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JORDAN o0-DERIVATIONS OF PRIME RINGS
TSIU-KWEN LEE

ABSTRACT. Let R be a noncommutative prime ring
with extended centroid C and with Qpr(R) its maximal
right ring of quotients. From the viewpoint of functional
identities, we give a complete characterization of Jordan o-
derivations of R with o an epimorphism. Precisely, given
such a Jordan o-derivation : R — Qms(R), it is proved that
either § is a o-derivation or a derivation d: R — Qmr(R) and
a unit u € Qmr(R) exist such that §(z) = ud(z) + p(z)u for
all x € R, where pu: R — C is an additive map satisfying
u(z?) = 0 for all x € R. In addition, if o is an X-outer
automorphism, then § is always a o-derivation.

1. Introduction. Throughout this paper, R is always a prime ring
with Q@ (R) the maximal right ring of quotients of R and with Q;(R)
the symmetric Martindale ring of quotients of R. It is known that
R C Qs(R) € Qmr(R). The overrings Qs(R) and Q- (R) of R are still
prime rings with the same center, denoted by C, which is a field and is
called the extended centroid of R. We refer the reader to [3] for details.

An additive map d: R — R is called a derivation, respectively Jordan
derivation, if d(zy) = d(z)y+xd(y) for all 2,y € R, respectively d(z?) =
d(z)x + xd(z) for all € R. In 1957, Herstein proved that, if R is a
prime ring of characteristic not 2, then every Jordan derivation of R is a
derivation, see [6]. We refer the reader to the references given in [8] for
more related results. In a recent paper [9] the author and Lin studied
a slightly generalized definition concerning (Jordan) derivations. Let
R C S be rings. An additive map §: R — S is called a derivation,
respectively Jordan derivation, if 6(xy) = §(z)y+xd(y) for all z,y € R,
respectively §(z?) = §(x)x + z8(z) for all z € R. Tt follows from [6,
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Theorem 3.1], [4, Corollary 6.9] and [9, Theorems 1.2, 2.1] that Jordan
derivations of a given prime ring are completely characterized as, see
[9, Theorem 2.2]: If an additive map 0: R — Qu,(R) is a Jordan
derivation, then a derivation d: R — @,(R) and an additive map
p: R — C exist such that 6 = d + p and u(z?) = 0 for all x € R. The
converse is true if the characteristic of R is 2.

Motivated by [5, 6, 9], in [8], the author studied “Jordan o-
derivations” and “Jordan semiderivations” of prime rings from the
viewpoint of functional identities. Clearly, the key point of these results
is to determine the structure of Jordan o-derivations.

Definition. Let o be an endomorphism of R. An additive map é: R —
Qmr(R) is called a o-derivation, respectively Jordan o-derivation, with
associated endomorphism o if §(xy) = 6(z)y+o(x)d(y) for all z,y € R,
respectively 6(z%) = d(z)z + o(z)d(z) for all x € R.

A Jordan o-derivation §: R — Qu(R) is called X-inner if there
exists an element a € @Q,-(R) such that é(x) = ax — o(z)a for all
x € R. Otherwise, 9 is called X-outer. When o = 1g, the identity map
of R, a (Jordan) o-derivation is merely a (Jordan) derivation. Hence,
Jordan 1g-derivations of R have been completely characterized, see [6,
Theorem 3.1], [9, Theorem 1.1] if char R # 2 and [9, Theorem 2.2]
if char R = 2. In [8], the author characterize Jordan o-derivations
0: R — Qumr(R) with o an epimorphism if R is not a GPI-ring. In this
paper, we will obtain the same conclusion without the extra assumption
that R is not a GPI-ring, see [8, Question 2.8]. As a consequence, if
o is an X-outer automorphism, then every Jordan o-derivation is a
o-derivation. The key point is to solve certain functional identities of
prime non-PI rings. Recall that an automorphsim o of R is called X-
inner if there exists a unit u € Qs(R) such that o(z) = uzu~! for all
z € R. Otherwise, it is called X-outer.

2. Main results. Our goal of the paper is to characterize Jordan
o-derivations of prime rings. The main result is the following.

Theorem 2.1. Let R be a noncommutative prime ring with an epi-
morphism o, and let §: R — Q- (R) be a Jordan o-derivation. Then,
either § is a o-derivation or a deriwation d: R — Qumr(R) and a unit
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u € Qs(R) exist such that §(x) = ud(x) + p(x)u for all x € R, where
w: R — C is an additive map satisfying p(x?) =0 for all z € R.

First, we deal with the case of prime PI-rings. For a prime Pl-ring
R, it is known that Q,,.(R) = RC.

Theorem 2.2. Let R be a noncommutative prime Pl-ring with an
epimorphism o, and let 6: R — RC be a Jordan o-derivation. Then,
either ¢ is a o-deriwation or a derivation d: R — RC and a unit
u € RC exist such that §(x) = ud(x) + p(x)u for all x € R, where
w: R — C is an additive map satisfying p(x?) = 0 for all x € R.

Proof. By [8, Corollary 2.3], if char R # 2 then ¢ is a o-derivation.
Suppose that char R = 2. Let z,y € R. Then zy + yzr = [z,y].
Linearizing §(z?) = §(z)x + o(x)d(z), we see that

(2.1) 6(fz, y]) = 0(x)y + 6(y)x + o (2)d(y) + o (y)d(x).

Since R is a prime PI-ring, it follows from [13, Theorem 2] that Z(R),
the center of R, is nonzero. Let 0 # 8 € Z(R). Replacing y by 8 in
(2.1), we see that

(B+0(B)d(x) = 6(B)x + a(z)d(B).

Case 1. There is a 8 € Z(R) such that o(8) # . Since o is an
epimorphism, o(8) € Z(R). Set a := (8 + o(B))"16(8) € RC. Then
d(z) = ax — o(x)a for all z € R, that is, J is an X-inner o-derivation.

Case 2. o() = B forall B € Z(R). Then o can be uniquely extended
to an epimorphism of RC, denoted by &, defined by o(z/5) = (o(z))/8
for x € R and 0 # 3 € Z(R). Since RC is a finite-dimensional central
simple C-algebra, see [13], and d(a) = « for all « € C, 7 is a C-
linear automorphsim of RC. The Noether-Skolem theorem asserts that
there exists a unit u € RC such that o(x) = uzu~" for x € RC. Hence,
§(2?) = §(x)r+uzut(x) for all z € R. Clearly, the map z — u~1(x)
for z € R is a Jordan derivation of R into RC. In view of [9, Theorem
2.2], a derivation d: R — RC and an additive map p: R — C exist
such that u=0(z) = d(x) + u(z) for all x € R, where p(z?) = 0 for all
z € R. So §(z) = ud(x) + p(x)u for all x € R, as asserted. O
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By Theorem 2.2 together with [8, Theorem 2.7], in order to prove
Theorem 2.1, we have to handle the case where R is a prime GPI-ring
but is not a PI-ring. To prove the case, we need a result concerning
functional identities.

We first introduce some notation. For any maps f: R" ™' — Quur(R)
and g: R"2 — Q- (R) we write

fl(fT) = f(xlw" azi—lvxi+17"'7x7")
and
gij(fr) = gji(fr) = g(xl, ey X1, Ty L1, T,y - - ,l‘r),
where T, = (z1,...,2,) E R"and 1 <i < j <r.

We are now ready to state the key result, which will be used in the
proof of Theorem 2.1 and is also interesting in itself. Although it has
a more general form, we prove only the following for our purpose.

Theorem 2.3. Let R be a prime ring, which is not a Pl-ring,
and let o be an X-outer automorphism of R. Further, suppose that
Ei,Fis: "1 — Qur(R) are (r — 1)-additive maps, where 1 < i,
{<7r and s=1,2. Suppose that

22) D E @)z + Y wFL(T) + Y 2 FhL(@) €C
1=1 (=1 =1

for all@, € R". Then there exist a nonzero ideal I of R, (r—2)-additive
maps Pires: 1" "2 = Qumr(R) and (r — 1)-additive maps N1 : I""1 — C,
where 1 < i, £ <r and s = 1,2, such that

Z oD}t (Tr) Z 27 Diten(Tr) + My (T0),

1<e<r 1<e<r
223 £
FZl z,) = § pzwl Zp)Ti — Aél(l"v")
1<i<lr
£l

and
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Feg T) = E p11€2 T)T

1<i<lr
W#L

for allT, € I", where 1 <1, L <.

The proof of Theorem 2.3 will be given in the next section. A right
ideal p of R is called dense if p is a dense submodule of Rg, that is,
given z,y € R with y # 0, there exists an element r € R such that
xr € p and yr # 0.

Lemma 2.4. Let o be an automorphism of R. Suppose that 6: R —
Qmr(R) is a o-derivation. Then § can be uniquely extended to a o-
derivation from Q. (R) to itself.

Proof. Tt is known that o can be uniquely extended to an automor-
phism of Q,,-(R), denoted by o also. Let ¢ € @,-(R). Choose a dense
right ideal p of R such that gp C R. Let f: p — Q. (R) be the map
defined by f(z) = d(qx) — o(q)d(x) for x € p. We claim that f is a
right R-module map. Indeed, let x € p and r € R. Then

flxzr) =6(gar) —o(q)d(xr)
= (8(qx)r + o(qx)d(r)) — a(q) (6(x)r + o (2)d(r))
= J(cfz(%ﬂf) —a(q)d(z))r

as claimed. Note that pQn.,(R) is a dense right ideal of Q,,,(R) by
the fact that p is a dense right ideal of R. Moreover, R is also a dense
submodule of @, (R)r. Thus, f can be uniquely extended to a right
Qmr (R)-module map from pQyny, (R) into Qpmr(R), denoted by f. Since
Qur (Qur(R)) = Qur(R), f: pQur(R) = Qumr(R) can be realized as
an element of @Qp,-(R). We define such an element as g(q), that is,
F(y) = 3@y for y € pQur(R). Thus, & Quue(R) — Quur(R) and
d(x) = 6(x) for z € R. Tt is routine to check that ¢ is a o-derivation.
Clearly, such an extension is unique. O

Lemma 2.5 ([8, Lemma 2.6]). Suppose that R is not a Pl-ring,
char R = 2, and let o be an endomorphism of R. Let §,A,B: R —
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Qmr(R) be additive maps satisfying
S(zy) + o(x)o(y) = Aly)z + B(x)y

for all x;y € R. Then B is a o-derivation. In addition, if o is an
X-outer automorphism, then A = 0.

For the next lemma, we refer the reader to the proof of [8, Case 2,
Theorem 2.7].

Lemma 2.6. Let R be a noncommutative prime ring with o an X-outer
automorphism. If R is not a GPI-ring, then every Jordan o-derivation
from R into Qumy(R) is a o-derivation.

Theorem 2.7. Let R be a noncommutative prime ring with o an X-
outer automorphism. Then, every Jordan o-derivation from R into
Qmr(R) is a o-derivation.

Proof. By Theorem 2.2 and Lemma 2.6, we may assume that R
is a prime GPI-ring but is not a Pl-ring. By [8, Corollary 2.3], we
may assume further that charR = 2. Let x,y,z € R. Then, by
the identity [zy, z] + [2x,y] + [yz,2] = 0 and using (2.1) to expand
d([xy, z]) + 0([zx, y]) + 6([yz, z]), we see that

(0(yz) + 6(y)z)x ( (zx) +6(2)x)y + (8(zy) + d(z)y) 2
(2.3) o) (5(y2) + 0 (1)5(2)) + o () (5(z2) + 0(2)5(x))
+o(2)(6(z y)+0(9€)5(y))

for all z,y,z € R. In view of Theorem 2.3, a nonzero ideal I of R and
additive maps A, B: I = Qm,(R) exist such that

(2.4) S(zy) +o(x)o(y) = Aly)z + B(x)y

for all xz,y € I. Note that Qu,.(I) = Qum,(R). It follows from
Lemma 2.5 that A =0 on I and B is a o-derivation on I.

Replacing y with z in (2.4) and noting that § is a Jordan o-
derivation, we see that

§(x)x = §(2%) + o(x)d(z) = B(z)x,
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and so,
(B(z) +6(x))z=0 forallzel.

Set h := B+ 6. Then h(z)y = h(y)x for all z,y € I. Thus,
h(z)yz = h(y)rz = h(zz)y for all z,y,z € I. Since R is not
commutative, neither is I. Thus, a z € I exists such that 1 and z
are linearly independent over C. It follows from [11, Theorem 2(a)]
that h(z) = 0 for all z € I, that is, B = § on I. Since B is a o-derivation
on I, sois § on I. Note that Q.-(I) = Q- (R). In view of Lemma 2.4,

B can be uniquely extended to a o-derivation B: R — Q. (R).

We claim that § = B on R. This implies that ¢ is itself a o-
derivation. Let g := 6 — B. Then g: R — Q. (R) is also a Jordan
o-derivation and ¢g(I) = 0. Our aim is to show that g = 0. Let 2 € R
and w € I. Then,

g(zw +wr) = g(x)w + g(w)z + o (z)g(w) + o(w)g(z)
= g(x)w + a(w)g(z),

implying that g(z)w = o(w)g(x) as g(zw + wx) = 0 = g(w). Since o
is X-outer, it follows that g(x) = 0 for all x € R, as asserted. O

Proof of Theorem 2.1. By [8, Theorem 2.4], if o is not injective,
then § is an X-inner o-derivation. Thus, we may assume further that
o is an automorphism since o is an epimorphism of R and, moreover,
char R = 2, see [8, Corollary 2.3].

In view of Theorem 2.7 we are done if o is an X-outer automorphism
of R. Thus, we may assume that ¢ is X-inner. There exists a unit
u € Qs(R) such that o(z) = uzu~! for all z € R. As in the proof
of Theorem 2.2, a derivation d: R — Qu-(R) and an additive map
pu: R — C exist such that v~ 1§(z) = d(z) + pu(z) for x € R, where
wu(xz?) = 0 for x € R, that is, §(x) = ud(x) + pu(z)u for all x € R, as
asserted. (]

3. Proof of Theorem 2.3. In order to prove Theorem 2.3 we need
the following result, which is a special case of [1, Theorem 1.2].

Theorem 3.1. Let R be a prime ring, which is not a GPI-ring,
and let o be an X-outer automorphism of R. Further, suppose that
Eij, Fos: R"™Y = Qur(R) are (r — 1)-additive maps, where 1 < i,
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£<randl<j,s<2. Suppose that

Z B} (Tr)wi + Z Ejy(Tr)z] + Z ToFp () + ngFfQ(fr) eV
i=1 i=1 =1 =1

for allT, € R", where V is a finite dimensional C-subspace of Qumr(R).
Then, there exist unique (r — 2)-additive maps pijos: B2 = Qumr(R)
and (r — 1)-additive maps X\;j: R"™1 — C, where 1 < i, £ < r and
1 <7, s <2, such that

Z xlpz]ll xT Z xépzj€2(xT)+A (xT)

1<e<r 1<e<r
T#i T#i
and
Fés x'f = E pzllb .737» i § p12& x'f - )\&(x'f)
1<ilr 1<i<lr
QAL QAL

forallT, € R", where 1 <i, £ <r and1<j, s <2.

From now on, we assume that R is a prime ring, which is not a
Pl-ring, and let o: R — R be an X-outer automorphism. By I < R, we
mean that [ is an ideal of R.

To begin, we need the following, see [7, Proof of Proposition 2], [12,
Theorem 3.13] or [10, Theorem 1.1].

Theorem 3.2 ([7], Kharchenko). Let R be a prime GPI-ring, and let
7 be an automorphism of R. Suppose that T7(8) = B for all 5 € C.
Then T is X-inner.

For x € R, we define deg(z) to be the minimal algebraic degree
over C if z is algebraic over C' and deg(z) = oo otherwise. For a subset
T of R, we define deg(T) = sup{deg(t) | t € T}. It is known that
deg(R) = oo if R is not a Pl-ring. For any map f: R"™! — Qum,(R)
and t # i, we let

fi(f’r‘; {y}t) = f<Z17 . -7zi713zi+17 L] 7Z’I‘>7

where z; = x; if j #t and 2, = y.
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Lemma 3.3. Suppose that E;, Fy: R"™' = Q. (R) are (r—1)-additive
maps satisfying

(3.1) > El(T,) + Y alF{(T,) €C
i=1 =1

for all T, € R". Then there exists a nonzero ideal I of R such that
Ef:O:Ff onI" for1 <i, £<r.

Proof. If R is not a GPI-ring, it follows from Theorem 3.1 that
E!=0=F}on R" for 1 <i, £ <r. The lemma is proved.

Suppose now that R is a GPI-ring but not a Pl-ring. Let A :=
{1,2,...,r} and

L :={f € A there exists 0 # J < R such that F{ =0 on J"}.

We proceed with the proof by induction on r —|L|. First, suppose that
L = A. Then, Ff =0on J" for 1 < /¢ <r, where J is a nonzero ideal
of R. Thus,

i=1

for all T, € J". Note that Qum,(J) = Qmr(R) and deg(R) = co. In
view of [2, Theorem 2.4], Ef =0 on J" for 1 <i <r, as asserted.

Next, suppose that » — |L| > 1. We may assume without loss of
generality that r ¢ L, that is, F;' # 0 on U" for any nonzero ideal
U of R. Since o is X-outer and R is a GPIl-ring, it follows from
Theorem 3.2 that o(8) # 8 for some § € C. Choose a nonzero ideal K
satisfying SK C R. Then, by (3.1), we have

r—1

(3'2) L (E;(fr’ {6-Tr}r) - 6Ezl(fr))

r—1

+ > af (Ff (@i (B, },) — BF{ ()
=1
+27(0(8) — )F](z,) € C

for all ¥, € K. Choose a nonzero ideal K7 of R contained in K such
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that K¢ ' C K. Then, by (3.2), we have

r—1 r—1
(3.3) > wElT,) + 2, FL (@) + > 2fF/(T,) € C
1=1 =1

for all Z, € K7, where
Ei®,) = (0(8) — B) " (Ei@e {827 },) — BEi(@ri {27 ' })
and

ﬁ‘ée(ir) = (U(/B) - B)_l (FZZ(EM {/Bx;‘-i }7) - ﬂFZZ(EM {xﬁ’f }7))
Set
Ly :={¢|1<¢<r—1 there exists 0 # J < R such that ﬁf =0on J'}.
Let ¢ € {1,...,r — 1} be such that £ € L. Then, there exists a nonzero
ideal N of R such that F, f =0 on N". Clearly, there exists a nonzero
ideal M of R contained in N such that Ff =0 on M", that is, £ € L;.
Since r ¢ L, we have |L| < |L;1], and so, r—|L| > r—|Ly| > r—1—|Ly|.

By the inductive hypothesis, it follows from (3.2) that F' =0 on W,
where W is a nonzero ideal of R. This is a contradiction. O

Proof of Theorem 2.3. We divide the proof into two cases.

Case 1. R is not a GPI-ring. We let E;5 = 0 for 1 <4 < r, where
Eio: "1 — Q- (R) and rewrite (2.2) as

(3.4) Z E} (Tr)wi + Z Ejy(Tr)z] + Zmera (Tr)
i=1 i=1 =1

+> afFfy(T,) e C
=1
for all 7, € R". By Theorem 3.1, there exist unique additive maps
pijes: B2 = Qmr(R) and \js: R"™' = C,1<i,{<rands=12,
such that
(3.5) Ej(T,) = Z szpz:ﬁu(fr) + Z zgpﬁﬁez(@) + ()

1<e<r 1<e<r
047 047
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and

(36) FZS xT - Z pzlés 1'7« % Z p12€s mT - )‘ES(‘TT)
1<i<r 1<i<r
) il

for all . € R", where 1 <4,/ <r and 1 < j, s <2. Since E;5 =0 for
1 <4 <r, it follows from (3.5) with j = 2 that

Z Tepie (Tr) Z 27 Piea(Tr) + Nig(Tr) = 0.

1<e<r 1<e<r
T T

But, R is not a Pl-ring. By Lemma 3.3, there exists a nonzero ideal
of R such that

it i ;
Dizer =0 =Dpi3n and Ay =0onI",

where 1 <, £ < r with ¢ # £. Hence, (3.6) is reduced to

s xT - Z pzlfs x”‘ i )‘Zs(‘rT)

1<i<lr
Gl

Fiy(

for all 7. € I", where 1 </ <r and 1 < s < 2, as asserted.
Case 2. Ris a GPI-ring. Let A:={1,2,...,r} and

L:={lc A| there exists 0 # J < R such that Ff, =0 on J"}.

We proceed with the proof by induction on r — |L|. Suppose first that
L= A. Then, F5(z,) =0 for all Z, € U" for 1 < £ < r, where U is a
nonzero ideal of R. Thus, (2.2) is reduced to

Z B} (T)wi + Z ngfl () €C
i=1 {=1

for all T, € U". Note that Qpr(U) = Qumr(R). Since R is not a Pl-ring,
deg(R) = co. In view of [2, Corollary 2.11], there exist additive maps
PDile1: R—2 > er( ) and \;1: R™™ LN C,1<1, ¢ <r, such that

(@) Z mfpzlfl(xr) +)‘ (@)
1<e<r
2
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and

for all T, € R", where 1 <1, £ < r, as asserted.

Suppose next that r — |[L] > 1. We may assume without loss
of generality that » ¢ L, that is, F/;, # 0 on U" for any nonzero
ideal U of R. Since o is X-outer and R is a GPI-ring, it follows from
Theorem 3.2 that o(8) # B for some 3 € C. Choose a nonzero ideal .J
of R such that 5J C R. By (2.2), we have

1

Li (Ezl(fr» {Bz,},) — BEZ(ET))

1

+ z_:xé (Fézl (Tr; {ﬁrr}?“) - ﬁFéel (ET))
(=1

T

(2

Y o (P (@ {Br}) — BEL ()

=1
+ 27 (0(B) = By (T,) € C
for all 7, € J". Then,

r—1 r—1 r—1

(3.7) Z v E{(T,) + Z v Ff (T,) + Z of Fy(T,) + 27 Fly(T,) € C
i=1 =1 =1

for all T, € J", where

E}\(@,) = (0(8) = B) " (Ei(@r: {Ba,},) — BEI(T,)),
ﬁ;l (ET’) = (U(B) - ﬁ)il (Ffél (f,,‘; {ﬁmr}r) - ﬂFzél (ET)>7

and

Fh@:) = (0(B) — B)  (Fa@r {Brr}r) — BFL(EL)).

Choose a nonzero ideal J; of R contained in J such that Jy - CcJ. It
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follows from (3.7) that
r—1 N .

(3.8) Z w B (Tps {a] }r) + foFeel @i {27 }) + 2 o (T0)
{=1

+ngff2(fr;{x27 jr)eC
=1
for all 7, € J. Set Hi(Z,) = ﬁé(@;{xg”}r) for T € Jj,
1</<r-—1and

Li:={¢|1<¢ <r—1, there exists 0#.J < R such that Hj,=0on J"}.

Let £ € {1,...,r — 1} be such that £ € L. Then, there exists a nonzero
ideal N of R such that Ff = 0 on N". Clearly, there exists a nonzero
ideal M of R contained in N such that Hfz =0on M", that is, £ € L.
Since r ¢ L, we have |L| < |Lq|, and so, r—|L| > r—|L1| > r—1—|L4|.

By the inductive hypothesis, the F, in (3.8) can be solved, that is,
there exists a nonzero ideal Jy of R contained in .Jy, (r — 2)-additive
maps pi12: J§_2 — Qmr(R) such that

(3.9) Fh(@r) = Z Piye ()T
1<i<r
it

for all Z, € J5. Tt follows from (2.2) together with (3.9) that

r—1

(3.10) (Ezll(fr) - xgpﬁm(fr))xi + Ep (%),
1

T r—1
+ foFéel(jT) + ngFepz(fr) eC
=1 =1

for all T, € J5. By induction, these Ff in (3.10) can be solved as
follows:

(3.11) Fm T,) = Z pzl£2 z,)
1<i<lr
Al

for all Z. € I" and 1 < £ < r — 1, where [ is a nonzero ideal of R
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contained in Jo. By (2.2), (3.9) and (3.11), we have

T

(3.12) Z( (@) Z xzpﬂm(xr Ti +Zx€F£1 () eC

i=1 1<e<r (=1
0+

for all T, € I". Note that Q. (I) = Qmr(R). We now apply [2, Corol-
lary 2.11] to solve (3.10). Then (r — 2)-additive maps pjie1: 1772 —
Qmr(R) and additive maps \;;: I""! — C exist such that

(3.13) (@) Z 27 P} (Tr) Z zepfion (Tr) + Xy (Tr)

1<e<r 1<e<r
0#£i 0#£i
and
(3.14) Fm T,) = Z pzwl T, ) Aél(xv")
1<i<lr
Al
for all T, € I", where 1 < ¢, £ < r. The theorem is now proved by
(3.9), (3.11), (3.13) and (3.14). |
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