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HOMOMORPHISMS ON A CLASS
OF COMMUTATIVE BANACH ALGEBRAS

FERNANDA BOTELHO AND JAMES JAMISON

ABSTRACT. We derive representations for homomorphisms
and isomorphisms between Banach algebras of Lipschitz func-
tions with values in a sequence space, including £oc. We show
that such homomorphisms are automatically continuous and
preserve the % operation. We also give necessary conditions
for the compactness of homomorphisms in these settings and
give characterizations for the isometric isomorphisms.

1. Introduction. Dunford and Schwartz in [8] gave a characteriza-
tion of homomorphisms between the Banach algebras C(X) and C(Y'),
where X and Y are compact Hausdorff spaces. This theorem was at-
tributed to Gelfand and Kolmogorov, see [11].

Theorem 1.1 (cf. [8, Theorem 26, page 278)). If T : C(X) — C(Y)
18 a linear and multiplicative function, then there exists a continuous
function 7:Y — X such that, for every f € C(X) andy €Y,

If T is an isomorphism, then there exists a homeomorphism 7:Y — X
such that, for every f € C(X) andy €Y,

Sherbert, in [24], has shown that algebra homomorphisms on Banach
algebras of scalar valued Lipschitz functions are also represented as
composition operators.
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Theorem 1.2 (cf. [24]). Let X and Y be compact metric spaces. If
¥ : Lip«(X) — Lip.(Y) is an algebra homomorphism, then there exists
a unique Lipschitz function ¢ : Y — X such that

V(f)(y) = flp(y)) forall f € Lip.(X) and y € Y.

If v . Lip.(X) — Lip«(Y) is an algebra isomorphism, then ¢ is a
lipeomorphism.

In a previous work, the authors have shown that, under some mild
continuity hypothesis, *-homomorphisms between operator valued Lip-
schitz spaces are given as a combination of operators which are unitarily
equivalent to composition operators, see [3].

In this paper, we study homomorphisms between algebras of Lipschitz
functions from a compact metric space into a complex sequence space,
B. The space B is either the space of all convergent sequences, c, or
the space of all bounded sequences, ¢,,. Our techniques also apply to
the finite dimensional case, C". All these spaces are C* algebras with
identity under the obvious multiplication and standard || - ||s norm.

If (X, d) represents a compact metric space, we consider the algebra
of Lipschitz functions defined on X and with values in B:

(1.2)  Lip.(X,B) = {f X = B 22% < oo},

with norm [« = || flloc + supsz, I/ (2) = f(¥)lloc/d(z, y).

The quantity sup,_, [|f(z) = f(y)[lc/d(z,y) is said to be the Lips-
chitz constant of f and is denoted by L(f).

We set f*(z) = [f(x)]* for all x € X. The * operation on a
sequence {Z,, }nen vields {Z, }nen, where “overline” stands for complex
conjugacy. We observe that | f*[l. = [[f]l« and [[f gll« < [[f]lx l[gll+;
hence, Lip.(X,B) is a commutative Banach x-algebra with unit 1x.
The function 1x is given by 1x(x) = 1 for every z € X, with 1
representing the constant sequence in B equal to 1.

The main results in this paper give characterizations for algebra ho-
momorphisms from Lip, (X, B) into Lip.(Y,B), with X and Y com-
pact metric spaces. We use the fact that ¢ has a Schauder basis to
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show that algebra homomorphisms between spaces of ¢ valued Lips-
chitz functions are decomposed into algebra homomorphisms between
scalar valued Lipschitz functions. Similar results also hold for algebras
of Lipschitz functions with values in f; however, the justification fol-
lows a completely different strategy since £, does not have a Schauder
basis.

As a consequence of our results we obtain characterizations of the
isometric isomorphisms as well as the compact homomorphisms. These
characterizations rely on the fact that such homomorphisms preserve
the subalgebra of all constant functions, Const. (X, B). An element in
Const, (X, B) is a constant function with range consisting of a single
element in B. A sequence {a,}, in B is simply denoted by a, and
the constant function in Lip.(X, B) with range equal to a is denoted
by ax. A homomorphism ¢ : Lip,(X,B) — Lip.(Y,B) “preserves
constant functions” if

(Const. (X, B)) C Const. (Y, B).

Furthermore, we also say that ¢ “fixes constant functions” if, for ev-
ery ax € Const.(X,B), ¥(ax)(y) = a, for all y € Y, or equivalently
Y(ax) = ay. We apply Sherbert’s characterization of algebra homo-
morphisms on scalar valued Lipschitz spaces to represent homomor-
phisms that fix constant functions as componentwise composition op-
erators.

2. Definitions and preliminary results. The algebra of scalar
valued Lipschitz functions on X is denoted by Lip.(X). Given f €
Lip.(X, B), we have f(z) = {fi(z) }ien, with f; € Lip.(X). For j € N,
P; : Lip.(X, B) — Lip.(X) is the projection onto the j-position, i.e.,
P;(f)(z) = fj(x), for all z € X. A map E; : Lip.(X) — Lip.(X, B) is
a j-embedding of Lip.(X) into Lip.(X, B), provided that E;(f)(z) =
{bi}ien € B with b; = f(x), for all z € X.

Lemma 2.1. Let X andY be compact metric spaces and ¥ an algebra
homomorphism from Lip.(X,B) into Lip.(Y,B) that fizes constant
functions. The map ; : Lip.(X) — Lip.(Y), given by ¢;(g9) =
Pjy(E;(g)), is independent of the j-embedding Ej.
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Proof. Let EJ1 and EJ2 be two distinct j-embeddings of Lip,(X) into
Lip. (X, B). For j € N, we consider the sequence e’ in B given by

o 1 ifk=y,
k — . .
0 ifk#j.

This sequence determines a constant function in Const. (X, B), denoted
by €’%. Since 1 is multiplicative, we have V(E}(g) — EZ(g)) - (ek) =
V((Ej(g9) — E3(g)) - €k) = 0, for every g € Lip.(X). This implies that
Pip(E}(g)) = Piv(E2(g)). O

Remark 2.2. Lemma (2.1) asserts that the value of ¢;(g) does not
depend upon the j-embedding of g € Lip.(X) into Lip.(X,B). We
then set E; to be given by E;(f) = {bn}nen with b, = 0 for n # j
and b; = f(z). This embedding is linear and multiplicative; hence,
Y; = PjyFE; is an algebra homomorphism.

Our first theorem characterizes algebra homomorphisms that fix con-
stant functions. We note that a homomorphism 1 between Lip. (X, B)
and Lip. (Y, B) is not necessarily of the form ¥ (f)(y) = {fi(p:(v))}
with ; Lipschitz maps, as demonstrated in the next example.

Example 2.3. Consider the homomorphism v : Lip.([0, 1],8) —
Lip. ([0, 1], B) given by ¥ (f)(y) = {f1(y)}ien. This map is clearly an
algebra homomorphism, but there is no sequence of Lipschitz functions

{wi}ien such that ¥(f)i(y) = fi(yi(y))-

We set [][;cn¢ X to be the product of N copies of X equipped with
the standard product metric.

Definition 2.4. We say that a homomorphism v : Lip.(X,B) —
Lip.(Y, B) is a coordinatewise composition operator (CCO) if and only
if there exists a map ® : Y — [[,.n X given by ®(y) = {¢i(y)}ien,
with ¢; € Lip.(X) for all « € A. Moreover, the sequence of Lipschitz
constants {L(y;)}ien is bounded and

(21 »(N)y) = {filei(y))}ien  forall f € Lip.(X,B) and y €Y,
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We note that the boundedness assumption on the sequence of Lips-
chitz constants {L(¢;)}ien implies that @ is a Lipschitz map.

The next theorem is a consequence of Theorem 1.2 and Lemma 2.1.
The proof is omitted since it follows the argument used by Sherbert for
the proof of Theorem 5.1 (see [24, page 1397]).

Theorem 2.5. Let X and Y be compact metric spaces. If b from
Lip. (X, B) into Lip.(Y, B) is an algebra homomorphism, then ¢ fixes
constant functions if and only if ¢ is a coordinatewise composition
operator.

3. Continuity of homomorphisms on algebras of Lipschitz
Functions into sequence spaces. In this section we establish the
continuity of algebra homomorphisms between spaces of B-valued Lips-
chitz functions. We show that such spaces are semi-simple commutative
Banach algebras. We start by recalling a well-known result on maximal
ideals of unital rings.

Theorem 3.1 (cf. [1, page 34]). Let A be a ring with unit 14. Then
the following sets are identical:

(i) the intersection of all mazimal left ideals of A.

(ii) The intersection of all mazimal right ideals of A.
(iii) The set of all x such that 14 —xz is invertible in A for all z € A.
(iv) The set of all x such that 14 — zx is invertible in A for all z € A.

Definition 3.2 (cf. [1, 22]). Let A be a ring with unit 14. The
radical of A, rad (A4) is the two sided ideal equal to the intersection of
all maximal left ideals of A. If rad(A) = {0}, then A is said to be
semi-simple.

It is straightforward to check that, for a Banach algebra A with unit
14, and X a compact metric space, Lip (X, A) is a Banach algebra
with unit 1x, where 1x(x) = 14 for every x € X.

Proposition 3.3. If A is a Banach algebra with unit 14, then
Lip «(X, A) is semi-simple if and only if A is semi-simple.
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Proof. We first notice that A is isomorphically embedded in Lip, (X,
A), since A is identified with the subalgebra of all constant functions.
Corollary 2.3.7 in [22, page 57| states that any subalgebra of a semi-
simple commutative algebra is semi-simple. This implies that the
subalgebra of all constant functions is semi-simple whenever Lip, (X, A)
is semi-simple. Therefore, A is also semi-simple. Conversely, let
f € Lip.(X, A) for which there exist 2o € X and a € A such that
f(xo) # 0 and 14 — f(xo)a is not invertible. Let g € Lip.(X, A) be
given by g(z) = a. Then 1x — fg is not invertible since (1x — fg)(zo) is
not invertible in A. Consequently, if A is semi-simple, then Lip, (X, A)
is semi-simple. ]

It is easy to see that each sequence space C™, ¢, and c is a semi-
simple Banach algebra. Therefore, we have the following corollary.

Corollary 3.4. If X and Y are compact metric spaces and B is
either C™, {, or c, then Lip.(X, B) is semi-simple. Moreover, every
algebra homomorphism from Lip. (X, B) into Lip. (Y, B) is continuous.

This continuity statement in Corollary 3.4 is a consequence of the
following theorem.

Theorem 3.5 (cf. [23, Theorem 11.10]; see also [22, Theorem
7.5.17)). If ¥ is a homomorphism of a commutative Banach algebra
Ay into a semi-simple commutative Banach algebra As, then 1 is
continuous.

4. Homomorphisms on algebras of Lipschitz Functions with
values in ¢ or C". We start by proving that an algebra homomor-
phism between two Lipschitz spaces of ¢ valued functions must pre-
serve the subalgebra of the constant functions, Const, (X, c). We note
that the results in this section also hold for finite dimensional sequence
spaces, C".

Proposition 4.1. Let X and Y be compact metric spaces, Y
connected. If 1 : Lip. (X, c) — Lip.(Y, c) is an algebra homomorphism,
then

¥(Consty (X, ¢)) C Const. (Y, c).
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Proof. Let i € N and e’ be the constant function in Lip. (X, B), given
by (e’ );(z) = 1if ¢ = j and zero otherwise. We also set e to represent
the constant function everywhere equal to the sequence {1},,. For every
i € Nori= oo, ey = ey ey, we have that ¢;(e)? = ;(el),
with 1); representing the jth-coordinate of . Hence, for every y € Y,
¥j(e’)(y) =1 or 0. The continuity of ¢)(e'y) and the connectedness of
Y imply that ¢ (e’) is constant. Since {e!, €2,...,e>} is a Schauder
basis for ¢, we have that each function in Const.(X, B) can be written
as a linear combination of {€’% };en. Therefore, the continuity of ¢
establishes the statement in the proposition. ]

We now set some notation. Let N be the Alexandroff compactifi-
cation of N, i.e., N = {1,2,...,00} with standard topology. We set
¢ = {la1, a2,... ,a00] : {an}n € cand ax = lim, a,}. We also de-
note by C(N) the space of all continuous and scalar valued functions
defined on N. Tt is clear that c, ¢ and C(N) are isometrically iso-
morphic as Banach algebras. Elements in these spaces, say {a,} € c,
[a1, az,...,a00] ECoOrac C(N) are used indistinguishably, as it best
fits in our exposition. If f € Lip.(X,c), we denote by f: X — ¢ the
function f(z) = [fi(2), fo(x), ..., fool@)] With foo(z) = lim, fu(2).

The following lemma is clear.

Lemma 4.2. If f € Lip.(X, c), then f € Lip.(X, ). The map
f — [ is an isometric isomorphism from Lip.(X, c¢) onto Lip.(X, ©).

Theorem 1.2 motivated our investigation of homomorphisms between
sequence valued Lipschitz algebras, and it is used in an essential way
in the proof of the next theorem.

Theorem 4.3. Let X be a compact metric space and Y a compact
and connected metric space. If 1 : Lip.(X,c) — Lip.(Y,c) is a
homomorphism such that ¥(1x) = 1y, then there exist a continuous
map T : N — N and a sequence of Lipschitz maps ¢n 7y 1 Y — X
such that, for allm € N andy €Y,

"/}(f)n(y) = f‘r(n) O Pn,r(n) (y)

If ¢ is an isomorphism, then there exist a homeomorphism T : N> N
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and a sequence of lipeomorphisms oy ) : Y — X such that, for all
neNandyeY,

¢(f)n(y) = f‘r(n) O Pn,7r(n) (y)

Proof. The homomorphism v induces a homomorphism
¥ : Lip.(X,€) — Lip,(Y,€)

given by @(f) = w/(f\) It is clear that i(Const*(X,E)) C Const. (Y, ©).
Therefore, @Z restricted to Const.(X,C) is given as a composition
operator. More precisely, Theorem 1.1 asserts the existence of a
continuous mapping 7 : Y — X such that ¢(a) = a o 7. We consider
the Schauder basis for €: €', €%, ... ,e>. For each j € N, we identify

¢’ with a function in C( ) given by (n ) =0 for n # j and & (j) = 1.
The function €> is given by e>(n) = 1, for every n € N.

Given (i,7) € N x N, we define a homomorphism ;; + Lipo(X) —
Lip.(Y") as follows:
i (N) = Pi(i()\ . eg()), for every A € Lip,(X).

Sherbert’s theorem (Theorem 1.2) asserts that either v¢;; = 0 or
there exists a unique Lipschitz function ¢;; : ¥ — X such that
i i(A) = Ao, ;. We now show that ¢; ; = 0 if 7(¢) # j. In fact,

vig(N) = B((&)) = P($ (N - &) = B - &))P(@ o7).

We observe that ¢ o7(n) = 1if 7(n) = j and & o7(n) = 0 if 7(n) # j.
For j # 7(i), we have that P;(€? o) = 0 and v; j(\) = 0 for j # 7(4).
We also conclude that 1; -y (A) = Ao ©; ()

For f € Lip.(X,¢) and i, j € N,
P = 3 e+ 0= F)e]
i€EN
Therefore,

D(ff) = D (foo 0 Pny)E"
{n:1(n)=y5}
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and

VI = f)) = Y ((fj = foo) 0 0n)E"
{ni(n)=5}
If ¢ is an isomorphism, then Theorems 1.1 and 1.2 imply the existence

of a sequence of lipeomorphisms ¢,, () : ¥ — X and a homeomor-
phism 7 : N — N. This completes the proof. i

In general, a homomorphism ¢ as described in the previous theorem
is not a CCO. We now give a simple example of such a homomorphism
to illustrate the broad spectrum of possibilities.

Example 4.4. Let X =Y = [0, 1] and 7 : N — N be given by
7(2n + 1) = 7(c0) = 0o and 7(2n) = n. We set ©,, r(n) = Id|g,1). For
f € Lip.([0,1],¢)

f(x) = (fl(x)va(x)a e afﬂ(x)a = ) €c
we denote by foo(x) the limit of {f,,(x)}x.
We now define 9 : Lip.([0,1],¢) — Lip.([0, 1], c¢) as follows:

"/}(f)(y) = (foo(y)’fl(y)vfoo(y)va(y)’)

It is easy to show that 1 is not a CCO. If we assume otherwise, then
¢, a Lipschitz function on [0, 1], exists such that

J1(y) = fa(e(y)),

for all y € [0,1] and for every fi and fo in Lip.([0,1]). This is clearly
impossible.

The form of homomorphisms derived in Theorem 4.3 implies that
algebra homomorphisms preserve the * operation. It is also easy to
derive the form for isometric isomorphisms. If 1 is an isomorphism,
as in Theorem 4.3, and in addition ¢ is an isometry, then ¥, ;(,) :
Lip.(X) — Lip.(Y), defined by

1bnT(n)()‘) = in(ET(TL) ()‘)) = Ao S0”7"’(”)’
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is also an isometry. In [26, Theorem 2.6.7], Weaver characterizes the
surjective isometric isomorphisms in this scalar setting. Therefore, we
have the following corollary.

Corollary 4.5. Let X and Y be compact and connected metric
spaces. If 1 : Lip.(X,c) — Lip.(Y,c) is an isometric isomorphism,
then there exist a homeomorphism T : N — N and a sequence of
surjective isometries o rn) Y — X such that, for all n € N and
yey,

¢(f)n(y) = f‘r(n) O Pn,r(n) (y)

5. Homomorphisms on algebras of Lipschitz functions with
values in /.. In this section we consider the algebra of Lipschitz func-
tions with values in £, and we derive a characterization for the algebra
homomorphisms that preserve the subalgebra of the constant functions,
Const, (X, B). We also show that algebra isomorphisms between two
Lipschitz spaces of £ valued functions preserve Const.(X,B). The
space fo, contrary to C" or ¢, does not have a Schauder basis so
previous techniques do not apply in this setting.

The space { is isometric to the set of scalar valued and continuous
functions defined on the Stone-Cech compactification of N, denoted by
BN. We set some additional notation. Given f € Lip.(X,{), the
function f#: X — C(BN) is such that f#(z) is the unique continuous
extension of f(z) to SIN.

We now start by proving the following preliminary lemma.

Lemma 5.1. Let X be a compact metric space. Then ®
Lip.(X, £oo) — Lip«(X,C(BN)), given by ®(f)(z) = fP(x), is an iso-
metric algebra isomorphism.

Proof. We first observe that f? is a Lipschitz function on X. In fact,
for z,y € X, we have

1£7(2) = F2(W)lloo = |7 (2)(&0) = f*()(&)],
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with & € BN. Since N is dense in SN, there exists a net {n,} in N
that converges to & and

2 (@) (1) = F7 (1) (na)| —a 1f7(@)(&0) — [P ()(&)]-

Therefore,

[f(@)(na) = F(y)(na)l < £ (@) = f(Y)llee < L(f)d(z,y),

and

|2 (@)(&0) = P (W) ()| = 117 (2) = FP ()l < Lf) d(z,y).

This shows that f# is a function in Lip.(Y,C(3N)).

The linearity and multiplicative properties of ® follow from the
uniqueness of f2. It is also easy to see that ® is an isometry. We
recall that [|f|l. = [|f]lc + L(f). Since [|f%[loc = |f*(0)(£)| for some
ro € X and £ € AN, it follows that || f?||cc = ||f|lec. Similarly we show
that L(f) = L(f?), which completes the proof. O

A homomorphism ) : Lip, (X, £oo) — Lip. (Y, £s) induces
W : Lip. (X, C(AN)) — Lip. (Y, C(BN))
given by
GP(FP)(y) = »(F)P(y), forally €Y and f7 € Lip.(X,C(AN)).

It is clear that ¢? is an algebra homomorphism.

Proposition 5.2. Let X and Y be compact and connected metric
spaces. If ¢ : Lip. (X, ls) — Lip«(Y, ¢x) is an algebra isomorphism,
then

(Consty (X, fos)) C Const. (Y, {o).

Before proving Proposition 5.2, we introduce additional notation and
a preliminary lemma. We denote the set of all clopen subsets of SN by
clop (BN). Given a clopen subset of SN, A, we define X4, a function
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in C(BN) given by X4(§) =1if £ € Aand x4(§) =0if £ ¢ A. Then
we set X4 to be the constant function in Lip. (X, C(8N)), everywhere
equal to X4. Since 1? is multiplicative we have that

PO(XA) = P (XA XA) = 9 (XA)2,
This implies that, for y € Y and £ € N, we have
VXN ()€ =0, orl.
Therefore, if A is clopen in SN, y € Y and £ € SN,

PP (X (y)(€) =0 or L.
We then set
B ={¢ € N : P (XM)(y)() = 1},

and YZ = ¢#(X4)(y). Since 1?(X4)(y) € C(BN), it follows that B is
clopen. For a fixed y € Y, we define 7 : clop(6N) — clop(SN) given
by

7(A) = {£ € BN : P (XM)(y) (&) = 1}.

Lemma 5.3. If X is a compact metric space, Y is a compact and
connected metric space, y € Y, then T satisfies the following properties:

1. 7 is independent of y.
2. If Ay C Ay then 7(A41) C 7(As).
3. If Ay N Ay = & then

T(A)NT(A2) =9 and T(A1UAs) =71(A1)UT(A2).

Proof. We show that 7(A) is independent of y. Suppose that there
exist yo and y; in Y such that ¢?(X4)(yo) # ¥?(X4)(y1). We have

197(X) (o) — ¢ (X)) (y1) oo = 1.
We define h: Y — {0, 1} given by

h(y) = 147 (X (o) = ¥ (X)) oo
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The continuity of A and the connectedness of Y implies that the range
of h must be equal to {0}. We have shown that 7(A) is independent of
y. This proves statement 1.

Statements in 2 and 3 follow from
d,ﬁ(XAl .XA2) = Yy (A)  y7(A1)
and
d}ﬁ (XA1 + XAQ) — YT(Al) + YT(AQ) — YT(Al)UT(AQ)’

whenever 4; N Ay = @. O

Proof of Proposition 5.2. Previous considerations imply that v (XA)
(A € clop (BN)) is a constant function in Lip.(Y,C(SN)), equal to
Y™ with B = 7(A). We notice that 7 is a bijection on clop (3N)
since 1) is an isomorphism.

We now consider a constant function f in Lip.(X,{). It follows
that f? is also constant. Therefore,

PP (XA fP) = P (XA) P (fF) = YT P (fF).

For y € Y and £ € 7(A), we have v (X4 - f7)(y)(€) = ¢v*(f7)(y)(€),
if € ¢ 7(A), then % (XA - f8)(y)(&) = 0. We first assume that A is a

finite subset of N, i.e., A = {ny,... ,ng}, then X4 = Zle X{ni}t For
simplicity of notation, we set f2(x)(n;) = a;; thus,

k

i=1
and

k
wﬁ(XA . fﬁ) _ Z aiYT({”i}).
i=1
This implies that ¢* (X4 - f#) € Const.(Y,C(8N)).

We now assume °(f?) is not constant. This implies that there exists
y1 7 yo such that

VPP (n) # 0P (f7) (w2).



408 FERNANDA BOTELHO AND JAMES JAMISON

For some £ € BN, we have

V) )(E) # 7 () (y2) (€).

The continuity of ?(f?) implies the existence of a clopen set W
containing £ such that, for every n € W,

(5.1) D)y () # 47 (F7) () ()

Since ¢ is an isomorphism then (»~1)#(YW) = XY, where U €
clop (BN). Therefore, U is either finite or its intersection with N is
infinite; in either case, we can select a clopen subset A of UNN; see [25,
Proposition 3.10, page 74] (or [28]). We have 1° (X4 . f#) is a constant
function. It follows from Lemma 5.3 that 7(A4) € W. Therefore, for
n € 7(A),

PO ) ) () = 7 (F7) () ()

and

(X ) (y2) () = 7 () (y2) ()

Inequality (5.1) leads to a contradiction and proves that % (f?) is
constant. Hence, ¥ (f) is constant. O

Remark 5.4. In general a homomorphism between spaces of Lips-
chitz functions does not necessarily preserve constant functions. For
example, let ¢ : Lip.([0, 1], 8) — Lip.([0, 1] U [2, 3], B) be given by
P(f)y) = fly) ify € 0, 1] and (f)(y) = 0 if y € [2, 3.

We now characterize algebra homomorphisms between algebras of
Lipschitz functions with values in {,, that preserve the subalgebra of
constant functions. As before, X and Y are compact metric spaces.
We denote by ¢ an algebra homomorphism from Lip.(X,¢s) into
Lip« (Y, o) such that

¥(Const, (X, C(BN))) C Const.(Y,C(8N)).

Therefore, ¢ induces a homomorphism from Const, (X, C(8N)) into
Const. (Y, C(BN)).
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We use the isometric isomorphism between the Const. (X, C(SN))
and C(BN) to define 12 to be the natural homomorphism on C(SN)
determined by . Theorem 1.1 implies that 7 is a composition
operator. More precisely, there exists a continuous map 7 : SN — SN
such that, for every a € C(AN), 1?(a) = a o 7. Given A, a clopen
subset of BN, we set ¢¥2(X4) = YB with B = {¢ € BN : 7(¢) € A}.
Since P (X - XA XA) = (X - XA) = p#(\ - X4) - YB, we conclude
that

PPN Xi)(y)(ﬁ) =0, foreveryy€eY and ¢ ¢ B.

We consider the A-embedding of Lip,(X) into Lip.(X,C(8N)) given

by
E, : Lip.(X) — Lip.(X,C(5N))
A — A XA
Given n € N such that 7(n) € A, we set 1, 4y : Lip«(X) — Lip.(Y),
given by
Pin,ay = PoPE 4.

Theorem 1.2 implies the existence of a Lipschitz map ¢, 4): Y — X
such that, for every A € Lip,(X),

1b(n,A) ()\) =)Ao P(n,A)-

The following lemma is an easy consequence of [25, Proposition 1.17].

Lemma 5.5. Ifn € N, then A, = {A € clop (SN) : 7(n) € A} is
an ultrafilter over the ring of clopen subsets of SIN.

In a compact Hausdorff space, every ultrafilter converges to a single
point, [27, Theorem 7.3.6]. Lemma 5.5 implies that 7(n) = lim,, A,,.
We now show that, given A; and As in A,, then the associated
Lipschitz maps are equal, i.e., ¥(n,4,) = P(n,A,)-

Lemma 5.6. Ifn € N, A; and Az are clopen subsets of SN such
that T(n) € Ay NAy. Then P(n,A1) = P(n,As)-

Proof. We first assume that A; C As and 7(n) € A;. If there exists
Yo such that ¢, 4,)(Y0) 7 P(n,4,)(Y0), We set Ao(2) = d(P(n,4,)(Y0), 2),
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with d the distance on X and z € X. Then we have that A\g € Lip,(X).
The multiplicative property of 1) implies that

Vin,a1)(A) = V(n,a5)(A) - Vn,a)(A), A € Lipi(X).

Therefore,
AO QP A) = A0 P(n,Ay) " A O P(n,Ay)-

This implies that, for every y € Y for which X o ¢, 4,)(y) # 0,
we have X o ¢, 4,)(y) = 1. However, Ao o ¢, 4,)(%0) # 0 and
A0 © P(n,42)(¥0) = 0. This contradiction shows that v, 4,) = ©(n,4,)
whenever A7 C A,. In general, given A; and Ay clopen subsets of
BN such that 7(n) € A; N Az, we have that ¢, 4,) = @(n,4,n4,) and
P(n,As) = P(n,A;nAz)- Lhis completes the proof. a

Lemma 5.6 allows us to define the sequence of Lipschitz maps
{‘pn,r(n)}n
Pn,r(n) = P(n,A)s

for any clopen set A € A,,.

Theorem 5.7. Let X andY be compact and connected metric spaces.
If ¥ : Lipe(X,l) — Lips«(Y,loo) is a homomorphism that preserves
constant functions, then there exist a continuous map 7 : SN — SN
and a sequence of Lipschitz maps op rn) 1 Y — X such that, for every
neNandyeY,

w(f)n(y) = ff(n) O Pn,r(n) (y)

If 1 is an isomorphism, then there exist a homeomorphism 1 : SN —
BN and a sequence of lipeomorphisms o, r(ny Y — X such that, for
everyn e N andy ey,

w(f)n(y) = ff(n) O Pn,r(n) (y)

Proof. Since 1 preserves constants, ¢ induces a linear and mul-
tiplicative map on C(SN). Theorem 1.1 asserts the existence of
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7 : BN — BN. Lemmas 5.5 and 5.6 assert the existence of Lipschitz
maps ¢y, r(n) : ¥ — X such that

#0x0 = { ), e

Pn,rn)(y) i 7(n) € A
Given f € Lip«(X,fs), we denote by f? the corresponding function
in Lip.(X,C(BN)), f? is clearly continuous relative to || - ||eo. It is
shown in [5, page 224], also [19, Theorem 1.13], that the tensor product
space C(X)®C(BN), with the least crossnorm, is dense in C(X, C(SN)),
the space of all continuous C(BN)—valued functions defined on X
and equipped with || - |[c. Therefore, there exists a sequence {F,}
in C(X) ® C(BN) that converges uniformly to f%. We identify the
space C(X) ® C(BN) with all the functions of the form Y ", \; o; with
Ai € C(X) and «; € C(BN). Each function F), is represented as follows:

kn
Fu(z) =) M(z)af,
i=1

with A\? € C(X) and af € C(BN). Without loss of generality, we may
assume that AP are Lipschitz functions, (see [13, Theorem 6.8]). On
the other hand, the following class of characteristic functions in C(6IN)

A={x4 € C(BN) : A is a clopen subset of SN}

(we recall that xa(§) = 1 if € € A and zero otherwise) separates
points. An application of the Stone-Weierstrass theorem (cf. [7]) asserts
that the algebra generated by A is dense in C(SN). Consequently, we
consider a sequence {F?}, converging uniformly to f? with F? given
by

kn

Fi(z) =Y A\ (@)X (2),

i=1

with A\ € Lip.(X) and A, ,, clopen subsets of SNN.

The continuity of 1)* allows us to conclude that

V(DY) = ¥ (f)aly)

kj
= Iim 3 N (e ®)) - X () (1)
=1
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for every y € Y and f € Lip. (X, f~). Therefore, we have

kj
V(fnly) = jlij;oz (Af -XA”') (#n,r(m) ()
If ¥ is an isomorphism, then Theorems 1.1 and 1.2 imply the existence
of a sequence of lipeomorphisms ¢,, () : ¥ — X and a homeomor-
phism 7. Proposition 5.2 asserts that 1) preserves constant functions.
The result now follows from the first statement. This completes the
proof. ]

Theorem 5.7 gives a procedure to construct examples of homomor-
phisms between spaces of £,,-valued Lipschitz functions. We now give
an illustrative example.

Example 5.8. We set X = Y = [0, 1] and select a sequence of
elements in the growth of N (i.e., in SN \ N). We represent this
sequence by {&,}n. We now set 7(n) = &,, for n € N, and extend
7 continuously to SN. We also assign ¢, r(n)) = Idp, 1. Given
f € Lip«(X, ) we have

@) = {f (@) }eeon.
We define 1) as follows:

V(W) = LW, FLW), - W), ).

The map 1 is a homomorphism on Lip. ([0, 1], £s).

As for the case of C valued Lipschitz functions, [26, Theorem 2.6.7]
implies the following characterization of isometric isomorphisms.

Corollary 5.9. Let X and Y be compact and connected metric
spaces. If 1) : Lip.«(X, o) — Lip«(Y, o) is an isometric isomorphism,
then there exist a homeomorphism map 7 : BN — BN and a sequence
of surjective isometries @p rn) : Y — X such that, for every n € N
andy €Y,
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6. Final remarks. Kamowitz and Scheinberg, in [18], gave a
characterization of compact composition operators between spaces of
scalar valued Lipschitz functions. We consider compact metric spaces
(X,d) and (Y, D) and a Lipschitz function ¢ : ¥ — X, the composition
operator determined by ¢, ¥ : Lip.(X,d) — Lip.(Y,D) given by
W(f) = f o is compact if and only ¢ is super-contractive, i.e.,

d(p(), p(y))

=0.
d(z,y)—0 d(l‘, y)

We use this result to derive the form of compact homomorphisms
between algebras of B valued Lipschitz functions.

Theorem 6.1. Let X be a compact metric space and Y a compact
and connected metric space. If 1 : Lip, (X, c) — Lip«(Y, ) is a compact
homomorphism such that ¥(1x) = 1y, then there exist a continuous
map T : N — N and super-contractive Lipschitz maps @y, r(n) Y — X

(n € ﬁ) such that, for alln e N andy € Y
¢(f)n(y) = f‘r(n) O Pn,7r(n) (y)

Proof. We assume that 1 is compact. For a fixed n € 1/\\1, Ynr(n)
Lip.(X) — Lip.(Y) is given by

wn,T(n) ()\) = inE.,_(n) ()\) =)o Spn,'r(n)v

following Theorem 4.3. We also recall that P, is a projection into the n
position and E. () is the embedding into the 7(n) position, as described
in Remark 2.2. Therefore 1, ;(,) is compact and Theorem 1 in [18]
implies that ¢, () is super-contractive. ]

Similarly, the following theorem is a consequence of Theorem 5.7 and
Theorem 1 in [18].

Theorem 6.2. Let X be a compact metric space and Y a compact
and connected metric space. If ¥ : Lip«(X,loo) — Lip«(Y,lso) is a
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compact homomorphism that preserves constant functions, then there
exist a continuous map 7 : PN — BN and super-contractive maps
Pere) Y = X (€€ BN) such that, for everyn € N andy €Y,

6.1. Lipschitz algebras without unit. The spaces ¢y and £, with
1 < p < oo are Banach algebras without unit. Following a construction
in [22], we can isometrically embed each space into an algebra with unit,
co @ C and ¢, @ C, respectively. The multiplication is then defined by

(@, A1) - (¥, A2) = (Ao + My + 2y, A1 \2)
and norm

(@ M= llzlloo + Al

It is easy to see that ({0},,1) is the unit and the spaces co, ¢, are
isometrically isomorphic to co®{0} and £,®{0}, respectively. A similar
argument to the one presented for the proof of Corollary 3.4 shows that
co @ C and ¢, & C are semi-simple algebras. Corollary 2.3.7 in [22]
says that every subalgebra of a semi-simple algebra is semi-simple. This
implies that ¢y and ¢, are semi-simple and therefore Proposition 3.3
implies that Lip.(X, co) and Lip.(X,¢,) are also semi-simple.

In addition, a homomorphism from Lip. (X, ¢¢) into Lip. (X, ¢cg), with
X a compact and connected metric space, is lifted in a natural way to
a homomorphism 1 from Lip. (X, co @ C) into Lip.(X, co & C):

U(f)(@) = (@(f1)(@), fo(x)), forall z € X.

It is straightforward to check that {E is a homomorphism that extends 1.
Most of the results of the previous sections hold for a homomorphism
¥ on Lip«(X,co & C) and therefore for ¢ on Lip.(X,cp). Similar
considerations also apply to ¢, with 1 < p < oco.

Acknowledgments. The authors wish to thank the referee for a
careful reading of this paper and suggestions that improved the ex-
position. We should also note that a referee suggested an alternative
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approach which uses an isomorphism between Lip. (X, ) and a Lips-
chitz space of scalar valued functions defined on a noncompact metric
space.
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