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CHARACTERIZATIONS OF LINEAR WEINGARTEN
SPACELIKE HYPERSURFACES IN LORENTZ SPACE
FORMS

CICERO P. AQUINO, HENRIQUE F. DE LIMA
AND MARCO ANTONIO L. VELASQUEZ

ABSTRACT. In this article, we deal with complete lin-
ear Weingarten spacelike hypersurfaces (that is, complete
spacelike hypersurfaces whose mean and scalar curvatures
are linearly related) immersed in a Lorentz space form. By
assuming that the mean curvature attains its maximum and
supposing appropriated restrictions on the norm of the trace-
less part of the second fundamental form, we apply Hopf’s
strong maximum principle in order to prove that such a
spacelike hypersurface must be either totally umbilical or
isometric to a hyperbolic cylinder of the ambient space.

1. Introduction and statements of the main results. Let L7t
be an (n + 1)-dimensional Lorentz space, that is, a semi-Riemannian
manifold of index 1. When the Lorentz space L?H is simply connected
and has constant sectional curvature ¢, it is called a Lorentz space form,
and we will denote it by L7 (¢). The Lorentz-Minkowski space L1,
the de Sitter space S and the anti-de Sitter space H?™' are the
standard Lorentz space forms of constant sectional curvature 0, 1 and
—1, respectively. We also recall that a hypersurface M™ immersed in a
Lorentz space LTH is said to be spacelike if the metric on M™ induced
from that of the ambient space L?‘H is positive definite.

The last few decades have seen a steadily growing interest in the
study of spacelike hypersurfaces of Lorentz manifolds. Apart from
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physical motivations, from the mathematical point of view this is
mostly due to the fact that such hypersurfaces exhibit nice Bernstein-
type properties, and one can truly say that the first remarkable results
in this direction were the rigidity theorems of Calabi in [5] and Cheng
and Yau in [9], who showed (the former for n < 4, and the latter for
general n) that the only maximal (that is, with zero mean curvature)
complete, noncompact, spacelike hypersurfaces of the Minkowski space
L"*! are the spacelike hyperplanes. Later on, Nishikawa [16] obtained
similar results for other Lorentz manifolds. For instance, he proved
that a complete maximal spacelike hypersurface in de Sitter space S’f“
must be totally geodesic (that is, its second fundamental form vanishes
identically).

As for the case of the de Sitter space, Goddard [11] conjectured that
every complete spacelike hypersurface with constant mean curvature H
in S?H should be totally umbilical. Although the conjecture turned out
to be false in its original statement, it motivated a great deal of work by
several authors trying to find a positive answer to the conjecture under
appropriate additional hypotheses. For instance, in [2] Akutagawa
showed that Goddard’s conjecture is true when H? < 1 in the case
n = 2, and when H? < 4(n — 1)/n? in the case n > 3. Afterwards,
Montiel [15] solved Goddard’s problem in the compact case, proving
that the only closed spacelike hypersurfaces in S?H with constant mean
curvature are the totally umbilical hypersurfaces.

Another Goddard-like problem is to study complete spacelike hy-
persurfaces immersed in a Lorentz space with constant scalar curva-
ture. Many authors, such as Brasil, Colares and Palmas [4], Camargo,
Chaves and Sousa Jr. [6], Caminha [7] and Hu, Scherfner and Zhai [13],
have worked on this direction.

More recently, Hou and Yang [12] have extended the ideas of
Li, Suh and Wei [14] in order to obtain characterization results for
linear Weingarten spacelike hypersurfaces into the de Sitter space S?+17
that is, spacelike hypersurfaces of S?‘H whose mean curvature H and
normalized scalar curvature R satisfy the relation R = aH +b, for some
constants a,b € R.

Here, motivated by the works above described, our aim is to estab-
lish characterization theorems concerning complete linear Weingarten
spacelike hypersurfaces immersed in a Lorentz space form L}!(c) of
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constant sectional curvature ¢ = 1,0, —1. Under the assumption that
the mean curvature attains its maximum along such a spacelike hy-
persurface and, supposing appropriated restrictions on the norm of the
traceless part @ of its second fundamental form, we prove the following
results:

Theorem 1.1. Let M™ be a complete linear Weingarten spacelike
hypersurface in S?H, n > 3, such that R = aH +b with b < 1. Suppose
that 0 < R<1— % If H attains its maximum on M™ and

—1)R?
1 sup |®|? < n(n ,
o WP L (my — R
then
(i) either |®| =0 and M™ is totally umbilical;
- 1)R?
(i) or |®|? = nin — 1) and M™ is isometric to a hy-

T (n—=2)((n—2)—nR)
perbolic cylinder H'(c1) x S"~Y(cg), where ¢; < 0, ca > 0 and
1 1
11,
C1 Cc2

Theorem 1.2. Let M™ be a complete linear Weingarten spacelike
hypersurface in L1 (c), n > 3, such that R = aH + b with b < c.
Suppose that R < 0, when ¢ =1 or ¢ =0, and that R < (1— %)c, when

c=—1. If H attains its maximum on M™ and
—1)R?
2) inf |®|2 > nin— R .
M (n—2)((n — 2)c —nR)

Then
n(n—1)R?

o = =R

and M™ is isometric to:

(a) S'(c1) x H" 1(cy), where ¢ > 0, ca < 0 and é + é =1, when
c=1;
(b) R x H""Y(cg), where ca < 0, when ¢ = 0;
c) H(¢q) x H* Yey), where ¢4 <0, ca <0 and = + L = —1, when
( ) ’ c1 c2
c=—1.
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The proofs of Theorems 1.1 and 1.2 are given in Section 3, jointly
with a corollary of Theorem 1.1 related to the compact case (cf.,
Corollary 3.4).

2. Preliminaries. In this section, we will introduce some basic facts
and notation that will appear in the paper. In what follows, we will
suppose that all spacelike hypersurfaces considered are connected.

Let M™ be an n-dimensional spacelike hypersurface immersed in
a Lorentz space form L;’H(c) with constant sectional curvature c €
{-1,0,1}. We choose a local field of semi-Riemannian orthonormal
frame {ey,...,enp1} in LT (c), with dual coframe {wi,...,wni1},
such that, at each point of M™, eq,...,e, are tangent to M™ and e, 1
is normal to M™. We will use the following convention for the indices:

1<ABC,..<n+1, 1<i, jk,...<n.

In this setting, the Lorentz metric of LT (c) is given by
ds* = ZeAwi = wa — w21,
A i

where ¢; = 1 and €,4; = —1. Denoting by {wap} the connection forms
of L% (c), we have that the structure equations of L?*!(c) are given
by:

(3) dwp =Y epwapAwp,  wap+wpa=0,
B
1
(4) dwap =Y €cwac Awop — 3 > Kapopwe Awp,
c C.D
where

Kapcp = €aepc(0acdpp —0apdBC).

Next, we restrict all the tensors to M™. First of all, w,11 = 0 on
M"; 50 ), wnt1i Aw; = dwyq1 = 0 and, by Cartan’s lemma [8] we can
write

(5) Wn41i = Z hijwj, hij = h]l
J
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This gives the second fundamental form of M™, B =", y hijwiwjentr.

Furthermore, the mean curvature H of M™ is defined by H = % > hii-
The structure equations of M™ are given by

(6) dw; = Zwij ANwj, wij +wj; = 0,
J
1
(7) dw;j = ;wik A Wrj — 5 ; Rijriwr A wy,

where R;ji; are the components of the curvature tensor of M"™. More-
over, using the previous structure equations, we obtain the Gauss equa-
tion

(8) Rijii = ¢ (0051 — 0idj1) — (hihji — hithji).

The Ricci curvature and the normalized scalar curvature of M™ are
given, respectively, by

(9) R;; = c(n — 1)5”‘ —nHh;; + Z hirhig
k
and
1
(10) R n(n—1) ZR

K2

From (9) and (10), we obtain
(11) |B|?> =n*H? +n(n—1)(R - ¢),

where |B|* = Y7, hZ is the square of the length of the second
fundamental form B of M™.

Set ®;; = h;; — Hé;;. We will also consider the following symmetric
tensor
o = Z@ijwi ®U.Jj.
.7

Let [®]> = )7,  ®7; be the square of the length of ®. It is easy to check
that @ is traceless and, from (11), we get

(12) |®|? = |B|> = nH?* =n(n — 1)H*> + n(n — 1)(R —¢).
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Moreover, with respect to a (local) orthonormal frame {ej,...,e,}
on M™ such that h;; = \;d;;, we have that ®;; = p;0;; and, with a
straightforward computation, we verify that

Zlh‘ =0,
(13) >_ui=lef,

> ud=> "\ —3H|O|> - nH®.

The components h;j; of the covariant derivative VB satisfy

(14) Z hijrwr, = dhi; + Z hirwi; + Z hjkwr;.
% % %

The Codazzi equation and the Ricci identity are, respectively, given
by

(15) h,’jk = hikj
and
(16) hijri — hijik = Z R Rkt + Z Pim Rk s

where h;j, and hjji; denote the first and the second covariant deriva-
tives of h;j.

The Laplacian Ah;; of h; is defined by Ah;; = >, hijxk. From
equations (15) and (16), we obtain that

(17) Ahij = higij + Y hRuiggr + Y hii Rigji-
K ol ol

Since

Z h’?jk) )

4,5,k

A|B? = 2<Z hijAhg; +
2%
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from (17), we get

1
(18) §A|B|2 = VB + Y hijhini; + > hijhiRuiji
irisk ig.ke,l
(19) + > hizhaRigr.
ikl
Consequently, taking a (local) orthonormal frame {ej,...,e,} on

M™ such that h;; = \;d;;, from equation (18), we obtain the following
Simons-type formula

1 1
7 2,7

Now, let ¢ = Ei,j ¢ijw; ® w; be a symmetric tensor on M" defined
by
d)ij = nH&U — h”

Following Cheng and Yau [10], we introduce an operator O associated
to ¢ acting on any smooth function f by

(21) 0f = Z Gij fij = Z(anij = hiz) fij-
2%

(2%]

Since ¢;; is divergence-free, it follows from [10] that the operator OJ
is self-adjoint relative to the L? inner product of M™, that is,

/M fCg = /N a0

for any smooth functions f and g on M™.

Setting f = nH in (21) and taking a local frame field {e1,...,e,} on
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M™ such that h;; = A;0;;, from equation (11), we obtain the following:
O(nH) =nHAMmH) =Y Ni(nH)

2

= EA(TLH)2 — Z(’IZH),QZ — Z /\Z(TLH),”

?

1 1
%AR — n2|VH|?

= _A|B)* -
2
Consequently, taking into account equation (20), we get
-1
(22) O(nH) = |[VB|? — n2|VH|* — %AR
1
t5 > Rijis(hi = M)
N

3. Proofs of Theorems 1.1 and 1.2. In order to prove our results,
we will need some auxiliary lemmas. The first one is a classic algebraic
lemma due to Okumura in [17], and completed with the analysis of the

equality case on paper [3] due to Alencar and do Carmo.

Lemma 3.1. Let pi1, ..., pn be real numbers such that ). p; = 0 and
Do p? = 3%, with B> 0. Then, we have

(n—2) 3 3 (n—2) 3
23 L I ek
(23) n(n_l)ﬁ < i ;< =D

Moreover, equality holds in (23) if, and only if, either at least (n — 1)
of the numbers p; are equal.

To obtain the second lemma, we will reason as in the proof of Lemma
2.1 of [14].

Lemma 3.2. Let M™ be a linear Weingarten spacelike hypersurface in
a space form L' (c), such that R = aH +b for some a,b € R. Suppose
that

(24) (n —1)a® +4n(c —b) > 0.
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Then
(25) |VB|?> > n?|VH|?.

Moreover, if the inequality (24) is strict and the equality holds in (25)
on M™, then H is constant on M™.

Proof. Since we are supposing that R = aH + b, from equation (11),
we get
23 hishijr = (20°H +n(n — 1)a) H .
2]

Thus,
2
4y (Z hijhijk> — (2n*H + n(n —1)a)’ |VH].
k i,j

Consequently, using the Cauchy-Schwartz inequality, we obtain that

(26) 4|B|?|VBJ? :4(;@) (thjk>

ik
2
243 (ot
kN i
2
= <2n2H +n(n — 1)a> |VH|?.
On the other hand, since R = aH + b, from equation (11), we easily
see that
(2n*H + n(n — 1)a)2 =n*(n—1) ((n — 1)a® + 4n(c — b)) + 4n*|B*.
Consequently, from (26), we have
|BPIVB > n?| B[V HI.

Therefore, we obtain either |B| = 0 and |[VB|?> = n?|VH|? or [VB|? >
n?|VH|?%. Moreover, if (n — 1)a® + 4n(c — b) > 0, from the previous
identity we get that (2n?H + n(n — 1)a)? > 4n?|B|?. Consequently, if
|VB|? = n?|VH|? holds on M™, from (26) we conclude that VH = 0
on M™ and, hence, H is constant on M™. |
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In what follows, we will consider Cheng and Yau’s modified operator

n—1
a

(27) .

Related to such an operator, we have the following sufficient criteria
of ellipticity for the L operator.

Lemma 3.3. Let M™ be a linear Weingarten spacelike hypersurface
immersed in a Lorentzian space form L} (c), such that R = aH + b
with b < c. Then, L is elliptic.

Proof. From equation (11), since R = aH + b with b < ¢, we easily
see that H cannot vanish on M™ and, by choosing the appropriate
Gauss mapping, we may assume that H > 0 on M™.

Let us consider the case that a = 0. Since R = b < ¢, from equation
(11), if we choose a (local) orthonormal frame {ey,...,e,} on M™ such

that h;; = X;di;, we have that qu AiAj > 0. Consequently,

ZA2+2ZA/\ > A2
1<J

for every i € {1,...,n} and, hence, we have that nH — \; > 0 for every
i. Therefore, in this case, we conclude that L is elliptic.

Now, suppose that a # 0. From equation (11), we get that

1
=——(|B|* —n?H? —1)(e—10)).
0= oy (B = n*H? 4 nln = (e =)
Consequently, for every i € {1,...,n}, with a straightforward algebraic
computation, we verify that
n—1
a
1
=nH =\ + 5 — (|B|2 n*H? + n(n —1)(c — b))
_ 2,
J#i J#Z

Therefore, since b<c, we also conclude in this case that L is elliptic. 0O
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In what follows, we present some computations which are common
for the proofs of Theorems 1.1 and 1.2. At this point, we assume that
M™ is a complete linear Weingarten spacelike hypersurface immersed
in a Lorentzian space form L""*(c), n > 3, such that R = aH + b with
(n —1)a® + 4n(c —b) > 0.

In this setting, let us choose a (local) orthonormal frame {e, ..., e,}
on M™ such that h;; = \;d;;. Since R = aH + b, from (22) and (27),
we have that

1
(28) L(nH) = |VB|?> —n?|VH|* + 3 > Rijii(hi — Ap)%
2
Thus, since from Gauss equation (8) we have that R;j;; = (c—A;A;)(1—

di;), we can rewrite equation (28) in the following way

(29) L(nH) = |VB[* =n?|VH|*+ nc(|B* =nH?)+|B|* —=nH > X}

Consequently, taking into account (13), from (29), we get

(30) L(nH) = |VB]> =n*|VH]” = nH Y p}

+[®2(|®|? — nH? + nc).
Thus, by applying Lemmas 3.1 and 3.2, from (30), we have
n(n — 2)
n(n —1)
On the other hand, from (12), we obtain
1

(32) H? = WFPIQ*(R*C)-

(31)  L(nH)> |¢|2<|q>|2— H|9| —nH2—|—nc>.

As observed at the beginning of the proof of Lemma 3.3, we can assume
that H > 0 on M™. Thus,

1

33 H=————/|®2—n(n—-1)(R-0).
(33) n(n—l)\/| 2 —n(n—1)(R—c)
Hence, from (31), (32) and (33), we get

(34) L(H) > |8 Py (|2

“n(n—1)
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where

(35) Pr(z) = (n—2)2*—(n—2)zy/22 —n(n — 1)(R — ¢)+n(n—1)R.

Furthermore, we observe that Pr(z) = 0 if, and only if,

n(n — 1)R?
(n—2)((n—2)c—nR)’

(36) o
Now, we proceed with the proof of Theorem 1.1:

Proof of Theorem 1.1.

Initially, since we are supposing that 0 < R < 1—2/n, from (35) and
(36), we obtain that Pr(0) = n(n — 1)R > 0, and the function Pg(z)
is strictly decreasing for z > 0, with Pr(Z) =0 at

~ n(n—1)
x_R\/(nQ)((nQ)nR) > 0.

Thus, hypothesis (1) ensures that 0 < |®| < T and Pg(|®|) > 0. Then,
from (34), we have

(37) L(H) > —

> WM’FPR (|®[) > 0.

Since we are supposing b < 1, Lemma 3.3 guarantees that L is elliptic.
So, since we are also assuming that H attains its maximum on M",
from (37) we can apply Hopf’s strong maximum principle in order to
conclude that H is constant on M™.

If |®| < z, then from (37), we have that |®| = 0 and, hence, M™ is
totally umbilical.

If |®| = 7, since the equality holds in (23) of Lemma 3.1, we con-
clude that M™ is either totally umbilical or an isoparametric spacelike
hypersurface with two distinct principal curvatures, one of which is
simple.

Therefore, by the classical congruence theorem due to Abe, Koike
and Yamaguchi (cf., [1, Theorem 5.1]) and, since we are supposing
R > 0, we conclude that either |®| = 0 and M™ is totally umbilical, or
|®| = T and M™ is isometric to a hyperbolic cylinder H(c1) x S~ 1(cy),
wherecl<0,02>0andi+é:1. O
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Since the operator L is self-adjoint relative to the L? inner product
of the spacelike hypersurface M™, from inequality (37) and taking into
account the description of the totally umbilical spacelike hypersurfaces
of ST given by Montiel in [15, Example 1], we also get the following
result in the de Sitter space:

Corollary 3.4. Let M™ be a compact linear Weingarten spacelike
hypersurface in SPH, n > 3, such that R = aH + b with (n — 1)a® +
4n(1 —b) > 0. Suppose that 0 < R <1— 2. If

n(n —1)R?
(n—2)((n—2)—nR)’

sup |®|? <
M

then |®| =0 and M™ is isometric to S™, up to scaling.

We conclude our paper by presenting the proof of Theorem 1.2.

Proof of Theorem 1.2. First, since we are assuming R < 0, we have
that Pr(0) = n(n — 1)R < 0, and the function Pr(x) is strictly
increasing for x > 0, with Pr(Z) = 0 at

o w1
v R\/(n—2)((n—2)c—nR) >0

Thus, the hypothesis (2) guarantees that |®| > Z > 0 and Pr(|®|) > 0.
Hence, from (34), we obtain

1
n(n —1)
In a similar way as the proof of Theorem 1.1, since we are supposing
that b < ¢, we can apply Hopf’s strong maximum principle to guarantee

that H is constant on M™. Moreover, since we are assuming that
|®| > 0, from (38), we obtain that L(H) > 0 if, and only if, |®| = &.

Therefore, Lemma 3.1 assures that M™ is an isoparametric spacelike
hypersurface with two distinct principal curvatures, one of which is
simple and, hence, using again [1, Theorem 5.1] and taking into account
that R < 0, we conclude that |®| = Z and M™ must be isometric to:

(38) L(H) > @[> Pr (|2]) > 0.

(a) St(cy) x H* Y(cp), where ¢; > 0, co < 0 and é + é = 1, when
c=1;
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(b) R x H""!(cy), where ¢y < 0, when ¢ = 0;
(c) H(ey) x H" (cy), where ¢; < 0, ca < 0 and é + é = —1, when
c=—1. O

Acknowledgments. The authors would like to thank the referee for
having made valuable comments concerning the results of this paper.

REFERENCES

1. N. Abe, N. Koike and S. Yamaguchi, Congruence theorems for proper semi-
Riemannian hypersurfaces in a real space form, Yokohama Math. J. 35 (1987),
123-136.

2. K. Akutagawa, On spacelike hypersurfaces with constant mean curvature in
the de Sitter space, Math. Z. 196 (1987), 13-19.

3. H. Alencar and M. do Carmo, Hypersurfaces with constant mean curvature
in spheres, Proc. Amer. Math. Soc. 120 (1994), 1223-1229.

4. A. Brasil, Jr., A.G. Colares and O. Palmas, A gap theorem for complete
constant scalar curvature hypersurfaces in the de Sitter space, J. Geom. Phys. 37
(2001), 237-250.

5. E. Calabi, Examples of Bernstein problems for some nonlinear equations,
Proc. Sympos. Pure Math. 15 (1970), 223-230.

6. F.E.C. Camargo, R.M.B. Chaves and L.A.M. Sousa, Jr., Rigidity theorems for
complete spacelike hypersurfaces with constant scalar curvature in de Sitter space,
Diff. Geom. Appl. 26 (2008), 592-599.

7. A. Caminha, A rigidity theorem for complete CMC hypersurfaces in Lorentz
manifolds, Diff. Geom. Appl. 24 (2006), 652-659.

8. E. Cartan, Familles de surfaces isoparamétriques dans les espaces & courbure
constante, Ann. Mat. Pura Appl. 17 (1938), 177-191.

9. S.Y. Cheng and S.T. Yau, Mazimal spacelike hypersurfaces in the Lorentz-
Minkowski space, Ann. Math. 104 (1976), 407-419.

10. , Hypersurfaces with constant scalar curvature, Math. Ann. 225
(1977), 195-204.

11. A.J. Goddard, Some remarks on the existence of spacelike hypersurfaces of
constant mean curvature, Math. Proc. Cambr. Phil. Soc. 82 (1977), 489-495.

12. Z.H. Hou and D. Yang, Linear Weingarten spacelike hypersurfaces in de
Sitter space, Bull. Belgian Math. Soc. Simon Stevin 17 (2010), 769-780.

13. Z.-J. Hu, M. Scherfner and S.-J. Zhai, On spacelike hypersurfaces with
constant scalar curvature in the de Sitter space, Diff. Geom. Appl. 25 (2007), 594—
611.

14. H. Li, Y.J. Suh and G. Wei, Linear Weingarten hypersurfaces in a unit
sphere, Bull. Kor. Math. Soc. 46 (2009), 321-329.




LINEAR WEINGARTEN SPACELIKE HYPERSURFACES 27

15. S. Montiel, An integral inequality for compact spacelike hypersurfaces in the
de Sitter space and applications to the case of constant mean curvature, Indiana
Univ. Math. J. 37 (1988), 909-917.

16. S. Nishikawa, On spacelike hypersurfaces in a Lorentzian manifold, Nagoya
Math. J. 95 (1984), 117-124.

17. M. Okumura, Hypersurfaces and a pinching problem on the second funda-
mental tensor, Amer. J. Math. 96 (1974), 207-213.

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DO PIAUf, 64.049-550
TERESINA, PIAUl, BRAZIL
Email address: cicero.aquino@ufpi.edu.br

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DE CAMPINA GRANDE,
58.429-970 CAMPINA GRANDE, PARATBA, BRAZIL
Email address: henrique@dme.ufcg.edu.br

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DE CAMPINA GRANDE,
58.429-970 CAMPINA GRANDE, PARAIBA, BRAZIL
Email address: marco.velasquez@pq.cnpq.br



