u||’;(m). If r < p < g < pib), then we have
limy 400 Qu(t) = —o0. Thus, I is not bounded from below. However,

there exists an «g > 0 such that, for any a € (0,ap), there exist
Ty, T € (0,400) such that Q. () < 0 for 0 < ¢t < T1, Qu(t) > 0 for
T <t <Ts Qu(t) < 0 for t > Ty, and hence, the function Q,(¥)
achieves a positive maximum, and Q.(7T1) = Q.(T2) = 0. Now, we
consider ¢ € C3([0,+00)) with 0 < ¢ < 1, ¢(t) = 1 if t < Ty, and
o(t) =01ift > Ty, ¢'(¢t) <0 for all t € [0, +00). Furthermore, we define
the function Q,, : [0, +00) — R as

Qult) =224 — 0Lt

P r

We have @, (0) = 0, and it can easily be seen that Q,(t) > 0 for all
t > Ty. In addition, it is clear that lim;, ;. Q,(t) = +oo. In order
to prove Theorem 1.1 we define the following auxiliary functional on
Z(Q) by

& q/p
. —(t)t?P.

1~
7 = Sl ) = & [ f@)alulras

(lullZ )
_|Z(Q)/xd|u|qu,
Q

q

(2.10)
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where 0 < a < ag. From J(u) > @O[(Huﬂ’%(m)7 we obtain that J is

coercive in Z(§2). Thus, J is bounded from below in Z (), and we can
apply this functional to prove Theorem 1.1.

3. Subcritical case. We recall that, given F a real Banach space
and I € C'(E,R), we say that I satisfies the Palais-Smale condition
on the level h € R denoted by (PS), if every sequence {u,} C E
such that I(u,) — h and I’(u,) — 0 as n — oo possesses a convergent
subsequence.

In the sequel, we will need the following lemmas.

Lemma 3.1. Suppose that 0 < a < ag. Assume that vy is a critical
point of J with J(vy) < 0. Then, vy is a critical point of I.

Proof. Note that J(u) > QQ(HUHZ(Q)) for each u € Z(f); hence,
Qa(||v0H%(Q)) < 0. On the other hand, since Q(t) > 0, for all t > Ty,
we conclude that ||7)0H:Z(Q) < Tj. Since J is continuous, there exists an
R > 0 such that J(u) < 0 for each u € B(vg, R) C Z(2). Therefore,
¢(||u||Z(Q)) =1 for all u € B(vp, R), and this implies that J(u) = I(u)
for all u € B(vg, R). O

Lemma 3.2. Suppose that 1 <r <p < q<pi(b),c<sr+N(1—r/p),
d < sqg+ N(1—gq/p), and (M1) and (f1) hold. Then, J satisfies the
Palais-Smale condition.

Proof. Let {u,} C Z(2) be a Palais-Smale sequence at level h € R
for J(u). Then, since J(u) is coercive, we deduce that {u,} C
Z(Q) is bounded. Therefore, we can assume, going if necessary to
a subsequence,

Up — U, in Z(Q),
(3.1) Up — U, in L7 (Q, |z|7"),
’ un(z) = u(z)  almost everywhere in Q,

[un] — no =0,
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where 1 < 7 < p%(b) and v < s7 + N(1 — 7/p). Therefore,
(3.2)
(J (), Uy, — 1)

, 1 (@) =t ()P~ (1 () — (1))
=M HUnH Q) // ( |Z‘—y‘N+ps
-t — u)() — (t u)(y))) derdy
~a [ Jal  F @@ P un o) ~ 0)(0) d
Q
= () / ]t ()19 210 () (1 — ) () it
=2/ ) | ol
// (|un _un( )|p Q(un(x)—un(y))
R2N @ — y|NHes

-t — u)() — (t u)(y») derdy

= o0,(1).

It follows from the Holder inequality, (3.1) and since ¢ is continuous,
that

33 Jim [ @) - (@) dr =
and
(3.4) hm qz’)(||un||z(Q )/Q |x|—d|un(m)|‘1—2un(:c)(un —u)(x)dz =0.

In addition, from (f), the Holder inequality and (3.1), we get

n—oo

lim ‘/ 2|~ f () [t | "2y (i, — w) da

< lim (.(}2/ ||~ twn | g, — u| dz = 0.
n—oo Q

From (3.2)—(3.5), we conclude that
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(36)  lim W(u, / /R N ('“n “nl(x )lpyzj\gﬁzs(w) — Un(y))

((ut — 0) () — (ot — u)(y») ddy = 0,

where

p _

#(un) = (M) = 20 ) [ ol o)tz ).
Note that M and ¢’ are continuous and M (t) > mg and ¢'(t) < 0 for
all t > 0. Thus,

mo < W(up) < Cs;

therefore,

[ (R

((tn — ) (@) — (1t — u)(y») dady = 0.

Now we define the functional A : Z(Q) — (Z(2))* by setting, for all
u,v € Z(),

(3 8)
= [ o) = P ale) Zu)0t) v 4,
R2N

|z —y|Nes

By a standard argument (see, for example, [19]), we can easily see that
Z(€) is uniformly convex, and the functional A enjoys the (S)-property,
that is, whenever {u, } is a sequence in Z(2) such that u, — u in Z(Q)
and (A(uy),un —u) — 0, then w,, — u in Z(Q). Hence, from (3.1),
(3.7) and, since the functional A satisfies the (S)-property, we conclude
that u, — u in Z(Q2). The proof is complete. O

Proof of Theorem 1.1. Note that Z(£2) is a uniformly convex Banach
space. Thus, Z(Q) is reflexive. Note also that Z(Q2) is separable.
Then, for any k& € N, there is a k-dimensional linear subspace Xy
of Z(€) such that X} C C§°(€). Since all norms on X}, are equivalent,
there exists a constant d(k) > 0 that depends upon k such that
ré(k)|Ju|” < wil[ul[7r (g ey for each u € Xj. Thus, if u € Xj, then,
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by (f1), we obtain

1 —C T wl —C T T
» [ f@al furde = 2 [ fafefulde > 00 ful"
Q ™ Ja

Therefore, in view of the continuity of M, we can find C' > 0 such that,
for each u € X}, with |lul| < 1, the following holds:

J(u) < Cllu]|” — ad(k)ul|"-

Since 1 < r < p, there is a ¢ > 0 such that, for all u € X, with ||u|| = ¢,
we have

(3.9) J(u) < 0= J(0).

We set A = {u € X}, : ||u|]| = ¢}. Note that X}, and R* are isomorphic,
and A and S¥~1 are homeomorphic. We conclude that y(A) = k. On
the other hand, J is coercive, and, by Lemma 3.2, satisfies the Palais-
Smale condition. Therefore, Proposition 2.2 implies that .J contains
at least k pairs of different critical points. Since k is arbitrary, we
conclude that J has infinitely many critical points. Now, from (3.9)
and Lemma 3.1, we deduce that I has infinitely many critical points.
The proof is complete. O

4. Proof of Theorem 1.2. In this section, we shall prove The-
orem 1.2. Thus, we set d = b and ¢ = pi(b) in equation (1.1).
Hence, throughout this section, we have 1 < r < p < p*(b). In ad-
dition, it follows from (My) that M (t) is increasing. Since we deal
with critical growth, and behavior of the nonlocal operator M at infin-
ity is unknown, we are required to make a truncation on the func-
tion M. Since p < pi(b), there exists a § € (p,pi(b)) and, due
to the fact that M is increasing, there exists a t; > 0 such that
mo < M(0) < M(tg) < (0/p)mo. We define

Mo(t) = M) if0<t<to
TN M) it > to.

By (Ms), we have

(4.1) mo < Mo(t) <

0
—my.
p
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In order to prove Theorem 1.2, we first need to investigate the solutions
of the following related equation:

Mo([ul?,)(~A)3u
(4.2) — af(@)|e|¢lul"2 02y inQ,

u=0 in RV \ Q.

The energy functional I,, : Z(2) — R associated with problem (4.2) is
as in the following

1 C T
() = Wa(lully ) = & [ fa)lallul"do

p:(b)/szx

where Mo fo My (7) dr. Obviously, I, is of class C* and, for each
© € Z(9), we have
(4.4)

p—2
(L)) = Mol [ (ME=EIE
(ule) ~ u(w)) (o) = ) ) dady
~a [ fa)lal ulo)l Pu(e)p(e) do
Q

- [l Mt

Let T () be the first root of the function @, (¢), defined as in previous
sections. Since Qu(Ti(a)) = 0 and QL ((Ti(«)) > 0, the following
lemma can easily be deduced, and we omit the proof.

(4.3)

P )y,

=0 =2y(2)p(z) da.

Lemma 4.1. Let 1 <r < p. Assume that Ti () is the first root of the
function Q4 (t), defined as in previous sections. Then, limg,_oT1 ()
=0.

Similar to the proof of Theorem 1.1, we define an auxiliary functional
Jo: Z(2) > R as

@5 Jalw) = Sih(lule) ~ 5 [ f@lel s
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o([lull
_ (Il ||Z(Q))/|x|b|u|qdz,
q Q

where ¢ = p*(b) and My (t) = fg My () dT.

In order to study the behavior of the Palais-Smale sequences of
the energy functional J,, we shall need the following concentration-
compactness principle:

Lemma 4.2 ([15]). Let Q be an open, bounded subset of RN, and let
0 < b < ps. Let {u;} be a weakly convergent sequence in Z(2) with

weak limit w. Then, there exist two finite positive measures u and v in
RY such that

(/}RNWdy> dz — p weakly * mM(RN)
[P
EE

Furthermore, there exist two nonnegative numbers pg and vy such that

dz — v weakly * in M(RY).

(4.6) 1/—| ufe® dz + 196
. - ‘Jj 0v0
[u(z) — u(y)[?
(4.7) 1 (/RN Wdy dz + podo,

0< Hbyg/pi(b) < o,

where dy is the Dirac mass at 0 € Q, and Hy, is the Hardy-Sobolev
constant defined in (2.3).

The proof of the next lemma may be found in [36].

Lemma 4.3. Assume that {u,} C Z(Q) is the sequence given by
Lemma 4.4. For e > 0, let ¢. € C5°(RY) be a smooth, cut-off function
centered at x; such that 0 < ¢ < 1, ¢. = 1 in B(zj,e), ¢ = 0 in
RN\ B(z;,2¢) and |V (z)| < 2/5 for all z € RN. Then:

P P
hm hmbup// [0=(@) = 6 () Plun(y)| dxdy = 0.
R2N

n—oo |5L' — y|N+pS
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Lemma 4.4. Assume that {u,} is a bounded sequence in Z(2) such
that In(un) — h and I/ (u,) — 0 in Z(2) as n — oco. Suppose that
1<r<p,q=pib), c<sr+ N1 —-r/p), (M), (M) and (f1) hold,
and

1 1 . .
- H,\Ps (0)/(p5(6)—p)
1< (5~ ) (o

S

(4 8) _§|:aw2w3(1/,r+ 1/0):|P2(b)/(l?:(b)—7")
' 1/60 —1/p3(b)
- r/(p5(b)=r) r O\ P/ @I(0)=T)
' Km(b)) - (p’;(b)) }
where

)

s = ( / (| (=0 B ) B30 (0= g
Q

= (é_p;(b))

Then, {u,} has a convergent subsequence.

) (ps (b)—7)/p5(b)

and

Proof. Since {u,} C Z(€) is bounded, we can assume, going if
necessary to a subsequence, that

Up — U, in Z(Q),

Up —> U, in L™(9, |2| ),
(4.9) .
un(x) = u(z)  almost everywhere in €,
[tnll — no = 0.

From Lemma 4.2, there exist two finite positive measures p and v in
R such that

_ p
([0 )ty s
ps (D)

|z

[un dz — v weakly * in M(RY).
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Furthermore, there exist two nonnegative numbers pg and v such that

= (b)
(4.10) V= |{E|b dz + 1/0(507
|u(z) — u(y)|”
4.11 > ————2"dy | d 6
( ) HJ_<\/]RN |.’1?—y|N+ps Y £ZZ+[1,0 0,
and
(4.12) 0 < Ht/ @O < .

Let ¢. € Cg°(RY) be such that 0 < ¢ < 1, ¢. = 1 in B(0,¢),
¢ = 0 in RN \ B(0,2¢) and |Vo.(z)| < 2/ in Q. Then, it is seen
that {un¢.} is bounded in Z(2) (see [15], for example). Therefore,
limy, s o0 (I, (), unge) =0, ie.,

(4.13)

Mallunltye) [ (22 _waiﬁim_%@”

wwmﬁm—%@@@ﬂmw+%m

— <a/Qf(z)|9:|Clun(x)lr¢5(z)dx+/ﬂ|xb|un(x) -

Now, we estimate the first term of the left-hand side of (4.13).
(4.14)

() [ (Lt lune) — ()

(tn () o) un<y>¢s<y>>) d dy
= Mo(lun ) // |t ( |m—_u;§Vle¢e(x) dody
+ Mo([|unlly o) // <un un|(x)_|py|2]ﬁ,;£x)un(y))

w%m—@@mmﬁmw.

NED) dx)
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From (4.13) and (4.14), we obtain
(4.15)

Molualy) [[ ('“n —“nm)_l” |215+Z§w>—un<y>>

(6:L) = 62 un() ) Ay +0,(1)
=Ml [ A q
+ <a/ﬂf )|z un (2)|" ¢e (z) de
el (o) V) ).

By (4.10), (4.11), (My), and, since ¢.(0) = 1, we conclude that
) [, (1= )0
(6:L) = 020 0) ) ity

(4.16) < -m Y (@ )dwdyfm 1
°J Jran |3U—?/|N+p6 o

ta /Q @] un(@)]" 6o (x) da

" / |~ () [P= . () dx + vo + 0n(1),
Q

Since wu,, — w in L"(€, |x|~°), we use (f1) and the dominated conver-
gence theorem to obtain

lim f( )2~ fun (2)]" ¢2 () d:vZAf(x)lwl_c\U(w)l"¢e($) dz

n—oo
Thus, we have

(4.17)
Un (%) — Un (Y) [P 2 (U () — up,
lim sup My( ”u"”Z(Q) // <| |x)_| |]\([+ps( ) (y))

n—oo

(de(a) - asa(y))un(y)) da dy
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(y)[Pge ()
< mo//R2N |$_ Y[V dx dy — mopo

ta / F(@) 2]~ u(@)|" de(x) da
/ PRO

Using the dominated convergence theorem, we obtain

: u(y)P o< (x) _
Ehi%//RzN |x— g =0

( )d$+VQ

and

tim [ f@)lel =l 0. dz = 0

lim/ 2|0 ulPs® ¢, dz = 0.

e—0 Q
Consequently,
(4.18)

[tn (2) = un(y) P> (un(x) — un(y))

hm(hmsup Mo(] |un||Z(Q // < |z — y|N+ps

($e(z) — 6 <y>>un<y>) da dy

< g — mopo-

Now, we show that
(4.19)

lim (lim sup (Mo 4 ) // ('“" i ()2 (1 (2) (1))

|z —y|NHes

- <¢e<x>—¢a<y>>un<y>) dardy = 0.
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Note that
(4.20)

[t () = un (Y) P72 (un (2) — un(y))(Pe(z) — ¢e(y))un(y)
‘//R?N |z — y|N+ps dz dy

[t () — wn ()P =/
(//RzN |:1:— |N+ps dx dy)
16 (2) = 6 (y)[P|un(y)? )“”
(//Rw |$_y|N+pS dzdy

[6c(@) = 6@ Plun @I 4 N
< .
C’<//RQN |x—y|N+PS dz dy

Since {uy,} is bounded in Z(92) and My is continuous, we get

Mol [, (M)t 2 talr) — )

(4.21) (ge(x) — czss(y))un(y)) da dy

|6(2) — = (y)|Pun(y)? (p=/p
< .
C’L(//RQN |$—Z/|N+ps dxdy

On the other hand, by Lemma 4.3, we conclude that

(4.22) hm lim sup // [6e(@) = S () Plun (y) dzdy = 0.
R2N

n—so0 Iw —y|Ntps

Therefore, by (4.21) and (4.22), we conclude that
(4.23)

hm (hmsup <M0(||Un||z(sz )

N

(6:() = 6 mn(0)) oy ) ) <o

By (4.18) and (4.23), we get

(424) molo S .
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Now, inequality (4.12) implies that
(4.25) vy > (moHy)Ps 20/ @ (0)=p)

Now, we claim that (4.25) cannot occur. Indeed, suppose otherwise.
Note that mg < My(t) < (8/p)mg; thus, from (f1), we obtain that

1
h = Ia(“n) - §<I(,,v(u7l)7 un> =+ On(l)
m Om.
> (22— 20

p po
1 1 e ,
—a(r—&—e)/ﬂf(x)bc [tn|"dz

(4.26) +<1 >/|x| .
0 pib) "
(TTLO_HWLO>” n”Z wga(i+;)/§2|x|c|un|rdx
11 b,y (PL(®)
# (57 ) [ e O oat)

Letting n — oo, we have

Pe®)dz + 0, (1)

1
p5(b)
Pedrt (9 ps(b)>V°

(11
0  pi(b)

(
T A ARl
0 pi(b)

2ot
+<;_p:1(b))/x' he
2-s(55) ],

)

Using the Holder inequality, we obtain

) v/ (03 (0))
[ teetrae < wa ([ ol i 0as)
Q Q
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where
. . . (p3(0)—7)/p5 (D)
Wy = </ x|(CbT/PS(b))(Ps(b)/(Ps(b)T))dz> < oo,
Q

Thus, letting € — 0o, we obtain

1 1
h > —awsows ( + )
r 0

) /03 (6)
-(L/'hﬂ‘buv%<”dw>
(4.28)
+(5-2) [ 1o
pi(b

1
11 17, \P5 (5)/ (0 (B)—p)
+<9 p*(b))(mo 2

S

i) gy

Here, we consider the function x : R™ — R, given by

1 1 1 1 .
t) = — I P (i 7 )
() “””(r+e> +<9 pyw>

1 1 . .
- H,\Ps (0)/(p5(b)=p)
+(9 p%w>“m )

S

The function x attains its absolute minimum at the point

o — [arwzws((l/r) + (1/9))] e
p;(b)(1/6 = 1/p3(b))

Hence, we have

h > x(so0)
_ <; _ p1(b)> (o )P 0/ 0)-0)
(4.29) B |:QLU2(AJ3((1/’I’) (1/9))} ®)/ (P (b)=r)

, T/ @I0)-T) N HONCAORS
lGw) G ]
p3(b) p3(b)
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which is a contradiction. Thus, vy = pg = 0, and we obtain

4.30 lim/xi —/asf
sy tm [ | A

and then the Brézis-Lieb lemma yields that

(4.31) lim / 2| |up — ulPs®dz = 0.

n—oo Q

We are ready to show that uw, — u in Z(Q). Using the dominated
convergence theorem, we obtain

lim / |2 ~° |y,
n— oo O

lim f( 2|~ un|" 2 un (un — u) dz = 0,

n—0o0

Since {uy,} is bounded in Z(Q), (I} (un), un —u) = 0, ||un| — 1o > 0,
and M is continuous and positive, we deduce that

(4.32)  lim //(Iu %) = un ()72 (un (x) — un(y))

n—oo ‘x—y|N+p3

P2y, (up, — ) da = 0,

(= 0)(0) = (a0 = 0)(9) ) vy =

Now, since the functional A, defined in the previous section, satisfies
the (S)-property, we conclude that w, — w in Z(€2). The proof is
complete. O

Remark 4.5. From Lemma 4.1, there is an ag such 77 = T1(«) < ¢
for each a € (0,9). Note also that there is a @ < o such that, for
each 0 < a < a, we have that

(4.33)

L1 N it t-p | Qwaws(l/rt1/0)] 007
(9 p;<b>>( o) 4<1/9>—<1/p:<b>>}

{( r )T/(Pz(b)—r) ( r )Pz(b)/(:vz(b)—r)] 0
pi(b) pi(b) '

Lemma 4.6. Assume that J,(u) < 0. Then, HU’HZ(Q < Ty and, for
each v in a sufficiently small neighborhood of u, we have Jy,(u) = I, (u).
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In addition, J, satisfies a local Palais-Smale condition for h < 0 and
for all e € (0, @).

Proof. Note that 0 > J,(u) > QQ(HUHZ(Q)) Using the same
arguments of Lemma 3.1, we conclude that HUHZ(Q) < Ty, and J,(u) =
I,(u) for all v € B(u,R). Hence, if {u,} is a sequence such that
Jo(un) = h < 0 and J. (u,) — 0, then we have I, (uy) = Jo(un) —
h < 0 and I/ (u,) = J.(un) — 0. Since J, is coercive, we conclude
that {u,} is bounded in Z(Q2). From Remark 4.5, for o € (0, @), we
conclude that

1 1 " "
L L B P Y o
<0<(9 p*(b)>(m° 2

S

e [%wg(l/r + 1/9)} L)/ (0)=1)
1/6 —1/p3(b)

{( r >T/P§(b)—r ( ” )Pz(b)/(i’z(b)—r)]
pi(b) pi(b) '

Hence, we deduce from Lemma 4.4 that {u,} has a convergent subse-
quence. The proof is complete. O

(4.34)

Now, we will use the min-max procedure to prove the existence of a
sequence of critical values of J,. First, we prove the following lemma.

Lemma 4.7. Denote J ¢ :={u € Z(Q): Jo(u) < —c}. Given k € N,
there exists € = e(k) > 0, such that v(J~¢) > k.

Proof. Let X} be a k-dimensional subspace of Z(2). Thus, there
exists a constant d(k) > 0 that depends upon k& such that

ro(R)[ull” < willullzr @z

for each u € Xj. We choose p > 0 small enough such that, for u € Z(Q)
with ||u|| = o, we have |lu]|P < T1, and thus, I,(u) = J,(u). Using the
same arguments as in the proof of Theorem 1.1, there is an R > 0 such
that I, (u) < —¢ for each u € A := {u € Xy, : |Ju| = s1}, where s; <
min{p, R}. Therefore, A C J~¢, and since J ¢ is closed and symmetric,
we deduce from Proposition 2.1 that v(J~¢) > v(A) = k. O
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We define
Se{AC Z(Q)\{0}: Ais closed, A =—A, v(A) > k},
Kp={ueZ(Q):J, (u)=0,J,(u) =h}

and

hr = inf sup J,(u).
F AGEkueB a(¥)

Lemma 4.8. Assume that k € N. Then, hy < 0.

Proof. By Lemma 4.7, there exists an € > 0 such that y(J~¢) > k.
Note that 0 ¢ J=¢ and J~¢ € 3. In addition, it follows from the
definition that sup,c ;- Jo(u) < —¢; hence, we obtain

—00 < hy, = inf sup J,(u) < sup J,(u) < —e. O
AeXy WEA ueJ—¢

Lemma 4.9. Assume that o € (0,&). Then, all hy, are critical values
of Jo. Moreover, if h = hy, = hy41 =+ = hpyr for some r € N, then

v(Kp) > r+1.

Proof. By Lemma 4.6 and a standard argument, as in [33], it follows
that all hy are critical values of J,. Now, let {u,} be a sequence
in Kp. From Lemma 4.6, we deduce that {w,} has a convergent
subsequence. Thus, K}, is a compact set. Furthermore, —K; = Kj,.
By contradiction, assume that y(K},) < r. Hence, by Proposition 2.1,
there exists a closed and symmetric set U such that K;, C U and
v(U) = v(K}p) < r. From the deformation lemma (see [35]), there
exist € > 0 (h 4+ € < 0) and an odd homeomorphism 7 : Z(2) — Z(Q)
such that

n(Jh-‘re \ U) C Jh—e.

Therefore, J"*¢ ¢ J°, and from the definition of h = hy.,, it follows
that there exists an A € ¥y, such that sup,c 4 Jo(u) < h + €. Thus,
A C J"*€. By the properties of v, we obtain

VANU) 2v(A) =y (U) 2k, v(n(A\U)) = k.
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Hence, we have n(A\ U) € . Consequently,

sup  Jo(u) > hi > h —¢,
uen(A\U)

a contradiction; thus, v(Kp) > r+ 1. O

Lemma 4.10. Assume that o € (0,&). Then, I, has infinitely many
critical points.

Proof. If —co < hy < he < -++ < hp < --- < 0, then, since
each hy is a critical value of J,, we obtain infinitely many critical
points of J,. Now, assume that, for two constants hy and hy,,, we
have hy = hgyr. Then, h = hy = hgq1 = -+ = hpy, for some
r € N. Thus, by Lemma 4.9, we have v(K}) > r + 1 > 2. Therefore,
by Proposition 2.3, we conclude that K} has infinitely many points.
Hence, J, has infinitely many critical points. Hence, it follows from
Lemma 4.6 that I, has infinitely many critical points. ([l

Proof of Theorem 1.2. Suppose that « is as in Remark 4.5. Assume
that « € (0, @), and that u, is a non-trivial critical point of I, found
in Lemma 4.10. In particular, J,(us) = Io(ue) < 0, and it follows
from Lemma 4.6 that |Jus||? < Ty < to. Thus,

Mo([lual”) = M ([luall”),

and u, is a solution to problem (1.1). The proof is complete. O

5. Proof of Theorem 1.3. In this section, inspired by the ideas
used in [13], we investigate equation (1.1) for the case of p < r < p¥(b),
d =0b, ¢ = pi(b). First, by similar arguments to those in Section 4,
we make a truncation on the function M (t). Since p < r < p(b), we
can obtain n € (p,r). Note that M is increasing. Hence, there exists a
to > 0 such that mg < M(0) < M(tg) < (n/p)mg. We define

Mo(®) = M) i 0<t<ty
TN M) it >t

From (Ms), we have

(51) mo < Mo(t) < ng.
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In order to prove Theorem 1.3, we first investigate the solutions of the
following, related equation:

Mo([u]f ,)(=A)pu
(5.2) = af(z)|z]~u|""?u + |z|Clu/Pr® 24 in Q

u=0 inRN\Q.

The energy functional I,, : Z(2) — R associated with problem (5.2) is
as in the following;:

T (W) = S Wo(Jully ) = % [ fla)lalJulaz

(5.3) 1
_ ,/ HOR
q.Ja
where MO fo My(7)dr. Note that I is of class C' and, for each
v € Z(9), we have
(5.4)
—u(y) [P (u(z) — u(y))
<L;(’LL) > MO |u||Z(Q // ( |1, - y‘N+ps

(ola) - @(y))) dar dy
~a [ @l (o) ua)p(a) do
Q
- / 2]~ () P+ O~2u () p() da.
Q

The next lemma implies that I, possesses the mountain-pass structure.

Lemma 5.1.

(i) Let the constant n be defined as above. Assume that conditions
(My), (M3) and (f1) hold. Then, there exist positive numbers p and ¥
such that:

Io(u) > 9 >0 for allu € Z(Q) with ||ul|z@) = p;

(ii) for all a > 0, there exists an e € Z(Q) such that I,(e) < 0 and
lellz) > p-
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Proof.
(i) By (My), (f1) and inequality (2.4), we get

mo
I, (v) > —||ullZ, oy — aCyllull’ —C
(u) » lullZ allull% ) — p‘() 5]

Since p < r < p%(b), by choosing p > 0 small enough, we obtain the
desired result.

(ii) Choose vy € Z(2) with vg > 0 in Q and [Jvo|z() = 1. From
(5.1) and (f1), we conclude that:

w1y _
Intun) < T2 ool ) — 4 [ fal “Junlda
p? r Q

_7tp:(b>/ .
POM S

Since p < r < pk(b), we deduce that lim;_, o, 1o (tvg) = —oo. Hence, for
a t > 0 large enough, the result follows if we set e = tvy. O

s (b)

By a version of the Mountain pass theorem, due to Ambrosetti and
Rabinowitz [35], without the (PS) condition, we conclude that there
exists a sequence {u,} C Z(9) such that

I,(un) = he, and I (up) — 0in (Z())™,

where

he = inf sup I,(y(t)) >0
€T te(0,1)

and
[i= {y € C(0,1, 2(92) :7(0) = 0, (1) = e}

Lemma 5.2. Let the constant n be defined as above. Assume that
conditions (M), (Ms) and (f1) hold. Then, we have limqy— oo ho = 0.

Proof. Since the functional I, has the mountain pass structure, there
exists a t, > 0 such that I, (tav0) = max;>o o (tvg), where vy is given
by Lemma 5.1. Thus, by (f1) and inequality (5.1), we have

(5.5) 0= (I.(tavo), tavo) < Ltp ~ ow tT/ (| [wo|"dz
Q

t:Dé b)/ |$| b|110|p
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thus,
PO,

270 4 >tp5(b/|x—
p Q

Hence, {t,} is bounded. Therefore, there exists a sequence {«,} such
that o, = 400 and kg > 0 such that lim,_ o ta, = ko. Thus, there
exists an R; > 0 such that

nmo

tgn < R; forallneN.

It follows from (5.5) that

et / 2|~ o | dar+15:." / x|
Q Q

If kg > 0, then

lim (anwltg /|x\_c|v0|Tdm+ tgn(b / 2] ~°|vo
n—00 " Ja ps(

which is a contradiction. Thus, we have ko = 0.

Py < Ry for alln € N.

pb(b)dx> +o00,

Next, we consider the path v (t) = te for t € [0,1]. It is clear that

v1 € I', Hence, we may have
m
0<ho < sup Tn(n(t) = L(tave) < 12042
t€[0,1] P

On the other hand, the sequence {h,} is monotone; thus, we conclude
that limg— 400 ho = 0. O

Lemma 5.3.

(i) Under the assumptions of Lemma 5.2, there exists an oy such
that

1 1
ha < <m0 — Mo(to))to fOT all a > «aq.
p n

(ii) Assume that (M1), (Mz) and (f1) hold, and that o > a1, where
aq s given in item (1). Let {un} C Z(R) be a bounded sequence such
that

Io(up) — he and I (u,) — 0 in (Z(Q))" .

Then, there is an Ny € N such that, for all n > Ny, we have

lunlZq) < to-
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Proof. Lemma 5.3 (i) is a direct consequence of Lemma 5.2.

(ii) Arguing by contradiction, we assume that there is a subsequence
Un, }i of {u,} such that ||u,, ||% > tq for all k£ € N. Hence, for each
k *112(Q)
a > a1, we have, from the definition of My(t) and 7, that

fw:mmmf%%wmx%g+%m

1~ 1
(5.6) > Mol ) = 1 Mo(to)lhn 0+ 0x(1)

1 1
> (S0 = 2Mo(t0) ) e I + 041

Since my < My(t) < (n/p)mo, we deduce that (1/p)mo—(1/n)Mo(to) >
0. Thus, we have

1 1
heo > (mo — M()(]f()))lf() > 0,
p n

and this is a contradiction. Hence, we conclude that there is an Ny € N
such that, for all n > Ny, we have

[unlly ) < to- O

Proof of Theorem 1.3. Using Lemma 5.2, there exists an & > a1 > 0

such that, for all & > &, we have

1 1 . «
(5.7) he < ( - >(m0Hb)ps<b>/(ps<b>—p>.

n o pib)
Now, we fix @« > a. From Lemma 5.1, we conclude that there
exists a bounded sequence {u,} C Z(Q) such that I,(u,) — h, and
I (up) — 0, as n — oo. By an argument similar to Lemma 4.4, and
from (5.7), we conclude that, up to a subsequence, u,, — u,. Hence, u,
is a weak solution of problem (5.2). Finally, it follows from Lemma 5.3
that u, is a weak solution of problem (1.1). The proof is complete. [
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