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NONLINEAR ELLIPTICITY ON UNBOUNDED DOMAINS

VICTOR L. SHAPIRO

ABSTRACT. With © ¢ RY an unbounded open connected
set, and
N

Lu=— Z Djp;Dju+ qu,
j=1

new results for the equation
Lu = p\iu— apu™ + pg (z,u) + h

will be obtained where a > 0, A1 is the principal eigenvalue
associated with the elliptic operator L and L¢1 = pAi1¢p1. The
results presented will constitute a five-way improvement over
previous results on the subject. In particular, p and p; will
not be assumed to be integrable on Q. Also, it is possible
that g(z) — oo as |z| — oco. Examples will be given using the
Schrédinger operator, the Hermite operator and the Laguerre
operator.

1. Introduction. Let Q T RN, N > 1, be a domain (i.e., open
connected set) which may be unbounded, and let p and ¢ denote
functions in C(Q2) and py,... ,py denote functions in C*(£2). Assume
that p>0,¢g>0and p; >0in ), for j=1,... ,N.

We deal with the elliptic operator
N
(1.1) Lu= —ZDj [pjDjul + qu + paou

=1

where ag € L*(Q) and ag > 0.
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Also, let T' C 99 be a fixed closed set. (I' may be the empty set and
¢ may be identically zero.) We introduce the real pre-Hilbert space:

(1.2) Ct. (Q,T)

p,q,p

:{ueC(ﬁ)ﬂCl(Q):u(x):OforalleF;

/Q {ij;pj(l)ju)z +(p+ Q)uz] dr < 00}

where p = (p1,...,pn). In C}_ (Q,T), we have the inner product

P:d:p
N
03 {whao= [ | X mDubst o+ gue| ar
j=1
p ¢ ,(£,T) will be the real Hilbert space that we obtain by complet-
ing C, , ,(Q,T) with respect to the norm
[ully,q,0 = (u; u>1177/c127p

by the method of Cauchy sequences. LZ(Q) will be the real Hilbert
space with the inner product

(u,v), = /qup dx where ||u||i = (u,u),.

In a similar manner, we have the spaces L2(2) and L%j Q), j =
1,...,N. Hence, we see from (1.3) that

N
(1.4) (U, V) p.g.p Z (Dju, Djv)p, + (u,v)q + (u,v),.
j=1

Also, in the sequel, sometimes we shall write H.
C;qp for C} , ,(Q,T) and L2 for L2(Q).
Next, we introduce the two-form corresponding to the elliptic opera-

tor Lu defined in (1.1), namely,

, for H} (Q,T),

P‘I p.q;p
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N
(1.5) L(u,v) = / {ijDjuDj'U + (app + quv| dx
QL%
Jj=1
for u,v € H;’q’p.

We have the possibility of (1.1) being singular because the p}s may
tend to zero on all or part of 912, or 2 may be unbounded, or both.
These two possibilities give rise to singular differential operators (see
[2, pages 661-662]). The example we provide involving the Laguerre
operator in Section 6 illustrates both possibilities.

We shall assume that €2, I' and the operator L satisfy the following
conditions (O1)—(Og3) which we shall refer to as V¢ (€, I")-conditions.

(O1) There exists a complete orthonormal system {¢,};2, in L%(Q).
Also,
bp € H: (Q,T)NC*(Q) for all n.

Pg:p
(O2) There exists a sequence of eigenvalues { A, }2; with

0< A< A3 <A, — 00

such that L(¢n,v) = Xn(dn,v), for allve H) , (Q,T).
(O3) A1 is a simple eigenvalue and ¢1(x) > 0 for all x € Q.

We give three examples of V¢ (Q,I')-conditions later on, but, for
starters, using the Hermite functions, the following remark is clear (see
[6, pages 244 and 416]).

Remark 1. It is apparent with Q = R2?, p; = po = 1, p = 1,
q=1z%+2% ap =0 and

Lu=—Au+ (27 + x%) u,

where A is the Laplacian that Q, with I" the empty set, and L fit the
definition of satisfying the

V¢ (Q,T) — conditions.
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Remark 2. Because of a well-known result due to Molchanov, [9,
pages 239-245], the 22 + 23 in Remark 1 may be replaced by a ¢(z)
such that

lim ¢ (z) = 0.
|z|—o00
So,
Lu=—-Au+q(z)u,

and we see the V9§ (,I')-conditions cover the familiar Schrédinger
operator.

We have more to say about the Schrédinger operator in Section 4
below.

V¢ -conditions differ from the V', -conditions introduced in [10, page
328] in the following three ways: (i) Q may be unbounded; (ii) p and p;
are not assumed to be integrable on €; (iii) ¢,, € L*°() is not assumed.
Also, there is a g(x) in the definition of L(u) defined here which is not
in the L(u) that is used in [10]. But the example where Q C R? is a
rectangle given in [10, pages 329-330] satisfies the V¢ (2, I")-conditions
stated here.

We study the following problem:

(1.6) {LU:)\lpu—apu + pg (z,u) + h,

we H!, (Q,1),

p.q,p

where o > 0, h € H!_(Q,T)* (the dual of H! (Q,T)) and u~ =

p.q;p p,q,p
max (0, —u) in Q.
We shall assume the following three conditions for ¢:

(9 — 1) g(x,s) is a Caratheodory real-valued function, i.e., for each
s € R, the function z — ¢g(z,s) is measurable in 2, and for almost
every x € Q, the map s — g¢(z, s) is continuous on R.

(9 — 2) There exists a b € L2(2) with b > 0 almost everywhere in Q
such that

lg (z,8)| <b(xz) for almost every x € Q and s > 0.

(9 —3) For every & > 0, there exists a b. € L2(Q) with b, > 0 almost
everywhere in ) such that

lg (z,8)| <els|+ be (x) for a.e. x € Q and s < 0.
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By a weak solution to problem (1.6), we shall mean a function
ue Hy, ,(QT) for which

(1.7) L(u,v) = (Mu—au” +g(,u),v),+h(v)

1
forallvEHpqp

(@Q,T).
Also, we shall set G(z,t) = fo x,8)ds, and suppose that the

following solvability condition holds.
(1.8) hm {/ G (z,td1 (x)) p(x) dz+ h(tor) } = +00.
We now state the main result of this paper.

Theorem 1.1. Let Q C RN, N > 1, be a domain with T C 0Q a
closed set, and let p and q denote functions in C(Q2) and p1,...,pN
denote functions in C'(Q). Assume that p > 0, ¢ > 0 and p; > 0 in
Q forj=1,... ,N. Also, let the operator L be defined by (1.1), and
assume that Q, I' and L satisfy the V§ (Q,T') -conditions. Suppose also
that (g9 — 1)—(g — 3) holds, that h € H; 0oL )", that a > 0, and that
the solvability condition (1.8) holds. Then problem (1.6) has a weak

solution v € H) . (Q,T).

We see that Theorem 1.1 is a five-way improvement over the cor-
responding Theorem 1.1 in [10]. First of all, we do not assume that
Q c RY is a bounded domain. Secondly, we do not assume that
p € LY(Q) or that p; € LY(Q) for j = 1,...,N. Thirdly, we do not
assume that ¢, € L°°(Q) where the ¢, are the eigenfunctions that
arise in the definition of the V¢ (Q,T')-conditions. Fourthly, we do not
assume that

(1.9) lim g (z,t) = g4 (z) for a.e. z € Q.

t—o00

Also, we do not assume that
2G (z,s) — g (z,t) > =b"" () |t]

for almost every z € Q and t < 0 where b**(z) € L?(Q2) and b**(z) > 0
almost everywhere in €.
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Fifthly, the solvability condition given in (1.8) above is more general
than the solvability condition given in (13) of [10], i.e., if (1.9) is
assumed, then the solvability condition (13) which is the following

/Qg+ (2) 61 (2) p (&) i+ h (61) > O,

implies the solvability condition (1.8) (as an easy calculation shows).
So, indeed, Theorem 1.1 above is a five-way improvement on Theo-
rem 1.1 of [10].

In Sections 4, 5 and 6 of this paper, we will give examples of 2, T’
and L, which are covered by the V¢ (,T')-conditions stated here but
not by the V1 (€,T')-conditions in [10].

If we assume that, in addition, to (¢ — 1)-(g — 3) and (1.9) the
nonlinearity g also satisfies

(g—4) g(z,s) < gy (z) forae zeQandseR,

then the solvability condition is also necessary for obtaining a weak
solution u € H} , (Q,T) of problem (1.6). We state this fact in the
following theorem.

Theorem 1.2. In addition to the assumptions of Theorem 1.1,
suppose also that g satisfies (1.9) and (g — 4). Then the solvability
condition (1.8) is both necessary and sufficient for obtaining a weak

solution w € Hy , (Q,T) to problem (1.6).

We now give a proof of the necessary condition in Theorem 1.2. The
sufficiency part is an immediate corollary of Theorem 1.1.

Proof that (1.8) is a necessary condition. Suppose thatu € H) , (,T)
is a weak solution of (1.6). So, in particular, (1.7) holds with v = ¢;.
Consequently,

/Qg(x,uwl (z) p(z) dz + h(p1) > 0.

But then it follows from (1.9), (¢ — 2), and (g — 4) that
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(1.10) /Q g1 (2) én (2) p (z) da + h (61) =7,

where v > 0.

Next, using the Lebesgue dominated convergence in conjunction with
(9 —2) and (1.9), we see that

lim 2 [ G (a,td) p(x) do = / a4 () b1 (2) p () do.

t—oo t Q

Therefore, it follows from (1.10) that

and condition (1.8) is established. O

2. Preliminary lemmas. Throughout this section, we will assume
Q C RN, N > 1, is a domain (which may be unbounded), that p
and ¢ denote functions in C(2), that pi,...,pny denote functions in
C'(Q), and that p > 0, ¢ > 0 and p; > 0in Q, for j = 1,... ,N.
We will also assume that Lu is given by (1.1) and that the V¢ (Q,T')-
conditions hold. Furthermore, throughout this section and Section 3,
we will assume that

(2.1) ag (x) > 1 almost everywhere in €,

where ag is given in (1.1). There is no loss in generality in making this
assumption because a weak solution of the problem

Lu+ pu= (A + 1)pu — apu™ + pg (z,u) + h,
we HL, (Q,T),

p.q,p

is also a weak solution of the problem (1.6).

Because of our assumption (2.1), we see from (1.4) and (1.5) that

(2.2) (U, w)p.gp < L(u,u) forallue HE  (Q,T).

p,q,p



2022 VICTOR L. SHAPIRO

As a consequence of this inequality and the fact that ag € L>=(2), we
have the following lemma.

Lemma 2.1. Let L(u,v) be as defined in (1.5) where (2.1) holds,
and let (u,v)pq,, be as defined in (1.4). Then L(u,v) and (u,v)pq,p

are equivalent inner products for H;!q!p(ﬂ, ).

The following are important consequences of the V§ (€, T")-conditions
and Lemma 2.1:

(i) For v € L2(Q), let 5(n) = (v,¢n), for all n. Then, for
v,we L2(Q),

(2.3) (v,w), =Y B (n)@(n);

(ii) A1 > 1 and {dn/VAn}22, constitutes a complete orthonormal

system for H} , (Q,T) with respect to the inner product L(-,-).

Consequently,

(2.4) Lv,w) =Y AT (n)D(n),
n=1
for all v,w € H, , ,(Q,T).
Also, we will need the following lemma.

Lemma 2.2. Let L(u,v) be as defined in (1.5) where (2.1) holds, and
assume the V§ (Q,T)-conditions hold. Also, assume that v € L3(Q).
Put 5(n) = (v, ¢n), for all n. Then v e H} , (Q,T) if and only f

> Ao () < o
n=1

Proof of Lemma 2.2. The proof of the only if part follows from (2.4).
The proof of the if part is essentially the same as the proof given in
[10, page 336], and we leave the details to the reader. O
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The proof of the next lemma is exactly the same as that given in [11,
page 38].

Lemma 2.3. Assume the V§ (Q,T)-conditions hold. Then H} , ,(,T)
is compactly imbedded in L2(2).

Next, we set

‘C(uvu) A1 <u7u>P O‘<uiau>[)
2 2 2

—/pG(x,u) dx — h(u)
Q

for v € Hy,,(Q,T), where G(z,s) is defined above in (1.8) and
heH! (Q,1)"

P.g,p
Lemma 2.4. Assume the conditions in the hypothesis of Theorem 1.1

hold. Then

[t]—o0

Proof of Lemma 2.4. Suppose first that ¢ > 0. Then, it follows from
the definition of I(u) and the fact that ¢; > 0 that

T(t60) == [ pG(oto0)do—h(ton).
Solvability condition (1.8) then implies that
(2.5) tli)rgof(tqbl) = —00..
Next, suppose that ¢ < 0. Then,

I(t¢1) = —2*1t2a/ ®2pdr — / pG (z,tp1) dv — h (thr1)

(2.6) @ @

=271 — / pG (z,tp1) dx — th (f1) ,
Q
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for t < 0. Now, for e > 0 and ¢t < 0, it follows from (g — 3) that
|G (z,th1)| < be () ¢1 [t] + et?oF

for almost every = € € where b, € L2(Q). Hence, we obtain from this
last inequality that

lim ¢2 / pG (z,tp1) dz| < ¢,
t——o0 Q
and consequently, since ¢ is arbitrary that
lim 2 / pG (z,tp1) dx| = 0.
t——o0 Q

This last fact together with (2.6) in turn implies that

lim L(té1)

=—-2"ta.
t——oco 2

The limit in (2.5) together with this last limit shows that

lim I (t¢1),= —o0,

[t|—o0

and the proof of Lemma 2.4 is complete. O

Next, let V' designate the closed subspace of H, , ,(€,T') as follows:

4P

(2.7) V={veH,, (QT): Lv,¢1)=0}.

a0l
For v > 0, we also introduce the following closed subset A, of
H;7q7p(Q,F):

(2.8) A, = {u ceH!, (QT):u= ’y[ﬁ(v,v)]l/Q o1+

p,q,p

where v € V}.

J(u) will be the functional defined on H, , ,(Q,T) as follows:

(2.9) J(u) — 'C(Q;’ u) . >\1<U2, U>p a(u;, u>p.
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We prove the following lemma for J(u).

Lemma 2.5. Assume the conditions in the hypothesis of Theorem 1.1
hold, and that (2.1) is true. Then there exist positive constants 1 and
b1 such that

(2.10) J(u) > p1L(u,u) forue A,,.

Proof of Lemma 2.5. Using (O2) of the V¢ (2, T')-conditions, we select
n1 > 3 such that

(2.11) An— A1 >6(a+3) forn>n;.
. 1 .
Then, given u € H, , ,(Q,T), with

U=w-+wv

where v € V, with V defined in (2.7) and w = u(1)¢;, we see from
(03) that

v= Z u(n) dn
n=2
We set
(2.12) v =Y ()¢, and wvy= Y @(n)en,
n=2 n=ni+1
and obtain from (2.11) that
L(vz,v2) = A1 {vz,v2)p = (A = A1) [ (n)]?
(2.13) n:;—i—l

> 6 (o + 3) (v2,v2),.

Also, from the first equality in (2.12), we obtain that

1

S () 6 ()

n=2
> lén (@)
n=2

o1 ()] =

(2.14) "

S <Ula vl)fl)/Q
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Since each ¢, € L%(Q), we can find Q; such that Q; is compactly
imbedded in 2 and

|3 ton @ pe < (o = A0) /320

\51 n=2

So we see from (2.14) that

(2.15) / o (@) pdr << 1,01 >, (A2 — A1) /320
Q

1

Next, since Q; is compactly imbedded in €2, we see that there are an
o > 0 and an R; > 0 such that

(2.16) ¢1(x) >eo and Z | (2)]> < R? forallz e Q.
n=2

Consequently, we obtain from (2.14) that
vy (2)] < L(vr,01) 2Ry /AY? for all 2 € Q.

We choose o
1 = Ri/(z0M?).

Then, it follows from this last inequality that
(2.17) ML, v)2¢ (z) + v (z) >0 for all z € Oy,
because

NL(w,0) 2y () > RiL(vy,v1) Y20/ (200 %)
Z L(’Ul, 1]1)1/2R1//\§/2
> —v (z)

for all z € Q.

Next, with 1 chosen as above, we have that

u (@) =1L, v)" 21 (z) + v1 () + 02 (2)
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for u € A,,. Hence, it follows from (2.17) that

u” (x)

< vy for all z € Q
(2.18) ;vz () forallz 1

(v1 +v2)” (z) forall x € Q\Qy
foru e A,,.
We infer from (2.9) and this last of inequalities that

20 (1) >3 (e — ) [ () — a/ (v7)? pde

(951

- Oé/ [(01 +v2) " pda

(2.19) n=2

forue A,,.

Next, we see that

oo

(2.20) 271 ) (=) fa(n)]? - 2a/ vipdz >0,

n=ni1+1 Q

because from (2.11) and (2.12), we obtain that the left-hand side of
this last inequality majorizes

3(@+3) Y [amP-2a > [a(n)*>o0.
n=ni+1 n=ni1+1

Likewise, we see that

ni
(2.21) 271 (A = M) (n))? - 2a/ vZpdx >0,
n=2 Q\Ql
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because from (2.12) and (2.15), we have that the left-hand side of the
inequality in (2.21) majorizes

A2 — A = -
2—12 _Al |2_ 216 1Z|u(n)2
n=2

We consequently conclude from (2.19), (2.20) and (2.21) that

[ee]

Z n = A1) @ ().

By (03) in the V¢ (Q,T)-conditions, A\; is a simple eigenvalue. Fur-
thermore, A, — co. Consequently, there exists a 5 > 0 such that

(A — A1) /4> BN, forn>2.

We infer from these last two inequalities and (2.12) that

w) 2 B Al (n)] = BL(v,v).

On the other hand, we see from the definition of A,, that
L(u,u) = (712/\1 + 1) L(v,v).
We conclude from the previous inequality that

J(u) = BrL(u,u)
for u € A.,,, where 81 = B/(7i 1 +1). O

Next, we establish the following lemma.

Lemma 2.6. Assume the conditions in the hypothesis of Theorem 1.1
hold and that (2.1) is true. Then, with v, as in Lemma 2.5 and

(2.22) I(u)=J(u)— /Q G(z,u)pdx — h(u),
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the following holds:

lim I(u)=40c0 forueA,,.

llull,,q,,—00

Proof of Lemma 2.6. With 31 > 0 as in Lemma 2.5, we invoke (g —2)
and (g — 3) and choose € = 81 \1. Then

|9 (2,5)] < els| +be (x) + b (x)
for s € R and almost every z € €, where b., b € L2(€). With
G(z,s) = [, g(x,t)dt, we see that
|G (z,5)| < els|* 2+ (be (@) +b()) ]3] -

Consequently,
/Q |G (@) pdx < Bid ||l /2 + (b + B, [|ull, -

But then it follows from (2.22) that there is a positive constant ¢; such
that
I(u) > J (u) = BrL(u,u)/2 = er L{u, )"/,

where we made use of the fact that Ay ||ul|2 < £(u,u).

Next, we use Lemma 2.5 in conjunction with this last inequality
involving I(u) and obtain

I(u) > B1L(u,u)/2 —c1L(u,u)?,
for uw € A, . This last fact implies that

lim I(u)=+oc0 forueA,,
L(u,u)—00
which completes the proof of the lemma because, according to Lemma 2.1,
L(-,-) and (-, -)p.q,, are equivalent inner products on H, , ,(2,T). 0O

In order to prove Theorem 1.1, it will be necessary to show that I(u)
satisfies the (PS)-condition, which is that I € C'(H} , ,,R) and the
following hold:
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Let {un}>2, C H}, (Q,T), and suppose that

pqp

(i) {I(un)},2, is a uniformly bounded sequence,

(223) . / .
(ii) I'(up) — 0 in norm as n — oo.
Then, there exists a subsequence {uy, }7°; and au € H p 0.p(§, 1) such
that
(2.24) klingo [wn, —ull,,, =0

We next prove the following lemma about I(u) satisfying the (PS)-
condition.

Lemma 2.7. Assume the conditions in the hypothesis of Theorem 1.1
hold and that (2.1) is true. Then, with J(u) defined by (2.9) and

I(u)=J(u) —/ G(z,u)pdx — h(u) forue pqp(Q ),
Q
I(u) satisfies the (PS)-condition.

Proof of Lemma 2.7. Using (2.9), we compute the Gateau derivative
of I(u) and obtain

(2.25) I'(u) () = L(u,2) — M (u, 2), + alu™, 2),

foru,z € H!  (Q,T).

p.q;p
It is easy to see from this last computation that, as an element in
(Q,T)*, I'(u) is continuous with respect to u for u € H}  (Q,T).

gy
Hence, I € C*(H,, ,,R).

Next, suppose that {u,}o>; C H,, ,(Q,T) and that (2.23) (i) and
(ii) hold. To complete the proof of the lemma, it is sufficient to show
that there exists a subsequence such that

P‘IP P‘IP

(2.26) {H“nk”p,q,p}k . is uniformly bounded.
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To see that this is indeed the case, suppose (where for ease of notation
we use the full sequence)

(2.27) unll,,, <c foralln,

and (2.23) (i) and (ii) hold. Then, from Lemma 2.3 and the well-known
Hilbert space theory, it follows that there is a subsequence (which once
again we take to be the full sequence) and a u® € H! (2, T) such that

P.a.p
. N gl
(i) wp —u® in H,,
. o : 2
(2.28) (i) up —u in L, (),
(iil) up = u® a.e. in £,
(iv)  |up ()] < f(z) a.e. in Q for all n,

where f € L2(Q).
From (2.23) (ii) and (2.27), we see that

I' (up) (up —u®) = 0 as n — oo.

Hence, using (g —2) and (g — 3) in conjunction with (2.28), we can then
infer from (2.25) that

L(tp,up —u®) — 0 asn — oo.
On the other hand, from (2.28), we have that
L(u® up —u®) — 0 asn — oo.
Putting these last two facts together gives
Lty —u® u, —u®) — 0 asn — oo,

which is our desired result because L(-,-) and (-, -)p,q,, are equivalent
inner products.

So, to complete the proof of the lemma, it remains to show that
(2.23) (i) and (ii) imply that (2.26) is valid. We now do this.

Suppose then that we are given a sequence {u,}52; C H;’q’p(Q, )
for which (2.23) (i) and (ii) are valid and for which the condition in
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(2.26) does not hold. Then, since I € C1(H}

P,qu)» without loss of
generality, we can assume

1
up € Cp . ,(Q,T) for all n,
and that
(229) nli)ngo ||U'"||p7q,p = <.

We will show that this last fact leads to contradiction of the solvability
condition (1.8). In order to do this, we set

and see that ||Upllpq, = 1 for every n. Hence, as before, from
Lemma 2.3 and the well-known Hilbert space theory, it follows that
there is a subsequence (which once again we take to be the full sequence)
and a U € H!_ (Q,T) such that

Piasp
(i) U,—U in H,,
. T2
(2.31) (i) U,—=U in L7 (Q),
(iii) U, - U a.e. in Q,
(iv) |U,(z)] < F(z) ae. inQ for all n,

where F € L2(9).
Next, we observe from (2.23) (ii) that

lim I/ (un) (¢1) / Huanﬂ,p = 0’

n—oo

and consequently, from (2.25) that

lim |a(U, ,¢1), — M

n—00 |len

=0.

pP,q,p

It is easy to see from (g —2) and (g — 3) that

o (9 Cun) 01,

n—oo ||y

=0.

p,q,p
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So we conclude from (2.31) that
[0 @1 (@) o) dz =0,
Q

But ¢1(x) > 0 everywhere in Q. Hence, we obtain from this last fact
that

(2.32) U(x)>0 a.e. in (.

Next, from (2.30), we see that

(1Tl =1 for all n.

p.q,p

Therefore, from (2.23) (ii), we obtain that

lim I/ (U'n,) (Un) / ||uﬂ||p,q,p =0.

n—oo

Hence, from (2.25), we get that

(2:33)  lim {L(Un, Un) = M (Un, Un), + (U, Un),
=g (s un),Un)p + 1 (Un))/ lunll, 4,1 =0

From (g — 2), (g — 3) and (2.31) (iv), we obtain once again that

<g ('v un) ) Un>P

lim =0.
neree Hu”Hp,q,P
Likewise, we see that
h (U,
i Un) g,
n=00 [|unll, 4 ,

Also, from (2.31) (iii), (iv) and (2.32), we see that

lim (U;,U,), = 0.

n—oo
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We conclude from these last three facts and (2.33) that

(2.34) lim [£(Un,Up) — M (Un, Uy),] = 0.

n—oo
Next, we write

(2.35) U,=W,+V, and U=W+V

where (¢1,V,), =0, (¢1,V), =0, and

(2.36) Wy =cppr and W =c ¢,

with ¢, ¢® real constants.

It follows from (2.1) that
L(U,,Up)>1

and from (2.34) that
lim £(V,.,Vz) = 0.

Also, from (2.31) (ii), we see that

lim ¢, = c°.
n— o0

Hence, we infer from (2.30), (2.31) and (2.32) that V' =0 and

(2.37) U=c¢; with ¢®>0.

Also, from (2.31) (i) and (2.34), we obtain that

(2.38) lim L(U, —U,U, —U) = 0.

n—oo
Next, we set
(2.39) Up = Wy +Up, where (Wy,v,), =0

and wy, = Up(1)$1 with U, (1) = (un, 1),



NONLINEAR ELLIPTICITY 2035

Also, we set
(240) ﬂn =M [‘C(vnv Un)]l/z ¢1 + vn

where 7; is defined in Lemma 2.5.

From (2.39) and (2.40), we infer that

(2.41) Up = Cn®1 + Up.
where
(2.42) e = {n (1) = 31 [£as 0a)) .
We claim
(2.43) {En/ ||un||p’q’p}:i1 is a uniformly bounded sequence.

Suppose the claim is false. Then, without loss in generality, we can
assume that

nh~>nc}o ||u”||pv‘Z7P/ |Cn| =0and nh—{go |Cn| -

But then it follows from (2.41) that

(& U
=1+ =
|cnl

=0.

p.q,p

(2.44) lim

n— oo

[

We see from (2.40) N
E—n| €A, foralln,
Cn

where A, is defined in (2.08). However, A,, is a closed set in H}

Pdp°
Also, at least one of the following two cases prevail:

(i) ¢, > 0 for a countable number of n;

(ii) ¢, <0 for a countable number of n.

If case (i) holds, we conclude from (2.44) that —¢; € A,,. But, from
the very definition of A,, this cannot be true. Likewise, if case (ii)
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holds, we arrive at a contradiction. Hence, the claim in (2.43) is indeed
valid.

From (2.43), we see that there is a subsequence (which for ease of
notation, we take to be the full sequence) such that

m = #
(2.45) nIL%C"/ [l || cr.

P,a,p

Next, we obtain from (2.37) and (2.38) that

: o _
nh_}rrgo ‘ Un/ |unll, 4., — P21 v 0.
Hence, we infer from (2.41) that
lim Cnfy Un- 1 =0.
nree ”u””Pﬂ,P ”u””Pﬂ,P P.a,p
But then, from (2.45), we have that
i )y + Un,. —0
i || (e =) o [t e
PP lp,q,p

However, once again we see that ,./||u,]|

closed set in H;’q’ p» it follows that

pap € Ay Since A, is a

— (c# - c°) o1 €A,
But, from the very definition of A, this last fact implies that
=0,
Consequently, we obtain the following from (2.29), (2.37) and (2.45):

(i) there is an ng > 0, such that ¢, > 0 for n > ng;
(2.46)

(i) nh_)n(go Cn, = 0.

From this last inequality, we see from (2.41) that

(2.47) u, () <a, (x) forall z € Qandn > ng.
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Also, we obtain that

(2.48) (Upy , Un)p > —(TUy, , Uy )p fOr n > ny.
Next, we claim that

(2.49) {Hﬂn||p7q7p} ) is a uniformly bounded sequence.

Suppose the above claim is false. Then, without loss of generality, we
can assume that

(2.50) nh_{rgo | 0.

P.ap
Also, from (2.25) and (2.41), we have that

I (un) (Un) = L(Un, Un) — M Uy Un)p + 0 < up, Undp
— (9 (-, un) van>p — h (),

and consequently from (2.48) that

I (un) (Un) > L(tn, Un) — A1 {Un, Un)
+ Oé<’(7;,’(7n>p - <g (7“%) aﬂn>p —h (an)

for n > ng. But then it follows from this last inequality, (2.9) and
Lemma 2.5 that

(2.51) r (un) (Un) > 281 L(Un, Un) — (g (-, Un) van<p_h (tn)

for n > ng where 81 > 0.

Next, with
F,={x€Q:u,(z) <0},

we see from (g — 2) that

[{g (- un) s un)ol < |I0I], Il +/F |9 (2, un)| [tn| pd.

n
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However, it follows from (g — 3) and (2.47) that, given £ > 0,

~ ~_ 12 ~
/|g<x,un>||un|pdxsf/F [ o+ 1], nll,

n

for n > ng.

We conclude from these last two inequalities and (2.50) that

. ~ ~ 12
nh_{I;Q |<g (.’ un) ’un>P| / ||un||p7q,p S €.

Since € is an arbitrary positive number, we have that

. ~ ~ 12
’I’L].Lngo |<g (,Un) 7un>P| / ||un||p7q,p =0.

Observing that L(in,Un) > |[Unll2, ,, this last fact together with
(2.51) gives
lim inf I’ (un) (i) / |tnl2, , > 261,

n—00 PP =
where 81 > 0.
On the other hand, it follows from (2.23) (ii) that

Lim I (un) (@) / [l = 0.

We have arrived at a contradiction. Hence, the claim (2.49) is indeed
true.

Next, we observe that (2.46) and (2.49) along with (¢ —2) and (g —3)
imply that
(2.52)
{ / [G(z,upn) — G(z,Cn1)]p dx} is a uniformly bounded sequence.
Q

n=1

To see that this last assertion actually is true, we obtain from the
definition of G(x,s) and (2.41) that

Cnd1(x)+in ()

(2.53) G(x,un)—G(x,EnqSl):ﬂ o g(@,5) ds.
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From (2.46) and (Og), we see that ¢,¢1(z) > 0 for n > ng. So one of
the following three cases arise:

(i)  tn (2) <0 and [u, (z)] < ngr (2);
(iil) @, () <0 and ¢,¢1 (x) < —Up ().

If case (i) or (ii) holds, then it is clear from (g — 2) and (2.53) that

Gz, un) — G(z,Eng1)| < [b ()] [un ()]
If case (iii) holds, then choosing € = 1 in (g — 3) shows that

|G, un) = Gl,E1)| < [b(@)] [0 (2)] + [Gn (2)]” + |1 (@)] i ()],

where both b and by are in L2(€2).

The assertion in (2.52) follows immediately from these last two
inequalities and (2.49).

We will now complete the proof that (2.29) is false by showing that
(2.29) leads to a contradiction.

From the condition in hypothesis (2.23) (i), we see that

(2.54) {I (un)},2; is a uniformly bounded sequence.
where, using (2.41),

1 1t) = J (1) — [ 16 ) = G w2060 oo+ )
(2.55) @

where
2J (un) = L(Un, Un) — X (Un, Un)p + (U, , Un)p.

Using (2.41), a computation shows

C(unaun) - )\1 <unaun>p = »C(ﬂna ﬂn) - )\1 <ﬂna ﬂn>p
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Likewise, using (2.47), we see that

|<u;aun>p| < |<ﬂr_uﬂn>p| )

for n > ng.

We conclude from these last two facts along with (2.49) that

(2.56) {J (un)},;—, is a uniformly bounded sequence.

Next, since h is a bounded linear functional on H;, q.p» We obtain from
(2.49) along with (2.52) that

o0

{/Q (G (z,u,) — G (2,¢,01)] pdx + h (1) }

is a uniformly bounded sequence.

n=1

This last fact in conjunction with (2.54), (2.55) and (2.56) gives that

[ee]

{/QG(Q:,Enqbl)pdx—i—h(Enqbl)}

is a uniformly bounded sequence.

n=1

On the other hand, we are assuming the solvability condition (1.8). So
we obtain from (2.46) (ii),

n—0o0

lim {/ G(x,5n¢1)pdx+h(5n¢1)} = 00.
Q

We have arrived at a contradiction. Hence, (2.29) is not valid, and
(2.26) is indeed true. This fact completes the proof of the lemma. O

3. Proof of Theorem 1.1. Throughout this section, we will assume
that

(3.1) ap () > 1 almost everywhere in (2,

where ag(z) is given in (1.1). As shown in the first paragraph of
Section 2, there is no loss in generality in making this assumption.
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Because of assumption (3.1), we see from (1.4) and (1.5) that

(U, V)p g, and L(u,v) forall u,ve H;’q’p

are equivalent inner products on H;_q_ o

We will prove Theorem 1.1 by showing that I(u), defined in Lemma 2.7,

has a critical point, i.e., a function ug € H, , , such that

(3.2) I' (ug) (u) =0 for all u € H}

p,q,p’

where I’(u) is defined in (2.25).

If ug satisfies (3.2), then I(ug) is called a critical value of I. To be
explicit, we will establish Theorem 1.1 by showing that I has at least
one critical value . We accomplish this by means of linking theory.

Given a Banach space X, let Y be a finite-dimensional subspace of
X, and let E C X be a closed set. For r > 0, set

33) Ye={yeY:|yl<r} and 9Y,={yeY:|yl|=r}.

Suppose that there exists an r; > 0 such that
Y, NE =0.
Let
(3.4) UV={yeC(X,X):¢(y)=yforall yedY, }.
Then we say 0Y,, and F link, provided

YY) NE#@ forally e P.

The following theorem prevails (see [11, page 127]) about sets 9Y,
and E which link.

Theorem A. Suppose X is a Banach space, Y C X is a finite-
dimensional subspace and E C X is a closed set. With Y, and 9Y, as
in (3.3), suppose also that there exists anry > 0 such that 0Y,,NE = &
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and that 0Y,, and E link. Furthermore, suppose that I € C1(X,R),
that I satisfies the (PS)-condition, and that

(3.5) inf I (u)> sup I(u).
uekE u€dYp,

Then with ¥ designated by (3.4), the number

(3.6) n=inf uselgzl I (¢ (u))

defines a critical value of 1.

We prove Theorem 1.1 by showing that the conditions in the hypothe-
ses of Theorem A are met for I(u) where

I(u)=J(u) —/QG(x,u)pdx—h(u),

when we take X = H, , ,, E = A,, and
(3.7) Y ={tp1: —co <t <0}.

We recall J(u) is defined in (2.9) and A, is defined in Lemma 2.5.
Also, we let

(3.8) V={veH,,, L(v,¢)=0}.

First of all, we observe, with I'(u) as given in (2.25), that I(u) is
indeed in C'(H, , ,,R). Also, it follows from Lemma 2.7 that I(u)
does satisfy the (PS)-condition.

Next, we see from Lemma 2.6 that there exists and ry > 0 such that

I(u)y>1 forallue A, and |ull 2 To-

p,q;p —
Also, it is easy to obtain from (2.9) and from (g — 2) and (g — 3) that
there is a K > 0 such that

|7 (u)] <K forallue A, and |Ju] < ro.

pP,q,p —
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Hence,

(3.9) I(u)>—-K forallue A, .

From Lemma 2.4, we see that there is an r; > 0 such that both
(3.10) I(ri¢1) <—K—-1 and I(-r¢1) <—-K-1.
We set

Y, ={tgr:—r <t <ri} and 9OY, ={ri¢i,—ri¢:}
and observe from (3.9) and (3.10) that

inf I(u)> sup I(u).
u€Ay, () ueagrl ()

So condition (3.5) of Theorem A is met where A,, = E.

Consequently, to prove Theorem 1.1 by means of Theorem A, it only
remains to show that 0Y;, and A,, link. It is clear that

oY, NA,, = 2.

So, to show the linkage property, we need only show that, given ¢ € ¥
there exists a

(3.11) to such that 9 (tod1) € A,, where —r; <ty <y,
and where

312) v={yeC(H,,, H,,) ¥ (ri¢1) =rid
and ¢ (—=r1¢1) = —ri¢1}.

To show that (3.11) is true, we proceed as follows.

We set
o(t)y=v(t¢1) for —ry <t <ry.
Then
(313) ceC ([—7’1,7"1] ,H;q,p) with O'(—T‘l) = —7"1(]51

and o (r1) = r1¢1.
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If there exists a 1 € (—ry,71) such that
(o (tl) = 0,

we are done because 0 € A,, and (3.11) is true with ¢y = 1.

So we can assume for the rest of the proof that

(3.14) L(o(t),o(t)#0 forte (—ry,m).

Next, we set

(3.15) f () = Lo (), o)/

Then f € C([-r1,m],R) with f(—r1) = —ry and f(r1) = rq.

Let to be the last value in the interval (—r1,71) such that f(¢) = 0.
Therefore,

(3.16) f(t2) =0 and f(t)>0 forts <t <r.

Set
p(t) =[Llo () = f () b0 () = £ (&) ¢)]? /F (#)
for to < ¢t <ry. Then pu € C((t2,r1],R) with u(r;) = 0.
Also, it follows from (3.14) and (3.16) that

tgglJru (t) = +o0.

Now, 71, given by Lemma 2.5, is a positive number. Consequently,
there is a t3 with ¢9 < t3 < r1 such that

p(ts) =1/7.
Hence,
(317)  f(ta) =M [L(0 (ts) = f (ts) $1,0 (ts) — f (ts) $1)]"/*.
Also, we see from (3.8) and (3.15) that

(3.18) o(ts) = f(ts) 1 +v.
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where v € V. We conclude from (3.17) that
fts) = [L(,0)]' "7
But then it follows from (3.18) and the fact that o(t) = ¥(t¢1) that

¥ (tsd1) = 1 [L(v, )] 1 + v.

This establishes (3.11) with to = ¢3. Consequently, 0Y;, and A,, link,
and the proof of Theorem 1.1 is complete. i

4. The Schrodinger operator. We elucidate on Remark 2
concerning the Schrédinger operator

(4.1) Lu=—-Au+gq(z)u
where ¢ € C(RY), N >1, ¢ >0, and

lim ¢ (z) = 0.
|z]—00

In this case, referring to Lu in (1.1), we have that p; = 1 for
j=1,... ,N;ag=0and p=1.

To show that Theorem 1.1 holds for the Schrodinger operator in
(4.1), we have to establish that the V¢ (€, T')-conditions are valid with
Q=R" and I' = @. To do this, we have to show that (O;), (O2) and
(03) hold.

Using the ideas of Molchanov, as set forth in the book of Naimark
[9, pages 239-245], it is an easy matter to demonstrate that

H,,,cc L’ RY),

. 1 . . . 2 N L3
ie., H,, ,is compactly imbedded in L*(R"). Then, using the theory of

compact, symmetric, strictly positive operators on L?(RY), we obtain
the existence of {¢y, 52, and {A,}52; such that (O1) and (O2) hold.

To see that \; is a simple eigenvalue and strictly positive and that

¢1(x) >0 forall z € RY,
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we use the well-established techniques from the Calculus of Variations
as set forth in [7, pages 150-151]. We also need Harnack’s inequality
as stated in [5, page 199].

Also, using the Calderon-Zygmund theory as given in [5, page 230],
it is an easy matter to show that

¢pn € C (RY) forallm > 1.

Consequently, (O1), (O2) and (O3) hold and Theorem 1.1 is valid for
the Schrodinger operator L given in (4.1) above.

Also, Theorem 1.2, giving a necessary and sufficient condition for
the existence of a weak solution to (1.6) when L is the Schrédinger
operator, is valid.

It turns out that the study of nonlinear equations of the form
(4.2) Lu= f(x,u)

where L is the Schrodinger operator is a topic of great current interest.
Four current articles are by Yin and Zhang [13], Ding and Szulkin [4],
Kryszewski and Sulkin [8] and Ambrosetti [1]. L is now of the form

(4.3) L(u)=-Au+V (z)u

In our result,
f(z,u) = Mu—apu™ + g (z,u) + h.

In [13], in a paper entitled, Bound states of nonlinear Schriodinger
equations with potentials tending to zero at infinity,

[, u) = K (z)u?,

with 1 < p < (N +2)/(N — 2). Also, the authors put an €2 before the
A in (4.3), and they assume K (z) and V(z) are nonnegative functions
which are positive in a smooth bounded domain A ¢ R with the
decay rate of V(x) at infinity also being important. For N > 3, they
obtain positive solutions of (4.2) when ¢ is small. For N > 5, they need
less restrictions on the V(z).
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In [4], in a paper entitled, Eristence and number of solutions for a
class of semilinear Schridinger equations,

f(@u) = [uf" " u

with 2 < p < 2* where 2* = 2N/N — 2 if N > 3 and 2* = 400 if
N = 2 or 1. Also, the authors put A before the V(x) in (4.3) and
assume V > 0. In addition, they assume V~1(0) is nonempty and
{zx € RN : V(z) < b} has finite measure for at least one b > 0. They
then show that the number of solutions to (4.2) increase as A — oo.

In [8] in a paper entitled, Generalized linking theorem with an ap-
plication to a semilinear Schrédinger equation, the authors assume
f(z,u) € C(RY x R) and periodic of period one with respect to
each z;-variable. Also, they assume f(z,u) = o(|u|) as |u| — 0 uni-
formly with respect to = and that V(z) € C(R") and is periodic of
period one with respect to each x;-variable. Furthermore, they assume
|f(x,u)] < c(1+ |uP~!) where 2 < p < 2* and that there is a v > 2
such that, for all z € RY and u € R\{0},

0 <~F (z,u) <uf(z,u),

where F'(z,u) fo (z,€) d€. Also, they assume that 0 lies in the spec-
tral gap of L. Then the authors show that, under these assumptions,
that (4.2) has an infinitely many distinct nontrivial solutions.

In [1], in a survey article entitled, Mathematical analysis—systems of
nonlinear Schrédinger equations, A survey, the author surveys results
on Bound and Ground State solutions in Wh2(RY) x WH2(RY) to
nonlinear Schrodinger systems of the form

—Au+u=ud+ \F, (u,v),
—Av +v =03+ \F, (u,v).
Also surveyed are solutions in W1H2(RN) x WH2(R™) to the nonlinear
coupled non-autonomous system
) —Au+u=(1+a(z))u®+ I,
—Av+v=(1+b(x))v?+ \v,

where a,b € L>®(R") and lim| o0 a(z) = 0, lim;| o0 b(x) = 0. Also,
inf (1 inf (1+b i
nf(1+a(e) >0, inf(L+b() >0
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The author then states the following result:

If a(z)+b(x) >0, then for all 0 < A < 1, (%) has a positive Ground State.

Each of the above manuscripts has an extensive bibliography of
papers devoted to solutions of the nonlinear Schrodinger equation

Lu= f(x,u)

where L is the Schrédinger operator (4.3).

5. The Hermite operator. In this section, for simplicity, we will
work in dimension N = 2, but everything that is established is also
valid for N =1 and N > 3.

We take Q@ = R?, p; = e~ @i+23) for j = 1,2, and p = e~ (@i+a3),
Also, we take ¢ = 0 and ap = 0. Then Lu in (1.1) becomes

(5.1) Lu=—Di(e~=+22) D) — Dy(e= (#1473) Do),

To show that Theorem 1.1 holds for the Hermite operator in (5.1), we
have to establish that the V¢ (€2, I')-conditions are valid with Q = R?
and I' = @. To do this, we have to show that (O;), (O2) and (O3) hold.

As is well known, the Hermite polynomials are given by
H, () = (=1)"e"dme™" jat"
forn =0,1,2..., and satisfy the differential equation
—t2 gt ! —t?
(5.2) {e o (t)} = one ' H, (1).

Also, it is well known that
1/2) *°
{0/ ()"
n=0

forms a cc;mplete orthonormal system over R!' with respect to the
weight et ie.,



NONLINEAR ELLIPTICITY 2049

[ee]

—1/2 —1/2
(2rt?) " (2mie?) / Hoy () Ho (1) e dt = 6y,

— 00

where 6,,,,, is the Kronecker-§.
For all this, see either [3, pages 91-93] or [6, pages 244, 416].
We set

(5.3) Pumn (x) = Hm (21) Hy (22) (2’””m!771/2)71/2 (2mn!ﬂ'1/2)71/27

for m,n=0,1,..., and observe that

ey [0 (mama) # (ma,ng)
/R2 (bmlru (33) (I)anz (Z‘) & dx { 1 (anl) _ (m2’n2).

Hence, with ¢1 = ®gp, ¢2 = P10, ¢3 = Po1, ¢4 = Do, etc., we
see that {@x}72, is a complete orthonormal system in L?(R?) where

p = e 12" Likewise, we see from (5.3) that

or € H), ,(R*,@)NC" (R?) for all k.

d5P (

Therefore, (O1) holds.

With Lu defined in (5.1), an easy computation using (5.2) and (5.3)
shows that ,

for m,n =0,1,.... Consequently, after integrating by parts, we obtain
from this last equality that

(5.4) / [D1uD1 @y, + DauDo®] e 1* dae
R2

= (2m—|—2n)/ udne " dz,
R?2

where u € Hy .
So, with A1 = 0, Ao = 2, A\3 = 2, \y = 4, etc., it follows from (5.4)
that
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(0 u) = M /

uqﬁke*‘wﬁdx for all k,
R?2

1
where u € Hp!q!p.

With Ay = 0 and ¢; = (7‘()_1/2, it is clear that A; is a simple
eigenvalue and that ¢1(x) > 0 for all z € R2. So (O3) is valid, and the
V¢ (R?, @)-condition is completely established.

Consequently, (O2) holds.

Consequently, this example, using the Hermite operator in R?, is
covered by Theorem 1.1 above. However, this example is not covered
by Theorem 1.1 in [10] for several reasons. One is because R? is not a
bounded domain. Another reason is that the ®,,,,, given in (5.3) above
are such that ®,,, ¢ L>=(R?). n|

6. The Laguerre operator. As is well known, the Laguerre
polynomials are given by

(6.1) P, (t) = eld"t"e™" /dt",

and are polynomials of degree n.
We will call
(62) L1u = —Dl[xle_rlDlu (5[31)],
the one-dimensional Laguerre operator and use it in conjunction with
the usual second differential operator to present another example of

an elliptic operator on an unbounded domain which is covered by
Theorem 1.1.

It is well known that

(6.3) L1P, (x1) =ne "*P, (x1) for all n.

It is also well known that {P,(¢)/n!}5, forms a complete orthonor-
mal system over (0, 00) with respect to the weight e~ i.e.,

(6.4) (n!)~? /0 b e Py, (t) Py (t) dt = 6,

where d,,,, is the Kronecker-9.
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For all these matters about the Laguerre polynomials, see [3, pages
93-97].

We will present our example in R?, but similar examples can be
produced in RV, N > 3.

We take €2 to be the half-infinite strip

(6.5) D={r:0<z1 <00, 0< a9 <7},

and

(6.6) F'={(z1,0): 0< 21 < o0} U{(z1,7) : 0 <z < 00}.
Also, we take p; = x1e7%, po = e 1, p=e"", ¢g= 0 and ag = 0.

So, L defined in (1.1) becomes

(6.7) Lu = —Dq[z1e” " Dyu (x)] — D2le”* Dau (z)].

With P, (z1), the nth Laguerre polynomial given by (6.1), we set
Dy () = (2)1/2 Py, (1) sinnxy /7t ?m)

form=0,1,2,... and n =1,2,.... Then it follows from (6.4) that

(6.8) /0 /0 e Dy iny (T) Ppngn, () day dag
_ {0 (ma,n1) # (ma2,n2)

1 (anl) = (m27n2).

As we will show, the eigenvalues are of the form (m + n?). Conse-
quently, upon setting ¢1 = Po1, 2 = P11, ¢35 = Pa1, ds = Po2, ¢5 =
P31, ¢ = P12, etc., we see from (6.5) and (6.6) that ¢, € Hj , (Q,T)
and that

{o¢r}p— is a complete orthonormal system in L2 (2).

Hence, (O1) holds for this example.
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With Lu defined in (6.7), an easy computation using (6.2) and (6.3)
shows that
L (D, () = (m + n2) e "D, (x)

form=0,1,... and n = 1,2,.... Consequently, after integrating by
parts, we obtain from this last equality that
(6.9)

/ [21D1uD1 @, + DouDa @] €t da = (m + n2) / u®,ne 1 dx
Q Q
foru e H} , (Q,T).

So, on setting

(6.10) L(u,v) = / [1D1uDyv + DauDgv] e™ "t du,
Q

for u,v € H:  (Q,T)and A\ = 1, Ao =2, A3 = 3, \y = 4, \5 = 4,

P.a:p
A¢ = b, etc., we see from (6.9) that

L(u, ¢r) = M {u, ¢r), forallkandue H (QT).

p,q,p

Hence, (O2) holds for this example. Observing that Ay = 1, Ay = 2
and ¢1(z) = (2/m)/?sinxy, we see that \; is a simple eigenvalue and
¢1(x) is positive for x € Q. Therefore, (O3) also holds.

We conclude that the V¢ (2, T')-conditions are valid for this example.
So, Theorem 1.1 holds for the elliptic operator L(u) defined in (6.7)
above with € the half-open strip given in (6.5) and I' the two half-
closed lines defined in (6.6).

Once again, we see that this example involving the Laguerre operator
is not covered by [10, Theorem 1.1] for two reasons. The first is because
Q is not a bounded domain, and the second is because ¢, ¢ L>°(Q2). O
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