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THE DISCRIMINANT OF ABELIAN NUMBER FIELDS
VICTOR BAUTISTA-ANCONA AND JOSE UC-KUK

ABSTRACT. For an abelian number field K, the dis-
criminant can be obtained from the conductor m of K,
the degree of K over Q, and the degrees of extensions
K - Q(Cm/pe)/Q(Cmype), where p runs through the set of
primes that divide m, and p® is the greatest power that di-
vides m. In this paper, we give a formula for computing the
discriminant of any abelian number field.

1. Introduction. Let K be an algebraic number field over Q. We
say that K is abelian if the extension field K/Q is Galois and Gal(X/Q)
is an abelian group. From the Kronecker-Weber theorem, if K is an
abelian number field, then K is contained in some cyclotomic field
Q(¢m) [4]- The smallest m for which this holds is called the conductor
of K. The discriminant of a number field K, denoted disc (K), is one
of the most important invariants of an algebraic number field.

In the early 2000s, Interlando, Dantas Lopes and da Nébrega Neto
presented a formula for computing the discriminant of subfields of
K = Q(({pr), where p is an odd prime and r is a positive integer, see [3].
This formula depends only on p and [K : Q]. Later, in [1], Dantas Lopes
extends the result of [3] to the case where p = 2, obtaining a formula
that splits into two expressions depending on whether K is cyclotomic
or not. Both expressions depend only on [K : Q.

In a third work, Interlando et al., obtained a formula for computing
the discriminant of an abelian number field K; this formula is presented
as a function of the conductor m of K, the degree [K : Q] and the
degrees of the fields K N Q((p,/pe) over Q, where p runs through the
set of primes that divide m, and p® runs through all powers of p that
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divide m, see [2, Theorem 1]. In fact, they showed in their paper that
it is not necessary to know all the powers of p that divide m but only
the greatest power of p which divides m, see [2, Theorem 2].

Unfortunately, [2, Theorem 2] is incorrect, since this result only
applies to the case where m is odd or a power of 2. The main purpose
of this work is to correct this theorem. We present a formula when
m = 2%n with a, n > 2 and n odd. Furthermore, we show that, in
[2, Theorem 1], the conductor can be omitted and, therefore, we can
conclude that this result is a generalization of [1, Theorem 3.1] and [3,
Theorem 4.1].

The paper is organized as follows. In Section 2, we briefly review
the main theorems of [2] and show that, under certain conditions,
the only subfields of Q({mpn) are cyclotomic (Proposition 2.3). In
Section 3, we show that, in [2, Theorem 1], the conductor can be
omitted (Theorem 3.1), and this result is used to show that Theorem 2
of [2] is wrong. Finally, in Section 4, we give a corrected version of [2,
Theorem 2] (Theorem 4.1).

2. Preliminaries. In this section, we present the main theorems of
[2], proofs are omitted.

Theorem 2.1 ([2, Theorem 1]). Let

k
o
=11
=1

and K be an abelian number field of conductor m. Then,

mlK:Q]

k Efll[KﬂQ(Cm/p;):Q] '

[lizipi

|disc (K)| =

Theorem 2.2 ([2, Theorem 2]). Let K be an abelian number field of

conductor
k
Qg
= Tw
i=1
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Then, the discriminant of K is equal to

|disc (K)]

m if m # 2"
o (P et/ /(7T D) for allm € N;
D

=144

— { o2t if K =Q(Can);
2712"’171 me =2ntl
for some n € N,
but K 7é Q(€2“'+1)a

where i = [K - Q(Gyp) # QG )1/pF*

In the proof of Theorem 2.2, Interlando et al. claim that,

if m, n, p € N with p a prime such that (m,p™) = 1,
then, the only subfields of Q((npn) containing Q((myp)
are the cyclotomic ones.

However, this claim is false when p = 2, see Figures 1 and 2. Next, we
give the correct statement and its proof.

Proposition 2.3. Let m, n, p € N with p a prime such that (m,p™) = 1.
Then,

(1) if p is odd, the only subfields containing Q((mp) and contained in
Q(&mpn) are cyclotomic.

(2) If p = 2, the only subfields containing Q((n22) and contained in
Q(Cman) are cyclotomic.

Proof. We know that Q(mpn) = Q(Em)(Gpn), so that Gal(Q(Cmpn)/
Q(&m)) is isomorphic to a subgroup of (Z/p"Z)*. Moreover, Q((mpn)/
Q(¢m) is a Galois extension, and therefore,

| Gal(Q(Cmpn )/ Q(Cm))| = [QGmpr) = QGm)] = ¢(p") = [(Z/p"Z) |-

This implies that Gal(Q(Gmpn)/Q((m)) = (Z/p™Z)*. Thus, we have
two cases:
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(1) If p is odd, Q(Cmpn)/Q(Cm) is a cyclic extension of degree ¢(p™).
It follows that, for each divisor d of ¢(p™) there is only one subfield of
Q(&mpn) of degree d over Q((y,). Furthermore, if E; is a subfield such
that

Q(Cmp) CE; C @(Cmp")a
then

[Ei : Q(Gn)] = [Bi 2 QUGmp)][QGmp) : Q)] = (p — 1)p’
for some ¢ € {0, 1,..., n — 1}. On the other hand,

[Q(Cmp”l) : Q(Cm)] = (p - 1)pi
for each i € {0, 1,..., n—1}. Then, the uniqueness for degrees implies
that Ez = Q(Cmpi+l).
(2) If p = 2, the result is trivial when n = 2. Suppose n > 3.
We consider the automorphism o5 € Gal(Q(¢man)/Q((m)), given for
05(Can) = (5.. Then, we have

2n—2 _ 5_2n—2 o (1_,’_22)271—2 . 2n,2
0—5( on )— on = Gaon = Gon

that is, o5 fixed to C%:_Q = (2, so that

(05) < Gal(Q((mar ) /Q(Gme2))-
On the other side, the extension Q((man)/Q((maz) is Galois, so that

[{o5)] = 2" = [Q(Cman) : Q(Gn22)] = | Gal(Q(Gmzn) /Q(Gmaz)) -

Hence, Q(¢man)/Q(Cna2) is a cyclic extension of degree 2" 2. Tt follows
that a unique subfield E; of Q((,n2n ) exists such that [E; : Q((ne2)] = 2°
foreach i € {0, 1,..., n—2}. But, fori € {0, 1,..., n— 2}, Q((noz+i)
is a subfield with such properties. Then E; = Q((02+:). |

Corollary 2.4. Let K be an abelian number field of conductor m =
27+l Then [K : Q] = 2" or 2771

Proof. If m = 22, then K = Q({32). Thus, we consider the case
m = 2" with n > 2 and assume that K # Q({on+1), i.e., [K : Q] # 27
so that K # Q((y:) for each i € {2, 3,..., n} since the conductor of K
is m = 2"+, Proposition 2.3 guarantees that KNQ({y2) = Q since only
the cyclotomics contain Q((s2); also, K -Q((s2) is a cyclotomic subfield
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of Q(an+1) containing K. It follows that K - Q((a2) = Q({gn+1). Thus,
if [K : Q] =27, then

= [Q(¢n+1) : K]

= [K - Q(¢2) : K]

= [Q(C22) : K NQ(C22)]

=[Q(¢22) : Q]
=2,

and therefore, r = n — 1. O

3. Removing the condition over the conductor. We generalize
Theorem 2.1 to note that we can eliminate the condition over the
conductor.

Theorem 3.1. Let K be a subfield of Q(C,) with n = [;_, pfj. Then,

nlEK:Ql

|disc (K)| = .
[KﬁQ(Cn/p 1):Q]

Hj:l pj

Proof. If K is a subfield of Q({,) with n = H;Zl pf—j and conductor
m = Hi;lp?"’ with m # n, then ¥ < s or o; < f; for some
i€{l1,2,..., k}. We claim that

Bj

(31) D IKNQ ) : Q= (8 —ay)[K +Z ENQ(Gmypt) : Q)

=1 i=1
for 1 <j <k, and

Bj
(3.2) D IENQG) Q= 5K : Q)

=1

for k+1 < j < s. To see this, we consider the following two cases.

(i) For 1 < j <k, we have:
(a) if 1 <1< B; —aj, then m | n/pév, and, therefore,

K C Q(Cm) - Q(Cn/pé)a
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so that

(b) If B; — a; +1 < 1 < B;, then we have m/pl Bites n/ph.
Thus, Q(¢ JpiBie ) C Q(Cpypt )s and, therefore7

Kn Q(Cm/pzfﬁﬁaj) CKnN Q(Cn/pé)'
Conversely, observe that

= Q(Cm/pljg—f*ﬁ%)

Then, K N Q(Cn/pé) CKn Q(Cm/pz—ﬁj+aj ), and, therefore,
i
KN Q(Cn/p;,) =KnN Q(Cm/pzf@ﬁaj ).

In conclusion,

Bj Bji— O‘J
=1 =1
Bj
+ D KNQGyy):Ql
I=Bj—a;+1
Bi—aj
= Y [K:Q
=1
Bj
+ Y ENQE,, ae) Q)
1=Bj—c;+1 ’

= (8 —aj)[K : Q]

(ii) For k41 < j < s, similarly to case (ia), we have
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Thus,
B Bj

DIENQE,) Q=) [K: Q] = p;[K : Q.

=1 =1

From equations (3.1), (3.2) and Theorem 2.1, we obtain

0

n[K:Q] B;[K:Q]—- Z L [KNQ(¢,, ,,1):Q)

n/p;

LLIK0Q(C, /40)
H;:l p]

b BilK Q= (8 =) (K@= T KN, . i )0

_Hpa

:\dlsc (K)|.

Remark 3.2. From Theorem 3.1, we conclude that Theorem 2.1 is,
indeed, a generalization of previous works [1, 3].

Next, we compute the discriminant of two particular abelian number
fields; these examples show that Theorem 2.2 is incorrect.

Example 3.3. The cyclotomic field Q(¢24) has degree 8 over Q and a
Galois group G = Gal(Q((24)/Q) =2 (Z/247Z)*. We have

G - {Ulv 05, 07, 011, 013, 017, 019, 0—23}a
where 0;((24) = (i,. We consider the following subgroups of G:

Hj = {01, 07, 017, 023},

Hy = {01, o7},
Hp = {01, 07, 013, 019},
Hy = {01, 017},
Ho = {01, 013},

where J, K, L, N and O are the subfields of Q((24) fixed by Hy, Hg,
Hy, Hy and Hp, respectively. We observe that L = Q(¢3) = Q(s),
since 0;(¢3) = 0;(¢§,) = ¢§, = (3 for all 0; € Hy; in a similar way,
it is easily verified that N = Q({s) and O = Q((12). For the subfield
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Q(C24)
2/2/ Y~
_— e ~

Qs +¢5)  QC12) Q(¢s)
2 2.
( )/ (Ca) \
Q¢ Q(¢4 J
\2 % 2

FIGURE 1. Partial lattice of subfields of Q((24).

K = Q((24 + ¢4), we have that
(K : Q] = [Q(Ca)]/|Hk| = 4,

and also

(Hg,Hy) = Hy = K NQ(¢) = J,
(Hx,Ho) = H, = K NQ(¢12) = L = Q(¢3),
(Hr,Hp) = Hp = KNQ(() = KNQ(G) = L =Q(¢3).

Figure 1 illustrates the partial lattice of subfields of Q(¢24). Then, by
Theorem 3.1, we have that |disc (K)| = 25 - 32, On the other hand,
from Figure 1, we have that

(K -Q(¢) : Q(¢g)] =2
and

[K-Q(¢) : Q)] = 2

so, Theorem 2.2 says that |disc (K)| = 27-32, a different answer to that
obtained via Theorem 3.1.
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Example 3.4. The cyclotomic field Q({40) has degree 16 over Q and
a Galois group G = Gal(Q({40)/Q) = (Z/40Z)*. We have

G = {01, 03, 07, 09, 011, 013, 017, 019, O21, 023, T27, 029,

031, 033, 037, USQ}a
where 0;((40) = Ciy. We consider the following subgroups of G:

Hj = {01, o},
Hy = {01, 031},
Hyp = {01, 011, 021, 031},
Hyr = {01, 09, 017, 033},
Hy = {01, 07, 09, 017, 023, 031, 033, 039},
where J, K, L, M and N are the subfields of Q({40) fixed by H;, Hg,
Hy, Hy and Hy, respectively. We observe that L = Q((10) = Q(&5),
J = Q(¢20), and M = Q((g). For the subfield K = Q((s0 + (33) we
have that [K : Q] = 8, and also
(Hg,Hy) = H, = KNQ(¢(0) =L,
(Hi,Hpy) = Hy = KNQ(¢s) = N,
(Hk,Hr) = H, = KNQ(Co) = KNQ(G) = L =Q(¢)-
Figure 2 illustrates the partial lattice of subfields of Q({40). Then, by

Theorem 3.1, we have that |disc (K)| = 2'2 - 5% On the other hand,
from Figure 2, we have

[K-Q(G) : Q(s)] =4

and

[K-Q(C) : Q(¢5)] = 2;

so, Theorem 2.2 says that |disc (K)| = 2 - 55 a different answer to
that obtained via Theorem 3.1.

Abelian number fields presented in Examples 3.3 and 3.4 have the
particularity that their conductor has the form 2%n with a,n > 2
and n odd. These examples suggest that Theorem 2.2 is incorrect.
Other examples showed that similar problems arise when calculating
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e
QGao + ¢3) Q(G20) \

FIGURE 2. Partial lattice of subfields of Q(C40).

the discriminant of an abelian number field whose conductor is in the
above-mentioned form.

4. Main result. In this section, we give a corrected version of
Theorem 2.2 that works in general, including abelian number fields
which have a conductor of form m = 2%n with a,n > 2, where n is
odd.

Theorem 4.1. Let K be an abelian number field of conductor m =
Hizlpf"'. Then,

l [K:Q]
e ()| = (Lot ™)
i=1
where

N = i 14 (= 1)
pl_ar(mﬁ) (pi — 1)
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and

Proof. From Theorem 2.1, it is sufficient to calculate the degrees
[KOQ(gm/p).Q] forallze{l 2,...,1}and 1 < j < ;. We have
that Gal(K/K N Q(Cm/p )) = Gal(K - Q(¢ m/p i)/Q(¢ m/p 7)), and thus,
[K : KﬂQ(Cm/p_i )] =[K-Q(¢ /! i)t Q( /! )] It follows that

(K : Q] (K : Q]

N @Gn) A= KA QG )]~ K@) Q)]

We have two cases:

(1) If p; is odd, Proposition 2.3 says that the only intermediate
subfields in extension Q((,,)/Q(¢ m -1) are cyclotomic. For 1 < j <
a;, K- Q(Cm/p ) is a cyclotomic subfield of Q(¢m) containing K. It
follows that K - Q(Cm/p ) = Q(¢m), so that

o(m)
o(m/p})

(K- QUG ypi) = QGnypi)] = [QGn) = QLG pp0)] = =},

and consequently,

K00, 0 = FE.

If j = i, then K - Q((,, /i) has conductor m and

Q) @(cm/,,;i )

it
[QGm) + K - Qo))

also, the extension Q(Cm)/Q(Cm/in) is cyclic and, therefore, p; f{

[Q(Gm) + K - Q(Cnypoi)]. Otherwise, we have K C K - Q(Cp, i) C
Q(Gn/p,)- Then

(K Qi)+ Qo)) = uip ™,

(K - @(Cm/p;’i) : Q(Cm/pji)] =
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and it follows that
K :

uip; "

=5 )
U o 1pZ

Next,

S K 1QG) Q= [K @

(ot
—[K:Q (ui _ 11—_ i//z;)) 1)
—[K:Q (p 1l_1+pzpi_1)1)/%>
- )2 (pp;) o)

(2) If p; = 2, then «; > 2 and Proposition 2.3 say that only
intermediate subfields in extension Q((n)/Q(C,,2:-2) are cyclotomic.
For 1 < j < a; =2, K-Q(Gy/2) is a cyclotomic subfield of Q((p)

containing K. It follows that K - Q((p/2i) = Q(Gn), so that

- Q) 2] = Q) @) = 5o =2
and, consequently,
K NQGry): Q) = EE,

If o —1 < j < oy, then Q((p 00i-1) = Q((ny204 ) and, therefore,

[K:Q]
[KQ(Cm/QO‘l ) :Q(C’m/Qo‘i )] .

[KNQ(Gry2ei—1): Q=K NQ(¢my2e:): Q) =

Then,

S 1K 1 QGny2s) €
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_ K Q) <2ai2 —1+ 2ai71/[12(;i<922@m/2ai) : Q(gmml.)])

O 1)/ui>
p?i_(pi72)(pi —1)

The result follows from Theorem 3.1. O

- 1K)

We review Examples 3.3 and 3.4 and recalculate the discriminant of
these abelian numbers fields using Theorem 4.1.

Example 4.2. In Example 3.3, we consider the abelian number field
K = Q(Ca4 + (3,); from Figure 1 and Theorem 4.1, it follows that

l [K:Q]
|disc (K)| — (Hp?i—)u) _ (23—(3/2))4(31—(1/2))4 — 96 .32
i=1

This result is consistent with that obtained via Theorem 3.1.

In a similar way,

Example 4.3. In Example 3.4, we consider the abelian number field
K = Q(C40 + ¢}}); from Figure 2 and Theorem 4.1, it follows that

! (K:Q]
|disc (K)| = (Hpgi—&) — (23-G/D)8(51-(1/9y8 — 912 56,
i=1

This result is consistent with that obtained via Theorem 3.1.

The last two expressions in the formula of Theorem 2.2 can be
derived from Theorem 4.1, as shown next.

Corollary 4.4. Let K be an abelian number field of conductor m =
2"+, Then,

2”2n if K = n+1 )]
T

otherwise.
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Proof. Since [K - Q(Grnyont1) @ Q(Gryont1)] = [K : Q], from Theo-
rem 4.1 we obtain

|disc (K)| = (2"+1—[2"’1—1+(2"/[K:Q])]/2n71)

= 2[K:Q]((n2”*1+1)/2n—1)_2.

[K:Q]

Moreover, from Corollary 2.4, we have

2” if K = Q(<2n+1);
27~ otherwise,

[K:Q] =
and the result follows. O
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