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COMPUTATION OF FIXED POINT INDEX
AND ITS APPLICATIONS

HUI XING AND JINGXIAN SUN

ABSTRACT. In this paper, we make the nonlinear double
integral equation of Hammerstein type the background of the
research. Computation for the fixed point index of operators
such as A = K1 F1 Ko F» is given. As applications of the main
results, we investigate the existence of positive solutions to
the nonlinear double integral equation of Hammerstein type
and the boundary value problem for the system of elliptic
partial differential equations.

1. Introduction. Let E be a real Banach space with norm ||-||, and
let P C E be a cone of E. We define a partial ordering < with respect
to P by <y if and only if y — 2 € P. P is said to be normal if there
exists a positive constant N such that § < x <y implies ||z|| < N||y||,
where 6 represents the zero element in F and the smallest IV is called
the normal constant of P. P is called solid if it contains interior points,
i.e., P # (). For the concepts and the properties about the cone we refer
to [2, 4, 17].

In this paper, we make the nonlinear double integral equation
of Hammerstein type as the background of the research and study
the computation of the fixed point index of the operators such as
A = K1 F, K> F5 more systematically. As an application, the following
nonlinear double integral equation of Hammerstein type

(1.1) / by (2,9) f ( / ks (3, 2) fo 2, (= ))dz) dy,
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is investigated, where f;(z,u) : [0,1] X [0,400) — [0, +00), k;i(x,y) :
[0,1] x [0,1] — [0,400), ¢ = 1,2. The theory of the fixed point in-
dex is one of the main methods in studying the existence of solutions
to the nonlinear operator equation. The study of the nonlinear Ham-
merstein integral equations was initiated by Hammerstein [7] in 1929.
Subsequently, a great number of papers dealing with the existence of
nontrivial solutions of Hammerstein integral equations have been pub-
lished, see for example, [9, 10, 18, 19, 20] and the references therein.
Yang and O’Regan [20] studied a system of nonlinear Hammerstein
integral equations:

w(z) = / k(e 9) f (4, uly), v(y))dy.
(1.2) 0
v(x) =

/0 k(e 9)g(y, u(y), v(y))dy.

The existence of positive solutions of (1.2) was obtained by using
topological methods and cone theory. Generally speaking, in order
to compute the fixed point index we usually change the systems of
differential equations into the nonlinear double integral equation of
Hammerstein type, see [8, 14].

In this paper, broader results are obtained when the nonlinear
operator is controlled by a homogeneous operator (which is broader
than the linear operator). To the best of our knowledge the papers
dealing with (1.1) are few when the nonlinear operator is controlled
by the a homogeneous operator. Many authors studied computation
for the fixed point index when the nonlinear operator is controlled by
the homogeneous operator or the linear operator [5, 8, 11], which
is different from the results of this paper. Motivated by the work
[5, 7, 8, 11, 14, 15, 18, 3, 19, 20], we obtained the results of this
paper.

The organization of this paper is as follows. In Section 2, some
useful preliminaries are presented. In Section 3, we give the results
of computation of the fixed point index of the operators such as
A = K, Fy Ko F5 more systematically. In Sections 4 and 5, we use the
main results of Section 3 to establish the existence of positive solutions
to the nonlinear double integral equation of Hammerstein type and the
positive solutions of the system of elliptic partial differential equations.
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2. Preliminaries. Suppose that X is a retract in Banach space E
and U is a bounded open set in X. Let A : U — X be a completely
continuous operator, which has no fixed point on OU (the boundary
of U with respect to X). Then we can define the fixed point index
1(A,U, X) of A over U with respect to X. (For example, every closed
convex subset is a retract.) One can refer to [4] for the definition and
properties of i(A, U, X).

2.1. Definitions.

Definition 2.1. [13]. Let P be a solid cone of E. The operator
A : P — P is a positive a homogeneous operator, if A satisfies
A(tz) = t*Ax, for any t > 0 and o € R*. In particular, when a = 1,
the operator A is called homogeneous operator.

Definition 2.2. [1]. Let P be a cone of E. The operator T : E — E
is called e-positive if there exists an element e € P\ {0}, such that, for
every u € P\ {0}, there are numbers a = a(u),8 = (u) > 0, such
that

ae < Tu < Se.

2.2. Lemmas.

Lemma 2.3. [12]. Let a,b be real numbers. Then

(i) |a-+0b" < lal* + [b|", for 0 < pu < 1;
(i) |a+b* < 2¢7(lal* 4 [b]*), for p > 1.

Lemma 2.4. [17]. Let  be a bounded open set of E with 0 € Q.
Assume that A : PN Q — P is a completely continuous operator
satisfying

Ax # px, xe€ PNoQ, pu>1.

Then we have i(A, QN P, P) = 1.

Lemma 2.5. [6]. Let Q@ C E be a bounded open set with 6 € €.
Suppose A : QN P — P is a completely continuous operator and has
no fized points on 0Q N P. If ||Aw| < ||wl|, for all w € 9Q N P, then
1(A,QNPP)=1.
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Lemma 2.6. [17]. Suppose that A : PN Q — P is a completely
continuous operator. If there exist u* € P and u* # 6 such that

x—Ax £ ¥, xe€PNoQ, A\>0,

then we have i(A,Q2N P,P) =0.

Lemma 2.7. [20]. Ifp : R™ — R" is concave, then p(a + b) <
p(a) + p(b), fora € RT and b € RT.

3. Main results. In order to compute the fixed point index of
operators such as A = K1 Fy KsF5, here we list the hypotheses to be
used later:

(H) Let K1, K5 : P — P be positive linear operators, Fy, F» : P — P
nonlinear operators, and A = K;F|KyF; a completely continuous
operator.

Theorem 3.1. Assume that condition (H) holds. Let P be a normal
cone in E, the normal constant of P equal to 1. Suppose that Gy :
P — P is a positive o homogeneous increasing operator with 0 < a <'1
and Gy : P — P is a positive 3 homogeneous increasing operator with
0 < af < 1. If there exists w; > 0, i = 1,2, such that:

(i) Fyx < Gz + w;, for all x € P;
(ii) Gi(x+y) < Giov + Gy, for all v,y € P;
(i) C = K1G1K2G2, and for all x € P\{0},

(3.1) sup ||Cz| <
ll]l=1

0, 0<apf<l,
1, af =1,

then i(A,P NTg,P) = 1, where T = {x € E : ||z|| < R} for
sufficiently large R.

Remark. Let T = {z € E : ||z|| < R} be a closed ball of center §
and radius R. For sufficiently large R > Ry, Theorem 3.1 holds, where
Ry is defined in the following proof.
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Proof. By Definition 2.1, we have G (tz) = t*G 1z, Ga(tz) = t°Gax,
and

C(tr) = K1G1 K2Go(tr) = K,G Kot? Gox
= K1G1tP(KyGox) = K1 (t7)*G1 K2Gox
= (t7)*K1G1 K1Gox = t*P K1 G1 Ky Gox:
=t*PCz.

(3.2)

When 0 < af < 1, C is an af homogeneous operator. By condition
(iii), there exists a constant M such that supj, =, [Cz|/|z]| < M.
Letting 0 < § < min{1l, M}, we have M/§ > 1. For sufficiently large
t > (M/8§)Y/(1=aB) by (3.2), we have

(3.3) sup Ictz] =t*f=1. sup ICz] <t¥Pl M <6
Jel=1 lltz|| lel=1 Nzl

Letting w = tx in (3.3), when ¢ is large enough, we have

c
(3.4) sup €Ul 5
wep\{o} vl

When af = 1, C is a homogeneous operator. By condition (iii), we
have sup) = [Cz||/[z]| < 1. It follows from (3.2) that

[Csal| _ o slCz]

(3.5) =
lz||=1 [|sz|| |lz||=1 s|jz||

< 1.

In (3.5), when s is large enough, letting u = sz, then

[Cull

(3.6)
weP\{6} ]

By conditions (i), (ii) and (iii), we have
Ar = K1\ Ky For < K1G1KoFox + Kqw,
< K1G1 Ko (Gox + we) + Kqwy
(3.7) = K1G1(KyGaox + Kows) + Kyw;
< K1G1K2Gaz + K1G1 Kaws + Kyun
= Cx + wy,
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where wy = K1G1Kowq + Kjw;. Select

[[woll

R0>1_5.

Let
T, ={z € E:||z| < Ro}.

Set H(t,u) = u — tAu. Next, we prove
(38) H(t,u)=u—tAu#6, foralltel0,1], wedTr,NP.

Assume on the contrary that there exists a ug € 90Tgr, N P with
||luol| = Ro and tg € [0,1] such that ug — tgAug = 6. For 0 < af < 1,
by (3.7), we have

(3.9) ug < toClug + towg < Cug + wo,

since P is the normal cone with normal constant 1. By (3.4) and (3.9),
we have

(3.10) [[uol| < [[Cuol| + Jwoll < 8lluoll + [lwoll

By (3.10), we have |lug|| < ||woll/(1 — J), which contradicts ||ug| =
Ry > |Jwol|/(1 —6). By Lemma 2.4, for sufficiently large R > Ry, we
have i(A, PNTg, P) = 1. When a8 = 1, since P is a normal cone with
the normal constant 1, by (3.6) and (3.7), we have

[Aul] < [[Cull + [Jwoll < fJull

For sufficiently large R > |lu|| > |Au||, by Lemma 2.5, we have
1(A,PNTr,P) = 1. The proof has been completed. a

Corollary 3.2. Let P be a normal cone of E, the normal constant of
P equal to 1 and A : P — P a completely continuous operator. If there
exists a positive o homogeneous increasing operator B : P — P with
0 < a <1 and there exists ug € P such that:

(i) Az < Bz + ug, for all x € P;
(i) for all x € P\{6},

o0 0<af<l
3.11 sup ||Bz| < { ’ ’
(.11) s Bel < { 3050
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then i(A, PNTgr, P) = 1, where T = {x € E : ||z|| < R} for sufficiently
large R.

Proof. In the proof of Theorem 3.1, set C' = B, wg = ug, which
completes the proof. O

Theorem 3.3. Assume that condition (H) holds and the operator A
has no fized point on PNOT, forr >0, where T, = {zx € E: ||z| <r}.
Suppose that G1 : P — P is a positive o homogeneous increasing
operator and Go : P — P is a positive 8 homogeneous increasing
operator such that:

(i) Foe > Gz, i=1,2, forallz € PNT,;
(ii) for aB € (0,1), there exist u* € P\{0} and a real number 6 > 0
such that Cu* > du*, where C = K1G1K2Gs,

then i(A, PNT,,P) =0 for sufficiently small r.

Remark. Let T, = {z € E : ||z|| < 7} be a closed ball of center 0
and radius 7. For 0 < r < rg, Theorem 3.3 holds, where rq is introduced
in the following proof.

Proof. We divide the proof into two steps.

Step 1: It follows from (3.2) that C is a positive a8 homogeneous
operator. By conditions (i) and (ii), we have

(312) Ax = KlFlKQFQl‘ 2 KlFlKQGQCE Z KlGlKQGQHZ =Cux.

0<d <1, 6Y0-28) < 1 is obvious. Let 0 < t < 6%/(1=28) e
have Ctu* = t*PCu* > t*85u* > tu*. Setting tu* = v*, we have
Cv* > v*. When § > 1, we have Cu* > du* > u*. Setting u* = v*,
we have Cv* > v*. Since u* € P\{6}, when § > 0, there exists a
v* € P\{6} such that Cv* > v*. Letting D = {u € E : u > v*}, we
have d = d(0,D) > 0. When 0 < ro < d, for x € P, ||z|| < ro, we have
that © ¢ D and « 2 v*. Let T,,, = {z € E : ||z|| < ro}. Next, we prove

Step 2: By condition (ii), when of < 1, Cu* > éu*. When

(3.13) x— Az # M*, forallz € PNoT,,, A >0.
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We assume on the contrary that there exists zo € PN9OT,, with A\g > 0
(since A has no fixed point on P N JT,,), such that

(314) Tro — AJZQ = )\O'U*.

By (3.14), we have x¢g = Axg+ Aov* > Av*. Setting \* = sup{\ : z¢ >
Av*}, we have that A* > A\ > 0 and z¢ > A*v*. Since xg # v*, we
have 0 < A* < 1. By (3.12) and (3.14), we have zy > Azg > Cxo. C is
an increasing operator, therefore, Czy > CA\*v*. Since C is a positive
af homogeneous operator and 0 < af < 1, we have
zo = Axg + Nov™ > Cxg + Aov™

> CN 0" 4 Agv* = (A)*PCv* + Agv*

> ANCv* + Mgv* > N 0* + Av*

= (A" 4+ Ao)v™.

(3.15)

This contradicts the above definition of A\*. For sufficiently small » such
that 0 < r < rg, we have i(4, PNT,, P)=0. |

Theorem 3.4. In Theorem 3.3, condition (ii) is substituted for the
following condition:

(ii') for af =1, there exists u* € P\{#} such that Cu* > u*, where
C = KlGlKgGQ.

Then the conclusion of Theorem 3.3 still holds.

Proof. 1t follows from the proof of Theorem 3.3 that Az > Cz. By
condition (ii/), when af = 1, C is a positive homogeneous operator
with Cu* > u*. Let T, = {x € E : ||z|| < r}. Next, we prove

(3.16) x—Ax # M, €PN, \>0.

By the same argument as Step 2 of the proof of Theorem 3.3, we have
i(A,PNT,,P)=0. O

Corollary 3.5. Let Q be a bounded open set in E with 0 € Q and
A:PNQ — P a completely continuous operator. If there exist another
Banach space E1, a cone Py in Fq, a positive o homogeneous operator
B: P — Puwth0 < «a <1, a linear operator N : P — P;, an
increasing operator L : Py — Py and a real number § > 0 such that:
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(i) NAz > NBuz, for allz € PN Q;
(i) there exist u* € P\{0} and a non-negative integer n such that
NB™u* > 0Nu*, Nu* # 0;
(iii) NBx = LNz, for all x € P;
(iv) A has no fized point on P N OT,.
Then i(A, PNT,,P) =0, where T, = {z € E : ||z|| < r} for sufficiently
small r.

Remark. Let T, = {x € E : ||z|]| < r} be a closed ball of center
f and radius r. For sufficiently small » > 0 and r < rg, Theorem 3.3
holds, where ¢ is introduced in the following proof.

Proof. Since B is a positive a (0 < a < 1) homogeneous operator, it
follows from 0 < ¢ < 1 that §'/(1=2") < 1. Setting 0 < t < §/(1=2")
by condition (ii), we have

NB"“tu* = NB" 't*Bu*
= NB"2t*’ B2y* = Nt*" B"u*
= t*" NB"u* > t*" Nou*
> tNu* = Ntu®.

(3.17)

Set tu* = v*. By (3.17), we have NB™v* > Nv*. When 6 > 1,
NB"™u* > Noéu* > Nu*. Set u* = v*, we have NB"v* > Nuv*.
Since u* € P\{0}, when § > 0, there exists v* € P\{6}, such that
NB"w* > Nv*. Let D ={u € E:u>v*} and d = d(#, D) > 0. When
0<ro<d,z€P,|z| <rg, we have that x ¢ D; hence, z 2 v*.

Next, we will prove
(3.18) x— Az # M*, forallz € PNoT,,, A >0.

We assume on the contrary that there exist o € P NJT,, and A\g > 0
(since A has no fixed point on P N 97T,,) such that

(319) o — A.IQ = )\01}*.

By (3.19), we have Nxzg = NAzg + MNv* > MNov*. Letting
A* = sup{\ : Nxg > ANv*}, it is evident that A* > Ao > 0 and
Nxzg > M*Nv*. Since xg 2 v* and Nzg #? Nv*, we have 0 < \* < 1.
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By condition (i) and (3.19), we have Nzy > NAxzy > NDBxzy. By
condition (iii), we have

3.20 NBzo = LNzg > LNBxy > NB2%x.
(3.20)

For any non-negative integer i, by (3.20) we have N Bizg > NBlz.
Therefore, NBxg > NB"xzy. By condition (iii), for x € P, we have
NB"x = L™Nz. Since B is a positive o homogeneous operator with
0<a<l1,wehave 0 < a™ <1 and NB"w* > Nv*. Hence, we have
Nzog = NAzg + A\gNv* > NBxg + A\gNv*

> NB”SUO + )\0N’U* = Lan'() + )\0NU*
(3.21) > L"NXv* + N Nv* = NB"\* + \gNv*

= (A" NB™* + A\Nv* > N*NB™* + A\gNv*

> NN + AN Nv* = (A 4+ Ag)Nv
This contradicts the above definition of A*. For sufficiently small r < rg,
by Lemma 2.6, we have (A, PNT,,P) =0. |

Corollary 3.6. Let Q be a bounded open set in E with 0 € Q and
A:PNQ — P a completely continuous operator. If there exist a
positive o homogeneous increasing operator B : P — P with0 < a < 1,
u* € P\{0} and real number § > 0 such that:

(i) Az > Bz, for allz € PN
(ii) Bu* > du™;
(iii) A has no fized points on PN OT,, where T, = {x € E : ||z| < r}.

Then i(A, PN T,,P) =0 for sufficiently small r.

Proof. In the proof of Theorem 3.3, let C' = B, which completes the
proof. O

4. The application for the nonlinear double integral equa-
tion of Hammerstein type. Next, we use the main results of Sec-
tion 3 to study the nonlinear double integral equation of Hammerstein

type

e /klxy ( /k2 v, 2) folz ulz ))dz)dy—Au()
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Let E = C[0,1], fi(z,u) : [0,1] x [0,400) — [0,400),k;i(z,y) :
[0,1] x [0,1] — [0,400), i = 1,2. P = {u € C[0,1] : u(xz) > 0, for
all z € [O, 1]}. Next we investigate the existence of the solution to
the nonlinear integral equation (4.1). For convenience, we make the
following assumptions:

(Hy) There exist o € (0,1] and 8 € (0,00) satisfying o € (0,1),
ay(x) >0, as(x) > 0, by(x) >0, ba(x) > 0 and a4 (), az(z), by (z) and
ba(z) € C[0,1] such that

fi(z,u) < aq(z)u® + bi(x), forall x €[0,1], u >0,
fo(z,u) < ag(x)u® + by(z), for all z €[0,1], u > 0.

We define the Nemytskii operators G1,Go : P — P, which are
determined by u® and u® respectively, and

Giu®(x)
GQUB(I)

g1(z,u*(x)), = €][0,1],
g2z, v’ (2)), @ €[0,1],
where g1, g2 : [0,1] x [0, 4+00) — [0, +00).
(Hz) There exist oy € (0, 4+00), di(x), d2(z) € C[0,1] and d;(x) > 0,
da(z) > 0 such that
filz,u) > dy(z)ut, for all € [0,1], O
fo(m,u) > do(x)ut/,  for all 2 € [0,1], 0

I/\
I/\

S,

I/\
I/\

T,

where r and s are sufficiently small positive constants with s < r as
long as the operator A has no fixed point on P N 9T, for r > 0, where
T, ={zxeE:|z| <r}

(Hg) There exist ap € (0,+00), azf2 € (0,1), mi(x), ma(z) €
C0,1] and continuous functions mq(x) > 0 and mg(z) > 0 such that

fi(z,u) > mq(x)u*?, for all z € [0,1],

fo(x,u) > my(x)u®?, forall 2 € [0,1],

I/\
I/\

S,

0
0

\/\
\/\

T,

where r and s are sufficiently small positive constants, and 0 < s <
r<d=4d(0,D). Here D = {u € E : u > v* = v*(ag, B2,9,u*),v* €
P\{6}} and 6,u* are defined in the following condition (Hs).
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(H4) There exists u* € P\{#} such that Byu* > u*, where B; is a
homogeneous operator

al

Buu(o) = [ h <x7y>d1<y>( / oy, a2 (2) dz) dy.

(Hs) There exists u* € P\{f} and real number § > 0 such that
Bou* > du*, where By is a as/S2 homogeneous operator

Bou(x / k1 (z,y)m(y (/ ka(y, z)ma(z ﬂQ( )dz) dy.

Theorem 4.1. Suppose that (Hy), (Hy) and (Hy) are satisfied. Then
equation (4.1) has at least one positive solution.

Proof. 1t is evident that A : P — P is completely continuous. We
divide the proof into the following two steps.

Step 1: By (H;), Lemma 2.3 (1) and Lemma 2.7, we have
1 1
Auto) = [ kit <y / k2<y,z>f2<z,u<z>>dz> dy
1 1
< [ k) <a1<y>< [ et et uteaze +b1<y>) dy
1 1 o
-/ k1<z,y>a1<y>< / k2<y,z>f2<z,u<z>>dz) dy
1
(42)  + / ka2, 9)b1 () dy
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- 1 st a( [ ol 2)ba2) dz)ady

where

w= | e, y>a1<y>( / ol )ba(2) dz)ady - (e )i (v) dy,

C is an af homogeneous operator with the following form:

(4.3) /klxyal (/k:gy 2as(z ()d)dy,

and

(4.4)

G1(K2Gou(y) + Kows) = a1(y (/ ka(y, z)(as(z (z)—|—b2(z))dz>a

< aily (/ oy, 2)as (2 ()dz)
+ (o) / oy, 2)ba(2) dz)

= GlKgGgu(y) + G1Kows.
By (4.3), we have

(4.5)
[Cull = max |Cu(z)|

z€[0,1]
/ k1 (z,y)a1(y (/ ka(y, 2)az(z (z)dz) dy’.

It is evident that supy, = [[Cul < +oco. It follows from (4.2), (4.4)
and (4.5) that conditions (i), (ii) and (iii) of Theorem 3.1 are satisfied.
Therefore, i(A, PNTg, P) = 1.

Step 2: By (Hz), there exists r > 0, for 0 < u < r and every y € [0, 1]
such that fol ka(y, 2) f2(z,u(z)) dz < s and the operator A has no fixed

= max
z€[0,1]
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point on P N 0T,., we have
1
k1(x (Zh ka(y, 2) f2(z,u(z ))dz) dy

- J

/ (z,y)di(y ( 1k2 2) fa(z,u(2)) dz)aldy
oo}

Biu

1

v

0
1

v

a1
(x,y)d1(y ka(y, 2)da(z)ut/ % (2) dz) dy

0

where

a1

Buu(o) = [ k@) dr <y>( / kol 2oz (2) dz) dy.

It is evident that Bj is a homogeneous operator. By (4.6) and condition
(Hy), the conditions of Theorem 3.4 are satisfied. Therefore, i(A4, PN
T,.,P) = 0. Applying the additivity of the fixed point index, we have

i(A,(T\T,) N P, P) = i(A, Ty N P,P) —i(A, T, N P,P) = 1.

Hence, equation (4.1) has at least one positive solution. O

Theorem 4.2. Suppose that (Hy), (Hs) and (Hs) are satisfied. Then
equation (4.1) has at least one positive solution.

Proof. We divide the proof into the following two steps.
Step 1: Step 1 of the proof of Theorem 4.1 still holds.

Step 2: By (H3) and (Hs), there exist » > 0 and v* € P\{6}
for 0 < u < r < d = d6,D) and every y € [0,1] such that

fol ka(y, 2) fa(z,u(2)) dz < s. We have

/01 ki(z,y f1< /Olkz(y,z)fg(z,u(z))dz) dy
(4.7) /01 k1 (2, y)ma( )(/Olk‘Q(y,Z)fg(z,u(z))dz> a2dy

/ (x,y)ma( )(/01 ko(y, 2)ma(2)u?? (2) dz> OQdy
Bou

v

v
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o

Byu(z) = / 1 k1<x,y>m1<y>( / oy, pmau® () dz) dy.

By is an a2 B2 homogeneous operator. By (4.7) and (Hs), the conditions
of Theorem 3.3 are satisfied. Letting T, = {x € E : ||z|| < r}, we have
i(A,PNT,, P)=0. Applying the additivity of the fixed point index,
we have

i(A,(Tp\T,) N P, P) = i(A, Ty N P,P) —i(A, T, N P,P) = 1.

Hence, equation (4.1) has at least one positive solution. O

5. The application for the coupled system of elliptic partial
differential equations. We study the following system of elliptic
partial differential equations

(5.1)

where Q is a bounded convex open domain in R™ and 9Q € C?*T# with
0 < p <1, and L is a uniformly elliptic operator in 2 and defined as
follows:

= 0%u = ou

U i]gz:l a'zj (Jj) 8$28x] + - b’L (:C) axl + C(Jj)u,

where a;;(z) = a;i(z), a;j(z), bi(x), c(z) € CH*(Q) and c¢(x) > 0. There
exists a constant A > 0 such that

n

Z aij(x)&&; > M¢?, forall z € Q,

i,7=1

where £ = (£1,&2,...,&,) € R". B is the boundary operator and has
the following form:

Ju
Bu=1» d—
u=b(z)u+ 5
where b(z) € C1T#(0Q) and v € C*T# is an outward vector of 99, and
suppose that one of the following occurs:
(i) d =0 and b(z) = 1;

(ii) d = 1 and b(z) = 0;
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(iii) d = 1 and b(z) > 0.

Let f(x,v) : QxRt — Rt and g(z,u) : Qx Rt — R* be continuous,
f(z,0) =0, g(z,0) = 0. We suppose that

. flav) . glz,w)
Wl T T AR T
(A2) lim inf f@,v) = 00, lim inf 9(z,v) = 00,

v—0+ zEQ VP2 u—s0t zeQ  ub2

where o and 8 are defined by (H;), @z and By are defined by (Hs) in
Section 4.

Remark 5.1. In order to study the existence of solutions of (5.1),
we consider the boundary value problem of the linear elliptic partial
differential equation

Lu(z) =v(x) z€Q,
(5:2) { Bu(z) =0 € o9

For every v € C*(€2), we denote by Kv the unique solution of the linear
boundary value problem (5.2). Let (Kv)(z) = uy(x), € Q, where
K : CH(Q) — C?**#(Q) is a linear completely continuous operator, for
details see [1]. For the nonlinear elliptic boundary value problem (5.1),
we define the Nemytskii operators

(Fo)(z) = f(z,0(z)),  (Fu)(z) =g, u(z), Q.

Remark 5.2. In Section 4, let E = C(Q) and P = {u € C(Q) : u(z) >
0, for all € Q}; Theorem 4.1 and Theorem 4.2 still hold.

Theorem 5.3. Suppose that the conditions (A1) and (Az) are satisfied.
Then (5.1) has at least one positive solution (u,v) € C?(2) x C?(Q).

Proof. Tt follows from Remark 5.1 that (u,v) € C?(Q) x C?(Q) is
the solution of boundary value problem (5.1) if and only if (u,v) €
C(Q) x C(9Q) is the solution of the system of integral equations

u(r) = / ki(z,y) f(y,v(y)) dy,

(5.3)
v(z) = /;kz(w,y)g(y,U(y))dy,



COMPUTATION OF FIXED POINT INDEX 1385

where k;(z,y) : @xQ — RT,i=1,2, are Green functions. It is evident
that the nonlinear integral equations system (5.3) is equivalent to the
following nonlinear double integral equation of Hammerstein type:

(5.4) mmzémwwduébmmmm@maw.

Let

(5.5) xmwzﬁmmmﬂyémmmmﬂwmﬁw.

By Remark 5.1, we have A = K Fy K5 F5, and the maximum principle
(e.g., [16]) implies that K; and K> are positive linear operators. It
is easily seen that A : P — P is completely continuous from (5.5)
and Remark 5.1. Next we show that the operator A has at least one
fixed point. By condition (A;), there exist a, 8 € (0,1) and a1 (z) > 0,
as(x) >0, by(x) > 0, ba(x) > 0 such that:

flz,v) <ar(x)v* 4+ bi(x), forallz e, v>0,
g(z,u) < ag(x)u” + by(z), forallz € Q, u>0.

By Step 1 of the proof of Theorem 4.1 and Remark 5.2, we have that
i(A,PNTg,P)=1.

It follows from (As) that there exist ag € (0,+00), asf32 € (0,1),
mq(x) > 0, ma(x) > 0 and sufficiently small » > 0 and s € (0,7) such
that

=
—
8
<
S~—"
v

my(z)v*?, forallz e, 0<v<s,

mg(:ﬂ)uﬁz, forallz e Q, 0<u<r.

=N
8

£
v

Let T, = {u € El|ju|| < r}. Since ¢g(z,0) = 0 and the continuity of
g(z,u), we have

/ ka(y,2)g(z,u(z))dz <s, forall0<u<r ye.
Q
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Therefore, we have

Au() = /fw Wiy /k2<y,>< u(2)) dz) dy

> [ mnteaymon( [ b(y,z)g(z,u(z))dz)azdy

> [ hateaym( [ b ma o dz)a2dy
= Bau(z),

where
Bou(z) = [ ki(z,y)mi(y (/ ka(y, z)ma(z ﬁ2( )dz) dy.
Q

It is easily seen that By : P — P is an asf3s homogeneous operator.
From [1, Lemma 5.3], we have K; and K, are linear completely
continuous operators and e-positive. By Definition 2.2, there exist
a >0, e € P\{0} such that

Bae = [ mnteaymn( [ k2<y7z>m2<z>eﬂ2dz)a2dy
:/le(x,y)v*dy

> ae,

(5.6)

where

o =) ([ Rty ma(le () dz) 20

For condition (Hs) of Theorem 4.2, let o = 4. By (5.6), we have
Bse > de. The conditions (Hy), (Hs) and (Hs) are satisfied. We have
i(A, PNT,, P) =0. Therefore, equation (5.1) has at least one positive
solution (u,v) € C%(Q) x C?(Q). O
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