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RUAN COHOMOLOGIES OF THE
COMPACTIFICATIONS OF RESOLVED ORBIFOLD
CONIFOLDS

SONG DU, BOHUI CHEN, CHENG-YONG DU AND XIAOBIN LI

ABSTRACT. In this paper, we study the Ruan cohomolo-
gies of X5 and Xsf, the natural compactifications of V* and
Vsf where V* and V*f are the two small resolutions of

V:{(zvyusz) |my—zw:0}/,ur(1,—1,0,0), > 17
the finite group quotient of the singular conifold. There is
an additive isomorphism between the Chen-Ruan cohomolo-
gies ¢ 1 Hp(X®) — HEp(X®F). We study the three-point
orbifold Gromov-Witten invariants of the exceptional curves
I'* on X* and I'*f on X/ and show that the corresponding
Ruan cohomology ring structures on the Chen-Ruan coho-
mologies of X° and X3/, defined by these three-point func-
tions, are isomorphic to each other under the map ¢ and the
identification [['*] <» —[I's7].

1. Introduction. In [18], Li and Ruan proposed symplectic bi-
rational geometry as a generalized algebraic birational geometry. It
is suggested that the symplectic birational structure of a symplectic
manifold is detected by genus zero Gromov-Witten invariants. In the
symplectic category, many obvious properties of algebraic birational
geometry are no longer obvious. Notably, the birational invariance of
uniruledness in [10] is such an example, where the authors have drawn
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on new and powerful technology from Gromov-Witten theory. Other
progress has also been made in [11, 18].

Roughly speaking, symplectic birational geometry mainly concerns
the change of Gromov-Witten theory under symplectic surgery. In [16],
Li and Ruan interpreted flops and extremal transition by symplectic
surgery and showed an elegant result that any two smooth minimal
models in dimension three have the same quantum cohomology. As
mentioned in [18], the more appropriate category for symplectic bi-
rational geometry is the category of orbifolds. And we should carry
symplectic birational geometry to orbifolds.

In [3, 4], the authors initiated a program for studying quantum
cohomology under birational transformation of orbifolds. In their
papers, they considered the singularity

WT = {(Iayv'zvt) ‘ Ty — ZZT + t2}/u7“(a7 —a, 170)

with r being a prime number. For this singularity, they defined the
orbi-conifold transition and orbi-flop. Their main result was that, for
a pair of orbifolds (X,Y’) with Y being obtained from X by a sequence
of orbi-flops, the quantum cohomologies of X and Y are isomorphic
to each other. In [3], they first considered a quantum modification of
Chen-Ruan cohomology, Ruan cohomology, which is in a sense between
Chen-Ruan cohomology and quantum cohomology. They showed that
Ruan cohomology is invariant under orbi-flops. Then, by using relative
orbifold Gromov-Witten invariants and degeneration formulas, they
proved that quantum cohomology is invariant under orbi-flops in [4].

In this paper, we study another singularity
V= {(xvyv va) | TY — 2w = 0}/,[17,(1, -1, 070)7

which is a natural replacement for the well-known smooth conifold.
There are two small resolutions V* and V*/ of V, which are both
orbifolds and orbifold vector bundles over the P!-orbifolds I'* and
I/ respectively. There are many symplectic forms on V* and V5f
constructed from the smooth case (see Remark 2.1). We can perform
the well-known symplectic cutting (cf., [8, 15]) to get two compact
orbifolds, X* and X*/, which are just P(V* @ O) and P(V*/ @ O),
hence, orbifold fiber bundles over I'* and I'*/ respectively. In addition,
X* is obtained from X*/ by an orbi-flop transition.
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There is an obvious additive isomorphism between Chen-Ruan co-
homologies .
¢ Hop(X®) — HEp(X*T),

which preserves the orbifold Poincaré pairing. The exceptional divisor
of X* (respectively, X*7) is I'* (respectively, I'*/). By using only the
moduli spaces of J-holomorphic curves representing multiples of I'*’s
we can define a three-point function on Hp(X?):

F* (0o, 02, 03) = (o1, g, 03) 5 + Z q* (o, 0, a3) s g
d>1

Such a function and the orbifold Poincaré pairing define the ring struc-
ture of Ruan cohomology RH¢. (X ?) over the Chen-Ruan cohomology
group. Similarly, one can define F*/ (81, B2, 83) on HE (X */) and the
Ruan cohomology RH(X*/). Our main theorem is

Theorem 1.1. Suppose o € HER(X®) and B; = ¢(a;), 1 < i < 3.
Then:

F*(ay, s, a3) = F¥ (B, B2, B3),
1

under the identification [[°] < —[['*], i.e., ¢ ¢ ¢ 1.
the isomorphism of rings:

Hence, we get
RH{p(X®) 2 RHER(X).

2. Compactifications of the resolved orbifold conifolds and
their Chen-Ruan cohomologies.

2.1. Resolved orbifold conifolds and their compactifications.
The well-known (smooth) conifold singularity is the complex hyper-
plane given by

V ={(z,y,2w) | zy — 2w = 0} C C*.

It has an isolated singular point at the origin. Given a prime number
r, let p,. = (), the cyclic group of rth roots of 1 with £ = exp(2wi/r),
act on C*:

g' (x,y,z,w) = (gz,gfly’sz).
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It is clear that this action preserves V. Set

v
V=—.
for
We call V' the orbifold conifold.

By blow-ups, we have two small resolutions of V. They are

V= {((x,y,z,w),[pﬂ]) €C xP! oy —2w=0,2 =

i
qg z
XN/sf:{ r,y,z,w), [p,q]) € C* x P* my—zwzo,ng :z}.
(CRERON) | A
Let _ _ - _
TV —V, v v
be the projections. Denote the extremal rays (7*)~*(0) and (7°)~1(0)
by I'* and s/ respectively. Both of them are P'. It is well known that
V* and V*f are both the resolved conifolds, O(—1) & O(—1) — P!
The action of p, extends naturally to both resolutions by setting
- [p,ql = [Ep, dl,
for the first model and

¢ [p,al = [€p.dl,
for the second model.
Set
s v/sf s Tsf
VS:‘L, yer =V , It=—, =
Ur Hr Hr Hr

We call V* and V3 small resolutions of V. We say that V*/ is the
flop of V* and vice versa. They are both orbifolds.

Remark 2.1. There is a family of symplectic structures on O(—1) @
O(—1) (cf., [16]). Choose a Hermitian metric on the vector bundle
O(=1) ® O(=1). Then ||z]|?> for 2 € O(-1) ® O(-1) is a smooth
function. And i09||z||? is a 2-form and nondegenerate on the fiber.
Suppose that wy is a symplectic form on P'. Then,

w = 1w + €idd||z||?
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is a symplectic form on the total space in a neighborhood of the zero
section, where 7 : O(—1) @ O(—1) — P! is the projection and ¢ is a
small constant. The Hamiltonian function is

H(z,21,20) = |21]? + |22 —

The induced S*'-action is given by

e (x,21,22) = (2,¢" 21, € 20).

Then, we can perform the well-known symplectic cutting (cf., [8, 15,
16]) along the hypersurface H~1(0). Therefore, the resulting space

M s just P(O(—1) ® O(—1) ® O), the projectivization of the bundle.

We can perform this construction on both V¢ and V*/ and get two
symplectic manifolds X5 and X3/ , the projectivization of VS and Vef ,
respectively. It is obvious that we can deform the symplectic structures
such that they are u,-invariant. Then we get two symplectic orbifolds
X* = X*/p, and X/ = Xf /., the projectivization of V* and V*/.
In this paper, we are going to study the Ruan cohomologies of these
two symplectic orbifolds.

2.2. Chen-Ruan cohomologies of X* and X*f. Let us take X?°.
The manifold X* is the projectivization of the bundle Es=La L§ @
L =0(-1)®0(~1)®O over I'* = P. Hence, X* = P(L® LG L) is an
orbifold fiber bundle over I'* with fiber P?/p,.. In terms of coordinates
((z,y,z,w,t),[p, q]), we get a local trivialization of the bundle E* with
coordinates (u,z,w,t) and (v, z,y,t), where u = ¢/p and v = p/q. The
local coordinates of X* are (u, [z, w,#]) and (v, [z,y,t]). The transition

map is given by
1

v=u -,
2 = ux,
Yy = uw,
t=1t.

In terms of these local coordinates, the u,-action is given by

- (u’ [wi’t]) = (f_luv [§$7w7t])7
§- (U, [Z7y7t]) = (61}, [Zagilyat])'
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Hence, the set of singular points in X*° is contained in the two fibers of
X?® — I'® over 0° = [1,0] and co® = [0, 1]. They are

{(0,[1,0,0))} U {(0,[0,w,t])} over 0°,
and
{(0,]0,1,0]) U {(0, [2,0,t])} over oo®.

We denote (0,[1,0,0]) by p* and (0,[0,1,0]) by ¢°>. We denote
{(0,]0,w,t])}, the fiber of P(L§ & L) over 0°, and {(0, [z,0,¢])}, the
fiber of P(L§ & L) over oo®, by L§ and L3, respectively. We can also
write the coordinates of 0° and co® as

0° = ([1,0],[0,0,1]) and o0® = ([0,1],]0,0,1]).

Then the exceptional curve connecting 0° and co® is T = ([p, ¢/, [0, 0, 1]).

At L§ (respectively, L3, , p* and ¢*), for each ¢*¥ € p,, 1 < k <
r — 1, there is a corresponding twisted sector (cf., [5]), as a set which

is {(p,&")lp € Lg} (vespectively, {(p,&")lp € L5}, {(p*,€")} and
{(¢%,€%)}). We denote this twisted sector by [L§]x (respectively, [L5_ ]k,
[p*]k and [¢°]r). For each twisted sector, a degree shifting number is
assigned. Using the description of the u,-action in local coordinates
given above, we conclude

Lemma 2.2. For &* € p,, 1 <k < r, the degree shifting numbers are

{L([Lé]k) = u[L%]k) = 1,
Ulplk) = 3 = 3k/r, u([g°]k) = 3K/

Topologically, the twisted sectors [L§], and [L5 ] are both P!, and
[p®]x and [¢°]x are both {pt}. The Chen-Ruan cohomology of X* is:

r—1

Hip(X?) = H'(X*) & ED(H([Li]s) © H™ (L)

r—1

® @M () @ H M ([g°))).
k=1
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A similar structure applies to X*®/. The local trivialization of
EsF =LY o Lsf o L = O(—1) & O(=1) & O has coordinates (u, z, z, t)
and (v, w,y,t). The induced local trivialization of X/ has coordinates
(u, [z, 2,t]) and (v, [w,y,t]). The transition map is

1

v=u -,
w = ux,
Yy =uz,
t=t.

In terms of these local coordinates, the u,-action is given by

§-(u, [z, 2,1]) = (giluv [, 2,1]),
f ! (U7 [wvy’t]) = (5”7 [wag_ly’t])'

Hence, the set of singular points in X*f = P(L{' @ L3 @ L) consists of
{(0,[1,0,0))} U {(0,[0,2,¢])} over 0°F =[1,0]

and
{(0,[0,1,0D)} U {(0, [w,0,t))} over co®f = [0,1].

We denote (0,[1,0,0]) by p*/ and (0,[0,1,0]) by ¢*/. We denote
{(0,10, z,])}, the fiber of P(Ly’ @ L) over 05/, and {(0, [w,0,t])}, the
fiber of }P’(Lif @ L) over co®f, by Lgf and L3/, respectively. We can

o0 Y
also write the coordinates of 05/ and co®/ as

0°f = ([1,0],[0,0,1]) and oo®f = ([0,1],[0,0,1]).
Then the exceptional curve connecting 0°/ and oo/ is
*7 = (Ip, q].[0,0,1]),

and the degree shifting numbers of the corresponding twisted sectors

' {LQLSf]k) = ([L5h) = 1,
[ 1) = 3 — 3k/r, (lg* i) = 3k/r.
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The Chen-Ruan cohomology of X*f is

Hen(X*) = H'(X) & @ (H2(L)) & B (L))
k=1

r—1
@@ (H*_6+6k/r([psf]k) @H*_Gk/T([qu]k)) .

k=1

3. Orbifold Gromov-Witten theory and Ruan Cohomology
rings of X* and X*/. In this section, we consider orbifold Gromov-
Witten invariants of X* and X*/ and ring structures on the Chen-Ruan
cohomology groups of X* and X*7.

The exceptional curve I'* (respectively, I'*/) generates a subgroup of
the degree 2 homology group of X* (respectively, X*f). Here, we focus
on the orbifold Gromov-Witten invariants with degree 2 classes in this
subgroup.

3.1. Orbifold Gromov-Witten theory. For a compact symplectic
orbifold X’ with compatible almost complex structure J, let M, (X, d)
denote the moduli space of n-pointed genus g orbifold stable maps
to X of degree d. That is this space parameterizes the families of
representable J-holomorphic morphisms f : C — X, from an orbicurve
C to X. Here the condition of representability means the induced
homomorphism on isotropy groups at every point is injective.

Orbicurve are allowed isotropy only at marked and nodal points,
and the orbifold structure near nodal points is required to be balanced,
which means locally near a nodal point, C has the form

{zy =0}/Z

with Zy = (¢) acting by (- (z,y) = (Cx, (" 1y). For the precise definition
of orbicurve one can see, for example, [6].

There is an evaluation map for every marked point, x;:

ev; : Mg (X,d) — AX,
[C)famla e 7$n] — (yi; (gz)Gy7)

where f(x;) = y; and g; = As(0) with o the generator of the isotropy
group of x; and Ay the induced homomorphism. By using the decom-
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position of the inertia orbifold AX = ]_[( 9)eTv X(g)» where Ty is the
set of equivalence classes of conjugacy classes in local groups, we can
decompose M, (X, d) into components

Mon(X,d)= [ My, d),

(8)ETY

where (g) = ((g1),-- -, (9n))-

Chen and Ruan [6] observed that each component M, ) (X, d) has
a virtual fundamental cycle [M, o) (X, d)]*"" of dimension

vdimg[M,, ) (X, d)]"" = c1(d) + (dime X — 3)(1 — g) +n — u(g),

where «(g) = >, ¢(g:) and ¢(g;) is the degree shifting number of X{g,).

Now we can define the orbifold Gromov-Witten invariant for a; €
H*(X(g,)) as

n
X A

(@, ey am)y Ad:/ ev] (o).
PO S My (i 1;[1

When Y, deg a; # 2v dimg[M (g (X, d)]¥™, the invariant is defined to
be zero. We also denote the invariant by (a1, ...,a,)7, 4, since (g) is
determined by «.

3.2. Ruan cohomology rings of X° andjsf. Now, for the case
X = X*, the decomposition of moduli space Mg ,(X?,d) is

Mon(X*,d) = J] Mog(X*,d),

(8)ETYs

where d means d[I'*] with d € Z. If (g) = (X*,...,X*,T1,...,Ty) with
x = (T1,...,Ty) consisting of k twisted sectors in X, then we denote
Mo,(g)(Xs, d) by M0717k(XS, d, X).

Now we can define the three-point function on the Chen-Ruan
cohomology group of X*®. For ai,as,as € HfR(X?), the three-point
function is
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F*(ar,an,03) £ (a1,0,03)8p + Y 4% (01, 02,03)3 (g) 4
a>1

= (o1, 00,03) 8 + > ¢, a2, 05) 5 4,
d>1

where ¢ is a formal variable and (g) is determined by a1, ae, a3. Here,
the first term

<041, g, a3>g; = <a17 a2, a3>é(,;,0

is the three-point function defining the Chen-Ruan product *cr. By
introducing twisting factors (cf., [1]), one can turn a twisted form a,
i.e., a form on a twisted sector, into a formal form & on the global
orbifold. Then, we have

orb

XS ~ ~ ~
<0417Ot2,063>CR:/ 051/\0[2/\0[3.

s

The three-point function F'* and the orbifold Poincaré pairing (-, )é(R
on H{ p(X?) induce a ring structure on H R (X*).

Definition 3.1. Define the product on H},(X*) by

(ay g g, as3)ap = F* (a1, a9, a3).

Then g is an associative product on Hfr(X?®). We call it the Ruan
product on X*®. This cohomology ring is denoted by RH R (X?).

Similarly, for X*/ we can define the three-point function F*/(3;, S,
B3) for B, Ba, B3 € HEp(X*/) and the corresponding Ruan product as
above. We denote the resulting ring by RH (X 7).

4. Computing three-point functions.

4.1. Three-point function on X°. The Chen-Ruan cohomology of
X? has a basis

[ ) ls,HS,xs,sts ( ) ( ) — QHS(xS)2 Of H*(XS), and
N 13k7$3k0fH ([L5]k ), 1<k<r—1,and
e 13 kOfH*([LQ]) Sk‘<7“—1and

ook’
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o 12, of H*([p°]x), 1 <k <r—1, and
o 1o, of H*([¢°]x), 1<k <r—1

Here z*® is the first Chern class of the hyperplane bundle over X°,
and H*® is a generator of H*(I'*). In the following, we will call those
classes in Hf 5 (X®)\ H*(X?®) twisted classes and the others non-twisted
classes. We normalize H® by letting
orb
H° =1
FS

orb
/ x® =0.

Since the three-point function is linear, we always take a; as one of the
basis elements. By comparing the virtual dimension and the sum of
the degrees of the insertions and the divisor axiom we have:

Note that we have

Proposition 4.1. The three-point function F*®(aq, a9, as) is deter-
mined by {aq, s, a3>§; and the n-point degree d > 1 orbifold Gromov-
Witten invariants with the following insertions:

(4.1)

S

aq) ar =15, or 15 4,

a1, 15, H%2%) «ap = 15,1 o7 Leo ks

(
(
(
(
(
(a1,1%,(2%)?) o = 15 5 or 13
(
(
(
(
(

0o,k ?
aqg, 1%) Q= T, OT T ks
a1, az) ar, ag € {15, 13, puty
a1, g, 1°) o, o € {15, lgo)k,xg)k,xgo’k};;,degal < degag,
ar,op,a3) o € {15, 15 Yo i =1,2,3,
a1, e, a3) at least one of a; belongs to € {1, ;, 15 ; =

4.1.1. Chen-Ruan three-point functions. By using the de Rham
model [1, 12], we get:
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Proposition 4.2. For X*, the nontrivial Chen-Ruan products of the
twisted classes are given by

Lo, *cr 15,5 = 0itj.rOraw,

]].S i *CR xgj = $85i+j7 @r wsy

]100 i *CR ]looj = 6z+J rOr 2,

]100 K *CR :L'oo g =T 51+] r@r E2)

]]- *CR ]]-p g 51+] 7@17 )

]]. *CR ]].qs’j = 6Z+j7’l‘®qs'
Here ©,,, and ©,. ., are the Thom forms of the normal bundles of Ly
and LI in X?°, and O, and O4 are the Thom forms of the normal
bundles of p° and q° in X?®, respectively. Moreover,

B *CR O = 07
if B is a twisted class, o« € H*(X?®) and o # 1°.
The Chen-Ruan product on H*(X?®) is just the original cup product.

This proposition implies that:

Proposition 4.3. Suppose at least one of the a; is a twisted class in the
three-point function (al,ag,ag,)g;. Then only the following functions
are nontrivial:

s ].
s s s X° s s s .
<]10,17 10;7 )CR = <10,z‘v$0,jv 1 >C’R = 0i+j, S

(15040 130 52V = (130 4 @80 5 L) S R = Gijr—;

Sl

(Lo i 13 3 18R = (Mo i 1o 5 )0k = Oir

4.1.2. Invariants without insertions. Now we consider the orbifold
Gromov-Witten invariants with no insertions.

The top stratum My o,0(X*,d[l'*]) of the moduli space Mg g o(X?,

d[T'*]), consists of only “smooth” maps (maps from P! to X*). As well,
smooth

Mo,0,0(X*,d[I'*]) has a subspace My o, (X*,d[I'*]), consisting of all
smooth holomorphic curves (whose domains contain no orbifold singu-
larities). This space gives us a compactification of Mg o(X?,d[I*]),
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and its complement in Mo o(X?%, d[l'¥]) consists of all other lower
strata which have codimension at least 2.

Recall that X* = )?S/,u,. and T = I'*/pu,. We now compare the
moduli space ﬂg;;Oth(Xs, d[I'*]) with Mo o(X*,d[l*]). Note that p,
acts naturally on the latter space by acting on the image of the stable

map. Following the argument in [3, subsection 6.3], we have

Lemma 4.4. Ford>1,

% ifrid,
ﬂo,o(ffs,m[fs])/ur if d =mr.

——smooth

Mo,o,o (Xsad[rs]) = {

From Lemma 4.4, we get:

Proposition 4.5. Ford > 1, ifr{d, (), d[re) vanishes. Otherwise,

0,0
if d =mr,
XS 1

< >07O,d[1“-*] = m3"

Proof. We have

()ov0.ar] :/7 , 1:/fmmm b
[Mo,0,0(X?,d[T=])]vi [Moo,0  (X#,d[le])vir
From Lemma 4.4, we know
———smooth

MO,O,O (X87 d[FS]) = MQU(XS’ d[fs])/ﬂr'

Then, following the computation in [3, subsection 6.4], we get the
results. |

Now suppose a; € H?(X®), i = 1,2,3. Then, by the divisor axiom
and Proposition 4.5, we have
mr[T?] X s s s qr[FS]
Z q <a17a2’a3>0,0,mr[1—‘5] = ay(r[[*]) oz (r[I*])as(r[l Dm-
m>1

4.2. 3-point function on X*/. The Chen-Ruan cohomology of X/
has a basis
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° ]]_Sf’ [j[sf?xsf7 Hsfxsf’ (msf)27 (xsf)?) _ 2Hsf(xsf)2 OfH*(XSf)7
and

o 130wl of H([L§']k), 1<k <r—1,and

o 1l of HY([LiJ), 1<k <7 -1, and

o 1), of H*([p"/]y), 1<k <r—1and

o 120, of H([g*/]x), 1<k <r—1.

Here z°/ is the first Chern class of the hyperplane bundle over X5f
and H*f is a generator of H?(I'*/). We will also call those classes in
HYp(XN)\ H*(X*7) twisted classes and the others non-twisted classes.
We normalize H*/ such that

orb
/ Hf =1.
rsf

Following the argument for X° we have:

b
We also have [,/ 2°/ = 0.

Proposition 4.6. The three-point function F*7(By, B2, B3) is deter-

mined by <51752,ﬂ3>é{;f and n-point degree d > 1 orbifold Gromov-
Witten invariants with the following insertions:
(4.2)

(D)

(lsf’ Hsfxsf)

(:I]'Sf7 ]]'Sf’ (ISf)3)

(B1) B =1gh or 137,

(B, 1%, H* asF) - By = 15, or 125,]97

(B, 17, (@*)?) B =13 or 12,

(Br,157) pr = 'Tgfk or xfx{,k’

(B1,B2) B, B2 € {lgfk’ ]lig,k ey

(B1, B2, 15F) B, B {130 12wl sl 1Tl deg Bi<deg s,
(B1, B2, B3) Bi € {134, 13 (1l i = 1,2,3,

(B1, B2, Bs) at least one of 3; belongs to {]l;ff7k, ]lzsfyk}z;i.

And, for <B1,B2,B3>)C(;f, when at least one of B; is twisted, only the
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following functions are nontrivial:
Xaf Xsf 1
<]l(§fw ]le’ >CR = <]l(g)fz?$8fgv ]lsf>CR = 5i+j7r;’

x°f X!
<]]':>£z’]]':>£j’ f>CR _<]]-;£z’ ;éc]?]]'Sf>CR :6i+j77';’

1
e, 18, 1S =, 1%, 15 = 6ipip—
<psf71 psf i >CR <q&f7z qst.j >CR it

We also have
<>Xsf {0 if rtd,

0,0,d[l=7] = 1/m3 ifd=mr.

We will compute the remaining invariants with insertions in equa-
tions (4.1) and (4.2) in the next section by using the virtual localization
technique.

5. Localization and orbifold Gromov-Witten invariants with
insertions from (4.1) and (4.2).

5.1. Torus action. We introduce a T2-action on V:
(t1,t2) - (2,y, 2, w) = (tatox, 17 "oy, toz, taw),  (t1,t2) € T°.

This T?-action extends naturally to the two small resolutions Vs and
Vsl of V, and hence to X* = P(V* & 0) and X5/ = P(Vsf & O) with
trivial action on the trivial bundle. The resulting T2-action commutes
with the p.-action on X* and X*/. Hence, we get a T2-action on X*
and X7, respectively.

The fixed points of the T2-action on X* are the three special points
in F§, the fiber of X* = P(V*® @ O) over 0°, and the three special
points in FZ, the fiber of X° = P(V* @ O) over co®. In addition,
the fixed lines connecting these fixed points are prOJectlve lines in Fy
and FS, and I'*. The fixed points of the T2-action on X*/ are the
three special points in Fosf, the fiber of X/ = P(V*/ @ O) over 0°/,
and the three special points in F3/, the fiber of X/ = P(V*/ @ O)
over oo®f. In addition, the fixed lines connecting these fixed points are
the projection lines in Fgf and F3f, and T'*f. Note that the degree 2
homology classes represented by those projective lines do not lie in the
subgroup generated by [I'*] (respectively, [[*f]).
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We denote by [0°]; C [L§]r the twisted sector corresponding to
0° C L. The same notation applies to [00*]x, [0°f]; and [c0®/];.

In the following, we focus on X*. All computations on X*/ are
parallel.

5.2. Fixed loci components and their virtual normal bundles.
For a map f from an irreducible genus 0 (orbi-)curve C to X*, we have:

Lemma 5.1. Suppose that d > 1, and f : C — X* is a degree d[I'*] J-
holomorphic map with two marked points which is invariant with respect
to the T?-action, then either:

(i) C =P, and the degree satisfies d =0 (mod r), or
(ii) C = TI'®. The two marked points are just the two orbifold points of
C and mapped to [0°], [00®],—k, respectively. The degree satisfies
= —k (mod r). This map is realized by

Pl *d>f\s

/er l/“r

C—2-1s.
The corresponding group homomorphism p, — p, is given by:

Err &R

For every connected component of the fixed loci in Mg x(X*, d, ),
we can assign a labeled graph T to it. From Lemma 5.1, a vertex
v € Vr corresponds to a connected component C, of f~1{0% 00®}.
Note that each C, can be either a point of C or a non-empty union
of irreducible components of C. An edge e € Ep corresponds to a
irreducible component C, of genus 0 mapped to I'*. We endow T" with
additional specifications: the vertex v will be labeled by p, = 0° or
oo®; the set S, C {z1,...,21,¥1,...,yr} of marked points lying on C,;
and the nodes N, on C, which connect C, and C. for edges incident to
v. The edges will be labeled by the degrees d. € N. The valency of v
is defined as val (v) = #N,, and we denote #5S, by h(v).

Then the connected components of Mg x(X*,d, x)T2 are naturally
labeled by equivalence classes of labeled connected graphs T with
specifications obeying the following conditions:



RUAN COHOMOLOGIES 879

e if e € Ep connects vertices v,u € Vp then p, # py;

® > cp, de=d;
hd {.131,"' 7xl7y17"'7yk} = H’UEVT Sv'

Each component My is isomorphic to the quotient space of the
product of moduli spaces of stable curves over the set of vertices of T
with orbifold structure recorded by S,, IV, and the balance condition,
modulo the action of the natural automorphism group specified by

1— HZE — Ar — Aut(T) — 1,
Er

where Aut (T) is the automorphic group of T (as a labeled graph), and
Ze = L,

A flag F' = (v, e) consists of a vertex v and an edge e with v being
a vertex of e.

Let & be the collection of graphs.

From [9], we get an exact sequence:

0— H(C,TC) — H°(C, f*TX*) — T°
— HY(C,TC) — H'(C, f*TX*®) — T' — 0,

where 70 — T is the virtual tangent bundle of Mg (X, d[T*],x) in
K-theory and is T2-equivariant.

Write £ = f*T'X*. In terms of cohomological data, the equivariant

Euler class of the virtual normal bundle N"ﬁiTT is given by

1 - €72 (HO(C,TC)m) s er2 (Hl(C,E)m
ers(NSZ )~ eqa(H'(C,TC)™) - eq= (HO(C, E)™)’

~—

Here, the superscript m denotes the moving part. The explicit form
is (cf., [9])
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1
51) m(sz;) I e 11 S

val(v)=1 F=(v,e)
h(v)=0 val(v)+h(v)>3

1
Tl em(E)™®
H wFu,l +wFu,2 VHT T ( )

val(v)=2
h(v)=0

. 1y, er= (HY(C,, E)™) - [z, er=(HY(Ce, E)™)
[y, er2(H°(Cv, E)™) - [ g, ex2(HO(Ce, E)™)
Since there may be an orbifold structure on the domain curve C, in the

formula above, we should take the invariant subspace of some certain
finite group.

5.3. Vanishing results. Denote by A\, u the equivariant factors cor-
responding to the two factors in 72, respectively. Now for classes
a; € HLp(X®),1<j<n=1+k, let

Q= H ev; (ajr2),
J

where o 7= is the equivariant lifting of o;. By virtual localization, we
can write (aq, ..., )%, 4 as

I(Q) =T%\u) 2 (a1, ., 0n)na

-y 1 i ()
Ted |AT| MT vir €T2(NV1r )

= Z IT<A,U 5

Ted

where i : Mgy — Moor(X®, d,x) is the natural inclusion of the
fixed loci component. Since the left hand side of the above equality
is independent of u, we have

T Q _ .
I(Q) = lim I*(\,u) = 1; lim I (X, u).

Lemma 5.2. Supposen > 1 and d > 1. If T contains more than one
edge,

lim Ip (A, u) = 0.

u—0
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Proof. Note that to, the second factor of T2, acts on I'® trivially.
Hence, the induced ts-action on the domain curve C is trivial. Hence,
the factor

er=(H°(C,TC)™)
erz(H'(C,TC)™)’

of 1/erp: (N"ﬂirT) contains no factor u. Now we look at the factor
er2(HY(C, E)™)/er2(H°(C, E)™), where E = f*TX*. On C, we have
(cf., [9])

0—>Oc—>@0cv@@0ce—> @OCF—>0-

veVr ecEr FeFr

Then we have

0— H(C,E) — €P H°(C., E)
veVr
o P HC.,E)
eeEr
— P Eyr — H'(C.E)
FeFr
— P H'(CoLE)® €D H'(Ce, E) — 0.

veEVT ecEr

Note that, when C has an orbifold structure, these spaces are the
invariant subspaces of a certain finite group. From this exact sequence,
we get

er=(H'(C, B)™)
er=(H°(C, E)™)

_ er2 (B pep, Bpr)- er2 (B ey, H (Co, E)™)- €12 (B ocp, H' (Ce, E)™)
er2 (B, vy H(Co, E)™) - e12 (D oc g, HO(Ce, E)™) '

Observe that, for every edge e, H(C,, E)™ = H°(C., f*TT*)™. Hence,

the term eq2 (P, H’(Ce, E)™) contains no power of u as a factor.

By the assumption, T contains at least 2 edges, V; must contains
a vertex v such that val (v) > 2. For this C,, if p, = 0%, then since
the p,-action on C,, is trivial, the ¢s-action on C, gives us a factor
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val(v)—1

U coming from

€72 (@F:(v,e) EP(F))
er2 (HO(C,, E)™)

If p, = o0®, then the u,-action on E, = C, is trivial, and the ¢y-action
on E,, = C, gives us a factor u¥(")~1,

Hence, er2(H°(C, E)™)/ep2(H*(C, E)™) contains a positive power
of u as a factor. Therefore,

ilg%) Ir(Au) =0.

This completes the proof. O

5.4. Orbifold Gromov-Witten invariants of X°® with degree
d > 1. In this section, we compute orbifold Gromov-Witten invariants
with insertion in equation (4.1). First note that the T2-equivariant
Chen-Ruan cohomology of X* is defined as the T?-equivariant coho-
mology of the inertia orbifold AX?®. We observe that:

S S S S S
Lemma 5.3. Suppose that x5, Lo pr2s T g2 ]lpSJ“T2 and ]qu,k,TZ
are the equivariant lifting of x*, xf ., x5 4, 15 ) and 1y . respec-
tively. Then we have

iFOS]j,T’" (272) = ZToos]j,Tz (x32) =0
ZTOS]J‘;TQ (xak,TQ) = iE;OSJj,T2 (xZo7k7T2) =0 1<k<r-—1,

Gory, 72 (Lo g 72) = Tooeyy 2 (Lo o) =0 1<k <r—1,

S

for any 0 < j <r—1, where [0°]p = 0° and [00®]y = co®.

For a fixed component My of Mo,g7k(X . d,x), we have a commuta-

tive diagram
e'l)j

Mo p(X5,d,x) —= AX?®

’L'TT Z]
ev,

MT Dj,
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where p; is the image of the jth marked point, hence a fixed point
in AX® with respect to the T2-action. So, by Lemma 5.1, we have
pj = [0°] or [00®], 0 <k <r—1

Now, for the invariant (s, ... ,an>()f;7d with at least one of a; being

one of
{o* b U{ag 28 Lo gy Loe o | 1 < k<7 — 1},

by Lemma 5.3, we have

Q) =iy ( H ev;ajjz) H evy ozj r2) =0.
J
This implies that
<041,..., Ond ZITAU—O

Ted

if at least one of o; belongs to
{25y U0 gy 280 ks Lps gy Lge g | 1 <k <1 — 1},

Therefore, to compute invariants with insertions in (4.1), we only
have to deal with the following insertions:

(041) ozl—]lOk or ]10016’

(a1, 2) ar,an € {15, 15, [ 1<k <r—1},

(a1, sz, a3) aie{]lam]liqk |1<k<r—1}, i=1,2,3.
Lemmas 5.1 and 5.2 imply that we only have to consider one-edge
graphs, and the corresponding stable map on C. is a degree d > 1

covering of I'*. So the domain curve must have at least two orbifold
points, hence at least two marked points. Therefore,

<O‘1>())(7i,d =0,
for twisted class a1 € Hp(X®) and d > 1.

We next consider 2-point and 3-point Gromov-Witten invariants on
twisted classes.

5.4.1. (o, 2){5 4 with ag,ap € {15,,15 . | 1 <k <r—1} and
d > 1. For this case, by Lemmas 5.1 and 5.2, to get nonzero invariants,
we only have to consider the following two cases:
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o oy =15, a2 =15, ,_;, with d = —i (mod 7), or
o oy =17

o2 =13 ., with d =4 (mod 7).

Since Gromov-Witten invariants are antisymmetric on insertions and
deg o; = 0, we have

P X
<]1(5J,i’ ]lio,r—i>0,2,d = <]lzo,r—i7 13,i>0,2,d-
Therefore, we only have to compute the first case.

For the first case, the moduli space MQO’Q(XS,d, x) contains one
component of the fixed locus, which is indexed by the one-edge graph
T = (Vr, Er) with Vi = {v1,v2}, E = {e}. In addition, the domain
curve C is just I'* with two marked points being the two orbifold points
p(v1) = 0° and p(vy) = co®. We also have d. = d. The stable map
f:C — I'* is realized by:

Pl ——>Ts

/Nri l/“r
C f

_ o s

The corresponding homomorphism j, — p,. is & — &%  From
equation (5.1), we know that the T2-equivariant Euler class of the
virtual normal bundle of this fixed component is

1 er=(HY(C, f*TX*)™)

er2(N3Z ) eq2(HO(C, f*TX)™)’

Note that N
Hi(C, f*TX*) = (Hi(Pl,f*TXS))

for i = 0,1, and fis a degree d covering. The normal bundle of I in
X®is L@ L5 =V?* — I'°. Hence,

HO(C, f*TX*) = H(C, f*TT*®),
and

HY(C,[*TX®) = H'(C. f*L} & [*L3).
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Suppose d = ar + 1 —i,a > 0. Then we have
1 _er2(H'(C, fF LY @ fFL)™)
er2(NYE )  ep(HO(C, f*TTs)™)

I (/@ + ) - T (—sr/d)A + )
[(_1)a(a!)2r2a)\2a]/d2a :

Remark 5.4. Note that

H'(C, f*Li & f*L3) = H'(P', f(O(=1) ® O(—1)))",
and

F(O(=1) ® O(-1)) = O(—d) & O(~d)

over P1. To compute H (P!, f*(O(—1) & O(-1))), we use the Serre
duality:
HY(P', O(—d) ® O(—d)) = H(P*,0(d — 1) ® O(d — 1))V,

where V stands for dual. Then we take the p,-invariant subspace with
respect to the induced p,-action to get H(C, f*L3 & f*L3).

For Q = evi (1§, 1) Aevs (12

oo,rfi,Tz)’ we have

i (Qr2) = 1.
Note that |Ar| = d. Summarizing, we get

1 [TE_ ((sr/d)N +u) - TTo, ((—sr)/dX + u)

<]1(S),i7 ]120,7"71)8(,; d = ig% d [(_1)a(a!)2r2aA2a]/d2a
_ 1 ) Hz:1<5r/d)>‘ : HZ:1(_ST)/d)‘ _ l
d [(_1)a(a!)2r2a/\2a]/d2a d’

5.4.2. <a1,a2,a3>5f;d with o, a2, a3 € {15, 15, [1 <k <r—1}
and d > 1. By Lemmas 5.1 and 5.2, we only have to consider the
following two cases:

(1) a1 =1§,;, ae = 1§ ;, a3 = 13, d =k (mod r), and

(2) a1 =18, ae =15 ;, a3 =13 ;, d=7r—1i (mod r).

with i+ 7+ k=1 or 2r.
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Case (1). For this case, there is only one fixed component indexed
by a one-edge graph T with

Vr = {v1,v2} and Ep={e}.

The domain curve is C = C,; UC.. The first two marked points sit on
Cy,. We have
|Ar| =d withd=ar+k.

Denote by F' = (v1,e) the flag with vertex v;. Then, from (5.1) and

the analysis in subsection 5.4.1 we have

1

eTz(NVﬂirT) wp

er2(HY(Co,, f* (L5 & L3 & TT*))™) - eqa (H'(Ce, f*(L§ & L3))™)
erz(HO(Ce, f*TT*)™) '

For HY(C,,, f*(L; ® Ly & TT®)), we have (cf., [1, subsection 3.4])

ToT® i+j+k=r

H! Cvu (Lo Ly @TT?)) = ;
(Cor, (15 & 13 & TT)) {Mbsi+4+k:2n

For this case, we also have i%.(Q72) = 1. Hence,

<]]'8,i? 18,]’7 f)o,k>éf?¥,d
1 Z}(Q'J’Q)
u=0d e (NWT)
L e (Y €y (L Ly © Ty )
u—0 d Wg
e (HY(Co, (L3 & L§)™)
er2(HO(Ce, f*TTs)™)
e (TosT*)-eqo (H (Ce, f* (LIDL3)))

. 1 . . _
_ limy, 0 d’ wr-ep2 (HO(Ce,f*TTs)™) trt b= "
) L3|os)-ep2 (H (Ce, f* (L BL3 _

lim,,_,o % . exr2( J,que)TS(T;(O(c:,f*gT(s)in) 2) +j+k=2r

LY R U Y0 TN
lim,, g & - AL (/DRI L (DAY i+ = 2r

- {hmwo 1, DM (P T, (/) i k=r

1 it jtk=r,
-1 it k=2r
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Case (2). Similar to Case (1), we have

i i s -1 i+j+k=m
<18’“15 R >X { 1+ 7+ r

00,57 +o0,k/0,3,d — 1 ’L+J+k:2T

5.5. Orbifold Gromov-Witten invariants of X*/ with degree
d > 1. We can also apply the virtual localization technique to compute
<ﬂ1,...,6n>§’:d, with (B1,...,8,) being one of equation (4.2) and
d > 1. We have

<Bla~~~7ﬂn>g{,::d

1/d n =2, and ﬂl—lafl, Bo = OOT i
1/d n=2, andﬂlf]ligz, ﬂzflor i
1 n:3,and51—]18f,,/52— 0]753_]1007"Zj’
=< -1 n=3,and 3 —]lf)f27 Bo = 0]7 Bs =1

00,2r—i—j"

-1 n=3,andﬁ1—]18fp ﬁ2_]]-;£]7 63_]]';57”2]7

1 n=3and =13, f=1, =1, .
0 otherwise,

for d > 1.

6. Isomorphism between Ruan cohomology rings of X?°
and X*5f. In this section, we give an additive homomorphism ¢ :
H}p(X®) — HERp(X*F) between the Chen-Ruan cohomology groups,
which preserves the orbifold Poincare pairing. Then we show that,
under the identification

[°] ¢— —[r*7],

ie.,
—1
qg<—¢q ’

we can identify the three-point functions F'* and F*7.

6.1. Isomorphism between Chen-Ruan cohomology groups of
X*® and X*/. In this section we define an additive homomorphism
between the Chen-Ruan cohomology of X* and the Chen-Ruan coho-
mology of X*7.
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We define a map:
¢ Hop(V?) — Hop(V).
On the twisted classes, we define
¢(]1(S),k) = ]18,fr_ka ¢( gok) = ﬂig,r—m

¢(x8,k) = w?)fr_kv d)(l'io,k) = x£7r_ka
and

O(Lpe 1) = ]]';{f,r—k’ P(15 1) = ]]'Z{f,r—k'

On H*(X?), for degree 0 and 6 forms, ¢ is defined in an obvious way.
For a € H?(X?), ¢(c) is defined to be the unique extension of

Oé‘Xs,Fs = Oé|Xsf,st
over X*/. For B € H*(X?), define ¢(8) € H*(X*/) to be the extension

as above such that

orb orb
[ ans= [ s@nrom).

s Xsf
for any o € H?(X?®).

6.2. Isomorphism of Ruan cohomology rings. We first note that

Lemma 6.1. Suppose that a; € H*(X®) and B; = ¢(a;), 1 < i < 3.
Then

(s a2, a3) &g — (B, B2, Ba)er. = rPaa ([D*])as([T*]) s (IT*))
= 3B ([T ) Bo(IT°7)) B3 (IT*1]).

Proof. If one of «y, say ai, is n;x®, then the left hand side is zero,
and the right hand side is also zero since z°([I'*]) = 0. If oy; = n;H®,
i = 1,2,3, then the proof is the same as the proof of Lemma 6.14 in
[3]. We omit it here. O

Now we state our main theorem.

Theorem 6.2. Let a; € H:p(X®), 1 <i <3 and B; = ¢(a;). Then
FS(OL17O[27O[3) = FSf(ﬁlyﬂ?a/Bfi)v
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1

under the identification ['3] +» —[['$f], i.e., ¢ <+ ¢~'. Hence, we have

an isomorphism of Ruan cohomology

RH}(X®) = RHER(X).

Proof. We first assume that all a; € H*(X?®). If one of «;, say aq,
has degree > 4, the quantum correction term in F**(aq, ag, av3) vanishes.
Therefore, we only need to verify

(B(ar), dlaz), plaz)Er = (a1, an, a3)dp

We can choose 1 to be supported away from I'*. Then, we have

(B(ar), dla), dlas)En = [ dlar) Adlaz) A dlas)

Xsf
= / ap N\ ag N\ as
X
= <OZ1,O(2,CY3>CR.

Now we assume that dega; = 2. For this case, the difference,

F*(aq, az,03) — F* (81, B2, B3),

consists of two parts.

(1) (a1, 02,0508k — (B1, 2. Bs)en = rPar([L*])az([T*])as (1)),

[T
(2) (I Der D Das(rlt]) oy
r[rsf]
- 51(T[st])52 (T[st])ﬁfi(r[rsf])m

s s s qT[FS]
=r a1([r Daz([M*])as([I ])m
—r[[?]

+ r3a1([Fs])az([rs])as([rs])ﬁ
= —r3a1([FSDQQ([FS])@3([FSD~

Here we use [[*] <+ —[['*/]. Part (1) cancels part (2). Therefore,
F*(a1, az,03) = F*1(B1, B2, B3).
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We next assume that at least one of o; is twisted. Then, by Propo-
sition 4.1, Proposition 4.3 and Proposition 4.6, and the computation in
Section 5, we only have to consider the following cases.

Case (1). (a1,a9,a3) = (]ISZ,JIST 5»x®), (12 18

oo, i) o0, T — 7 xs)’
(18,i7$8,r—i7]1 ) (lgo 79 go,r—ﬂ]l ) (]1; 17]1;) r— 17]1 )OI‘ (]lq 17]12 =1
1%). For all these cases, the difference of three—pomt functions is

Fs(a17a27a3) - FSf(517627ﬁ3)

= (an, 02,0087 — (Blen), Bla2), dlas) i =+~ + =0.

Case (2). (a1, a9, a3) = (15,15, ,_,;, H?). For this case, note that
H*([*]) = 1, and by Lemma 6.1, we have ¢(H*)([['*/]) = —1. Hence,

the difference of three-point functions is

Fs(ala 052,043) - F(gf(61a62763) = Z<]]-877,7 ]]‘f)o r—is HS>0X7§7dqd[FS]

d>0
s sf sf
Z ]]'Sfr ) ;g,i’ (H )>X dqd[F ]
d>0
_ d d[I?]
= Z o
d=r—i(modr)
—d d[rs/)
_Z a4
d=i(modr)
=i ‘- 41T
_1—q[ °] qr[rsf]
(r=9)[T?] —i[[?]
=2 + 1 =0

1—qrl®l 1 — g=ri]

Case (3). (a1,a2,a3) = (13, ,;,1§,_;, H*). For this case, as in
Case (2), the difference is
X d
Fo(ay, a9, 0a8) — FY (81,82, B3) = ) dqd[ E
d=i(modr)

. %dqd[rsf}

d=r—i(modr)
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iy gr—ir] gl gl

T 1 g + 1— g1~ 1 g + 1— g~

Case (4). (a1,a9,a3) = (15,15 ;,15,4), i +j +k =0 (mod r).
For this case, the difference is

F(ay, a9, a3) — F¥ (81, Ba, B3)

ZdEk(mod T) qd[FS]

sf . .
— - ZdEr—k(modr) _qd[F ] 1+7+ k= r,
Zdzk(mod r) _qd[l" ]

sf . .
- Zdzr—k(mod r) qd[F ) i+j+k=2r

k[r9) qr—k[r‘sf] . .
B R i e s ek
- k[TS) qrfk[l"sf] . .
- 17qr[1~s] - 1_q'r~[1"sf] 1+ J + k' = 27’,

=0.

Case (5). (a1,a2,a3) = (15,15 ;,15,4),i+ 7 +k =0 (mod r).
For this case, the difference is

F*(an, an, a3) — F*1(By, B2, B3)

ZdEr—i(mod T) _qd[FS]

sf . .
— - Zdzi(mod ) qd[F ] 1+ 7+ k= T,
Zdzr—i(mod ™) qd[F&]

sf . .
- Zdzi(mod ) _qd[F ] t+g+ k= 27",

(r—8)[1?) irsf)
q q ; ; —
—IeTT T TLgw i+j+k=nm,
Y o irs ]
q q : . _
1—qrT?] I,qr[l“sf] 1+ J + k= 27,.7

=0.
Summarizing all of these above cases, we get
F*(ay, az,a3) = F¥ (81, B2, B3).

It is easy to see that ¢ preserves the Poincaré pairing on the Chen-Ruan
cohomology groups of X* and X*f. This completes the proof of the
theorem. |
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