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THE PROBABILITY THAT THE NUMBER OF
POINTS ON A COMPLETE INTERSECTION
IS SQUAREFREE

ERIC SCHMIDT

ABSTRACT. We consider the asymptotic probability
that integers chosen according to a binomial distribution will
have certain properties: (i) that such an integer is not divisi-
ble by the kth power of a prime, (ii) that any k of s chosen
integers are relatively prime and (iii) that a chosen integer is
prime. We also prove an analog of the Dirichlet divisor prob-
lem for the binomial distribution. We show how these results
yield corresponding facts concerning the number of points on
a smooth complete intersection over a finite field.

1. Introduction. Let a € (0, 1), and let n be a nonnegative integer.
The probability that n Bernoulli trials with chance of success « yield
precisely ¢ successes is given by the binomial distribution. In [7],
Nymann and Leahey show that the probability that %k integers chosen
according to the binomial distribution are relatively prime approaches
1/¢(k) as n — oo with « fixed, where ( is the Riemann zeta function.
The same authors, in [8], show likewise that an integer chosen according
to the binomial distribution is k-free, that is, not divisible by the kth
power of a prime, with probability 1/{(k) as n — co. These results
are analogous to classical results yielding the same limiting values
when the integers are chosen from a uniform distribution. We prove
further statements about choosing integers according to the binomial
distribution. We generalize the result on k-free integers to obtain
Theorem 3.1. We consider the analog of the Dirichlet divisor problem
for the binomial distribution, obtaining Theorem 4.2. The result on
relatively prime integers is generalized to consider choosing s integers
such that any &k of them are relatively prime, yielding an analog of the
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result of [6]. Finally, we prove that the probability of choosing a prime
from the binomial distribution becomes arbitrarily small.

We now briefly describe our motivation in considering such ques-
tions. In [4], Bucur, et al., gave a probabilistic model for the number of
points on a smooth projective plane curve of degree d over a finite field
of order q. They showed, roughly, that the number of points approxi-
mately follows a binomial distribution and that the total error becomes
arbitrarily small if d and ¢ vary in an appropriate fashion. Bucur and
Kedlaya generalized this result [5] showing that, in a similar manner,
the number of points on a smooth, projective, complete intersection of
hypersurfaces of specified degrees also follows a binomial model. Hence,
our results can be used to make statements concerning the probability
that randomly chosen smooth plane curves (more generally, complete
intersections) possess the previously mentioned properties. For exam-
ple, the probability that a smooth plane curve over F, of degree d has
a squarefree number of points approaches 1/{(2) as ¢ — oo and d > g.
(More general and precise statements are given later.)

2. Notation and preliminaries. We employ the standard nota-
tion f(x) ~ g(z), defined f(z)/g(z) = 1 as x — oo.

Throughout, we consider a sequence {a, },>0 with a,, € (0,1). We
will write 8, = 1 — a,,. We define the binomial probability mass
function

B alt) = ()1 = @)~

for nonnegative integers t and B, ,(t) = 0 for negative t. Thus,
the parameter « varies depending upon n; this is essential to our
applications in Section 7. In order to simplify notation, we will set
B, (t) = Ba,, »(t) and

B,(S) = Ba(t).

tesS

The binomial distribution has mean a,, = a,,n and standard deviation
on = (na,B,)'/?. Tt will be convenient to approximate the binomial
distribution with a normal distribution, with probability density func-
tion Ny, (2) = (2mnanBn) =2~/ (@) where u, () = (x — an)/on.
The relationship between the binomial distribution and the normal ap-
proximation is given by the following.
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Theorem 2.1. ([9]). There is a constant Ay € R such that

Z 1B (§) = Nu(4) = |Bn — anloy, " A2 + O(0,?).

j€Z

Proof. This is [9, Theorem 3], which also explicitly determines the
value of \s. 0

We will use the following generalization of a result of Nymann
and Leahey [7, Lemma 3]. Intuitively, it states that the probability
of a number chosen from a binomial distribution divisible by d is
approximately 1/d.

Lemma 2.2. Let
en(d) = <ZBn(jd)) —d .
j=0

Then, |en(d)] = O((onBnn)~Y2) uniformly in d as n — oo.

Proof. Nymann and Leahey show, in the proof of [7, Lemma 3], that
len(d)] < 3Bn(l(n+ 1)ay|). The result follows from Theorem 2.1. O

We will call a function on the nonnegative integers negligible if it is
O((apn)~¢) for all ¢ € R. Some facts concerning negligible functions
are listed next.

Lemma 2.3. Let g(n) be bounded by a polynomial, and fix e > 0. The
following functions are negligible:

N, (f(n)), if Bun — 0o and |f(n) —ann| > (a,n)V/?+ forn >0,
Ny (t), for a fized t € R, if apn — oo,

(mg(n), if Ban' == — o0,

Yg(an), if f is negligible,

v) f(n)g(n), if f is negligible and c,n'=¢ — .

(i) The second hypothesis shows that
N (f(n)) < o™ exp(—(ann)®/(26n))
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for n > 0. We can now verify the result if 8,, — 0, or if 53,, is bounded
away from 0, from which the general result follows.

(ii) For large fixed n, the function «, — N,(t) decreases near 1.
Thus, we may assume that 3, is bounded away from 0, and the result
follows from (i).

(iii) For large fixed n, the function a, — N,(n) increases near 0.
Thus, we may assume that a,, is bounded away from 0, and the result
follows readily.

(iv) Obvious.
(v) This follows since n = o ((a,n)'/%). O

3. Integers that are k-free. For k > 2, a positive integer is said to
be k-free if it is not divisible by the kth power of a prime. Nymann and
Leahey determined [8] the probability that an integer chosen according
to the binomial distribution is k-free, assuming that « is constant. Here,
we prove the same by a different method, while allowing « to vary.
Theorem 3.1. Suppose that a,n — o0, and Bpyn'~2/* is bounded away
from 0. As n — oo, the probability of an integer chosen according to
the binomial distribution being k-free tends to 1/((k).

Proof. Let Sp(x) be the set of all k-free integers at most = and
fr(x) = #Sk(z). Using Theorem 2.1, we have

= ) Nu(j) + O((anBan) /).
JESK(n)

Now, fr(t) ~ t/((k) according to a classical result. Accordingly, we
apply summation by parts to obtain

" t
Nu(i) = Nao)fi(n) = [ N ( g + Bet) )t
jeszm ’ = <<<k> ' )

where Ry (t) is a remainder term to be described. The term Ny, (n) fi(n)
is negligible (Lemma 2.3 (iii)). Moreover,

_/fN,g(t)C(tk) dt = C(lk)(—(Nn(n)n—Nn(l))—l—/lnNn(t) dt).
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Here, N, (n)n and N, (1) are negligible. In order to show that

n

(3.1) nlgx;o . N, (t)dt =1,
perform a change of variables t = o,v + a, to obtain
1 (n—an)/on
Var (1-an)/on

Since the restrictions on «a,, and 3, show that the limits of integration
approach —oo and oo, respectively, as n — oo, (3.1) is established.

e~ (/2% gy,

Now, we consider the remainder term. We have Ry (t) = O(gx(t)),
where gi(t) = t'/* exp(—Ak=3/2 logl/2 t) for some A, [10, page 213].
Therefore,

’[nNé(t)Rk(t)dt‘ < /ln [N (1) g (t) dt
- /la” N (t)gr(t) dt — /an N’ ()gx (1) dt.

Integrating by parts and ignoring negligible terms, we obtain

2 (an)onan) — | " N (0 (0) .

The term on the left is O((a,B,n)"%gx(ay)), which is o(1) using
gr(t) = o(t'/*) together with the restrictions on a, and B,. The
integral on the right may be replaced with

/e "N (0)gh(t) dr,

where ¢, = a,, — ai/ 4 (The error accrued from this replacement is

negligible since the integrand is negligible on the excluded interval,
and the width of the excluded interval is less than a,.) Since g}, (t) =
O(t~/?), this latter integral is bounded above by a constant times

o / Na(t) dt,
én

which goes to 0 since /,, increases without bound. ]
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4. The number-of-divisors function. The result here is not a
probability calculation, but it is of a similar flavor, which will be used
in Section 5. It concerns the function 7(n), the number of divisors
of n. For a function f, we write f(1)(z) = f(x + 1) — f(x) for the first
differences of f. Similarly, f(2) denotes the first differences of f(1). In
this section, we will denote N,, simply by N. We will write

T(x)= Y 7(j)
1<j<a
Dirichlet showed that
T(z) =xzlogz + (2y — )a + A(x),

where A(z) = O(y/z), and v is Euler’s constant [11]. We establish
an analog of this for the binomial distribution. Our argument here is
similar to, but more complex than, that of the previous section. First,
we need the following.

Lemma 4.1. If a,n — oo and B,n'~% — oo, then, for t € Z and
ceR,

D NG) =1+ 0((ann) ™).

Jj=t

This may be proved using the Euler-Maclaurin summation formula
by an argument similar to that of [3, pages 43, 44].

We now turn to the main claim of this section.

Theorem 4.2. If a,,n' ™% — 00 and B,n'~% — oo, then

Z Bn()7(j) = log(amn) + 2y + O((ayn) ~/4B,1).

Proof. From Theorem 2.1 and the estimate 7(z) = o(z") for any
n > 0 [2, page 296], we have
n n

Bu(i)7() = Yo NGIT() o (05 /28, 2= 24m).
= j=1

Jj=1
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The restrictions on «,, and 3,, show that the o-term is O((a,B,,n)~1/4).
Summation by parts yields

n n—1
Y ONG)T(G) = Nm)T(n) = > Nay(i)T(
j=1 j=1

The term N(n)T(n) is negligible; thus, we are left to describe the
asymptotics of

(4.1) —iNu)(J)T J

Now, we write T'(j) as jlogj + (2y — 1)j + A(j). Each of the terms
yields a sum to examine. First, we have

n—1 n—1
(42) = Nuy(j)jlogj = —N(n)nlogn+ > N(j+1)(jlog ) ).
j=1 j=1

Similar to the reasoning for the previous term, —N (n)nlogn is negligi-
ble. As for the sum on the right, the mean value theorem implies that
log(j) +1 < (jlogj)a) <log(j + 1) + 1. Therefore, a lower bound for
this sum is

n

(4.3) > N()(log(i — 1) +1).

=2
Writing log(j — 1) + 1 as (1 + logay) + (log(j — 1) — loga, ), the sum

breaks down into

n
Z N(G)(1 +logay),
Jj=2
which, from Lemma 4.1, is 1 + log a,, with negligible error, and

ZN (log(j — 1) —log ay).
j=

With negligible error, we contract the range of summation to (a, —
at,an + at) for some c in (1/2, 3/4). (Proof of negligibility: N(j) is
negligibly small on the excluded intervals, the logarithmic term is O(n)
and the range excluded has length less than n.) From the mean value
theorem, |log(j — 1) — log(an)| < |(j — 1) — an|/ay. For j in the new
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range of summation, |(j — 1) — a,|/a, < a$' +1/a,. Hence, the sum
is o ((a,n)~'/*). Therefore, (4.3) converges to 1 + loga, with error
o ((ayn)~1/%). A similar argument shows that the upper bound

Y N1 +logj)

=2

also converges to 1 + loga,, with the same error bound. Hence, (4.2)
itself does.

The second sum from (4.1) to examine is
n—1 n
=X Ny - i = @y =) - N+ Y NG) ).
Jj=1 j=1

The term —N(n)n is negligible, and thus, from Lemma 4.1, we obtain
2y — 1 in the limit.

Thus far, we have found the main term log(a,n) + 2v. In analyz
ing (4.1), it remains to examine the sum

n—1
(4.4) — > Ny (HAG).
j=1

We show that (4.4) is O((a,n)~/4B;;1). In order to do this, we write

it as
n—2

—Nay(n = 1)As(n = 1)+ > Nz (5)Aa()),

Jj=1

where

As usual, —N(3)(n—1)Az(n—1) is negligible. For the sum on the right,
we use a result from [11]:

1. 1\ . .
Ao(j) = Y, log j + (7— 4>J +03 3.

Again, after substituting for Ay (j), we divide into cases. First, letting
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f(z) = zlog z, we have

z_:N(z)(j)f(j) =Nyn-1f(n-1) - z_: NG+ 1) fy(4)-

Here, N(1)(n—1) f(n—1) is negligible, and the expression which remains
is
n—2

(4.5) —N(n)fay(n—1)+ N2)f(2) + Y NG +1)f2)(4)-

Jj=1

Ignoring the negligible terms, we consider the sum that remains. From
the mean value theorem,

fy(G) < sup  fly(x) < sup  f(y) = 1/5.

x€[jf,j+1] y€[4,5+2]

(There is no ambiguity since (f(1))’ = (f')(1).) Hence, by restricting
the range of summation, we can prove that (4.5) is O(1 / (apm)). Next,

is negligible, as j2) = 0. Finally, we must consider

n—2
> Niy(i) 06,
j=1
This is bounded above by a constant times
n—2
(4.6) Z N2y (5)15%
j=1

Now, the mean value theorem implies that sup | N(1)(j)| < sup |N'(j)| =

O(1/(ann)). Moreover, N” has exactly two zeros. Therefore, if we
define S = {j € Z | sgn N(2)(j) # sgn N(2)(j + 1)}, then the size of S'is
bounded above by a constant independent of n. Now, (4.6) is bounded
above by the sum of the usual negligible terms and of

n—2

27 [Ny (G + DI+ 3 INw G+ DIG ) )
JES j=1
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The left sum is O((c,n)~Y/4B,1). Since (j3/%)(1) < j ~1/4, the sum on
the right is, besides negligible terms, bounded above by

n—2
2 NG+ 4+ NG+ DG,
jeU j=1

where U = {j € Z | sgn N(1)(j) # sgn N(1)(j+1)}. Since N’ has a single
root at a,, the sum on the left is O((ann)’?’“ﬁ;lﬂ). Restricting the

range of summation, we see that the sum on the right is O((a,,n)~5/4).
This completes the proof. O

5. Integers k-wise relatively prime. In [12], Téth determined
the probability that an s-tuple integer is pairwise coprime. Hu [6]
generalized this to the situation in which any k of the chosen integers
are coprime. Despite the generality of this result, we show here that
his argument can be made to apply to a binomial distribution instead
of a uniform distribution. In this section, we closely follow [6], making
changes when appropriate to our problem.

An s-tuple of integers is defined to be k-wise relatively prime if any
k of them are relatively prime, and to be k-wise relatively prime to
an integer w if any k of them, together with u, are relatively prime.
(These conditions hold vacuously if k > s. This observation allows us
to dispense with the multiple cases considered by Hu.) Hu found that
the probability of s integers being k-wise relatively prime when chosen
according to the uniform distribution is

A =]] (1 - ;Bl/p)n(mo.

The main result of this section (Corollary 5.5) is that A, is also the
probability that s integers are k-wise relatively prime when chosen
according to a binomial distribution. Note that the case s = k repro-
duces the results of [7].

We use notation similar to Hu’s, namely, for a tuple u = (uq,...,
Uug—1), let Sil;c) (n) denote the set of s-tuples of integers (ay,...,as) in
[1,n] that are k-wise relatively prime and i-wise relatively prime to w;
for 1 <i < k—1. Define quk) (n) = BZ(SS}J (n)). For integers a, b > 0,
Hu defines (a,b] to be the product, over primes p dividing a, of the
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largest power of p dividing b. Set [b,a) = (a,b]. Define, for any positive
integer j,

kU = w uk—Q(jauk—l) Juk—2
g ( (], ul} Y (]1 ukrfl] ' (Hf;;[_% ul))(], uk1]>

(Here (x,y) denotes ged(x,y).) Importantly, if u is a pairwise coprime
tuple of positive integers, then so is j * u.

Lemma 5.1. For u pairwise coprime,

QW L(n Z B.()HQUr™ (n).

(Js ul) 1

Proof. Hu [6, page 1265] observed that, for an (s+1)-tuple (s, as+1)
of integers in [1,n], we have (s,as;1) € Sii)l’k(n) if and only if

(i) s is k-wise relatively prime;
(ii) for ¢ € [1,k — 2], we have that s is i-wise relatively prime to w;
and to (ast1, Uit1);
(iii) s is (k — 1)-wise relatively prime to ug_; and to asy1; and
(iv) (as+1,ur) =1.

This justifies the equalities

n

QY =Y Bulaer)Q % (m) = Y Bu()QY M (n),

aoriel i=1
(ast1,u1)=1 (Jyu1)=1

where j * u = (u1(j,u2), ..., ur—2(j, uk—1), jur—1).

In order to complete the proof, we need only show that S (g ")( )=

Séf,;k“)(n). The argument is contained in Hu [6, pages 1265, 1266]. (He
only claims that the sets have the same cardinality, but his argument
shows that they are the same set.) O
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Lemma 5.2. For integers u, m > 1 with (m,u) =1, we have

Z Bu(a) = 2 1 O((a, B.m) " 20(w),

(a,u)_l
ml|a

where ¢ is Euler’s totient function and 6(u) is the number of squarefree
divisors of u.

Proof. The desired sum equals

Y Bala) Y p(d) =) Bala)Y u(d) = u(d) ) Bulj)

= d|(a,u) a=1 dla d|u j>1

m|a m|a dlu md|j
Applying Lemma 2.2, this is

S (0) (g O %) = - 3 P ().

dlu d|u

> uld)/d=p()/u,

d|u

Since

we are done. O

Lemma 5.3. Define

fski(ui) = H (1 o gzn_lz (i) 2 : 1)k_1_m)

and
() =d ] > 1— - —.
gSJ(d) d (m) ( ) m
Then, we have

fskeyir(uq) i
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and
S )W(d)

d
fs,lmkfl(ukfl): Z %7

d|uk_1

where w(n) is the number of distinct prime factors of n. (When eval-
uating the above expressions we put 00 =1.)

Proof. See [6, Lemma 4]. O

Theorem 5.4. Let d(s, k) be the mazimum value of (szl) for1<i<

k— 1. Suppose that ayn'™¢ — oo and B,n'’* — 0o. For s > 1 and
k > 2, uniformly in u; with the u; pairwise coprime, we have

k—1

Q(U)( = As,k H fs,k,i(ui) + O((O‘nﬁnn)il/Ze(Ul) 10g5(s’k) TL)

i=1

Proof. Our proof parallels that of [6, Theorem 1]. We proceed by
induction on s. For s = 1, Lemma 5.2 shows that

Q) = P4 O((an )00,

from which the result follows since A = 1, f1 x,1(w1) = ¢(w1)/us and
figi(ur) =1fori> 1.

Next, we will prove the result for s+ 1, assuming it for s. We obtain,
using Lemma 5.1,

Qi) = 3 Bal)QLM () = 30 Bali)Ass

i i (j, us) Juk—1
X H fs,k,i(.)fs,k,kl((nk_l ) . )

() io 15 ui)) (J, u—1]
+ O<B < ) (@nBun) 201 (7, u2)) log?*) n)

(*) _Askaskzuz ZB

(7, ul) 1
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fakz jauz+1)) (])
8 H foskivi( Jauz+1))f87k7k_1 1555 [, wi)

1=2

n 0(<anﬁnn)—1/29<u1> log” ™M) '3 Bnu)e(j)).

Jj=1

Using Theorem 4.2, we have

Z B,.(5)0 Z O(logn).

j=1

We also have

- fskz ]»uz+1)) j
> B H )fs,k,k_1<nk_1_ )>

— fskz+1 ],'U/H-l) i=2 [Jaui
(Jyu1)=1
n k—2 s\w(d;)
. N(di) i
= > O] X g<(c)l)
Jj=1 i=1 d;|(jyuitr) s
(Ju1)=1

Z M(dkfl)(kil)w(dkfl)

k—1(dp—
derli/ (TS ) O 1(di-1)

d1~~-dk_1e:j§n =1 g
di|(j,uit1), 1<i<k—2

di 113/ ([Fu2)-[d,ur—1))

w(d;)
)

SZ

(Jyu1)=1
k—1 w(d;)
(d;
- ¥ S Buldr o) H%-
di-dp_1< < ol gsz z
1 k—1<n e<n/(di-dr—1) =1
di\ui+1,1§i§k72 (e,u1)=1

(dk—1,ui)=1,1<i<k—1

Using Lemma 5.2, we have

- .fskz Jauz+1)) .7
> Bl H i (et

fskz+1 .]7ul+1) i—9

(J,u1)=1
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k—1 w(di)
-y et
dy-dp—1<n  i=1 gq ’
di|wiyr,1<i<k—2
(dr—1,u;)=1,1<i<k—1

790(“1) e} n)~120(u
< (g Ol 20w

uldl...

=%”ZH

di-dp_1<n i=1 digs,i(d
di|wiyr,1<i<k—2
(di—1,u4)=1,1<i<k—1

s w(d)
+ O((anﬁnn)_l/QQ(ul) Z 5(4'1’]“))

d
d<n

)w(d i)

since gs,i(di) > dz
If we define

)= (1)

we have

k—1 (S w(dy)

o(u1) Z H p(d;)
YL i, 1<i<k—2  i=1 digsi(di)
(dp1, u,»)*l 1<i<k—1

- #lu) HHhm [T e

1=2 plu; plfui-ug—1

k—1
=] I] 7.i (@) (P (@) ] s ()

i=1 plu;

together with the error terms

§5(s+1, k)=(@ Ts(sr1)(d) B e
oA o ) g

d>n d>n
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from [12, Lemma 3 (b)], and

s w(d)
Oty o) 3 LI

d
d<n

0 (owp o). oD

d<n
= O((arpBnn) =201y ) log® 1R ),

from [12, Lemma 3 (a)]. We substitute into (x) to obtain

le-:—)l,k(n) :As,thSk Hfsk1 Uj Hh31 s )) !
p

plu;
—|—O(n_1log (s+1.k)— Ln)

O((anBon) ™20 (uy ) 1og?*+ 1) )
O((0rnBnn) /20 (uy ) og”*F)+ 1 )
k—1
= Awir [] Forrmi(u) +O((anBan) ~1/20(ur) log? 19 ),
=1
This establishes the claim for s + 1. |

Corollary 5.5. If a,n'=¢ — co and Bon'/* — oo, then the probability

that s integers chosen according to the binomial distribution are k-wise
relatively prime approaches Ag ., asn — oo.

6. Prime numbers. Let II be the set of all prime numbers. Here,
we seek information on the behavior of B, (II), as n — oco. We can
show that B, (II) — 0. If we use the prime number theorem, we can
deduce a bit more, as follows.

Theorem 6.1. If a,n — 0o and B,n'~% — oo, then

lim sup B, (IT) log log(c,n) < 1.

n—r oo

Proof. (The germ of this proof is found in [1, pages 101-103].) Let
z, = (a,n)'/?. For any j, denote the primorial, the product of all
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primes at most 7, by j#. Let p,, denote the mth prime. For any n, let
h(n) be such that y, = pp(n)# is the least primorial not less than x,,.
Now, for m > 0, we have p,,# > p2, ., [10, page 246]. Therefore, for

n > 0, we have pp(,) < %11/2; thus, y, < xi/Q. Write

Bu(I) = Y Bu(p)+ Y Bulp).

2<p<yn P>Yn
Using Theorem 2.1, we obtain

Y

S Ba) €Y Bali) = 3 Nali) + O(ernBum) ™).
j=2

2<p<y j=2

The sum on the right is bounded by y, N, (y,). Since y, < ai/4, we
see that y, N, (y,) is negligible.

Now, for primes p > y,, we have (p,y,) = 1. Hence, from Lem-
ma 5.2,

S B < Y Bal) = 29 1 O((anBan)20(00)).
=1

P>Yn ) Jj= yn
(4,yn)=1

We know that 0(y,) = o(y]]), for all n > 0, so the O-term is o (1).
According to one version of the prime number theorem [2, page 79],
Ph(n) ~ 10g yn; thus,
h(n) Ph(n) -1

@(yn):H<l_l><<Zl.> N 1

Yn pi il 10g Ph(n)

1 - 1 1
loglogy, loglogx, loglog(a,n)

7. Applications. Here, we show how the results obtained in the
previous sections may be applied to complete intersections over finite
fields. Consider an integer m > 1. Let Sy be the set of homogeneous
polynomials F'(Xo, ..., X,,) of degree d over F,. For F' € Sy, let Hp
denote the hypersurface F(Xo,...,X,,) = 0. For a prime power ¢, we
let

vg=#P"(F) =1+q+¢ +---+q™
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We also denote by p the characteristic of F,;. The key theorem is the
following.

Theorem 7.1. Let 1 < j < m be an integer, and consider tuples
d = (di,...,d;) of positive integers such that (m+1)vy < dy < --- < d;.
For any
f=(f1, .-, f;) € Say x -+ x Sa,
let
Hf:Hfl ﬂ”'ﬁHfj.

Consider some R C P™(F,) of size t. Suppose q,dx,...,d; vary such
that di — oo and d; = o ((q%/ ™ax(m+Le)\1/my " Then, the probability
that a smooth Hg of dimension m — j contains the points of R but no
other point of P™(Fy) is

( g IL(g,m, ) )t( l-q’ )Vq_t
1—q=+qL(g,m,j)) \1—q79 +qIL(g,m,j)

+0((dy — (m+ Vg + 1)~ GI=D/m . gmg=di/max(m1.p))

where
j—1

Lig.m.j) = [ —q ).

i=1

Proof. This follows from [5, Theorem 1.2 and Corollary 1.3], cf.,
the discussion preceding Section 3 on pages 551, 552. Note that there
is a small error in the statement of Corollary 1.3. In order to ensure
smoothness at all points of the complete intersection, we must take z
to be at least (m+1)g+ h when applying Theorem 1.2. Thus, g should
be replaced with (m + 1)g in the error term. O

Theorem 7.1 states, in essence, that the distribution of the number
of points on a smooth complete intersection over a finite field F, is
approximately a binomial distribution with parameter

ag=(q7L(g,m,j))/(1 —q7 + ¢ 7 L(g,m, j)).

When applying this theorem, restrictions need to be made on the
behavior of the degrees of the hypersurface sections relative to the
order ¢ of the field such that the error term goes to 0.
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Theorem 7.2. Fixm > 2 and 1 < j < m — 1. Suppose that {q;}i>1
is a sequence of prime powers increasing to infinity, and suppose the
integers d; 1 < --- < d;; go to infinity in such a way that

di 1/2ml’qi/(2j_1) — 0

and 4 )
di,j — 0((2_”‘11‘ qil,l/ma‘x(er aiﬂ))l/m).

For a fized k > 2, the probability that a smooth complete intersection
(formed by intersecting hypersurfaces of degrees d;1,...,d; ;) has the
number of points k-free is, in the limit, 1/{(k).

Proof. For any n > ¢1, let the integer r(n) be maximal such that
Vg,(n, does not exceed n. Let

We have a,, = Q(n~7/™), and thus, Theorem 3.1 tells us that, as
n — oo, the probability of integers chosen according to the binomial
distribution being k-free approaches 1/((k). From Theorem 7.1, this
is also true of the number of points on a smooth complete intersection
since our hypotheses ensure that the error term in the theorem (multi-
plied by 2”%@ | the maximum number of choices for R in the theorem)
goes to 0. ]

Theorem 7.3. Fizrm >2,s>2, k>2and1<j<m—1. Suppose
that {¢q;}i>1 is a sequence of prime powers increasing to infinity, and
suppose that the integers d;1 < ... < d;; go to infinity in such a way
that

dm/gm'/qi/(?j*l) v o0

and 4oy (et 1)
dij = o((27 gy /RPN Um),

The probability that s smooth complete intersections Hy, . .., Hy (formed
by intersecting hypersurfaces of degrees d; 1,...,d; ;) have the numbers
of points on Hi,...,Hs to be k-wise relatively prime is, in the limit,
the number A ) defined in Section 5.

Proof. Similar to the previous theorem. |
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We may also prove a similar theorem based on Theorem 6.1. (We do
not give the full statement.) The restrictions on g;, d; 1, ..., d; ; in these
theorems heavily depend upon the error term in [5, Theorem 1.2]. If
a better error term were found, this could imply a relaxation on these
restrictions.
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