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STABILITY OF GORENSTEIN FLAT CATEGORIES
WITH RESPECT TO A SEMIDUALIZING MODULE

ZHENXING DI, ZHONGKUI LIU AND JIANLONG CHEN

ABSTRACT. We first introduce in the paper the Wpg-
Gorenstein modules to establish the following Foxby equiva-
lence:

C®Rr—
G(F)NAc GOWr)
Homp (C,—)
where G(F), Ac and G(Wp) denote the class of Gorenstein
flat modules, the Auslander class and the class of Wpg-
Gorenstein modules, respectively. Then, we investigate two-
degree Wp-Gorenstein modules. An R-module M is said
to be two-degree Wpg-Gorenstein if there exists an exact
sequence Go = --- — G1 — Go — G% — G — ... in G(WF)
such that M = im (Gp — G9) and Ge is Homg(G(Wr), —)
and G(WF)T @ — exact. We show that two notions of the
two-degree Wr-Gorenstein and the Wpg-Gorenstein modules
coincide when R is a commutative G F-closed ring.

1. Introduction. Throughout this article, R is a commutative ring
with identity and all modules are unitary. We denote by R-Mod the
category of R-modules. For an R-module M, the Pontryagin dual or
character module Homgz (M, Q/Z) is denoted by M.

Recall from White [11] that an R-module C is said to be semid-
ualizing if C' admits a degreewise finite projective resolution, the
natural homothety map R — Hompg(C,C) is an isomorphism and
EX’C?(C’, C) = 0. Examples include the rank one free modules and
a dualizing (canonical) module when one exists. With this notion, the
Auslander class and the Bass class with respect to a fixed semidualiz-
ing R-module C, denoted by A¢ and B¢, respectively, can be defined
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and studied naturally. It is well known that there exists the following
equivalence of categories:

CQ®r—
Ac Bc.
Hompg(C,—)

Recently, as a generalization of the classes of Gorenstein projective
and Gorenstein injective modules, denoted by G(P) and G(Z), respec-
tively, Geng and Ding [4] introduced the notions of the Wp-Gorenstein
and the Wy-Gorenstein modules. In particular, they obtained the fol-
lowing interesting equivalences of categories:

C®r—
Gg(P)nAc g(We)
Homp(C,—)
and
C®r—
GWr) =———=G(I) N Be,
Homp(C,—)

where G(Wp) and G(Wr) denote the classes of Wp-Gorenstein and Wi-
Gorenstein modules, respectively. So it is natural to ask if there exist
some other classes satisfying the following diagram:

CR®r—
g(f)rLAc ?

Hompg(C,—)

The motivation of the present article is the “7.”

We shall introduce in Section 3 the notion of the Wpg-Gorenstein
module, which plays the role of “?.” Combined with Wp-Gorenstein
and W;-Gorenstein modules, they can be treated from a similar aspect
as the relationship among projective, injective and flat modules in
classical homological algebra theory. An R-module M is said to be
Wp-Gorenstein if there exists an exact sequence

We= - — W — Wy — W’ — W — ...

in Fo such that M = im(Wy, — W?) and W, is Homg(Pc, —) and
Tc ®r — exact, where Fo, Po and Zo denote the classes of C-flat,
C-projective and C-injective modules, respectively. In particular, we
get the following theorem demonstrating the relationship between the
classes GOWr) and GF¢ (see Theorem 3.4):
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Theorem 1. Let C be a semidualizing R-module. Then G(Wr) =
GFc N Be.

Also, the G(Wp)-projective dimension for any R-module will be
discussed in this section.

In Section 4, we first introduce the modules that arise from an
iteration of the above construction. To wit, let G2(Wp) denote the
class of R-module M for which there exists an exact sequence

Ge=—G —Gy— G — Gt —--.

in G(Wr) such that M = im(Gy — G°) and G, is Homz(G(WFr), —)
and G(Wp)t®@pg-exact. Similarly, one can also define R-modules which
belong to G*(GFc N Be) or G2(F), although the definition above
differs from that in [9], there is still a good correspondence. We
then apply techniques obtained in the former section to get our results

concerning stability properties of Gorenstein categories (see Theorem
4.5, Corollary 4.6 and Corollary 4.7).

Theorem II. Let R be a GF-closed ring and C a semidualizing
R-module. Then the following hold:

(i) Wr) = G(Wr).
(ii) G*(GFc NBe) = GFc NBe.
(iii) G*(F) = G(F).

In the remainder of the paper, let C' be a fixed semidualizing R-
module. We mainly recall some necessary notions and definitions in
the next section.

2. Preliminaries. Let X and ) be two classes of R-modules. We
begin with the following definition.

Definition 2.1. We write X' LY (respectively, X TY) in case Ext7' (X,Y) =
0 (respectively, Torgl(X,Y) = 0) for each object X € A and object
Y € Y. For an R-module M, when X = {M}, we use the notation
MY instead of {M}LY. There are some analogues such as M T,
X LM and XTM. Following [10], we say that X is a generator for ) if
X C Y and for each object Y € ), there exists a short exact sequence

0—Y —X—Y —0
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in Y such that X € X. The class X is a projective generator for ) if
X is a generator for ) and X' 1.

Definition 2.2. For any R-module M, we recall three types of resolu-
tions.

(i) [5, 1.5]. A left X-resolution of M is an exact sequence X = --- —
X1 —Xo—> M — 0 with X,, € X for all n > 0.

(ii) [5, 1.5]. A right X-resolution of M is an exact sequence X = 0 —
M— X9 X! ... with X" € X foralln > 0.

Now let X be any (left or right) X-resolution of M. We say
that X is co-proper if the sequence Hompg (X, X) is exact for each
object X € X.

(iii) [11, 1.6]. A degreewise finite projective (respectively, free) reso-
lution of M is a left projective (respectively, free) resolution P of
M such that each P; is finitely generated projective (respectively,
free). It is easy to verify that M admits a degreewise finite pro-
jective resolution if and only if M admits a degreewise finite free
resolution.

Definition 2.3. The X-projective dimension of an R-module M is
defined as:

(2.1) X —pdgr(M)
= inf{sup{n | X,, # 0} | X is a left X-resolution of M}.

Dually, one can also define the A-injective dimension of M.

The next lemma has a standard proof.

Lemma 2.4. Let M be an R-module. Consider the following exact
sequence in X:

& 5

X= .- X, Xo X4

Then the following hold:

(i) Assume MLX. IfX isHomp(M, —) exact, then Extil(]\/l, im(6%))
=0 for all i. Conversely, if Exth(M,im(0X)) = 0 for all i, then
X is Hompg (M, —) exact.
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(ii) Assume MTX. If X is M®g-ezact, then Torgl(M, im(55)) =0
for all i. Conversely, if Tor®(M,im(6X)) = 0 for all i, then X is
M@ g-exact.

Definition 2.5. [3]. An R-module M is said to be Gorenstein flat if
there exists an exact sequence

X=i—nF —Fp—F — Fl — ...

in R-Mod with each F; and F* flat such that M = im(Fy — F°) and
X is I®p-exact for any injective R-module I. The exact sequence X is
called complete flat resolution of M.

In the following, we denote the class of Gorenstein flat modules by

G(F).

Definition 2.6. [1]. Let R be a ring. We call R GF-closed if the
class of Gorenstein flat R-modules is closed under extensions, that is,
if0 > X -Y — Z — 0is a short exact sequence with X and Z
Gorenstein flat modules, then Y is also Gorenstein flat.

It follows from [1] that the class of GF-closed rings includes strictly
the one of coherent rings and the one of rings of finite weak global
dimension.

Definition 2.7. [7]. An R-module is C-projective (respectively, C-
flat) if it has the form C ®g P for some projective (respectively, flat)
R-module P. An R-module is C-injective if it has the form Hompg(C, I)
for some injective R-module I. We set:

Pc ={C ®gr P | P is a projective R-module}
Fo={C®g F | F is a flat R-module}
Ze = {Homp(C,I) | I is an injective R-module}.

Remark 2.8. The classes defined above are studied extensively in [7].
From [7], we know that
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(i) The classes Fc and Pc are closed under arbitrary direct sums
and summands, and, if R is coherent, then F¢ is also closed under
arbitrary direct products.

(ii) The class Z¢ is closed under arbitrary direct products and sum-
mands.

Definition 2.9. [6]. An R-module N is said to be G¢-injective (G-
inj for short) if there exists an exact sequence

Y =+ — Homp(C, I') — Hompg(C,I°) — Iy — I} — -+~

in R-Mod with each I; and I* injective such that N = im(Hompg(C, I°) —
Iy) and Y is Homp(Z¢, —) exact. The exact sequence Y is called a com-
plete oI -resolution of N.

An R-module T is said to be G¢-flat if there exists an exact sequence
Zi= - —F —F—CQrF' —CopF! — ..

in R-Mod with each F; and F* flat such that M = im(Fy — C ®p F°)
and Z is Zo ®r — exact. The exact sequence Z is called a complete
FFc-resolution of T.

We will denote the classes of G¢-inj and Go-flat modules by GZ¢x
and GF¢, respectively.

Remark 2.10. Similar to the proofs in [11] one can easily get that:

(i) Every C-injective R-module is G¢-inj, and the class GZ¢ is core-
solving and closed under arbitrary direct products and summands.
(ii) Every C-flat R-module is G¢-flat, and the class GF¢ is closed
under arbitrary direct sums.
(iii) Every kernel of a complete ZoZ-resolution (respectively, FFc-
resolution) belongs to GZ¢ (respectively, GF¢).

By using the definition of G¢-flat modules and Remark 2.10, the
proof of the next lemma is a standard argument.
Lemma 2.11. The following are equivalent for an R-module M:

(i) M is Go-flat.
(ii) M satisfies the following two conditions:
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(a) ZcTM and
(b) There exists an ezact sequence 0 — M — C ®pr F° —
C®rF' — --- in R-Mod with each F' flat such that Tc ® g —
leaves it exact.
(iii) There exists a short exact sequence 0 - M - CQr F - G — 0
in R-Mod with F flat and G € GF¢.

Definition 2.12 ([7]). The Auslander class Ax with respect to C
consists of all R-modules M satisfying:

(i) TorZ,(C,M)=0=Ext3'(C,C ®z M) and

(ii) The natural evaluation map pccon : M — Hompg(C,C @ M) is
an isomorphism.
Dually, the Bass class Bo with respect to C consists of all R-
modules N satisfying
(a) ExtZ'(C,N)=0= Torgl(C, Hompg(C, N)), and
(b) The natural evaluation map voen : C @g Homg(C,N) = N

is an isomorphism.

We now display some necessary results about the classes Ag and
Be.

Lemma 2.13. ([7]). The following hold:

(i) If any two R-modules in a short exact sequence are in Ac,
respectively Be, then so is the third.

(ii) The class Ac contains all modules of finite flat dimension and
those of finite Zo-injective dimension. The class Bo contains
all modules of finite injective dimension and those of finite Fco -
projective dimension.

To be a direct corollary of [7, Theorem 6.4], we have the following
lemma:

Lemma 2.14. Pc1,Bc, AcLlZc and AcTFe.

3. Wp-Gorenstein modules. We begin this section with the fol-
lowing notion of a Wg-Gorenstein module.
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Definition 3.1. An R-module M is said to be Wg-Gorenstein if there
exists an exact sequence

We=-— W — Wy — WO — Wt — ...

in Fo such that M = im(W, — WY) and W, is Homg(Pc, —) and
To®pr-exact.

It is clear that each module in F¢ is Wp-Gorenstein, and every
kernel of W4 is Wpg-Gorenstein.

In the following, we denote by G(Wpr) the class of Wp-Gorenstein
modules.

Proposition 3.2. PocLGOWr) and ZeTG(Wr).
Proof. Tt follows directly from Lemmas 2.4 and 2.14. O

Proposition 3.3. Let Wg = --- = W, = Wy = WO = W — ...
be an eract sequence in Fo and M = im(Wy — WO°). Then W, is
Homg(Pc, —) exact if and only if M € Be.

Proof. Suppose M € Be. By Lemma 2.13, every kernel of W, is in
Be, and so W, is Hompg(Pc, —) exact by Lemmas 2.4 and 2.14.

Conversely, if W, is Homg(Pc, —) exact, then by Lemmas 2.4 and
2.14, we have Po_LM. Hence, there exists an exact sequence

s Wy — Wy — 10— T — .

in R-Mod with each I injective such that M = im(Wy — I°) and
Homp(Pc, —) leaves it exact. Thus, M € B¢ by [7, Theorem 6.1]. O

Now we are in a position to give the result linking the classes GF¢
and G(Wp).

Theorem 3.4. Let M be an R-module. Then M € GOWr) if and only
if M € GFc N Be.

Proof. (=). Let M € G(Wrg). We first have ZoTM by Proposi-
tion 3.2. Then M € GFc N Be by Lemma 2.11 and Proposition 3.3.
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(«<). Let M € GFc N Be. Since M € GF¢, we have that ZoTM,
and there exists an exact sequence

0—M-— W' —W! — ...
in R-Mod with each W? € Fc such that Zc®pg-leaves it exact by
Lemma 2.11. On the other hand, since M € B, it is easy to verify
that M has a proper left Po-resolution

e — Vi — Vo — M — 0.

It follows from Lemmas 2.13 and 2.14 that Zo ® g — leaves it exact.
Thus, we have the following exact sequence:

=V — Vg — WY — W —

such that M = im(Vy — W?). By Proposition 3.3, we know that
Homp(Pc, —) leaves it exact. It follows that M € GOWr). O

The following equivalence is comparable to [4, Theorem 3.11].

Theorem 3.5. There exists equivalence of categories:

C®Rr—
g(F)NAc GWr).

Hompg(c,-)

Proof. We first show that the functor Hompg(C, —) maps G(Wp) to
G(F)NAc. Assume M € G(Wp). Then there exists an exact sequence:

We=-— W, — Wy — W — Wt — ...

in Fo such that M = im(W, — WY) and W, is Homg(Pc, —) and
Te®gr-exact. So M € Beo by Theorem 3.4, and hence every kernel of
W, is in Bo by Lemma 2.13. Thus, Hompg(C, W,) is exact; moreover,
Homp(C,M) € Ac by [7, Proposition 4.1]. On the other hand,
suppose that W; 2 C ®@p F; and W? =2 C ®@p F?, where each F; and F*
flat. Then we have the following exact sequence in R-Mod:

Homp(C,Wg) = -+ — F} — Fy — F' — F! — ...
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such that Homp(C, M) = im(Fy — F°). For each injective R-module
I, we have

I ®g Hompg(C,W,) = C ®@g Homg(C,I) g Homg(C,W,)
>~ Homp(C,I) @r W,
is exact. Hence, Hompg(C, M) € G(F).
The proof of C®g-maps G(F) N Ac to G(Wp) is similar. O

The next result on the properties of the class G(Wpg) will be used
frequently in the sequel.

Corollary 3.6. Let R be a GF-closed ring. Then the class G(Wr) is
closed under extensions, kernels of epimorphisms and direct summands.

Proof. We first show that the class G(Wp) is closed under extensions
when R is GF-closed. Consider the following short exact sequence:

0O—M—N-—K—0

with M and K belonging to G(Wp). Since M € Be by Theorem 3.4,
we get the next exact sequence:

0 — Homp(C, M) — Homp(C, N) — Homp(C, K) — 0.

It follows from Theorem 3.5 that Hompg(C, M) and Hompg(C, K) belong
to G(F) N Ac. Thus, Hompg(C, N) belongs to G(F) N Ac. On
the other hand, since N € B¢ by Lemma 2.13 and Theorem 3.4,
N = C ®@rHompg(C,N) € G(Wr) by Theorem 3.5.

The proofs of the class GOWr) is closed under kernels of epimor-
phisms and direct summands are similar to [1, Theorem 2.3 and Corol-
lary 2.6]. O

The next lemma will be used in the proof of Theorem 3.8.
Lemma 3.7. Let R be a GF-closed ring. For every short exact sequence

0 — Gy — GO — M — 0 in R-Mod with Go,Gl S Q(WF), Zf
Torf(Ze, M) = 0, then M € G(Wr).
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Proof. By the fact that the class F¢ is a closed direct summand
and [9, Lemma 4.1], the proof of the lemma is similar to [1, Theorem
2.3]. O

One can compare the following theorem on G(Wr)-projective dimen-
sion to [1, Theorem 2.8] and [8, Theorem 2.6].

Theorem 3.8. Let R be a GF-closed ring and M an R-module with
finite G(Wr)-projective dimension. Let n be a non-negative integer.
Then the following are equivalent:

(i) GOWr)-pdg(M) < n.

(ii) For every non-negative integer t such that 0 <t < n, there exists
an exact sequence 0 - W, — --- > W7 - Wy - M — 0 in
R-Mod such that Wy € GOWrg) and W; € Fo fori #t.

(iii) There ezists a short exact sequence 0 — K — G — M — 0 in
R-Mod with G € GOWr) and Fo-pdp(K) <n—1.

(iv) There exists a short exact sequence 0 = M — K' — G' — 0 in
R-Mod with G' € GWr) and Fo-pdp(K') < n.

(v) There ezists an exact sequence 0 — G — Vo4 — -+ = Vj —
M — 0 in R-Mod with G € GOWr) and V; € Pc for all
0<i<n—1.

(vi) For every exact sequence 0 = K, = Gp_1 — - = Gy — M — 0
in R-Mod with G; € G(Wp) for all 0 < i < n — 1, then also
K, € Q(Wp)

(vii) Tor,™ (U, M) =0 forallj > 1 and allU € I¢.
(viii) Tor'yt (U, M) = 0 for all j > 1 and all U with To-rm idg(U) <
0.

Furthermore, we have

GWr)-pdp(M) = sup{n € N | Tor (U, M) # Ofor some U € Z¢}
= sup{n € N | Tork (U, M) # Ofor some U with
Te-idp(U) < oo}

Proof. (ii) = (iii) = (i) and (vi) = (i) are clear.

(i) = (vii) = (viii) follow from the usual dimension shifting argu-
ment.
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(1) = (ii). Since the class G(Wp) is closed under extensions by
Corollary 3.6, the proof is similar to [8, Theorem 2.6].

(iii) = (iv). Since G' € G(WF), there exists a short exact sequence
0= G—=W —= G — 0in R-Mod with W € Fo and G’ € G(Wp).
Now consider the following push-out diagram:

0 0
0 K G M 0
0 K 11 K’ 0
¢ ==0a
0 0

From the second row in the above diagram, we know Fe-pdg(K') < n.
So the third column is as desired.

(iv) = (iii). Since Fo-pdg(K’') < n, there exists a short exact
sequence 0 - K — W — K’ — 0 in R-Mod with W € Fs and
Fo-pdg(K) < n— 1. Then consider the following pullback diagram:
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0 0
K=—==K
0 G w G’ 0
0 M K’ G 0
0 0

From the second row, we know that G € G(Wp) by Corollary 3.6. So
the first column is as desired.

(i) = (v). It suffices to prove the case n = 1. Assume that G(Wr)-
pdgr(M) < 1. Then there exists a short exact sequence 0 — G; —
Go — M — 0 in R-Mod with Gy, G; € G(Wp). By Theorem 3.4, we
know that Gy € Bc. Hence, it is easy to verify that there exists a short
exact sequence 0 - G, -V — Gy — 0 in R-Mod such that V' € Pg,
and also V € G(Wp). By Corollary 3.6, we have Gj € G(Wr). Now
consider the following pullback diagram:

0 0

Gy ——G
0 G Vv M 0
0 G Go M 0
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From the first column in the above diagram, we know that G € G(Wp)
by Corollary 3.6. So the middle row is as desired.

(v) = (vi). Let 0 = K,, = Gpo1 — -+ = Gp = M — 0 be an
exact sequence in R-Mod with each G; € G(Wr). Then also G; € Be
by Theorem 3.4. Hence, K,, € Bo and Pc LK, by Lemmas 2.13 and
2.14. Then we have the following commutative diagram with exact
rows:

0 Gy Vo1 aE % Vo M 0
0 K, Gn-1 e G Go M 0

Thus, the mapping cone

0 —G,— V10K, — - —=VdG — Gy —0

is exact. It follows from Corollary 3.6 that K,, € GWr).
(viii) = (i). By Lemma 3.7, the proof is similar to [1, Theorem 2.8].

The last claim is an immediate consequence of the equivalence of (i),
(vii) and (viii). O

Let n be a non-negative integer. In what follows, we denote by
G-flatg,, (respectively, Go-flatg,) the class of modules with finite
Gorenstein flat (respectively, G(Wp)-projective) dimension at most n.

Theorem 3.9. (Foxby equivalence). Let F be the class of flat modules.
There are equivalences of categories:
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C®Rr—
E g
Hompg(c,—) B
C®Rr—
G(F)NAc SOWr)
N Hompg(c,—) M
C®Rr—
G-flat<, N Ac Geo-flatg,
N Homg(c,-) N
C®Rr—
AC BC
Hompg(c,-)

Proof. Let M be an R-module. It suffices to prove the equivalence
of categories of the third row in the above diagram.

For the third row, it suffices to prove the case n = 1. Assume that
M € Geo-flatg;. Then there exists a short exact sequence

0—G —Gy— M —0

in R-Mod with Gy, Gy € G(WF). Since G1 € Bc by Theorem 3.4, we
have the following exact sequence in R-Mod:

0 — Homp(C,G1) — Hompg(C,Gy) — Homp(C,M) — 0

with Hompg(C, Gy), Hompg(C, G1) € G(F)NAc by Theorem 3.5. Hence,
by Lemma 2.13, Hompg(C, M) € G-flat<; N Ac.

Conversely, assume that M € G-flat<; N Ac. Then there exists
a short exact sequence 0 — Gy - Gy — M — 0 in R-Mod with
Go,G1 € G(F)NAc. Since M € Ac by Lemma 2.13, Toril(C’, M) =0.
Thus, there exists a short exact sequence:

0 —C®rG —CR®rGy—CRrM —0

in R-Mod. By Theorem 3.5, we know that C®r Gy, CRrG1 € GWr).
Hence, C ®@p M € Go-flat¢. O
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4. Stability of categories. We start with the following definition.
Definition 4.1. Let M be an R-module and n > 2 an integer. We say
that M € G"(Wr) if there exists an exact sequence

Ge=—G —Gy—G" — G —--.
in G""1(Wp) such that M = im(Gy — G°) and G, is
Homp(G" ' (Wr), -)
and
G *Wr)T ®g -exact.
Set G°(Wr) = Fo, G1(Wr) = G(WF). One can easily check that
there is a certain G"(Wg) C G"1 (W) for all n > 0.

Similarly, one can also define modules which belong to G™(GFcNBc)
or G"(F) for n > 2.

The next two results are given in service of the proof of Lemma 4.4.
Lemma 4.2. PcLG*(Wr) and ZcTG*(Wr).

Proof. Tt follows directly from Lemma 2.4, Proposition 3.2, and the
fact that Pc € GWr) and Zc C GWr)™. O

Lemma 4.3. Let R be a GF-closed ring. Then Pc is a projective
generator for GOWr).

Proof. Let M be an R-module and M € G(Wr). So M € B¢ by
Theorem 3.4. Hence, we have a short exact sequence

0—M —CQRrP—M-—0

in R-Mod with P projective. By Corollary 3.6, we know that M’ €
G(Wr).

On the other hand, it follows from Proposition 3.2 that Poc LG(Wr).
Thus, Pc is a projective generator for G(Wr). |
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Lemma 4.4. Let R be a GF-closed ring, and let M be an R-module
which belongs to G*(Wr). Then M admits a proper left Pc-resolution.

Proof. Tt follows directly from the definition of modules which belong
to G?(Wr), Lemma 4.2, Lemma 4.3 and [10, Lemma 2.2 (b)]. O

Now we can give another main result in the paper.

Theorem 4.5. Let R be a GF-closed ring. Then we have G"(Wp) =
GWr) for alln > 1.

Proof. 1t suffices to prove the case n = 2. Let M be an R-module
and M € G*(Wp). Following from Lemma 4.4, we have the exact
sequence

()= —CQrP —C@rPy— M —0

in R-Mod with each P; projective such that Hompg(Pc, —) leaves it
exact. By Lemma 2.4, Lemma 2.14 and Lemma 4.2, we know that
Ic @r — leaves (a) exact as well.

On the other hand, since M € G?(Wr), there exists a short exact
sequence 0 - M — G — M’ — 0 in R-Mod with G € G(Wp) and
M’ € G2(WrF). Since G € G(WF), there exists a short exact sequence
0—G—CerF°— G — 0in R-Mod with F flat and G’ € G(Wr).
Then we have the push-out diagram
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Consider the following short exact sequence coming from the middle
row of the above diagram:

B)=0— M —CrF*— K —0.

From the third column of the above push-out diagram, we know that
ZcTK by Proposition 3.2 and Lemma 4.2. Hence, (5) is Hompg(Pc, —)
and Zo ® g — exact. If we can construct a short exact sequence

N=0—K-—C@rF'— K —0

in R-Mod with F' flat and K’ a module with the same property as K
(that is, there exists a short exact sequence (p) =0 - M"” — K' —
H"” — 0 in R-Mod with M" € G*(Wp) and H" € G(Wr)), then the
following exact sequence can be constructed recursively:

()= 0—K—> CQrF! ————— CRrF? — .-
N
0 >0

From the middle row of the above push-out diagram and (u), we get
PcLK and ZgT K’ by Proposition 3.2, Lemma 2.14 and Lemma 4.2.
Then we have that (n) is Homgr(Pc, —) and Ze ®p — exact. So is
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(7). Assembling the sequence (&), (8) and (), we get the next exact
sequence in R-Mod

i — CO®pP —C®rP) —CRrF’* —C®rF' — .-

such that M = im(C ®p Py — C ®r F°), and Homp(Pc,—) and
Zc ®p — leave it exact. It follows that M € G(Wp).

Indeed, since M’ € G?*(Wp), there exists a short exact sequence
0 - M - H — M’ — 0in R-Mod with H € G(Wp) and
M" € G2(Wr). Now consider the following push-out diagram:

0 0
0 M’ K el 0
0 H H' el 0
M" == M"
0 0

From the middle row of the above diagram, we know H' € G(Wr) by
Corollary 3.6. Then there exists a short exact sequence 0 — H' —
C®grF — H” — 0 in R-Mod with F flat and H” € G(Wr). Consider
another push-out diagram
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It is trivial that the third column in the above diagram is as desired.
This completes the proof. O

The following corollary is an immediate consequence of Theorem 3.4
and Theorem 4.5.

Corollary 4.6. Let R be a GF-closed ring. Then we have G™(GFc N
Be) =GFcNBe for alln > 1.

When we set C' = R in Corollary 4.6, we obtain the next result on
the class of Gorenstein flat modules appeared in [12, Theorem 4.3] and
[2, 1.2].

Corollary 4.7. Let R be a GF-closed ring. Then we have G™(F) =
G(F) for alln > 1.
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