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ON A SINE POLYNOMIAL OF TURAN
HORST ALZER AND MAN KAM KWONG

ABSTRACT. In 1935, Turdn proved that

n

Sn,a(z) = Z (n +i;j) sin(jz) > 0,

=1 "
n,a €N, 0<z<m.

We present various related inequalities. Among others, we
show that the refinements

Son—1,a(x) > sin(z) and Son,q(z) > 2sin(z)(1 + cos(z))

are valid for all integers n > 1 and real numbers a > 1 and
z € (0,7). Moreover, we apply our theorems on sine sums to
obtain inequalities for Chebyshev polynomials of the second
kind.

1. Introduction. The sequence o, (z) is recursively defined by
n n
ono(2)=> 2, onp(z) =) oj1(z), keN.
j=0 j=0

Then, we have
vy _ N\~ (ntk—j N (RN A
on.i(e ):Z k cos(jx)+zz i sin(jz).
7=0 j=1

In 1935, Turdn [12] studied the imaginary part and proved by induction
on n and k the remarkable inequality

(1.1) Z<n+llj_]>sin(jx)>0, nkeN, 0<az <.

j=1
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In the same paper, Turdn presented an elegant inequality for a sine
sum in two variables. He demonstrated that the following companion
of (1.1) is valid:

(1.2) En: <n+k_j)sm(m.sm(jy) >0, nkeN, 0<zy<m.
=1 K J

Szegé [11] applied (1.1) with & = 2 to establish a theorem on
univalent functions. An extension of (1.1) with k = 2 was given by
Alzer and Kwong [3], whereas Alzer and Fuglede [1] offered a positive
lower bound for the sine polynomial in (1.1) under the assumption that
n,k > 2. In fact, they proved that
(1.3)

Z<n+k j)sin(jx)>M, 2<n,keN, 0<z<m.

- T
Jj=1

The definition of the sums given in (1.1) and (1.2) requires that &
be a nonnegative integer. However, the identity

() =005

reveals that, if we use the second binomial coeflicient, then k can be any
real number. Therefore, it is natural to ask for all real parameters a
and b such that we have, for all integers n > 1 and real numbers
z € (0,7),y € (0,m),

Sy ) = Z (’” a ‘,j> sin(jz) > 0

=y MY
and
(L) ey =Y (M) T,
j=1

In this paper, we solve both problems. Moreover, we provide several
closely related inequalities. Among others, we show that there exist
functions A(z), p(x) and A*(z,y), u*(x,y) such that the estimates

SQn—l,a(x) Z )\(I) > 07 S2n,a(x) Z ,Ud(x) >0
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and

®2n—1,a(x7y) Z )\*(l‘ﬂ) > Oa @2n,a(x7y) Z M*(-/an) > 0
are valid for all integers n > 1 and real numbers a > 1, x € (0,7),
y € (0,m).

In the next section, we collect some lemmas which are needed to
prove our main results given in Section 3. Finally, in Section 4, we
apply our theorems to obtain inequalities for sums involving Cheby-
shev polynomials of the second kind, and we also offer new integral
inequalities for these polynomials. Throughout, we maintain the nota-
tion introduced in this section.

For more information on inequalities for trigonometric sums and
polynomials, the interested reader is referred to the monograph by
Milovanovié, Mitrinovié, Rassias [9, Chapter 6].

2. Lemmas. The first lemma is due to Fejér [5].

Lemma 2.1. Let z € (0,7), and let

n—1

(2.1) D) =2 Z sin(jx) + sin(nx).

j=1
Then, ¢ (x) >0 forn=1,2 and ¢,(x) >0 forn > 3.

In order to prove (2.1), Fejér made use of the identity

én(z) = sin(z) (n +2 nf ZJ: cos(kx))

j=1k=1
which he obtained by comparing the coefficients of certain power series.
Here, we offer a different proof which is more elementary than Fejér’s
approach.
Proof. Multiplying both sides of (2.1) by sin(z/2) gives

n—1

sin(z/2)dn(x) = Z 2sin(x/2) sin(jx) + sin(z/2) sin(nx)

=1

= > (eos((G — 1/2)2) — cos((j + 1/2)2)
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(cos((n —1/2)x) — cos((n + 1/2)x))

= cos(z/2) — fcos((n—1/2) )—%cos((n—l—l/Q)x)
= cos(z/2) — cos(x/2) cos(nz)

= cos(x/Q) (1 — cos(na)).

[\ \

Since x € (0, 7), we conclude that ¢, (z) > 0 for n = 1,2 and ¢, (z) > 0
for n > 3. O

Next, an identity is presented which will be a helpful tool not only
to establish our inequalities for trigonometric sums but also to cover
all cases of equality.

Lemma 2.2. Let ¢, k=1,...,n, be real numbers and
'yknfckJrQZ cj+k, k=1,...,n.
Then,
n n
(2.2) D eisin(iz) =D vndi(x)
j=1 j=1

where ¢;(z) is defined in (2.1).

Proof. We have

Zm% -3 ¢j<x>+22(¢j<x> <—1>kck+j)

|
)
-
-
=
8
S~—
+
(]
QO
-
<
8
~—
+
\V]
<
(1]
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~—
<
=
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e
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Remark 2.3. An application of Lemmas 2.1 and 2.2 leads to a

result of Steinig [10], who proved that the sine polynomial in (2.2)

is nonnegative on (0,7), if v, >0, k=1,...,n

Lemma 2.4. Letay, k=1,...,n, n > 3, be real numbers such that
2a < agp—1+ag+1, k=2,....n—1

and 0 < 2a,, < an—1. Then, for x € (0,7),
n n—2
(2.3) L,(z)= Zaj sin(jz) — Z a;1o2sin(jz) > 0.
=1 j=1

Proof. Let x € (0, 7). We define
¢j=a; —ajr2, j=1,...,n—2,

Cne1=0On_1, Cpn=0ap.

Then, we have
n
(2.4) Z ¢; sin(jx).
j=1
Let
Ve = — 2041 + Akyo, k=1,...,n—2
Vn-1 = ap—1 — 20n, Yn = Gn.

By assumption,
(2.5) % >0, k=1,...,n.
We have

%k:Ek+2Z(_1)]EJ+k7 ]le,...,’fl,
so that Lemma 2.2 implies
(2.6) ZEJ sin(jz) = Z%(bj(a:)
j=1 j=1

Applying Lemma 2.1 and (2.5) reveals that the sum on the right-hand
side of (2.6) is nonnegative. From (2.4) and (2.6), we obtain (2.3). O
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Remark 2.5. We assume that L,,(x¢) = 0 with 2 € (0, 7). The proof
of Lemma 2.4 shows that

(i) if » > 3 and a,, > 0, then ¢, (z¢) = 0.
Moreover, since ¢o(xg) > 0, we obtain that

(ii) if n = 3, then ay — 2a3 = 0;
(iii) if n > 4, then as — 2a3 + a4 = 0.

The next lemma plays an important role in the proofs of Theorems
3.1 and 3.2 given in the next section.

Lemma 2.6. For all integers n > 3 and real numbersa > 1, x € (0,7),
we have

(2.7) Spa(r) > Sp_s.al(z).

Proof. Let a > 1. We define

- n+a—j )
aj_< n_] ), ]:1,...,71.

Then,
ala —1) i
aj_172’6\ij+aj+1 TL ]+1 H n+a7jfl/)_0,
v=1

Zin_l—QZin:a—l, Zinzl.

Since
Sn.a(z) — Sn—2.4( Z a;sin(jz) Z aj42sin(jz),
we conclude from Lemma 2.4 that (2.7) holds for z € (0, 7). O

Remark 2.7. Letn > 3,a > 1, Ty € (0,7) and Sy, 4(To) = Sn—2,0(Z0)-
Remark 2.5 implies that a = 1 and ¢, (Zo) = 0.
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3. Trigonometric sums. Our first two theorems show that Turan’s
inequality (1.1) can be refined if we assume that either n is odd or n is
even.

Theorem 3.1. For all odd integers n > 1 and real numbers a > 1,
x € (0,m), we have
(3.1) Sh,a(z) > sin(z).
Equality holds if and only ifn=1orn=3,a=1, x = 27/3.
Proof. Let n > 3 be odd, a > 1 and = € (0, 7). Applying Lemma 2.6

gives
Sn.a(z) > S14(z) = sin(z).

Now, we discuss the cases of equality. A short calculation yields that

S31(27/3) = sin(27/3) = %\/g

We assume that
Sn,a(x) = sin(x) = 51 4(x).
Case 1. n = 3. Applying Remark 2.7 leads to a = 1 and
$3(z) = sin(x)(1 + 2 cos(z))? = 0.
This gives x = 2m/3.
Case 2. n > 5. From Lemma 2.6, we conclude that
Sl,a(w) = Sn,a(m) > SE),a(x) > SB,a(x) > Sl,a(x)~

Thus,
S3a(x) =S14(x) and Ss.(x) = S5,4(x).

Applying Remark 2.7 yields
¢3(z) =0 and ¢5(x) =0.

The first equation yields = 27/3. However, ¢5(27/3) = v/3/2, a
contradiction. It follows that equality holds in (3.1) if and only if
n=lorn=3a=1,xz=21/3. |
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Theorem 3.2. For all even integers n > 1 and real numbers a > 1,
x € (0,m), we have

(3.2) Sn,a(x) > 2sin(z)(1 4 cos(z)).
Equality holds if and only ifn=2,a=10orn=4,a=1, z =w/2.
Proof. Let a > 1 and x € (0,7). Using (2.7) gives, for even n,

(3.3)
Sn.a(T) > S2.4(z) = (1 + a)sin(x) + sin(2x) > 2sin(z)(1 + cos(z)).

We have
So.1(z) = 2sin(z)(1 + cos(z))
and
Sa.1(m/2) = 2sin(n/2)(1 + cos(n/2)) = 2.
Next, we assume that

(3.4) Shn.a(z) = 2sin(x)(1 + cos(x)).

Case 1. n = 2. We obtain
0= 52,4(z) — 2sin(x)(1 + cos(x)) = (a — 1) sin(x).

Thus, a = 1.

Case 2. n = 4. Applying (3.3) and (3.4) yields

Sao(z) = S21(x).
It follows from Remark 2.7 that a = 1 and
b4(z) = 8sin(x)(1 + cos(z)) cos?(x) = 0.

Thus, x = 7/2.

Case 3. n > 6. From (2.7), (3.3) and (3.4) we conclude that

Saa(x) =S24(z) and Sge(x) = Ssq(x),
so that Remark 2.7 gives
¢a(x) =0 and  ¢g(z) = 0.
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The first equation yields x = /2, but ¢¢(7/2) = 2. Hence, equality
holds in (3.2) ifand only if n=2,a=1lorn=4,a=1,z=7/2. O

Remark 3.3. From Theorems 3.1 and 3.2, we conclude that the esti-
mate

(3.5) Sh,a(z) > sin(z) min{1,2 (1 + cos(x))}

is valid forn > 1, @ > 1 and « € (0, 7). The lower bounds given in (1.3)
and (3.5) cannot be compared. Indeed, the function

. @ — sin(z) min{1,2 (1 + cos(x))}

is negative on (0,x1) and positive on (x1,7), where 1 = 2.204. ...

The following extension of inequality (1.1) is valid.

Theorem 3.4. Let a be a real number. The inequality
(3.6) Sn.a(z) >0

holds for all integers n > 1 and real numbers x € (0,7) if and only if
a>1.

Proof. From (3.5), we conclude that, if @ > 1, then (3.6) holds for
alln > 1 and = € (0,7). Conversely, let (3.6) be valid for all n > 1 and
x € (0,7). Since Sz o(m) = 0, we obtain

d

— =1—-—a<0.
deQﬂ(x) a<0

T=T

Thus, a > 1. O

Next, we present inequalities for the sine polynomial

S =3 ("1 7Y snin

n—7

Applications of Theorems 3.1 and 3.2 lead to counterparts of (3.1)
and (3.2).
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Theorem 3.5. For all odd integers n > 1 and real numbers a > 1,
x € (0,m), we have

(3.7 Sy () > sin(x).
Equality holds if and only if n = 1.

Proof. Let n > 1beodd and a > 1, z € (0, 7). Inequality (3.1) leads
to

25}, o(2) = Spa(®) + Spa(m — x) > sin(x) + sin(r — x) = 2sin(x).
If equality holds in (3.7), then

Sn.a(x) =sin(z) and S, (7 — ) =sin(r — z).

From Theorem 3.1, we conclude that n = 1. O
Theorem 3.6. For all even integers n > 2 and real numbers a > 1,
x € (0,7), we have
(3.8) Sy o) > 2sin(x).
Equality holds if and only ifn=2,a=10orn=4,a=1, z =x/2.

Proof. Let n > 2 be even and a > 1, z € (0, 7). We apply (3.2) and
obtain

25} o(2) = Sna(®) + Spalm — )

> 2sin(z)(1 + cos(z)) + 2sin(m — x)(1 + cos(m — x))

= 4sin(x).

Ifn=2a=1orn=4,a=1,z=m/2, then equality is valid in (3.8).
Conversely, if equality holds in (3.8), then

Shn.a(z) = 2sin(x)(1 + cos(x))
and
Sn,a(m—2) = 2sin(m — x)(1 + cos(m — x)).

Applying Theorem 3.2 leads to n = 2, a = 1 orn = 4, a = 1,
x=m/2. O
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Now, we study the sine sum in two variables given in (1.4). The
following two theorems offer improvements of inequality (1.2).

Theorem 3.7. For all odd integers n > 1 and real numbers a > 1,
z,y € (0,7), we have
(3.9) On.a(z,y) > sin(x) sin(y).

Equality holds if and only if n = 1.

Proof. Let n > 1 be odd and a > 1. Since equality holds in (3.9), if
n = 1, we suppose that n > 3. Applying Theorem 3.1 gives for z,y € R
with0<z—y<mandO<z+y<m:

Spa(z —Yy) + Sz +y) > sin(z — y) + sin(x + y).
This leads to
(3.10) Z <n T B j> sin(jx) cos(jy) > sin(x) cos(y).

"
=1 J

Equality holds in (3.10) if and only if n =3, a =1 and © — y = 27/3,
x+y = 2w/3, that is, x = 27/3, y = 0. In order to obtain (3.9) we
integrate both sides of (3.10) with respect to y.

Let 29,90 € R with 0 < yo < 29 < w. We consider two cases.

Case 1. g < 7/2. Let 0 <y < yo. Then, 0 < xg —y < a9+ y < 7.
It follows from (3.10) with > instead of > that
(3.11)

Yo ™ -7 0
/ Z <n - j) sin(jxo) cos(jy) dy > / sin(o ) cos(y) dy.
0 j=1 —J ’

n

This leads to (3.9) with = xg, y = yo and > instead of >.
Case 2. /2 < xy.

Case 2.1. yo < m—xg. Let 0 <y <yp. Then, 0 < zp—y < xg+y <
m, so that we obtain (3.11) and (3.9) with z = z¢, y = yo and > instead
of >.

Case 2.2. m —xg < yo. We set 1 = 7™ —x¢ and y; = 7™ — yg. Let
0 <y <zy. Then, 0 < y; —y < y1 +y < w. This leads to (3.11) with



12 HORST ALZER AND MAN KAM KWONG

x1 instead of yg and y; instead of xy. Using
sin(jy1) = (=1)7"'sin(jyo), j €N,
and
sin(jz1) = (—1) " 'sin(jzo), j €N,
we obtain (3.9) with = xg, y = yo and > instead of >. O
Theorem 3.8. For all even integers n > 2 and real numbers a > 1,
x,y € (0,7), we have
(3.12) On.a(x,y) > 2sin(z) sin(y)(1 + cos(z) cos(y)).
Equality holds if and only if n =2, a = 1.

Proof. The proof is similar to that of Theorem 3.7. Therefore, we
only offer a proof sketch. Since

O2,4(x,y) = 2sin(x) sin(y) (a;—l + cos(x) cos(y)) ,

we conclude that, if n = 2, then (3.12) is valid with equality if and only
if a =1. Let n > 4. Using Theorem 3.2, we obtain for z,y € R with
O<z—y<mandO<zx+y<m:

(3.13)
Z (n Zi;ﬂ> sin(jz) cos(jy) > 2sin(z) cos(y) + sin(2x) cos(2y).

Equality holds in (3.13) if and only if n =4, a =1, 2 =7/2, y = 0.

Let zp,y0 € R with 0 < yo < xg < . We assume that ¢ < 7/2. If
0 <y <yp, then 0 < 9 —y < g —y < m. Next, we integrate both
sides of (3.13) (with = zo and > instead of >) from y = 0 to y = yo.
This gives

(3.14) .00, yo) > 2sin(zo) sin(yo) (1 + cos(zo) cos(yo))-

By similar arguments, we conclude that (3.14) also holds if zy >
/2. O
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Let .
" n+a— 7\ sin(jx)sin(y
(_)n7a(x’y) _ Z < j) (.] ) (]y) ]

s\ n—j J
jodd

Applying Theorems 3.7 and 3.8 we obtain the following companions
of (3.7) and (3.8).

Theorem 3.9. For all real numbers a > 1 and z,y € (0,7), we have

(3.15) 0;,.4(z,y) > sin(z)sin(y), if n is odd
and
(3.16) 0;,.4(7,y) > 2sin(z)sin(y), if n is even.

Equality holds in (3.15) if and only if n = 1 and in (3.16) if and only
ifn=2,a=1.

The proof of this theorem is quite similar to the proofs of Theorems
3.5 and 3.6; therefore, we omit the details. We conclude this section
with a generalization of inequality (1.2).

Theorem 3.10. Let a be a real number. The inequality
(3.17) On.alz,y) >0

holds for all integers n > 1 and real numbers x,y € (0,7) if and only
ifa>1.

Proof. Let a > 1. From Theorems 3.7 and 3.8 we conclude that
On.q(2,y) is positive for allm > 1 and z,y € (0, 7). Conversely, if (3.17)
holds for all n > 1 and z,y € (0, 7), then we have

@2,11(0» y) =0

and

0
— a3 > .
2 62,,1(1, Y) e sin(y)(1 4+ a+ 2cos(y)) >0

It follows that
14+ a+2cos(y) > 0.

We let y — 7 and obtain a — 1 > 0. ]
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4. Chebyshev polynomials. The Chebyshev polynomials of the
first and second kind, T, (z) and U, (z), n =0,1,2,..., are polynomials
in x of degree n, defined by

T, () = cos(nt)
and

sin((n + 1)t)

@) Uale)= TR

x = cos(t), t € [0,7].
They have remarkable applications in numerical analysis, approxi-
mation theory and other branches of mathematics. The main prop-

erties of these functions may be found, for instance, in Mason and
Handscomb [8].

Using the notation (4.1), we obtain from (1.1) the inequality

- (n—i—k—j

(4.2) Ap () = . Uj(z) >0,
=3 o

0<neZ, keN, —-l<ax<l.

The results presented in Section 3 lead to inequalities for Chebyshev
polynomials of the second kind. As examples, we offer counterparts of
Theorems 3.1 and 3.2 which provide refinements of (4.2).

Theorem 4.1. For all even integers n > 0 and real numbers a > 1,
z € (—1,1), we have
An,a(z) > 1

Equality holds if and only ifn=0orn=2,a=1, x = -1/2.
Theorem 4.2. For all odd integers n > 1 and real numbers a > 1

x € (—1,1), we have
Apo(z) > 2(1+ 2).

Equality holds if and only if n=1,a=10orn=3,a=1, x =0.

The inequalities
sin(jx)

=

(4.3) 0< <m—z, neN,0<z<m,
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are classical results in the theory of trigonometric polynomials. In 1910,
Fejér conjectured the validity of the left-hand side. The first proofs were
published by Jackson [7] in 1911 and Gronwall [6] in 1912. The right-
hand side is due to Turdn [13], who proved his inequality in 1938. The
following interesting companion of (4.3) was given by Carslaw [4] in
1917:

(4.4) 0<ZfﬂﬁiilﬂgL 0<neZ 0<z<m.
= 27+1

Equality holds if and only if n = 0, x = 7/2 (also see [2]). We show
that applications of (4.3) and (4.4) lead to integral inequalities for the
Chebyshev polynomials.

Theorem 4.3. For all integers n > 1 and real numbers x € (0,1), we
have

(4.5) arccos(z) </ %

If x € (—1,0), then (4.5) holds with > instead of <.

dt < m — arccos(z).

Proof. Let t € (0,7) and

E (1) = Z sin(ijt)'

j=1

Then,

sin((2n 4 1))

Sn(t) — 1 = Usp(cos(t)) — 1.

Fj(t) =2 cos(2jt) =
j=1
This gives, for z € (0,7):

Fn(z):/OZFTIL(t)dt:/OZUQn(COS(t))dt_Z:/ ()%dt—z

If 2 € (0,1), then arccos(z) € (0,7/2). Using (4.3) leads to

0 < F,(arccos(z)) =/ %

dt — arccos(z) < m — 2arccos(x).

This implies (4.5).
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We define for z € (—1,1):

1
W (t
Gp(z) = arccos(x) — /z % dt and w(x) = arccos(z) — g
Applying
(4.6) w(z) +w(—x) =0
and
Ul g7
0o V1—1t2 2
yields

Gn(2)+Gn(—2)= (2/01—/:—/_1) \lflnitldt = (/Oa:_/_o) Uiﬁg dt.

Since Us, is an even function, we obtain
e t e —t 0 t
0o V1—t2 0 1—¢2 V1 =12

(4.7 Gn(x) + Gp(—2z) = 0.

Thus,

Using (4.6) and (4.7) gives that the function
H,(z) = Gp(z) — 2w(z)
satisfies
(4.8) H,(z)+ H,(—z) = 0.
From (4.5), (4.7) and (4.8), we conclude that, for z € (—1,0), we have
—Gp(z) = Gp(—z) <0< Hp(—z) = —Hp ().

This leads to (4.5) with > instead of <. O

Remark 4.4. The functions

x»—>/1 Un(®) dt — arccos(z), n=3,7,11
. m ) ) ) )
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and
T T — arccos(:r) — /1 n(t) dt n 1,5,9
/71 t2 ’ )y Yy Jy

attain positive and negative values on (0,1). This implies that in
general Theorem 4.3 is not true for Chebyshev polynomials of odd
degree.

We conclude this paper with a theorem which offers sharp upper and
lower bounds for an integral involving the Chebyshev polynomials of
the first and second kind.

Theorem 4.5. For all integers n > 0 and real numbers x € (—1,1),
we have

1
L1 (t) Un(t)
— L dt < 1.
z V1—t2 B
Equality holds on the right-hand side if and only if n =0, x = 0.

(4.9) 0<

Proof. Let x € (—1,1). Since Ty(t) = ¢t and Uy(t) = 1, we obtain
1
Ty ()Uo(t) )
———"dt =+1— 22
z V1—12
This leads to (4.9) with n = 0.
Let n > 1. We denote the sine sum in (4.4) by I,(z). Then, for
t e (0,m),

cos((n + 1)t)sin((n + 1)t)
sin(t)

II(t) = Zcos((Qj +1)t) =

= T41(cos(t)) Up(cos(t)).
Hence, we obtain for z € (0,7):
: L T () Un(t
L(z) = / I () dt = / Toi1®) Unlt)
0 cos(z) vV1-— t2
so that (4.4) (with < instead of <) gives

! Tn+1(t) Un (t)

———=dt<1. O
® V1—1t?

0 < I, (arccos(x)) =
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