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THE GOERITZ MATRIX AND SIGNATURE
OF A TWO BRIDGE KNOT

MICHAEL GALLASPY AND STANISLAV JABUKA

ABSTRACT. According to a formula by Gordon and
Litherland [5], the signature o(K) of a knot K can be
computed as o(K) = o(G) — pu, where G is the Goeritz
matrix of a projection D of K and p is a “correction
term,” read off from the projection D. In this article, we
consider the family of two bridge knots K, ,, and compute
the signature of the Goeritz matrices of their “standard
projections,” D, 4, by explicitly diagonalizing the Goertiz
matrix over the rationals. We give applications to signature
computations and concordance questions.

1. Introduction.

1.1. Definitions and results. Given a collection of nonzero integers
C1,--.,Cn € Z, the associated two bridge knot/link Ki, c, .. ., is the
isotopy class of the knot diagram Dy, . .. as in Figure 1. To the
ordered collection (cq,...,c,) we associate a rational number p/q by
means of its continued fraction expansion:

1
(1.1) [e1,. .., en] i=c1 — .
Cy — 1
1
Cp—1— —
Cn
and write p/q = [c1,...,¢,). It is a remarkable theorem of Conway
[3] that, if two continued fractions [c1,...,¢,] and [dy,...,d,] yield

the same rational number p/q, then the two knots/links K., .,
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1120 MICHAEL GALLASPY AND STANISLAV JABUKA

and K|q, ... 4, are isotopic. This justifies the notation K, ,, instead
of K., . which we shall employ when convenient.

Lenld
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Cn Cn
Case of n odd. Case of n even.

FIGURE 1. The two bridge knot/link associated to the nonzero integers
Ci,...,¢p € Z. The meaning of each box containing an integer is as in
Figure 2. Throughout this article, we shall use the symbol D, ... ., to
denote this particular projection of the knot/link K., .. c.j-

Before stating our main results, we pause to define the notion of
a canonical representation of a continued fraction (see [7, subsection

1.2]). Given the equation [c1,...,¢,] = Pn/qn, the choice of integers
Dn, @rn is of course not unique. However, we define a canonical choice of
pn and gy, for each [y, ..., ¢,], by induction on n, as follows. If n =1,

then set p; = ¢; and ¢ = 1. Suppose the canonical representations
of all continued fractions of length n — 1 have been defined. Then we
declare p,, and ¢y, the canonical representation of [c1,. .., cy], as given
by

Pn=C1Pp 1~y and gn=p, 4,

where p/,_; and ¢},_; are the canonical representatives of [ca, ..., cp].
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o

~

FIGURE 2. Each of the boxes from Figure 1, containing an integer ¢ and
two incoming/outgoing strings, represents a pair of parallel strands with |c|
half-twists. Our convention is that ¢ > 0 corresponds to right-handed and
¢ < 0 to left-handed half-twists.

To make our definition plausible, note that

1 1
- -
[c2y .- Cnl Pro1/p-1

/ /
_GPp—1 —4n—1 _ Pn

[c1y...yen] =1 —

p;zfl qn )
From here on out, whenever we write [c1, ..., ¢,] = p/q, we shall take p
and ¢ to be the canonical representatives of [c1, . .., ¢,] without explicit
mention.
Remark 1.1. Since [c1,...,¢,] = [c1,...,¢n £ 1,£1], we can always
assume, without loss of generality, that a knot K/, equals K., ..
with n odd.

The Goeritz form G = G(D) associated to a particular projection D
of the knot K is a symmetric, bilinear, non-degenerate form G :
ZN xZN — 7 where N depends on the diagram D (for the benefit of the
reader, we recount the definition of the Goeritz form G in Section 2). By
means of choosing a basis for Z%, we will allow ourselves to view G as
an N x N symmetric non-degenerate matrix, referred to as the Goeritz
matriz. As such, it can be diagonalized over the rationals, that is, there
exists a matrix P € Gly(Q) such that PGP = Diag (a1,...,an). We
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shall capture such a statement by writing
PGP = (a1) ® {az) ®--- ® (an),

where (a) should be thought of as a matrix representative of a bilinear
form on a one-dimensional rational vector space. With this in mind,
our main result is contained in the next theorem.

Theorem 1.2. Let K = K., . .. be the two bridge knot/link asso-
ciated to the collection (c1,...,c,) of ordered, nonzero integers, and
assume that n is odd (see Remark 1.1). Let G be the Goeritz matrix of
K associated to its projection Dy, . .. as in Figure 1.

Then there is a matriz P € Gly(Q), where N = |c1| + |es| + -+ +
len| — 1, with det P = 1, such that

prep= @ (el (i) 5)
i=1,3,5,...,n

Pi+1
® @ <Ci+1 Pi—1 > !
1

i=24,...n—

Here p,y, is the numerator of the canonical representation of [c1, ..., cm] =
Dm/Gm, m < n. Accordingly, the signature o(G) of the Goeritz ma-
trix G s given by

o@= 3 (Sign(c)—c)+ > ISign(piH)

i=1,3,....,n i=2,4, . n— Ci+1Pi—1

By the Gordon-Litherland formula [5], the signature o(K) of a
knot K can be computed as

o(K) = o(G) - p,

where G = G(D) is the Goeritz matrix of K associated to a diagram D,
and p = p(D) is a “correction term,” also read off from D (we provide
a detailed description of y in Section 2).

Definition 1.3. A continued fraction [cy,...,c,] shall be called an

even continued fraction if n is odd and if each cy; is even for ¢ =
1,...,(n=1)/2.
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Each two bridge knot K/, can be represented by a diagram
D, .....cn] With [c1, ..., c,] an even continued fraction. This has already
been noted by Burde and Zieschang in [1, Proposition 12.17], but we
give an alternative algorithm in Section 4. We recount the details of the
Burde-Zieschang algorithm in Section 4 and draw comparisons to our
algorithm in Examples 4.5 and 4.6. The benefit of working with even
continued fractions [cq,...,c,] is that the associated correction term
w(Die,,....c,) vanishes (Lemma 4.1), leading to the following effective
signature computation for two bridge knots.

Corollary 1.4. Let[cy,...,c,] be an even continued fraction expansion
of p/q. Then
(1.2)
. . Pi+1
o(Ky/q) = Z (Sign (¢;) — ¢;) + Z Sign <H>

) ) Ci+1Di—1

i=1,3,....,n 1=2,4,...,n—1
In this formula, p;/q; are the canonical representatives of [ci, ..., ¢],
1 < n.

Remark 1.5. Our orientation conventions are such that the right-
handed trefoil K3/, has signature —2, which is the opposite convention
of those used in [1, 11].

Remark 1.6. The aforementioned Proposition 12.17 in [1] gives an
algorithm for finding a unique even continued fraction expansion for
q/p (with ¢ odd and with 0 < ¢ < p), of the form
q_ 1
p 1
c1+
1 . 1
Co b —
ST
o

Cn

(1.3)

with n odd, and with ca, ¢4, . .., ¢,—1 all even (in our notation this would
give the even continued fraction expansion p/q = [c1, —ca, ¢3, —C4, C5, . . -,
—Cn—1,Cn]). We shall write [c1,...,c,]pz for the continued fraction
expansion (1.3) to distinguish it from the one in (1.1) and refer to it
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as the Burde-Zieschang even continued fraction expansion, or Burde-
Zieschang expansion, for short. Burde and Zieschang in [1, Exercise
E12.5 ] ask the reader to verify the signature formula (changed here to
reflect our orientation convention, see Remark 1.5)

(1.4) U(Kp/q)—Sign(cn)—< > c>

i=1,3,....n

While this formula is simpler than equation (1.2), it does not hold for
general even continued fraction expansions. The difference

> {Sign(ci_1)+sign< Pir1 )]

C; -
i=2,4,...,n—1 i+1Pi—1

between the right-hand sides of (1.2) and (1.4) is easily seen not to van-
ish for all even continued fraction expansions, compare to Example 4.6
(but for the Burde-Zieschang expansion, each term

Sign (¢;_1) + Sign <p“> i=1,3,...,n—2
Ci+1Pi—1

of this sum vanishes separately).

Another advantage of using Corollary 1.4 over equation (1.4) for
signature computations of two bridge knots becomes apparent when
starting with an even continued fraction expansion associated to a
collection of integer ci,...,c,, rather than with a rational number
p/q. There is no a priori way of telling whether the integers ¢y, ..., ¢,
constitute a Burde-Zieschang expansion, and so to use (1.4), one would
first have to find the rational number ¢/p associated to [c1,...,¢n]B2,
compute its associated Burde-Zieschang expansion [dy,...,dy]|pz and
then use equation (1.4). In contrast, when using formula (1.2), these
intermediate steps are not necessary, and one can compute the signature
directly from [cq, ..., ¢y

In summary, our signature formula (1.2) generalizes that of Burde
and Zieschang in that it applies to all even continued fraction expan-
sions and reduces to (1.4) for the Burde Zieschang expansion.

1.2. Applications to signature computations. The primary util-
ity of Theorem 1.2 and Corollary 1.4 is an effective and speedy al-
gorithm for computing signatures of two-bridge knots. A formula for
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computing the signature of Kj,/, can be found in Murasugi’s book [11],
by which one

(i) forms the sequence {0,q,2q¢,3q,...,(p —1)q},

(ii) writes jg = 2¢;p+r; for j = 0,...,p — 1, and with ¢; € Z,
rie{-p+1,...,p—1},

(iii) forms the new sequence {0,71,72,...,7p_1},

(iv) and computes the signature o(kK,,,) as the number of positive
entries minus the number of negative entries in the sequence from
(iii).

Strictly speaking, Murasugi’s algorithm assumes that 0 < ¢ < p
and that ¢ is odd, both of which can always be achieved for any two
bridge knot. A Mathematica program realizing Murasugi’s signature
computation can be downloaded from the second author’s web page.

The formula for (K], .. .,]) provided by Theorem 1.2 and Corol-
lary 1.4 is rather different in nature, relying on the coefficients of the
continued fraction expansion of p/q rather than p and ¢ themselves.
This can lead to significantly shorter computations in some examples.
For instance, considering the knots K3g23/151 and Ksasg7/4825 and using
the even continued fraction expansions

3023/151 = [20,—50,3] and 52587/4825 = [11,10,9,8,7],
Corollary 1.4 readily yields

oo pr) = (g (20) = 20) + (Sign (3) ~ 3] + S (572

" P1
—3023
—21+Si
+ dign ( 320 )

= —-22.
0 (Ks2587/4825) = [(Sign (11) — 11) + (Sign (9) — 9) + (Sign (7) — 7)]

+Sign< Ps >+Sign( Ps )
9-p1 7-ps3

= —24 + Sign (9970 ) + Sign <52587>

11 7-970
= —22.

In comparison, the algorithm from [11] described above requires form-
ing lists of remainders with 3023 and 52587 entries, respectively, and
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counting the number of positive/negative elements. The advantage of
our approach becomes more prominent the larger |p| is.

We also point to the paper [4] by Curtis and Taylor for another
signature formula, one that uses the Jones polynomial and boundary
slopes as input.

Recall that an oriented knot is a knot with a chosen string orien-
tation. On a projection of the knot this is indicated by decorating it
with an arrow, Figure 3. Two oriented knots K7 and K5 can be joined
into a connected sum, yielding a new knot denoted by K;#Ks. This
is accomplished by removing an unknotted open arc I; from K; and
joining the boundary points of K7 — I; to those of Ko — I in a way
that respects the orientation on each knot, see Figure 4.

.
b

&

FIGURE 3. Example of an oriented knot, in this case of the knot 1015 from
the knot tables [2].

K > { K, K, X K,

Ki#K,

FIGURE 4. The connected sum K;# K> of two oriented knots K; and K.
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An oriented knot K is called smoothly slice (or slice for brevity) if it
is the oriented boundary of a smoothly and properly embedded 2-disk
in the 4-ball D*. Two oriented knots K7 and K5 are called concordant
if =K #K> is slice (where — K is the reverse mirror of K7). The notion
of concordance is an equivalence relation, and its equivalence classes,
under the operation # of connect summing, form an Abelian group C
called the concordance group. The concordance group C is a central
object in low-dimensional topology with relevance and applications to
the theory of 3-manifolds and smooth 4-manifolds. Even so, it remains
rather poorly understood (see [6] for a survey of recent results); not
even the possible types of torsion elements of C are known.

While the subgroup of C generated by two bridge knots is not known,
Lisca [9, 10] was able to obtain a complete list of slice two bridge
knots as well as a complete list of slice knots among twofold sums
K # K> of two bridge knots. Beyond this, little is known about when
a sum Ki#---#K, of two bridge knots is slice. Since slice knots
have signature zero and o(K1#-- #K,) = o(K1) + -+ + o(K,),
Theorem 1.2 and Corollary 1.4 provide a computable obstruction to
the sliceness of K1 #Ky# - - - #K,,. Here are a few examples illustrating
this principle.

Example 1.7. Consider the knots Ky = K35/13, K2 = Kagz/317 and
K3 = Kj193/145- Then neither of the knots

(£K1)#(£K2)#(£K3)

can be slice. Since 35/13 = [3,4,2,2,2], 283/317 = [1,10,2,2,12] and
1193/145 = [9,2,2,2, 4,2, —6], Corollary 1.4 shows that

o(K35/16) = —2, o(Kagssz17) = —10, o(Ki193/145) = —4,

from which the claim follows.

Example 1.8. Let Kl = K187/2137 K2 = K1451/131 and K3 = K715/23.
Then the knot Ky#(n - Ko)#(m - K3) cannot be slice for any choice of
m,n € Z. Here n - K stands for the n-fold connected sum of K with
itself.



1128 MICHAEL GALLASPY AND STANISLAV JABUKA

Using Corollary 1.4, we obtain the signature of K1, Ko and Kjs:

18T [1,8, 6,2, 2,2, 2] — oK) =6,
%: [11, _].4, _27 _27 _27 _27 _27 _27 _27 _27 _2] = U(Kz) = _]'0’
15 _ (31,12, 2] = o(K3) ==30

Thus, the signature of K;#(n - Ko)#(m - K3) is 6 — 10(n 4+ 3m) which
is nonzero for any choice of n,m € Z.

1.3. Organization. The remainder of this article is organized as
follows. Section 2 reviews the definitions of the Goeritz matrix G and
the correction term p associated to a knot diagram D. Section 3 is
devoted to the proof of Theorem 1.2 while the final Section 4 addresses
Corollary 1.4. Section 4 also provides an explicit algorithm for finding
an even continued fraction expansion for any given two bridge knot.

2. The Goeritz matrix G and the correction term p. This
section elucidates the definitions of the Goeritz matrix G = G(D) and
the correction term p = p(D), both associated to a projection D of a
knot K. Our exposition follows the introductory section from [5].

Let K be an oriented knot, and let D be a projection of K. We color
the regions of D black and white, giving it a checkerboard pattern. Our
convention is that the unbounded region of D receive a white coloring,
see Figure 5 for an example.

D

?“NMJ&

FIGURE 5. The checkerboard black-and-white coloring of the regions of this
diagram D of the knot K = 8¢ from the knot tables [2]. Observe that
D = D, _3 3, showing that K is the two bridge knot Ks3,10.
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To each crossing p; in the diagram D, we associate two pieces of
data, the sign of the crossing n(p;) and the type of the crossing 7(p;),
both of which are defined in Figure 6.

\\// 2<2<

n(p) =1 n(p) = -1

FIGURE 6. The functions  and 7 assign to a double point p the values +1
and types I/II, respectively. Note that n(p) only depends on over/under-
crossing information about p while 7(p) only depends on the orientation of
the diagram D near p.

Let {eg,...,en} be a labeling of the white regions in the checker-
board pattern of D, with the convention that ey labels the unbounded
region, and let ZV*! be the free Abelian group generated by these
symbols. Then the pre-Goeritz form PG is a bilinear symmetric form
PG : ZNTV x ZNT! — 7 whose associated matrix [g;;] with respect to

the ordered basis {eg,...,en}, is given by
= Y np); i#
peEe;Ne;
gij =
= gis i=3j.
ki

The sum Zpee,;mej n(p) is over all double points p that connect the
two white regions e; and e; in the diagram D. The Goeritz form G is
obtained by restricting the form PG to ZN x ZN where ZV c ZN+1
is obtained by discarding the Z summand generated by ey. Since this
construction relies on the choice of a basis of Z, namely, {e1,...,ex},
we can, and often shall, think of G as a symmetric N x N square
matrix (with integer entries), called the Goeritz matriz. It follows from
the work in [5] that |det G| = det K so that G is in fact a regular
matrix.
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For simplicity of notation, we adopt the following convention which
will substantially simplify our computations in the next section:

(2.1) G(a,b) = (a,b) for all a,b € ZN.

For example, the Goeritz matrix associated to the diagram D and
the basis {e1, eq, €3, e4} from Figure 5 is given by

—2 1 0 0
1 =5 1 0
0 1 -2 1
0 0 1 -2

G:

We leave it as an exercise to show that the signature of this matrix is
0(G) = —4, and its determinant is det G = 23.

The correction term p = p(D) associated to an oriented knot
diagram D is computed as

p=>_ n).
7(p)=I1

In the above, the sum is taken over all double points p of D that are
of type II. For example, for the diagram D from Figure 5, one finds
1 = —2 (the only type II crossings are those adjacent to the region eq).

With these understood, the following is proved in [5].
Theorem 2.1 (Gordon-Litherland [5]). Given any oriented diagram
D of a knot K, the signature o(K) of K can be computed as
o(K)=0(G) — p.

Here G and p are the Goeritz matrix and the correction term associated
to D.

Returning to the example from Figure 5, we compute the signature
of the knot K = 85 by means of the above theorem:

08) =0(Q) —p=-4-(-2)=-2.

Alternatively, since the knot 8¢ is the two bridge knot Ks3/10(= Ka3/33)
(see Figure 5) and since 23/33 = [1,4, 2, 2, 4], Corollary 1.4 also shows
that O'(K23/10) = 2.
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3. The proof of Theorem 1.2. This section is devoted to the proof
of Theorem 1.2. We first compute the Goeritz matrix associated to the
specific diagram D = Dy, . .. utilized in Figure 1 and then proceed
to diagonalize it by employing the Gram-Schmidt process.

Let n > 0 be an odd integer (compare Remark 1.1), let ¢1, ..., ¢, be a
collection of nonzero integers, and let K = K|, .. ..} be the associated
two bridge knot. Let D = Dy, . ..) be the diagram of K as in Figure 7
(see also Figure 1).

C1:3

02:73

FIGURE 7. The two bridge knot K47/14 where 47/14 = [3,—3, —5].

Give D a checkerboard coloring and label its white regions as
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eV e?...,en tandel,... ’ellqlfl’ el .,eﬁ,nlfp where the labels

are chosen as:

¢’ = unbounded white region,

e?" = white region adjacent to the co; half-twists,

€§l+1 27+1

s a1 white regions adjacent to the co; 1 half-twists.

These account for all white regions of D showing that there is exactly
N+1=ea] +es| + -+ el

of them (we express this number as N+1 since the region €° is discarded
eventually when passing from the pre-Goertiz to the Goeritz matrix).
The ordering of this basis for Z that we prefer to use is

0 1 1 3 3 n n 2 4 n—1
{e V€T €loy |10 €Tr e e o Eleg 11 €L s Ela |11 € € s, € }.

Recall our convention (2.1) by which we write (a,b) for G(a,b).
With this in mind, it is easy to see, by consulting Figure 7, that (with
€; = Sign (¢;))

—2€;; i=jand |k—{ =0,

(eiely={ &  i=jand|k—f =1,
0; i#jor|k—{>2,
o —€i—1; j=i—1land £ =|c;_1]| — 1,
(e e)) =4 —€yq1; j=i+landl=1,
0; otherwise,
i gy ) Ci T €1 T €4l =7,
I )

The above relations capture the Goeritz matrix G associated to the
diagram D = Dy

Cl,...,Cn]:
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[ 0 0 )
0 0
€1X|e -1 0 : :
0 0
€ 0
E‘Vl
G= 0 0
0 . €nXjen|-1 :
0 0
0 0
00 0 €|.../0 0 010|co—€ —e€3]... 0
L0 0O 0 0|... | O 0]0 0 v | Gl — € — €, |
FIGURE 8.

The symbol X,,, utilized in the description of G, denotes the m x m
square matrix

2 1 0 0 0 0]
1 -2 1 0 0 0
0o 1 -2 1 0 0
0 0 1 -2 0 0
X = .
0 0 0 0 1 0
0 0 0 0 -~ -2 1
0 0 0 0 - 1 -2

We now turn to the task of diagonalizing G. We do so by thinking
of G:ZN x ZN — Z as a bilinear form, one whose matrix description
(Figure 8 ) is a facet of having chosen the basis

o 1 1 3 3 n n
(3.2) &= {617"‘7e|c1|717 €15y g —1r 1 E1se o €le |10
2 4 n—1
e“, et ..., e" 0}

for ZN. Our task then becomes to find a new basis for Z¥, one with
respect to which G has a diagonal matrix representative. The new basis
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(33) F={flreoifinjrs Foe i fiogrs s e Al 0
VA A

will be obtained in several steps, outlined in Lemmas 3.1-3.4, each of
which follows the Gram-Schmidt procedure. By way of nomenclature,
we shall say that a,b € ZY are orthogonal if (a,b) = 0 (that is if
G(a,b) = 0). A subset A C Z" is orthogonal if {a,b) = 0 for all
a,be A

Lemma 3.1. For any choice ofi € {1,3,5,...,n} andk € {1,...,|c;|—
1}, let fi be defined as

(3.4) fi= %(ei + 2¢k + 3ek 4 - -+ + kel).
Then the set {fi} = 1 3’ I’cn\ | is orthogonal and

k
(B = —ei

Proof. Since (e}, ei) = 0 whenever i # j, it follows that (f{, fg) =0
for all i # j. When ¢ = j, pick two indices k& < £ from {1,...,|¢;| — 1}.
Then

L = <z7~er,z )

s=1

k
= (e}, el +2eb)+> _((rek, (r—1)el_+rel+(r+1)ely)
r=2

k
= ein(r— 1) —2r2 +r(r+1)
r=2
=0.

Similarly, computing (f, fi) gives

k k
fk,fk <Zre,z.§e>
r=1 s=1
= (e}, e} + 2eb) + (key, (k — ej,_, + ke},)
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+> ((rej, (r=1)ei_; +rej + (r+1)ely)

= ei(k(k —1) — 2K?)
= —Eik(k + 1)7

as claimed. 0

Before proceeding, we remark that the relations (3.1) and the defi-
nition of f{ (3.4) imply the following

o 1; j=i+1land k =|¢| -1,
(3.5) (fley=< 2; j=i—-landk=1,...|¢|—1,
0; otherwise.
We define the remaining elements f2, f4,..., f*~1 € Z" for the basis

F from (3.3) in two steps. The next lemma first defines elements
]/&, ..., f"71, each of which is orthogonal to the previously defined f
and with (f?, f/) = 0 whenever |i — j| > 4. These f' shall then be

further modified in Lemma 3.3 to obtain the desired f?.

Lemma 3.2. For j =2,4,6,...,n— 1, we define f] as

lej+1]—1

7j L el = 1 €i+1 4
J o ] it ] J J+1
f =e’ + Cj71 |CJ 1‘ 1+ Z k—|—1 k .
Then, each fJ is orthogonal to the set {fk = 1 3 ‘C I—1s and additionally
1 1. T
o~ Cj_ﬁ_caﬂ’ J=0n
5 _ ) .
<f7f]>_ Cit1! ]_7’:‘:27
0; otherwise.

Proof. All of these are direct computations, some of which make
implicit use of the formulas from (3.5). To begin with, note that
<f3 fk> 0 whenever ¢ # j £ 1. For ¢ = j — 1, we similarly have
that (f7, TN = 0if k # |¢j_1| — 1, while if & = |¢;_1| — 1 then

lej1|—1

. 1 €; j
J 1 J+1 e+l
<f] f 1| 1> <6]+cj_ lej—1l— 1 k+1 k 7f|CJ 1= 1>
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= (e fe, u1> m%m4jmn1>

lej—1] — lcj—1l )
=1 —+ < (=€) —Z—
Cj—1 e 1)|CJ>1| -1
=0.

Turning to the same computation with ¢ = j + 1, we find

|CJ 1= kE+1 ko)L

) |C' 1|_ ICJ+1‘7 €11 ) )
<f_7 J+1> <€g+ J; : ] 1 L+ Z AV SV j+1>
G

lej+1l=1
o . , .
= (e, 1) + LY
k+1
k=1
L G pger pian
AN S AR
o 1 €541 E—F 1
=7 1 e
=0.

These last two calculations verify that fj is orthogonal to fi for any

choice of 4,k. From the definition of f7, it follows that (fj, f’) =0
whenever |j —i| > 2. When i = j — 2, the following computation proves
one of the remaining claims of the lemma:

(7,772
<eJ—|— lej— 1| 1f 1‘714_2‘0]4»1' 1;& f]+1
:3|3 1f\% al— 1+Z|CJ - 1?—*—% Z_1>
(3.6) :< ’|Z 1|f|cJ . 1> <‘CJ 1‘1 1f|cJ - 1vej_2>
<‘CJCJ1‘1 e v e >

-1 ., 1 1
Cj—1 Cj—1 Cj—1

j—2 lej
e + =
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The very last computation is that of (f’, f’), to which we now turn.

<fi,fi>=<€ia€l>+M<f\cl - 1»f|c1 =Y

Cz 1
leita1]—1 1
i+1 i+1
‘('7
lci—1| — 61+1 i i
2 ) < f|c7 1 1 Z +1>
\Ci+1\—1
|Cz 1|—1 1
— 3 3 _
) - T kz_:l k(k+1)
leip1]—1
|CZ 1‘ 2
+2 + €;
Ci—1 + ];1 k‘(k‘—l—l)
ci —1
:< '>+6.1|Ci1| L€ lilj 1
e T 2 ke

1
= (¢ — €1 — €i41) T €1 (1 - )
il

1
+ent 1—)
" ( |cit1]

EP T S

Ci—1 Cit+1

This completes the proof of the lemma.
Lemma 3.3. Define the sequence Agj € Q, j > 1 recursively as
)\2 =C— — — —

and

A\ ( 1 1 ) 1 N
25 = | €25 — - - ) Z 4
! ! C2j—1 C2j+1 ng_l : )\23'72
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Using this sequence, we define the vectors fi, for j =2,4,...,n—1, as

PP amd =

72 forj > 4.
Cj—1- Aj—2

Then the set { f}, fj};;ll?;ﬁjliizl """ "1 is orthogonal and (f, f7) =
A

Proof. The proof of this lemma is a tedious computation. It should
be clear that f7 is orthogonal to fi for any choices of 4, j, k. To verify
the claim about (f7, f*), we proceed by induction on j (and assume
that ¢ < j).

Since f2 = f2, it follows from Lemma 3.2 that (f2, f2) = A,. Taking
j =4, we obtain

<f4af2>_<f4clf2,P>

3 A2
= (FL 1)~ (P 1)
c3 - A2
11
T3 c3ha
= 0.

For the step of induction, we suppose the lemma to be true for all
2i, 2§ < 2m—2 and turn to computing (2™, f*!) (with i < m). Firstly,
suppose that 2¢ < 2m — 4:

u%zﬂ6=<ﬁm—cl
2m—1

: )\2m72

f2m27f2i> =0.
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Next, let’s take 2i = 2m — 2:
1

Com—1 - )\27n—2

<f2m7f2m—2> — <f m f2m—2’f2m—2>

m— 1 — —
_ <J/P2m’f2 J 2> _ 5 < 2m 27f2m 2>
Com—1 " A2m—2
_ <J?Zm }?m—Q _ 1 J/Dm—4> _ 1
’ C2m—3 " A2m—4 Com—1
1 1
Com—1 Com—1
=0.
It remains to address the case of 27 = 2m:
2m 2m\ A2m_ 1 2m—2 /?m_ 1 2m—2>
<f ’f > <f Com—1 - )\2m72f 7f Com—1 - )\szzf
m m 2 m— m
7 =P s PP
Coam—1 " A2m—2
1

<']02mf27 f2m72>

(CQm—l . /\2m—2)2

1 1 2
c2m Com—1 02m+1> (sz—1)2 - Aom—2
A2 —2
(02m—1 : /\Qm—2)2

1 1 > 1
Comn — _ _
M oot Com (cam—1)? - Aam—2
With this, the lemma is proved. ]

For the next lemma, the reader is asked to recall the definition of
the canonical representation of the continued fraction [c1,...,¢,] by
the rational number p,, /g, (discussed in the introduction of Section 1).

Lemma 3.4. Let ¢y, ca,..., ¢, (withn odd) and A;, i =2,4,...,n—1
be as in Lemma 3.3. Fori=1,2,...,n, let us introduce the relatively
prime integers p;, q; as the numerator and denominator of the canonical
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representation of [c1, ..., ¢:
pi
[61,62, e ,Ci] = —.
qi
Then Do
Ao = 15— for each i € {1,2,...,"7’1}.

C2i41 * P2i—1

Proof. We start by noting the following recursive relations connect-
ing the various p; and ¢; (see [7, Theorem 1]):
Pn = CnPn—1 — Pn—2 and dn = CnQqn—1 — qn—2-
Let us set pio; = p2ir1/(C2i+1 - P2i—1). To show that Ao; = g, it suffices
to demonstrate that po; satisfies the recursion relation
1 1

M2 =C — — — —
C1 C3

and

1 1 1
H2i = | C2i — - — 2
C2i—1 C2i+1 Coi—q - M2i—2

from Lemma 3.3. The first of these equations is evident (since p1 = ¢;
and p3 = c¢ycac3 — ¢1 — ¢3). The second is established using the noted
recursive relation for p;:

Jgi = P2i+1  C2i41D2 —P2i-1 P2 1
2 = = = -
C2i+1 P2i—1 C2i+1 P2i—1 P2i—1 C2i+1
_ C2ip2ic1 — P22 1
P2i—1 C2i+1
1 P2i—2
=cp— —— —
C2i+1  P2i-1
_ 1 C2i—1 P2i—2
= C2i — -

Coi41l  C2i-1DP2i-1
L pai-1+p2i-s

= C2; —
C2i+1 C2i—1P2i—1
1 1 1
= C2; — - -
C2i+1  C2i—1 2 P2i—1
2i—1 "

C2i—1 P2i—-3
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1 1 1
= C2i — - — 3 .
C2i+1 C2i—1 Coi—1 " M2i—2
This completes the proof of the lemma. O

Lemmas 3.1-3.4 provide a proof of Theorem 1.2. Namely, since the
basis

F:{fllv"'vf|1cl|717 f?v"‘7f|3c3|717"'7f1na"'7f\ncn\71af2af47"'7fn_1}

is orthogonal with respect to the “inner product” (-,-) provided by
G (according to Lemma 3.3), it follows that the matrix represent-
ing G with respect to the basis F is diagonal and its entries are
LD, (P f»~ 1), These latter quantities have been com-
puted (Lemma 3.1 and Lemmas 3.3, 3.4) and are

i pi k+1 j j P2i+1
(fir fr) = —¢€ T and <f2j7f2J> = =
C2i4+1 P2i—1
This proves Theorem 1.2 after observing that the transition matrix P
from the old basis £ (3.2) to the new basis F (3.3) of Z", is upper
triangular with £1 entries on the diagonal.

4. Proof of Corollary 1.4 and existence of even continued
fractions.

Lemma 4.1. Let Dy, ... .,] be the standard projection associated to an
even continued fraction expansion [ci,...,cp]. Then u(Di, .. c.1) = 0.

The result of this lemma has can be deduced from [1, Remark 12.27]
and the fact that the correction term vanishes for orientable Seifert
surfaces. As the proof of the lemma is rather elementary we include it
here for completeness and for the benefit of the reader.

Proof. Consider the surface bounding Dy, ... .. from Figure 9. It is
easy to see that if [c,...,¢,] is an even continued fraction expansion,
then the said surface is orientable and becomes a Seifert surface for
Dy,.....c,;- The lemma now follows in conduction with the observation
from [5] that the correction term associated to an orientable surface
vanishes. O
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pesdibosediveg

FIGURE 9. This is the diagram D3 _o _4 2 9 of the two bridge knot
Kg1/17 associated to the even continued fraction expansion 61/17 =
[3,—2,—4,—2,—-2]. The oriented Seifert surface is formed by the shaded
regions. The darker shaded regions represent one side of the surface, the
lighter shaded regions the other.

Corollary 1.4 is now a direct consequence of Lemma 4.1 and Theo-
rem 1.2.

As the usefulness of Corollary 1.4 rests on the existence of even
continued fractions [cy,...,c,], we devote the rest of this section to
describing two algorithms for finding such expansions. The first of
these is a recount of the algorithm described by Burde and Zieschang
in [1, Proposition 12.17].

Algorithm 4.2 (The Burde-Zieschang algorithm). Proposition 12.17
in [1] describes an algorithm for finding an even continued fraction

expansions for a rational number q/p = [c1,...,¢n]pz with 0 < g < p
and with q odd (recall the symbol [c1,...,cn)pz from Remark 1.6).
The integers ci,...,cn, of which co,cq,...,cn_1 are even, are the

results of a generalized Euclidean algorithm, uniquely determined by
the requirements:

(i) Set ro =p and r1 = q, and consider the equation
(4.1) Tim1 = CiTi + Tit1

fori=1,...,n.
(ii) Use equation (4.1), with r;_1,7; known, to determine c¢; and ;41
subject to the conditions:

e 19 >0 foralli=1,...,(n—1)/2.

e ¢y is even foralli=1,...,(n—1)/2.

o |ri| < |ri—i] foralli=1,...;n—1 and |r,| < |rp—1].
o If |rn| = |rn—1| then chcp—1 > 0.
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Effectively, using equation (4.1) with r;—1 and r; known, one chooses
rit1 as follows, depending on the parity of i:

o [Ifi is odd, pick r;11 as the modulus of r;_1 with respect to r;
(that is, ;41 € {0,...,q—1} and r;i—1 —r;11 is divisible by r;),
and set ¢; = (ri—1 — Ti41)/7i-

o Ifi is even, consider the two possibilities for r;y1, namely, the
modulus of r;_1 with respect to r;, and that same modulus mi-
nus ;. For each possibility for riy1, compute the corresponding
¢i as ¢; = (ri—1 — riy1)/ri. Of these two possibilities, pick the
one that yields an even c;.

The algorithm ends when r; becomes zero for an even coefficient i.

A Mathematica implementation of this algorithm can be found on
the second author’s web page.

The second algorithm below is due to the authors. After describing
it, we look at examples comparing the two methods.

Algorithm 4.3. Let p,q € Z be two relatively prime, non-zero integers.
Then the algorithm outlined below shows that either
p p

or

q p+q

possesses an even continued fraction expansion. For convenience, and
without loss of generality, assume that ¢ > 0. Our algorithm then
proceeds in four steps.

Step 1. If p/q is an integer, let ¢y = p/q and note that p/q = [c1]
is an even continued fraction expansion of p/q, at which point the
algorithm terminates.

Step 2. If p/q is not an integer, let e_; = Sign (p), and replace
p by |p| so that p/q > 0. For uniformity of notation, we introduce
the abbreviations r_1 = p and ro = q. Find integers c1, r1 from the
equation e_17_1 = c119 £ 11, subject to the condition 0 < ry < rg. The
sign is chosen so as to make c1 odd, and we set g = F1 to keep track
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of our sign choice. Notice that we obtain
4.2)
E_1r_1 ciro £r1 /8] 1 1
= = :clzi:—:cl— =Cc — .
70 70 70 Fro/r1 €0 (ro/T1)

—~

ISH k]

Step 3. This step inductively repeats Step 2 until the remainder ry,
becomes zero. The one significant difference between Step 2 and Step 3
is that ¢; was chosen odd in Step 2, while we will choose ¢, n > 2, to
be even in Step 3. Specifically, in the nth step, having previously found
ClyeeeyCpl, E_1y-ruyEn_o and r_1,...,Tn_1, the equation

(4.3) En—2Tn—2 = CpTp—1 LTy

uniquely determines integers r,, and c, subject to c, being even and
0 < rnp < rp_1 (this can be arranged as along as r, # 0). Set
En—1 = Fl, that is set it to the opposite sign of the one appearing
in equation (4.3).

By induction on n, it is easy to see that the formula

(4.4)

P 1
-
q

Coy —

Cpn—1 —

1

Tn—2
€n—1 -
Tn—1

holds whenever r, # 0. This follows from (4.2) which serves as the
basis of induction, and from equation (4.3) applied to the induction
hypothesis:

Cp —

(4.5)

:Cl—

Coy —

1

Tn—2
€n—2 .
Tn—1

If r, = 0, then the parity of ¢, may not be chosen at will, but rather

Cn—1 —
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is determined by equation (4.3). In that case, relation (4.5) (with the
help of (4.3)) leads to

P 1
(4.6) g:cl— I =[e1,. .., cnl
Co —
? 1
1
Cp—1 — —
n
Since the sequence T4,71,T2,... 1S a strictly decreasing sequence of

non-negative integers, this process yields r,, = 0 after finitely many
iterations, at which point we have produced a continued fraction expan-
sion of p/q as in (4.6). We point out that ¢y is odd and ¢; even for
i > 2 with the possible exception of c,,. Note also that c; # 0 for all i
since T,_o < 1;—1 for i > 2 and since ¢c1 was chosen to be odd.

Step 4. We consider the continued fraction expansion [c1,. .., cp]
from Step 3. If n is odd, this continued fraction expansion is even and
the algorithm terminates. If n is even and c, is odd, we change to the
continued fraction expansion [c1,...,cn+1,+1] of p/q which is an even
continued fraction expansion, and the algorithm terminates. Finally, if
n is even and ¢, is even, then the continued fraction expansion

(L, 141,69, ..,00],

is even, and its value is

[L,14ec,...,cn)=1—

l4eg——
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1
=1
1
].+ C1 — 1
B 1
Cn—1— —
Cn
1
:1—7
142
q
_p
p+q’

completing the algorithm.

A Mathematica implementation of Algorithm 4.3 can also be ob-
tained on the second author’s web page.

Corollary 4.4. Each two bridge knot K, can be represented by a
diagram Dy, . .1 where [c1,...,cp] is an even continued fraction.

n

Proof. If 0 < q < p and ¢ is odd, the Burde-Zieschang al-
gorithm 4.2 may be used to obtain the Burde-Zieschang expan-
sion ¢/p = [e1,...,¢n]Bz. Then the continued fraction expansion
[c1,—ca,c3,—C4,C5y ..., —Cn_1, Cy] is an even continued fraction expan-
sion for p/q. Alternatively, Algorithm 4.3 yields an even continued
fraction expansion for either p/q or p/(p + q), proving the corollary
once again after observing that the knots K/, and K/, are iso-
topic, see [11].

Numerical experimentation shows that many times Algorithms 4.2
and 4.3 produce the same even continued fraction expansion, or at least
expansions of equal length. There are, however, exceptions when one
algorithm performs better than the other, in the sense of yielding a
shorter continued fraction expansion.
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Example 4.5. Consider the relatively prime integers p = 122, 227 and
q = 11,113. Algorithms 4.2 and 4.3 applied to p and ¢ give

11,113

—— =103,2,-1,-2,1,2,—4
1227227 [3a ) ) 9 Ly 4y }BZ7
122,22

122,227 13 9 9 4 —4).
11,113

Formula (1.4) for the Burde-Zieschang expansion, and formula (1.2) for
the second expansion, each yield signature —10 for Ki32227/11113-

Example 4.6. For p = 137 and ¢ = 37, Algorithms 4.2 and 4.3 yield

37
— =110,2,-1,-692,—-1,-2,1,2,2
137 [ ) Ly ) 5 ) 5 Ly &y }BZ7

137
— =[11,694, -2, —4,2
37 [ ’ ) ) ) ]a

each giving the value 0 for the signature of Kj37/37. We note that
formula (1.4), when applied to the second (non Burde-Zieschang ex-
pansion) yields the incorrect result for the signature of Ky37/37 of 2
(compare with Remark 1.6).

Acknowledgments. We would like to thank the anonymous referee
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exposition. We thank her/him in particular for drawing our attention
to parallels of our work to that presented in Burde-Zieschang [1].
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