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SUMMABILITY OF SUBSEQUENCES OF A
DIVERGENT SEQUENCE BY REGULAR MATRICES

J. BOOS AND M. ZELTSER

ABSTRACT. Stuart proved [8, Proposition 7] that the
Cesaro matrix C7 cannot sum almost every subsequence of
a bounded divergent sequence x. At the end of the paper,
he remarked, “It seems likely that this proposition could be
generalized for any regular matrix, but we do not have a
proof of this.” In this note, we confirm Stuart’s conjecture,
and we extend it to the more general case of divergent
sequences .

1. Introduction. Throughout this note, we assume familiarity with
summability and the standard sequence spaces, see e.g., [2, 9]. Thus,
we denote by w, o, ¢, co and £ the set of all sequences in K (K =R
or K = C), of all bounded sequences, all convergent sequences, all
sequences converging to 0, and of all absolutely summable sequences,
respectively.

If A = (ank) is an infinite matrix with scalar entries, then we consider
the application domain:

wa = {(gjk) Ew| Z ank T, converges for each n € N}
k

and the domain:

ca = {(mk) €wy | Az = <Xk:ankxk>n € c}

of A. The matrix (method) A is called regular, if ¢ C ¢4 and limy x :=
lim Az = limxz (z € ¢). The following characterization of regular
matrices is contained in the theorem of Toeplitz, et al. [2].
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Theorem 1.1. [2, Theorem 2.3.7 IT]. A matriz A = (ani) s reqular
if and only if:

(8) sup, Xy fani] < o0.
(b) For all k € N : (ank)n € co-

(c) limy, Y, ank = 1.

The Cesaro matriz C1 = (cpg) with ¢ = 1/nif 1 < k < n (k,
n € N) and ¢, := 0 otherwise is certainly the most famous example of
a regular matrix.

2. Preliminary considerations. Steinhaus stated in [7] that a
regular matrix cannot sum all sequences of 0’s and 1’s for which Connor
gave in [4] a very short proof based on the Baire classification theorem.
In particular, the Steinhaus theorem obviously implies that a regular
matrix cannot sum all bounded sequences, which is also a corollary
of the Schur theorem [2, Corollary 2.4.2], [6]. Moreover, the Hahn
theorem [2, Theorem 2.4.5], [5] states that a matrix sums all bounded
sequences if it sums all sequences of 0’s and 1’s.

The examination of the following problems may be interesting:

Problem 2.1.

(a) Determine (small) subsets @ of £, \ ¢ such that a given regular
matrix like C7 cannot sum all x € Q.

(b) Determine (small) subsets @ of f \ ¢ such that each regular
matrix cannot sum all z € Q.

In both cases, Q C ¢+ \ ¢ may be replaced by Q C w \ c.

A related problem is based on the question, how many subsequences
of a given divergent sequence can be summed by a given regular matrix
(or by any regular matrix)? This question makes sense as the following
result shows.

Proposition 2.2. [3, Theorem], [8, Theorem 5]. If z is any bounded
divergent sequence, then each reqular matriz cannot sum all subse-
quences of x.

Analogously to Problem 2.1, we pose the following problem:
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Problem 2.3. Let Z be the set of all index sequences (n;), and let
x = (x,) be any bounded divergent sequence. (By definition, an index
sequence is a strictly increasing sequence of natural numbers.)

(a) Determine (small) subsets Q of Z such that a given regular matrix
like C; cannot sum all subsequences (x,,,) of x with (n;) € Q.

(b) Determine (small) subsets Q of Z such that each regular matrix
cannot sum all subsequences (z,,) of  with (n;) € Q.

In both cases, we may assume that x is divergent and not necessarily
bounded.

Following Stuart in [8] we consider the set of subsequences (of a
bounded divergent sequence) that have index sets with positive density.

Definition 2.4 (Positive density). Given aset S C N, let S,, := SNN,,
(n € N). Then the density of S is defined by d(S) := limsup,, |S,|/n
where |Y| denotes the cardinality of any set Y. A property holds for
almost every subsequence of a given sequence if it holds for all the
subsequences that have index sets with positive density. Note that
d(S) is defined in [8] by d(S) := (1/n)limsup,, |S,|, which is, with
certainty, an oversight, and that, in some papers, d(S) is denoted as
upper (asymptotic) density [1].

In the following, we consider, in this sense, the set
(2.1) Q:={(n;) €Z|d({n; |i e N}) > 0}.

Stuart presented Proposition 2.5 for the case Q and the more general
case of Proposition 2.6.

Proposition 2.5. [8, Proposition 6]. The matriz C; cannot sum
almost every subsequence of any sequence of 0’s and 1’s.

Proposition 2.6. [8, Proposition 7]. The matriz C; cannot sum
almost every subsequence of any bounded divergent sequence.

3. General results. Now, we shall prove that Stuart’s proposi-
tion 2.6 remains true if we consider any regular matrix A instead of
C; and any divergent sequence x instead of any bounded divergent
sequence .
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Theorem 3.1. Let A = (ank) be a regular matriz. Then, A cannot
sum almost every subsequence of any divergent sequence x = ().

The proof will be given in two steps, Theorem 3.3 and Theorem 3.6.
In the first step, we consider exclusively bounded divergent sequences x.
Thereby, the structure of the proof of the corresponding result is
essentially based upon the proof of Proposition 2.6 [8, Proposition 7],
whereby Stuart applied the following lemma (without proof); for the
sake of completeness, we will provide a proof.

Lemma 3.2. Let v = () € loo \ ¢. Then, for each € > 0, there exists
a limit point . of x such that S := {r € N | |z, —a.| < e} has positive
density.

Proof. Let x = (x,) € £ \ ¢ be given. Without loss of generality,
we may assume that 0 < x, < 1 (n € N) and, initially, ¢ := 1/k for
any given k € N. Then, we split the interval ]0,1] into the intervals
I :=1(j—1)/k, j/k] for j € N. Let S; := {r € N| z, € I;}. Then,
there must be a subsequence of x that has the range in one of these
intervals, say in I,,, and that has the support of positive density, that
is, S, has positive density. This uses the sub-additivity of the density.

Now, let £ > 0 be given and k € N chosen such that 1/k < e. By the
previous considerations, there exists a u € Ny such that S, has positive
density and the interval [(u — 1)/k, u/k] contains a limit point « of .
Since S :={r e N| |z, —a| < e} D Sy, the set S has positive density
since so does S,,. O

Theorem 3.3. Let A = (ank) be a reqular matriz. Then, A cannot sum
almost every subsequence of any bounded divergent sequence x = (xy).

Proof. By [2, Remark 10.4.3] there exists a normal regular matrix
that is b-equivalent to A, so that we can assume that A has already this
property. (A lower triangular matrix A = (ang) with apn # 0, n € N,
is called a triangle or normal matrix, cf., [2, 2.2.8]. Moreover, we can
obviously assume that the row sums of A are equal to 1. We set

M :=su a < 00
np;| nk|

and note that M > 1 since A is regular.
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Let = (x,) € oo \ ¢ be given. Without loss of generality, we may
assume x, > 1, n € N; otherwise, we consider y := z + (|||l + 1)e
instead of x. Then, for any limit point a of x, there exists another limit
point b € R with positive distance 0 < 6 = |a — b| < oo (otherwise,
x € ¢). In particular, we consider a to be a limit point such that

S:—{T€N||xra|<5—:5}

has positive density (cf., Lemma 3.2). We assume a > b; in the case
of a < b, the proof runs analogously. Let (my) be the index sequence
corresponding to S.

Now, we can choose a subsequence (x,, ) of z with |x,, —b| <e/M,
k €N, and set T := {ry | k € N}. Consequently, the distance between
the values of (2,,,) and (z,,) is at least .

Next, we construct a subsequence y = (y;) of z, that is not A-
summable and has an index set with positive density. First, we choose

an n; € N such that
1 d(s
—ISNN,,| > —( )
ny 2

Let Fy := SNN,,, 1 := |F1] and y1,¥2,...,ys, be the set
{Zm, | m; € F1}

in its order as a subsequence of x. Obviously, we have

B1 B1 B1
o = Zaﬁliyi = Z ag,iyi + Z ag,iYi
=1 i=1 i=1

“Blizo a51i<0
c B1 c B1
> (ema7) 2 o (o p) 2 o
‘1[311720 a51i<0

B1 c B1
=a) agi- Mzmlil
=1 i=1
> c M €
a— — - =q —
- M

since the row sums of A are assumed to be 1. Second, we choose an
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n3 > nq such that

B1
> o< §
: niYi 6
i=1

and

B1 c
Z |an1| < @7
i=1

n > nj}, and then an ny > nj such that Bo := |Fy| + |Fy| = B1 + |F2| >
ns, where Fy := T N (N,, \ N,,). Setting yg,+1,...,yp, for the set
{z,, | ri € F2} in its order as a subsequence of z, we obtain

B1 B2 B2
%) 5:Za62iyi+ Z ag,iYi + Z aByiYi
i=1

i=f1+1 i=f1+1
a/32i20 aﬁ2,i<0
c c B2 c B2
< 6 + (b + M) Z ag,i + (b - M) ‘72 By
i=pB1+1 i=pB1+1
agyi>0 agyi <0
c B2 c B2
:6+b Z aﬁﬂ"’ﬂ Z |a[32i|
i=p1+1 i=p1+1
c B2 B1 c
S Bl ) + 5
<ShbabS pe=bt s
6 6b 37
Now, we choose an nj > ng such that
B2 c B2 c
(3.1) Z layi| < %a and Za,,iyi <g v > nj,
=1 i=1
and then an n3 > nj such that
1 a(s)
(3-2) — 1SN (Nig \ N )| 2 ==
ns
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and
3

By = |Fj| = B2+ |F3| > nj

Jj=1

where F3 := SN (N,, \ N,,), and, noting the regularity of A and
0<e/(6a) <1

(3.3) Z agyi > 1 — @

i=032+41

Setting yg,+1, - --,Yp, for the members of the set {z,,, | m; € F3} in

its order as a subsequence of z, we get by (3.1) and (3.3):

ag —Zaﬁgzyz+ Z agsiYi + Z apsiYi

i=Bo+1 i=Bo+1
a/}31>0 aﬂ3z<0
c c B3
> —6 + (a — ) Z aBSl ( M) Z aBs4
i=B2+1 i=Bo+1
agg;>0 agy ;<0
c B3 c B3
=—gTa > api- i > lagl
i=P2+1 i=F2+1
€ € 4e
> Sha(1- S ) SM=a-
6 < 6a> M 3

Continuing inductively, we get a sequence (F),) of finite and pairwise
disjoint sets and a subsequence y = (y;) of & with the following
properties: the index set
F=|JF,
n

of y has density at least d(S)/2 by (3.2), and the corresponding
subsequence («,,) of Ay oscillates between values greater than a—(4/3)e
and less than b+ (4/3)e. Thus, since a — b = 6 = 3¢, the constructed
sequence ¥y is not A-summable. O

In the next step, we consider exclusively unbounded sequences x and
regular matrices A. Below, the next obvious remark is useful.
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Remark 3.4. A regular matrix cannot sum any subsequence of any
fixed sequence if there exists a row-finite submatriz of it with this
property.

Proposition 3.5. If a = (ax) € w\ ¢ and x = (zx) is any unbounded
sequence, then there exists a subsequence y = (y;) of x with positive
density such that (32", a;y;),, is unbounded.

Proof. Let B2 > 1 be such that ag, # 0. Set Fy := {1,...,52 — 1},
B1:=|Fi| and y1 := x1,...,yp, = xg,. Then,

1
—|F1| >
1

DN | =

In view of supy, |xx| = oo, we can choose k; > /31 such that

B1

Z aiyi

i=1

‘QQQIkJ > + 1.

Then, we set yg, := xj, and Fy := {k;1}, and we get

B2 B1
Qg 1= Zalyl Zaiyz > 1.
i=1 1=1

> |aﬁ2yﬁz| -

Now, we choose an s > ki such that

S > S9.

1 1
. - s Zia
(3.4 LN AN 2

Let r3 > sy be such that a,, # 0. We set B3 := r3 — 1 and Fj :=
Ng, \ Ng,. We take

Ypa+1 = Thky4+15---5,YBs = Thki+L3—PF2-

Now, we choose ky > k1 4+ B3 — B2 such that

Bs
Z aiYi
i=1

+ 2.

|a7"3$]<?2| >
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Then, we set Fy := {ko} and B4 := S5 + 1, Ys, ‘= Tky, and, noting
ag,Yg, = GryTk,, We obtain

Ba Bs
Z a:iYi Z QY
i=1 i=1

Continuing inductively, we get a sequence (F},) of finite and pairwise
disjoint sets and a subsequence y = (y;) of x with the following
properties: the index set F' := |, F;, of y has density at least 1/2
by (3.4), and the sequence (3 .~ a;y;) is unbounded. O

> 2.

Qg 1= > |aﬁ4y54| -

Theorem 3.6. Let A = (ani) be any regular matriz and x = () any
unbounded sequence. Then, A cannot sum almost every subsequence

of x.

Proof. We may assume that all rows of A are finite since, otherwise,
by Proposition 3.5, there exists a subsequence y of x with positive
density satisfying y ¢ wa D ca. Moreover, since A is regular, from
Remark 3.4, we may assume that

e for all n € N, there exists a k € N : a,x # 0;
o r = (ry,) with 7, := max{k | anx # 0} is strictly increasing and
ry > 1;
otherwise, we consider a row submatrix of A with these properties.
Set Fy :={1,...,7m1—1}, By := |Fi|, ny :=land y1 := 21,...,Yp, =
xg,. Then,
1 1
—|Fi| > 3
1
Set B2 := 1 + 1. In view of limsupy, |xx| = oo, we can choose k1 > 1

such that
B1

Z ApyilYi

i=1

‘anlhxk1| > + L

Then, we set yg, := x, and Fy := {k1}, and we obtain

B1
§ UnyiYi
1=1

> 1.

Z Any3Yi

i=1

aqp =

B2
‘ > |an1ﬁzyﬁz| -
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Now, we choose an sy > ki such that
1 1
(35) *‘Ns\Nkll 257 8282.
s

Choose ny € N such that r,, > max{f2+1, s2}, and set 5 :=rp, — 1,
F5:=Ng, \ Ny, and 84 :=r,,. We put

YBo+1 = Thy+1s5-- YB3 = Thy+P3—Pa-

Next, we choose ko > ki + B3 — P2, such that
B3

Z Unyili

i=1

|an254m/€2| > + 2.

Then, we set yg, := xk, and Fy := {k2}, and we get

Bs
Z Anyili
=1

Ba

Z AnoilYi

i=1

> 2.

Qg 1= > |an254y34| -

Continuing inductively, we obtain a sequence (Fj,) of finite and
pairwise disjoint sets and a subsequence y = (y;) of « with the following
properties: by (3.5), the index set F := U, F,, of y has density at least
1/2, and the corresponding subsequence () is unbounded. Thus, the
constructed sequence y is not A-summable. |
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