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EXISTENCE OF POSITIVE SOLUTIONS FOR
THE p(z)-LAPLACIAN EQUATION

JINGXUE YIN, JINKAI LI AND YUANYUAN KE

ABSTRACT. In this paper, we study the existence of pos-
itive solutions for the p(z)-Laplacian equation based on the
Krasnoselskii fixed point theorem on the cone. Our efforts
mainly center on the establishment of the global C1% esti-
mates on bounded weak solutions and the Harnack inequality
which, together with the blow-up argument and Liouville type
theorem, plays a key role in the a priori estimates.

1. Introduction. In this paper, we consider the following problem

—Apyu = f(x,u,Vu) x€Q,
(1.1) u(z) =0 x € 09,
u(z) >0 x € Q,

where Q € R is a bounded domain with smooth boundary, N > 2,
Ap(z) is the p(x)-Laplacian operator, namely,

Ap(gyu = div (|Vu|P®)—2v0),

p(x) and f satisfy some conditions, which will be mentioned later.

For the case p(x) = Constant, there is a rich literature concerning
problem (1.1), see e.g., [2-4, 18, 19, 23, 24] and the references therein.
Azizieh and Clément [2] obtained the existence of positive solutions for
problem (1.1) with f depending only upon w. Later, Ruiz [19] and
Zou [24] extended the results by considering the general case where
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f depends upon z, v and Vu with disparate conditions, respectively.
While, for the case p(x) # Constant, most of the current research
focuses on problem (1.1) with f = f(z,w), which can be solved by the
variational approach and the upper and lower solutions method, see
e.g., [5-8, 11] and the references therein.

In the present paper, we extend Ruiz’s results [19] to the p(x)-
Laplacian, namely, we establish the existence of solutions for problem
(1.1). Since the exponent p(x) is not a constant, the methods, which
can usually deal with the case p(x) = Constant, are inappropriate.
For example, one cannot expect that the first eigenvalue of the p(x)-
Laplacian is always positive; one cannot use the eigenfunction for the
first eigenvalue of the p(z)-Laplacian to construct upper and lower
solutions, etc. The proofs are more complex than those for the
constant case. Furthermore, due to the appearance of Vu in f, the
variational approach is no longer suitable. In this paper, we use the
topological method to deal with problem (1.1). Our efforts center on
the establishment of the Harnack inequality which, together with the
blow-up argument and Liouville type theorem, plays a key role in the
a priori estimates. After obtaining the a priori estimates, we can use the
Krasnoselskii fixed point theorem on the cone to obtain the existence
of solutions for problem (1.1). To verify the conditions which satisfy
the fixed point theorem, we need a similar conclusion as that in [19].
However, the proof of this conclusion in this paper is quite different
from that in [19].

This paper is organized as follows. In Section 2, we introduce some
necessary preliminaries. In Section 3, we use an iteration technique
to establish the Harnack inequality, for solutions of the problem (1.1),
which will be used in Section 4 to obtain the L°°-norm estimates, by
applying the Liouville theorem based on the blow-up argument. Next,
in Section 5, we prove the existence of positive solutions for problem
(1.1) based upon the Krasnoselskii fixed point theorem on the cone.
Finally, in the Appendix (Sections 6 and 7), we give the detailed proof
of some estimates on the weak solutions, more specifically, the C“
estimates and C1'* estimates, respectively.

2. Preliminaries. In this section, we introduce some preliminary
definitions on the space Wl’p(””)(ﬂ) and several preliminary lemmas,
which will be used in the following sections. Let Q be an open subset
in RY and p(r) a bounded measurable function defined on R" which
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satisfies
L<p-=infp(z) < slilep(w) =pr <oo, z€RN
The variable exponent Lebesgue space LP(*) is defined by
LP@(Q) = {u | w: € — R is measurable, /Q lulP® dz < oo}
with the norm

||u||p(w) = inf {O’ >0 | /
Q

The variable exponent Sobolev space W1 P(®)(Q) is defined by

p(x)
dx < 1}.

u
g

Wire) (Q) = {u |u e LP)(Q), |Vu| € L”(””)(Q)}

with the norm

[l p(e) = lullpa) + IV tllpe)-

Wy P(Q) is the closure of C§°(Q) in W'P(®)(Q). More elementary
properties on the space WP(#)(Q) can be seen in [13].
On the space W1P(®)(Q), the following lemma holds.

Lemma 2.1 [9, Lemma 2.5]. Let Q be a domain, u € WHP)(Q),
p(x) a bounded measurable function on Q which satisfies:

1<p_ <p(r)<py <oco and Roseimrt <
where p_, p1 and L are positive constants,

osc{p; Qr} = supp(x) — inf p(x),
Qr Qr

and Qr = QN Bgr for any ball Br with radius R. Then there exist
positive constants €, Ry and C' depending only upon N, p_, p1 and L,
such that
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U—ug p(z)

R

1 1+e
dr <C+C —/ |V [P@)/(148) gy
RN Jg.

L/
RN Jp,

for any Br C Q with R < Ry and fBR |Vu|P®)da < 1.

The next three lemmas are taken from [15], and they will be used in
the next section to prove the Holder continuity of the functions in the
class %p(w) (Qv M;~y,m, 5)

Lemma 2.2 [15, Chapter II, Lemma 3.9]. For any u € Wh!(B,)
and arbitrary numbers k and | with 1 > k, the following inequality holds:

N
(- |8y, =0 < SN Vulde
1By \ Brol JB, \B.,

where By, , := {z € B, | u(x) > k} and S(N) > 1 is a constant.

Lemma 2.3 [15, Chapter II, Lemma 4.7]. Suppose a sequence yp,
h=0,1,..., of nonnegative numbers satisfies the recursion relation

Yh+1 < Cbhy}L+€a h:Oa]-v ’

with some positive constants c,e and b > 1. If yg < 6 = c_l/sb_l/EQ,

then yn, < 0b="/%, and consequently y, — 0 as h — co.

Lemma 2.4 [15, Chapter II, Lemma 4.8]. Suppose a function u is
measurable and bounded in some ball By, or Q,, := QN B, . Consider
balls B, and By, which have a common center with B,;, where b > 1
is a fived constant, and suppose that for any 0 < p < b~1py, at least
one of the following two inequalities holds

osc{u; Q,} < e1p°, osc{u; Q,} < 6{u; U},

where c1,€ <1 and 0 < 1 are positive constants. Then, for any p < po,
we have the following estimates

ose {3 2,} < epp 6,

where a=min{e, —log, 8}, c=b* max{c1pj,wo} and wo=osc {u;Q,}.
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3. The Harnack inequality. Let © be an arbitrary domain in RY.
In this section, we are going to establish the Harnack inequality for the
weak solutions of the differential inequality with the form

(3.1) Kiu?®@ — Ko (|Vu[*® +1)
< —Apyu < Ko (uq(x) + |Vu|’\(””) + 1), x € Q,

where K7 and K are positive constants. We say u is a weak solution
of the above inequality, if u € C*(Q) and for any n € C§°(2), n > 0, it
follows

/Q {Kluq@ — Ko (|Vu]*® + 1)} n(z) da

< /Q |Vul|P®)=2vuVny dz

< KQ/Q (uq(w) + |Vu M) 4 1) ndz.
Throughout this section (and the next section), we always suppose

that the functions p(z), ¢(x) and \(x) satisfy the following assumption
(H1) p(x) € CH(Q), g(x) € C*°(Q), A(z) € C(Q), and

1 < p(z) <N,
N(p(z) —1)
) =1 < alo) < ),
p(x)q(x)
pla) =1 < Aw) < ZEL,

for any = € Q.

Lemma 3.1. Assume u > 1 be a weak solution of (3.1). Let
Bsor and Br be two concentric balls contained in 2. Denote by p1
and q1 the minimum, py and go the mazimum, of p(x) and q(x) on
Bar, respectively. Take Ry = Ro(p,q) < 1 small enough, such that
q1 > p2— 1 for any R < Ry. Then there exists a positive constant C =

C(N,p,q,),7), such that for any v € (0,q1) and p € (0,p1g1/(q1 + 1)),
the following holds:

/ wWdr < CRN—[’Y;DQ/(Ql—;DQ-‘rl)]’
Br B
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and
/ |Vu|tde < CRN~la+Du/(a=p2+1)]
Br

Proof. Thanks to the Holder inequality, we need only to prove
the conclusions for the case that v is close enough to ¢;. Take
n(z) € C§°(Bag) such that 0 < n < 1 on Bag, n = 1 on B and
|Vn| < (C(N))/R on Bag. Let ¢ = n®u® be a test function with 8 < 0
which is close enough to 0 and a > 0 which is large enough. Then

32) —-p n°uP |\ VulPde 4+ K, / nud P da
BQR BQR

< / (Kon™u”|Vu|* + an® P |VulP =1 V| + Kon®u®) dz.
Bar
By the Young inequality, one can easily conclude that

Kon®uP|Vu* < _§ WP VulP + Ot (=]

B

an® | VulP V| < =2Vl 4 Ot Pt

Since w > 1, putting the previous two inequalities into (3.2), then we
have

(3.3) / 0w’ VulPdzx —|—/ nultPdx
Bagr Bar

<C (nuP TN N1y pepyS4p=11gpp 4 ey dy
Bar

<C (nauﬁJr[)\/(P NI 4 e puﬁ+p71|vn|p) dx
Bar

Using the Young inequality again, it follows that
P+ =N < % neuPte 4 Oon?,
nePuP Pl < Spagpta y opempB+ol/la-p+]
-3

|V7I| p(B+9)l/lg—p+1]
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Taking appropriate € in the previous two inequalities and putting them
into (3.3), then

(3.4) / nuP = VulPdx +/ n*uPtdy
Bagr Bar

<C (na _|_,r]oz—[p(B+q)]/[q—p+1]|V77|[P(5+11)]/[q—1)+1]) dx
Bar
< CRN*[(B+Q1)P2]/[41*P2+1].

Recalling that w > 1, it follows from the above inequality that
/ uPtedr < / nauﬁJrqu < CRN-[(B+a1)p2]/lar—p2+1]
BR B2R
Setting 8 = v — g1 in the previous inequality, then it yields

/ wY de < QRN -[pz/(a1—p2+1)]
Br o

Since u > 1 and R < 1, it follows from the Young inequality and (3.4)
that
'’ Vulde < / w1+ [Vul?) da
Bar
< C RN -l(B+a1)p2/(a1—p2+1)]

Bar

For any s > pu/p1, which is close enough to u/pi, by the Holder
inequality, the previous inequality yields

/ |Vu|“dx§/ n%u”*|Vul|fu’dx
Br

Bar

/p1
< </ no‘u_(Spl/“)|Vu|p1dx>
Bar

(p1—p)/p1
. </ nau(sm)/(pru) dx)
Bar

< (CRN*[(thrlfsm/M)Pz]/[qrpfrl])#/ P

. (CRN—[SP1P2]/[(P1 —u)(q1 —p2+1)]) 1—(p/p1)

= O RN-lP20(qa+1)]/[Pr (g1 —p2+1)]
— O RN-(@+D]/ a1 —p2+1] pl(p1—p2)u(a1+1)]/[p1 (g1 —p2+1)]

< C RN (@ +1))/lar—pa+1]



1682 JINGXUE YIN, JINKAI LI AND YUANYUAN KE

In the last step of the above inequalities, we have used the fact that
Rler=p2)ul@+D)]/lp1(ar=p2+1] < € which can be guaranteed by (H1).
The proof is complete. i

The following lemma taken from [20] is used to link the integral
estimate on the positive and negative power in the Moser iteration
procedure.

Lemma 3.2 (Poincaré, John-Nirenberg). Let u € WYP(Bg), and
suppose that

/ |VulPde < Kr™N =P
B

for every open ball B C Br. Then two positive constants py and C
exist depending only upon N, p and K, such that

/ epO“dx-/ e Poudy < C|Bg|?.
Br Br

Now, we can state and prove the Harnack inequality.

Proposition 3.1. Assume u > 1 is a weak solution of (3.1). Let
Bygr, Bar and Bgr be concentric balls contained in €. Then positive
constants C = C(N,p,q,\,v) and Ry = Ro(p,q) exist, such that for
any 0 < R < Ry the following hold:

(i) for any v > 0, there exists a v1 € [(7/2),7], such that

1 1/m
supu < C(—/ u'”dx) ;
Br RN Bar

(ii) for any v < 0, it follows that

1 1/v

Moreover, if, in addition, Bgr C €2, then

supu < Cinf u.
Br Br
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Proof. Take arbitrary zg € Q and 0 < R < 1 such that By :=
Bir(zo) € Q, denote by p; and ¢; the minimum, ps and g¢o the
maximum of p(z) and ¢(z) on Bag(xo), respectively, and define

v(z) := u(Rx + xp), x € By(0).

By simple calculations, we conclude that v(x) satisfies the following
inequality:
K1RPv? — Ky (RP*|Vu[* + R”) — R|In RVp(Rz + x0)|| Vo[~
< —Apv < Ky (RPv? + RP4Vo|* + RF)
+ R|In RVp(Rx + x0)||Vo|F™1,  x € B4(0),
where
:= p(Rx + x9),
Q(z) := q(Rz + x0),
= ARz +xz9), =z € B4(0).
Recalling that R < 1 and p(z) € C(Q), it follows that a positive

constant £ = E(||p||c1) exists, such that R|In RVp(Rx + x¢)| < FE for
any « € B4(0). Hence, we can rewrite the foregoing inequality as

(3.5) Ki1RTv®? — Ko(RP2|Vo|* + RY) — E|Vo|P?

< —Apv

< Ko(RPv? + RP7A Vo™ + RP) + E|Vu|"™Y, 2 € By(0).
Suppose that 1 < r < p < 2. Denote by B, and B, the balls B,(0)
and B,(0), respectively. Let n(z) € C§°(B2(0)) be the standard cut-off
function, such that 0 < n(x) <1 on By(0), n(x) =1 on B,, n =0 on
B¢ and |Vn| <2/(p—r). Set K = max{K, Ky, E}. Taking ¢ = n*v”
as a test function for (3.5) with « > 0 large enough and S # 0, we have

(3.6) |ﬁ|/ no0P =1 | Vo|P dz
BP
< K/ n*v? (RFv? + RE=4Vo|* + R + |Vu|P7) da
BP

—|—a/ no‘_lvB|Vv|P_1|Vn|d;v.

P
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By the Young inequality, it follows that

KRP_An"‘vﬁ|Vv|A < zﬂn%ﬁ—wvm’)

+ C|ﬁ|—A/(P—A)RPnoz,Uﬁ+A/(P—A)’

En®vP|Vo|F71 < @navﬁfﬁvmp

+ C|ﬁ|1_PT]aUB+P_1,
T R

+ C|B|17Pna7Pv,8+P71 |V77|P

Putting the previous three inequalities into (3.6), we obtain

(3.7) @/ P 1| Vo|Pde
4 Jg,
<C ,r]aRP(|ﬁ|fA/(P—A)U,3+[A/(P7A)] +U/3+UQ+,3) d
BP

+ c/ |BI' PP TP (g P 1w | P 4+ ) da.
BP

Note that P—1 < A/(P—A) < Q,0<n<1and v > 1. Then it
follows from (3.7) that
(3.8)

/ n"‘vB‘1IVv|deSC/ n*RPvHE (187N 4 |87 da
BP

B,

+C/ na_P|B|_Pvﬁ+P_1(|V77|P+1) dx.
B/’

Since 0 < P < P/(P—A) <@+ 1< g+ 1, by the Young inequality,
this shows

187/ P8 g7t <2187 @ D) 12 8 7F < |87t 41,

and consequently, by recalling that v > 1 and R < 1, it follows from
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(3.8) that

[ ot vl < e(a e 1 1)
B,

. [/ nO‘RPv'B+de
B

P

+/ PP P11 |P + l)dx]

P

< C(|ﬁ|—(112+1) +1)

-[Rpl/ VP tedy
B

P

+ (p—r)‘p2/ vﬁﬂ’rldaz]
B

P

Using the Young inequality to the left side of the previous inequality,
we obtain
(3.9)

/ no‘vﬁ_1|VU|pldx§/ no‘vﬁ_ldx—i—/ 0P|Vl P de
B B, B

P P

< C(|B|*(q2+1) + 1)

-{R”l/ vﬁﬂzdx—l—(p—r)*p?/ vﬁﬂ’zldx].
B, B

P

Let p1 + 8 —1 = lp;. By utilizing the Holder inequality, it follows from
(3.9) that
(3.10)

n*o? Vo de < OB + 1)

P
1/t
[,
B, B,
1/t
+(p—r) P2 </ vlpltdx)
B,
1/t
()]
B

P

’

1/t
(@ —p1+1)t’dx)
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for any ¢ > 1, where 1/t + 1/t = 1. Next, we estimate the terms
on the right side of inequality (3.10). Taking a positive constant
R; = Ri(p,q) <1, such that Ry is smaller than Ry in Lemma 3.1 and
q1 —p2+1>ep for any 0 < R < Ry, where €7 is a positive constant
depending only upon p(x) and g(x). Note that (H1) guarantees the
existence of such a €. We now suppose that 0 < R < R;. By using
(H1) again, we have
RP1—P2 — Rfosc{p;BzR} < R72||Vp”R _ 672||Vp”RlnR < C,

RTi—%2 — R*OSC{Q§B2R} < R72||q||ca0R _ 672||q||ca0RlnR <C.

Applying Lemma 3.1, it follows that

1/t
Rpl(/ U(q2p1+1)t'dx>
BP
1 , 1/t
_ g (R_N / ula=m )t dx)
B,

1 , 1/t
< CRPt < / u(qulerl)t dx)
RN Bar

< C RPr—(@2=p1+1)p2]/ (a1 —p2+1)
< C RlP1=p2)(@1+1))/[(q1 —=p2+ D]+ [(q1=g2) /(a1 —p2+1)]

< C Rl ar+1)/e1)(pr—p2)+[(1—gz2)/21] <C,

and
1/t, 1 1/tl
(p2—p1)t' g ) = <_/ (p2—p1)t' g )
v T u T
</B,) RN Bor
1 1/t,
< C(— / u(pzpl)t/dx>
RN Bar

< CR[(;Dl—m)m]/(lh —p2+1)

< C Rl(P1=p2)p2/21] <C,
provided

(3.11) 0<(g2—p1+1t' <q and 0< (p2—p)t <q.
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Hence (3.10) can be simplified as follows
(3.12)

1/t
[ tvaras < car e - ([ dna)
B

B, o

Now we prove that condition (3.11) can be satisfied. In fact, we need
only verify that ¢ exists, such that

0< (g2 —p1+ 1t < q1 — eo,
0 < (p2 —p1)t' < q1 — eo,

and

—— >1+4¢g
(N — pl)t
for some suitable g9 > 0, which is small enough and depends only upon
p(x) and g(z). Here 1/t +1/t' = 1. Recalling that ¢(z) > p(x) — 1 and
p(x), g(x) are continuous on €2, we can take a small positive constant
Ro = Ro(p, q) < Ri,such that pp—p1 <e9 < g2—p1+land g2—q1 < &0
for any R < Ry. Consequently, the problem can be re-changed into
verifying the existence of ¢, such that
Q1 — €0 <t< N .
G—¢+p—1l-—¢go (N —p1)(1 + <o)

Since g2 — q1 < g9, it follows

q1 —¢€o < q1 — €0
g1 —qg+p1—1—e0 = p1—1-2¢

Consequently, if ¢ exists such that

g1 —€o < N
— <t < ;
p1—1—2¢ (N —p1)(1+¢o)

then (3.11) can be fulfilled. In fact, by the aid of the continuity of p(z)
and ¢(z) on £, we only need to let g and Ry be small enough and

verify

q(x) < N x e Q.
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And the last inequality is equivalent to

Np@) -1)

q(z) < N —pla) x €,

which is included in (H1). Therefore, we can take t=N/[N —p1)(1+£o),
such that (3.11) is fulfilled.

Next, we distinguish two cases, that is, 8 =1 —p; and 8 # 1 — pq,
to prove the proposition.

CaseI. =1 —p;. Setting r =1 and p = 2 in (3.12), then
/ |[VInv/Prde < C.
B1(0)

Utilizing the Holder inequality applied to the previous inequality, it
yields
/ |VInv|de <C,
B1(0)
and consequently,

(3.13) / |VInu|dz < CRN L.
Br(zo)

If we assume in addition that Bsg(xg) C €, then a point x € Bagr(xo)
and ¢ > 0 exist such that B = B,(x) C Bag(xzp). Obviously,
By, (z) € Bggr(zo) C Q. Noticing that (3.13) holds for any zo € Q
and 0 < R < Ry satisfies Byg(zo) C 2, we have

/ |Vlnu|dy:/ |V Inu|dy < CrVN =1t
B B, (x)

Applying Lemma 3.2 to the foregoing inequality, a positive constant g
exists, such that

(3.14) / udx - / udr < CR?*N,
Bar (o) Bar(zo0)

provided Bgg(zg) C Q.
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Case II. § # 1 — p; and B # 0. Recalling that p; + 5 — 1 = Ip; and
[Vl <[C(N)/(p—r1)], it follows from the Holder inequality that

(3.15) /|V(n0‘/p1vl)|p1dx

Bf’
P1
gn(a/pl)flvlvn + lna/plvl71VU

_~/Bp p1

< C{/ no‘_plvlp1|Vn|pldx+|l|pl/
B B

P P

1/t
< C{(p —r) (/ vlpltdx> + 7P / nav'B1|Vv|p1dx}
B B

3 P

dx

no‘vB_1|Vv|p1dx}

for any ¢ > 1. Putting (3.12) into (3.15), then it follows from the
Sobolev embedding theorem that
(3.16)

p1/p} p1/p}
</ Ulpfdx) < (/ In a/p1 l|;l7fdx)
B,

< C/ a/pl l )Pt d

SC[@ PP (1B 1) (p - 1)

1/t
. (/ vlpltdx>
B/’
<

< CA+IBI7 =D)L+ i) (p —7) P

1/t
(/ vlpltdx> ,
B

P

where t = N/[(N — p1)(1 + €0)]. In order to prove the proposition, we
need to consider the cases v > 0 and v < 0, respectively.

Subcase II-1. v > 0. Let 1 € [(7/2),~] and for any n € N, denote
(3.17)

1 N-
w= 1 _nV-p1)

211 17 Bn_ N

Mo n n—1
ln = _—— 1 B n — 1 .
<p1 N>( + o) “ Ml +2o)

(1+e0)" —p1+1,
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From the expression of (,, we can denote it by B,(p1,71). Taking
l=1ln, B=Pn, p=rnand r, = rp41 in (3.16), it yields

p1/p]
(3.18) (/ v“"“dx)
B"‘n+1(0)

1/t
<@g e ([ )
B

where t = N/[(N —p1)(1 4+ ¢€p)]. From the expression of 5,, one can
easily conclude that there is a positive integer N* = N*(N,p,q,7),
such that £, (p1,71) > 0 for any n > N*. Noticing that 3, is strictly
increase with respect to n, hence we have

7 (0)

min |Bn(p1,71)| =  Joing 1Bn(p1,71)|-
Denote 0; = ming(p(z) — 1) and 2 = ming(N — p(x)). Recalling that
1 < p(z) < N on Q, one obtains d;, d2 > 0 and 1+ d; < p(z) < N — 0y
for any x € Q. Denote G = [1 4+ 61, N — 2] x [(7/2),7]. We consider
the functions B, (z,y) on G, 1 <n < N*. Clearly,

(1 + 60)”

y(N—z)—x+1.

Denote by O, (1 < n < N*) the set which consists of all (z,y) € G
with By, (z,y) = 0. Then one has

0, = {(x,y) €G ’ y= N;]x__xl) <1iso)n}.

For any 1 <n < N*, define

o= em [y 2B (LY

2
<gv b

Obviously, by the definition of O, and A,, it follows that O, C A,
and A, is an open set. Set

A= |J A, and S=G\A

1<n<N*
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Then S is a compact subset of G, and SN0, = @ forany 1 <n < N*.
Thus, by the definition of O,,, one obtains |8, (z,y)| #0on 5,1 <n <
N*. Consequently, by the continuity of 8,(z,y), Cr, = Cr(N,p,q,7)
exists such that |5, (z,y)] > C, on S, 1 < n < N*. Recalling the
definition of N* and denoting Cy = min{C1, Cs, ... ,Cn~}, we have

. o - .
min |Bn(z,y)l = | min |Ba(z,9)| 2 Co, (2,y) €5

By the definition of S, for any x € [1 + 61, N — d2], one has SN ({z} x
[(7v/2),7]) # @. Note that p; € [1 + 1, N — d2]. Thus, there exists a
v € [(7v/2),7], such that (p1,71) € S, and consequently

min |5, (p1, )| = \Join |Bn(p1,71)| = Co,

which implies that v; € [(7v/2),7] and a positive constant Cp =
Co(N,p,q,7) exist such that

7 (N —p1)
N

(319) min B (ps, )| = min (ke = +1] > o

Combining (3.19) with (3.18), it follows that
(3.20)

p1/p7 1/t
( / van+1da:> <C(1+ |ln|p1)2”2<"+”< / v""dx)
Br,11(0) By, 0)

with ¢ = N/[(N —p1)(1+e0)]. Denote z, = ([g © v dy)t/on
Then, by using the Young inequality and noticing that 1 < p < N,
(3.20) can be rewritten as

(an)[manH]/pT <C(1+ |ln|p1)2p2("+1)z2"/t§0(1 + |ln|N)2N(”+1)z,‘fL"/t.

Recalling that a,, = v1(1+e0)" "1, I, = [(1/p1) — (71/N)](1 +20)™ and
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t = N/[(N —p1)(1 +&9)], it follows from the above inequality that

Zn+1 < zn(Q"NC)[N(lJFEO)_"]/[%(prl)]

- " N N [N(14e0)™"]/[v1(N—p1)]
-1 - - = 1 "
[ i (m N) o) ]

< Zn02nN2/[752(1+60)"] [1 +,YN(1 +€O)nN]2N/[752(1+60)"]
< ZHC2nN2/[752(1+50)"](1 +7N)2N/[762(1+50)"]
1+ 60)2nN2/[752(1+60)"]
< chan2/[yé2(1+sg)"](1 +,y)2nN2/[762(1+60)”]
(1 + go)2nV?/Inb2(1+e0)"]

— C 1+€0

n

for all n € N, where C, = [C(1 + 7)(1 4 £)]2¥/0%) and §, =
ming (N — p(x)). Iterating the previous inequality, we then obtain

n —k
Z _ k(1+eo)
Zn+1 < C* k=1 21

for all n € N. It’s easy to conclude that

ik 1+€0 < 0.
k=1

Combining the above two inequalities and letting n — oo, there exists
a positive constant C' (N, p, q,7), such that

1/’71
sup v < C(/ v”ldx) ,
B1(0) B2(0)

and consequently

1 1/m
(3.21) sup u < C(—/ u'”dx) .
Br(zo) BN JBan(a0)

Subcase 1I-2. v < 0. Let a,, 8, and [, be the same notations in
Subcase II-1 with the symbol ; replaced by v in the expressions. Note



SOLUTIONS FOR THE p(z)-LAPLACIAN EQUATION 1693

that in this case (3.18) still holds. Moreover, since v < 0, estimate
(3.19) can be easily proved by the expression of 3, and consequently,
(3.20) holds. The rest of the proof is similar to that of subcase 1I-1,
except that the directions of the inequalities are opposite. Therefore,
we obtain

1 1/~
3.22 inf u>C —/ u”dx) , < 0.
( ) Br(zo) (RN Bag(xo) v

Finally, assuming in addition that Bsgr(zo) C € with some fixed
zo € Q and combining (3.14) with (3.21) and (3.22), we have

sup u < C inf wu.
Br(zo) Br(zo)

The proof is complete. i

Proposition 3.1 together with Lemma 3.1 implies the following corol-
lary.

Corollary 3.1. Suppose that all the conditions in Proposition 3.1
hold. Then two positive constants Ry and C' exist such that, for any
R < Ry, z € Q and Bsr(z) C Q, it follows that

u(z) < CR—P@)/la(=)—p(=)+1]

Proof. Let Ry be the smaller one of that in Lemma 3.1 and Propo-
sition 3.1. Take arbitrary x € €2, such that Bsg(z) C Q with R < Ry.
By Proposition 3.1, one obtains

1 1/v
u(z) < C —/ u”dy) , v>0.
) (RN Ban(x)

Choosing ~ which is close enough to 0 and using Lemma 3.1, we
conclude that

( 1 / v J(a1—pat1)
— uvdy) < CR™P2/Aer=P2rl)
RN Bag(x)
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where py = maxmp(y) and ¢ = minmq(y). Combining the
previous two inequalities, we have

u(z) < CR™P2/(@=p24l) — o R=p(@)/la(@)=p(@)+1]+e(z)

where £(z) = p(z)/[q¢(x) — p(z) + 1] = p2/(q1 —p2+1). By simple
calculations, we conclude that

() = D@~ pal(a1 — g(x)) + (p(x) — p2)]
q(z) —p(x) + 1 (q(x) —p(x) + (g —p2 + 1)’

Using condition (H1), one can easily conclude that

Rf—:(a:) S R7C(osc{p;B4R}+osc {¢;Bar})
< R-CUVpl+lglceo) R

= ¢~ CUVrl+lgllcao)RIn R
— )
and consequently,

u(z) < CR—P®@/la(@)—p)+1]

The proof is complete. O

4. The L estimate. In this section, we focus on obtaining the
L estimate on positive solutions of problem (1.1). Combining the
results obtained in the previous section with the global C® estimates
on bounded weak solutions, together with a Liouville type result in
[24], we can derive the a priori estimates by the blow-up argument.

We first state the following assumptions on functions f and g, and
the domain €:

(H2) For any (z,2,£) € 2 x RT x RV,

fl@,2,8) =29 4 g(2,2,€), g(x,2,€) >0,
K120 — Ky (|6 + 1) < g(, 2,6) < Ky (2" + ¢ 41),

where K| and Kj are positive constants, p(z), ¢(r) and A(x) satisfy
(H1) in Section 3, and k(z) € C(Q) satisfies



SOLUTIONS FOR THE p(z)-LAPLACIAN EQUATION 1695

0 < k(x) < q(z),
for all z € Q.

(H3) Let 79 and ¢ be positive constants. For any z € 0Q, r > rg
and a function h : R¥~! — R exist with h(0) = 0, VA(0) = 0 and
I17|lcr.eo < co, such that ©,.(z) := QN B,(x) can be represented as

{veRY | n@) <™ < V" =T3P},

where j = (y!,...,yV 1) e RN for any y = (¢,... ,y"") € RY and
y', 1 <1 < N, is the rectangular coordinate under some basis which
may be different from the original basis eq, es,... ,en.

In fact, we perhaps encounter the case that 2 satisfies assump-
tion (H3) only on the part of the boundary, that is, instead of (H3), we
give the following assumption:

(H3") There is a subset ¥ C 99, such that the statements in (H3)
hold true for all x € 3.

In order to gain the L°° estimate on positive solutions of problem
(1.1), we can firstly consider the global C“ estimates on bounded
weak solutions of a class of elliptic equations satisfying some structure
conditions. Assume that

(A1) p: RY — R is a bounded Holder continuous function, that is,
positive constants Lo and aq exist such that
Ip(w1) — p(x2)| < Lol21 — 22|,
1 <p- <p(x) <py <oo,
x1, 20,z € RV,

where p_ and p, are positive constants.

(A2) Let A: Qx[-M, M]xRN — RN and B : Qx [-M, M]x RN —
R. For any (z,u) € Q x [-M, M], A(x,u,-) € C*(RN \ {0};R"), and
for any z, 71,22 € Q, u,u1,us € [-M, M], n € RV \ {0} and ¢ € RV,
the following conditions are satisfied:

A(z,u,0) =0,
&7 Ay (,u,m)€ = AP 2 (€],
|A7](x7’u'a 7])| S A|7,]|P(w)*2,
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|A($1, Uy, 77) - A(an Uz, 77)'
< A (Jz = 22| + fur = ua|) ([P 4 et
where A\, A and «q are positive constants,
A;
An(xvu’ n) = <Zx] (z, Uﬂ?)) )

NXN

and |E| := (le |eij|2)1/2 for any matrix E = (ej;) nxn-
(A3) Two positive constants po and 6y € (0,1) exist such that, for
any ball B, with center on 02 and radius p < po, the following holds
|€2| < (1 = 00)|B,l,

where |E| denotes the Lebesgue measure of E.

We obtain the following two propositions. Their proofs are very
lengthy, but the methods we used are classical; hence, we omit them
here and give the proofs in Section 7.

Proposition 4.1. Let Q be a domain in RN and u a bounded weak
solution with maxq |u(z)| < M, of the problem
—div A(z,u,Vu) = B(z,u,Vu) z €1,
u(z) =0 x € of.
Assume that (H3), (A1) and (A2) hold true. Then positive constants

€ (0,1), Ry and C exist depending only upon N, M, p_, p4, A, A,
Lo, ag, ro and cqg, such that

osc {Vu; Qr(z)} <CR* z€Q, R< Ry

and _
Vu(z)] < C, zeq,

where p—, p+ Lo and ag are the constants in (A1), and A\, A, ro and
co are the constants stated in (A2).

Proposition 4.2. Q and u are defined as in Proposition 4.1.
Assume (H3'), (A1), (A2) and (A3) hold true. Then positive constants
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€ (0,1), Ry and C exist depending only upon N, M, p_, p4, A, A,
Lo, o, 10, co and Oy (0y is the constant stated in (A3)), such that

osc {Vu; Qp(r)} <CR*, 1z € Qar, U(Z3p,NQ), R< Ry

and .
|VU(£C)| <C, =xz¢€ QQRO U (EBRO n Q),

where Qop, = {z € Q| d(z,00) > 2Ry} and YX3p, = {x € RV |
d(z,%) < 3Ro)}.

We also need the following Liouville-type result, which is a special
case of Theorem 1.1 in [24].

Lemma 4.1 [24]. Let p and q be two positive constants satisfying
p€(1,N) andq € (p—1,p*—1), where p* = Np/(N — p) is the Sobolev
critical exponent. Then the problem

“Apu=u?! ze€H,
u(z) =0 x € 0H

has no positive solution, where H is a half space of RY.

Now we can state and prove the a priori estimates on positive
solutions for problem (1.1), namely, we can prove the following result.

Lemma 4.2. Suppose (H

1)—(H3) hold true. Then, for any C*
positive solution u of problem (1

1), we have
[[ull < C,

where C is a positive constant and || - || denotes the uniform norm.

Proof. Suppose, by contradiction, that a sequence {u,} exists such
that u, is a C'! positive solution of problem (1.1) and ||u, || — oco. Take
xn, € Q such that u,(x,) = ||un| = sn. Denote d,, = d(z,,08) and
define

Un(x) :=up(z) +1, forall z € .
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Then @, > 1 and this satisfies
—Ap()Un = (Up — 1)‘1(‘” +g(z,u, — 1,Vuy,), z€q.

With the aid of (H1) and (H2), one can easily conclude that positive

constants K7 and K5 exist, such that
K@ — Ky (|Va, M@ +1)

< —Dpaylin < Ko (@™ + |V, 2@ +1).

Applying Corollary 3.1 to the above inequality, a positive constant C
exists such that

(4.1) Sn < U (2n) < Cd;p(rn)/[q(rn)—p(zn)ﬂl,
and consequently, it follows that d,, — 0 as n — oo. Let
vn () = 57w, (y), Y=0,T+T,, €,

where §, = s 4@ =pE)+/p(n) ) g

Q, ={zcRY |52+, € Q}.

Obviously 6, — 0 as n — oo. Define p,(z) = p(dnx + z,) for
any ¢ € Q. gn(x), A\y(z) and K,(x) are similarly defined. Then
p(zn) = pn(0), ¢(zn) = ¢(0), AMzn) = An(0) and k(z,) = £n(0). By
simple calculations, we conclude that v,, satisfies

(42) { _Ap"(r)vn = S'lr:b(z)vgn(z) + gn(xa Un, an) xT € Qn,

vp(z) =0 x € 0N,
where
_ palx) gn(x) +1
In(z) = o (0) [gn () — ¢,(0)] — o (0) [pn(z) — pn(0)], = € Qn,
and

gn(xv 2, 5) = 511’1’”(3:)5};1%(30)9(511% + X, SnZ, Sn5;1§)
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+ 8p(In s, —Ind,) €[ @ =2¢ . Vp(,2 + x,)
= gn1 (2, 2,8) + gn2(z, 2,§)
for any (z,2,€) € Q, x RT x RM.
Next, we do the a priori estimates on v,,. We first estimate g, ; and

gn2. Recalling that p(x) € C1(Q) and 6,, = s 0O =Pn (O F1/Pn (0) 3¢
follows that a positive constant C' exists such that

@ (0) +1 _ _ ,
|gn.2(z,2,8)| = ;720)5” (40 (0)=pn (0)F11/Pn(0) (1, 5.,

V(S 4 ) [[E[Pn D
< 0571;[(qn(O)Jrl)/pn(O)] (In sn)|§|p"(w)71

(4.3)

for any (z,2,&) € 2, x R* x RY. Since p(x) and ¢(z) are continuous
and ¢(z) > p(z) — 1 on Q, a eo(p,q) > 0 exists such that g(x) +1 >
(1 4 eg)p(z) for any = € Q. Recalling that s, — oo as n — o0, a
positive constant C' exists such that

(44) 8711_[(‘1"(0)"!‘1)/2”"(0)] In Sy = S}L_[((I(afn)""l)/p(rn)] In sy < S;EO In Sp-

Combining the previous two inequalities, we can estimate that
|gn.2(x, 2,€)| < C|£|pn(w)—1

for any (z,2,€) € Q, x RT x RY. Now we estimate g, 1(z, z,£). Since
g(z, 2, €) satisfies (H2), a C > 0 exists such that

|gn,1 (2,2, )] = 5£"(z)5}z_pn(z)|g(5nx t Tn, Sn2, 5n5;1§)|
< 0(5571@)52"(%)—?"<z>+1zqn<f> + 0Pn (@) gl=pn (@)
1 820 (@) An @) =pa )41 [ o 2))
< CPn (@) gin(@)=pn(@)+1 (Han(z) 4 )
+ Copr (@)= An (@) An (@) =pn (@)1 £ | A ()
= Can (2)(z ) + 1) + Can(z)|g* )
for any (z,z,£) € Q, x Rt x RN, Denote &, = max{d,,d,} and

Q) ={z € RY | there exists a y € B\/S—(xn) naQ,

n

such that y = 0,2 + 2},
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"o N .
Q) ={xeR" | thereexistsay e Bl/zx/ﬁ(x") neQ,
such that y = §,2 + ,, }.
Obviously Q C Q! . Noticing that d,,,d, — 0 as n — oo, it follows

that Sn — 0 as n — oo. To estimate g,,1, we only need to estimate
a1(x) and ag(x). By condition (H1), one obtains

o _ . (p@)(x)
€1 = ine%l(q(x) —k(x)) >0, €9 = rr%n (m - A(x)) > 0.

Recalling that 6, = s;, " (7P @O +10/Pn©) "1,q by using condition (H1),
it follows that, for any « € Q0 ,
oy (z) = 5£n(z)sfbn(z)—pn(z)+1
— Sfbn(r)+1—[(qn(0)+1)/pn(0)]pn(r)
_ Sfbn(r)—qn(0)—[(qn(0)+1)/pn(0)](pn(r)—pn(0))
< 571+ (@) =0n (0)=[(an (0)+1) /P (0} (Pr (2) =P (0))
= s 1Ta0nzton)=a(@n) = [(a(@n)+1) /p(@n)(pOnztzn) =p(2n)

< ST—le+\6nr|“0+C\6nz\

< goertos?

and
az(x)

- 5£n($)—kn(r)52n(I)—Pn($)+1

- S}L+[(qn(0)+1)/z)n(O)J(An(r)—Pn(I))

< S%Pn(r)qn(I))/((qn(I)+1))—Pn(r)][(qn(0)+1)/Pn(0)]+1—[62(qn(0)+1)/Pn(0)]

- SL;fn(O)(qn(r)-H)—pn(z)(qn(0)+1)]/[;vn(0)(qn($)+1)]—[E2(qn(0)+1)/Pn(0)]

- Sg(bqn(ﬂ:)—qn(o))/(qn(r)-l-l)]—[(Pn(z)—Pn(O))(qn(0)+1)]/[Pn(0)(qn(r)+1)]—[62(qn(0)+1)/Pn(0)]
< SS(\&M\%MH%M*@)

cag/2
>0/2_

< sf“ £2),

Recalling that gn — 0, it follows from the above two inequalities and
(4.1) that

(4.6) lim sup a;(z) = lim supaja(z) = 0.

n—)OOzEQ;Z n—oo an
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Putting (4.6) into (4.5), we can estimate that
g1 (2, 2,6)] < O(|2|" @ + ) +1)

for any (z,2,£) € @/, x RY x RY. Therefore, by applying the Young
inequality and the fact that p,(z) — 1 < A\, (2) < pp(z) on Q) , we have

9202, O) < lgn1(2,2,)| + lgnz(a. 2 ©)
o < (el ) + ™71 + 6P + 1)
< Ol + @) +1)
< Ol + ¢ +1)

for any (z,z,£) € &, x Rt x RY. We now estimate the term si .

For any x € ], one has

pn_(x) Qn(x) +1

Bt an() = an 0]+ | 250

(4.8) < Cllgn(@) = an(0)] + [pn(x) — pn(0)])
= C(|g(0nz + 20n) — q(zn)| + [P(0n® + zn) — p(22)|)
< C(320/2 +6,) < €102/,

and consequently,
015202 < 1, (2) < C1620/2.

By (4.1) and the definitions of §,, and 5An, two positive constants Cy
and o exist such that
Sn S 025770.

ombinin e previous two inequalities, then
Combining the p t qualities, th
_ 2og/2 A o /2 cag/2 A /2
Cy GronT§C1o0n0 T < gln(@) < 00T -CLo0n T e

Recalling that On — 0, the foregoing inequality implies that

. 0, 590/2 4 cog /2 . 500/2 o fag /2
lim Cy “10" 551" = fim CgOn 5 et = 1,

n—r oo n—oo
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Consequently, it follows from the previous two inequalities that

(4.9) lim sup |sl»@® —1] = 0.

n—oo ’EEQ’
Combining (4.7) with (4.9) and noticing that v, < 1, we conclude that
(4.10) |5£{L(I)quin($) + gn(x, v, Vg,

< C(an + |Vun |pn(w) +1)
< C(|VunP@® +1), ze€Ql.

Recalling that &, — 0, by the definition of ,, we claim that
satisfies assumption (H3' ) with Q replaced by 2, and ¥ by 3,
o0 N 0Ny, and here the constants ag, 9 and ¢ are all independent
of n. For this purpose, we take arbitrary yg € ¥, and p < rg; then,
by the definition of Q, and Q”, we have zg = d,y0 + 2, € OQ and

no

[0 y0] < \/gn /2. Moreover, the following holds:
(4-11) Bp(yO) N Q;z = Bp(yO) NQ,,

for n, which is large enough. Obviously B,(yo) N2, C B,(yo) Ny. In
order to verify (4.11), we only need to verify that B,(yo)NQ2, C B,(yo)N
Q. Taking arbitrary y € B,(yo) N, and denoting z = §,,y +z,,, then

by the definition of €2,, and €2/, it suffices to verify that |x —x,| < 1/ 5An
or dnly| < \/gn. Noticing that for large n we have §,,rg < \/&/4, and
recalling that |5,y0] < 1/ 5An /2, it follows that

NG

Slyl < bulyol + Guly — vol < L7 + 6o <

a

and consequently, (4.11) holds for large n. On account of (4.11), to
verify ) satisfies assumption (H3') on ¥,,, we only need to verify that
Q,, satisfies assumption (H3). In fact, by (H3), a Hermite matrix K
and a function h € O (RN~ R) exist, with h(0) = 0, VA(0) = 0
and ||h||c1.e0 < ¢, such that

T(Q N Br(xo)) =V

={eRY |hE) <N < VIT-F}, 0<r<n,
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where T is given by
z=T(z) =K (z—x), =z€QNDB.(x).
Define a mapping L : QN By(xo) = L(2N By(z0)), such that
y=Lx =20, (r—xz,), x€QnNB.(x0).

Obviously, L is bijective and, by the definition of €2, we conclude

L(Q N Br(xo)) =Q,N Baglr(y0)~

Define a mapping T : €, N Bs-1,(y0) = T( N B;-1,(y0)), such that

y =Ty :=K(y—yo).

Then T = 6, T o L™, and consequently T(Bs-1,.(y0) N Q) = 3,'V,
namely,

T(Barglr(yo) nQ,)
= {v e R |57 h(6u) < /™
<otz -17e}, 0<r<n
or
7B, (0) 1 9) = {of € R [3006,37) <™ < fr2 = 72|
0<r<d, r.
Recalling that K is a Hermite matrix and ,, — 0 as n — oo, from the

above formula and the definition of T, we can see that £, N B, (yo) can
be represented as

{y' ERY |57 1h(5,5) <y <\ - W}, 0<r<n

Thus, the remainder to be verified is that, for large n,

[hn @) llcreo = 105" h(Gny)lloro0 < co,
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which is clear from the properties of h.

On account of the previous statements and (4.10), we can use Propo-
sition 4.2 to conclude that constants C', a € (0,1) and Ry exist such
that, for n which is large enough, the following hold:

Vo, ()| < C, z¢€ Q_;{,
and

[Vun(z) = Vo(y)| < Clo —y|*,  x,y€Q, |z—y|<Ro.

Finally, by the limitation process, we can obtain the a priori estimates
on u. Take z,, € 99 such that |z,, — z,| = d,. By the mean value
theorem, we obtain

1= un () = un(Tn) = 0a(0) = va (6, (T — 24))

<5Vl |[Tn — 20| < C6 Y.

Combining (4.1) with the previous inequality, two positive constants
C5 and C4 exist such that

O3 < (5;1dn < C4.
Using the same argument as that of subcase I-2 in the proof of The-
orem 1.2 in [24], ¢ > 0, subsequences of {Q} and subsequences of

{vn} exist, which are denoted by {Q”} and {v,}, respectively, and
v e CH/2(RY), such that

lim QZ:R?] = {(ylvaa"' ayN) ERN|yN > _6}'

n—oo

With some appropriate rotation,
u(y) =0, yedRY, (0)=1,
and

(4.12) lim v, (y) = v(y)

n—oo
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uniformly on any compact subset of RY in Ch/2_topology. Recalling
that |Vu,(z)| < C, for any x € ), and combining (4.3) with (4.4),
together with (4.5), one obtains

|gn($, Un, vvn)| S |gn71(x, Un, vvn)| + |g"72('x7 Un, V'Un)|
< C(s,% Ins, + ai(z) + az(x)).

Since s, — oo and

lim supajq(z) = lim sup as(x) =0,
n—oo Q'/n n—oo Q;l

it follows from the previous inequality that

(4.13) lim sup |gn(z,vn(x), Vup(z))| = 0.

n—oo wEQ,/,L

Note that d,, — 0. A subsequence of {z,} exists, still denoted by {x,},
and zg € 99, such that z,, — x¢. Combining (4.9)—(4.13), and recalling
that vy, is the solution of problem (4.2), we can see that v satisfies

{ —Ap(zoyv = 09z e RY,

v(xz) =0 r € ORY.

By the strong maximum principle, v > 0 in RY. Thus, v is a positive
solution for the above problem, which is a contradiction to Lemma 4.1.
This contradiction provides the a priori estimates on u. The proof is
complete. ]

5. The existence. In this section, we will prove the existence
of positive solutions for problem (1.1) based on the a priori estimates
obtained in Section 4 and the Krasnoselskii fixed point theorem on the
cone raised in [14], which also can be found in [4].

As preparation, we need a nonexistence result for the following
problem with large p > 0.

(5.1) { —Dpyu = f(x,u,Vu) +p €,

u(z) =0 x € 0f.
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Lemma 5.1. Problem (5.1) has no positive solution for p > po with
some suitable po > 0.

Proof. Let u be a positive solution for problem (5.1) with p > 2.
Recalling that f(z,u, Vu) = ui® + g(x,u, Vu) and g(z,u, Vu) > 0, it
follows that

—Ap(r)u > ul®) 4 w, x €.

Define u(z) := u(z) + 1 for any = € Q. Note that (u + 1)2®) <
29(®) (49(®) +-1) < M (u9® +1), where M = maxg29(*). Then 4 satisfies

a>M 7 4y —1> M 11, zeQ.

Taking a fixed point g € Q and 0 < Ry < 1, such that Bap, =
Bar, (70) C © and recalling that p(z) and ¢(x) are continuous on 2 and
p(z)—1 < g(x), we can let Ry = Ro(p, ¢), which is small enough, be such
that g1 > pa—1+¢ for some small positive constant g = €¢(p, ¢), where
Py = maxmp(x) and ¢ = miano q(x). Recalling that p(z) < N

on Q, it follows that

1 -1 -1
@+ D=1, 22— 1)
qu—p2t1 @—p2t1

-1
S172_14_]92(192 )
€o
L (N =)V +e0)
< -
N2 -1
< .
€o

By Lemma 3.1, a Cj exists such that

/ IVl da :/ Vi lda
Br (z0) Brg(zo0)

< CORéV*[(erl)(Pz*l)]/(m —p2+1)
< CORéV_[(NQ_l)/EO].

Let e(x) be the unique solution of the problem

—Ap@)e =1 z€qQ,
e(r) =0 x € 0N.
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Then e € C'(Q) and, for any k > 0, ke(z) satisfies
_Ap(r) (ke) = k(@) -1 _ pp(@)-1 In k(Vp(z) - Ve)|ve|p($)72.

Taking C' > 0 such that max_ g |Vp(2)| |Ve|P@)=1 < € it follows from
the previous equation that

—Apy (ke) < kPO 4 CRPE 1 In k.

Choosing k > 0, which is small enough, such that for any = € Q,
kP L OkP@) =Y Ink| <2 < p.
By the comparison theorem, one has

ke <wu, x€.

Let n be a standard cut-off function on Bg,. Taking ¢ = (ne)P@) Jypl@)—1
as a test function, then we obtain

/ V[P =27y v (1)) dz
Bry (o) up(®)-1

= / (u?®) + g(x,u, Vu) + p)
Brg (z0)

(ne)p(r)
up(a:)*l

Recalling g(z,u,Vu) > 0 and considering In(ne) as 0 on the points
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where n(x)e(x) = 0, it follows from the previous inequality that

a(x)
(5.2) / L e
BRO(QJO) uptr

p(z)
< / |Vu|p(”)_2VuV<(ne) l)dx
Brg (x0) )=
e\ P -1 B
= [ pe(E) T mereeuve
Ro (Zo

— (p(z) - 1) (Ey(w)WuP(f‘)

u
(ne)p(w)
up(w) -1

ne p(z)—1
</ [pm(—) VP e
Bry (o) u

- (ple) ~ 1) (%)p(m)lwm

(ne)P(“)
up(fc)—l

+

(In(ne) — In u)|Vu|p(w)2Vqu(x)} dx

+ (|In(ne)| + |1nu|)|Vu|p(‘T)1|Vp(x)|} de.

In fact, since p(z) > 1 on §, it’s reasonable for us to deal with In(ne)
like this. By the Young inequality, we have

e\ P -1
53 p@)(%) TP Ve

p(w)
< () = DIVaP (2) 4 (e

Putting (5.3) into (5.2), we conclude

e)P(@)
<[ (90ere + S (e + o)
R (zo

VU V() ) da.
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Recalling that ke < u, it follows that a positive constant C' exists, such

that
(ne)p(z) e\ Pl@)—1
<[ =
(5.5) -1 o) < |(ne) In(7pe)|
< K7 (ne) In(ye)| < €, if e # 0,
and
(5.6)
(Ue)pu) e P! Inu
——1 <|[-= : 1 p(z) o
up(ﬁ)—l Y= u uzl(l()l,)l]|e HU|+6 ueb[l]ilio) uP(ﬁ)—l
1
< kr@) sup |ulnul + eP(®) sup nu < o
u€(0,1] welL,00) UP®)~
Denote "
A
() = R I
()= min
>0

Then I(u) — oo as u — oo. Putting (5.5) and (5.6) into (5.4), we
obtain

l(u)/ (ne)P(w)dx S/ |V(ne)|P(w)dx+C |Vu|”(””)’1dx,
Br, (zo) Br, (zo) Br, (z0)

It follows from the Young inequality that

VulP®) =1y < ORY + Vu|P2ldx
| 0
BRO (wo) BRO (wo)

< CRY + CoRY I =1/e0]
Combining the foregoing two inequalities, we can see that I(u) is

bounded. Recalling that I(u) — oo as u — o0, a suitable positive
constant uo exists such that p < po. The proof is complete. O

The following Krasnoselskii fixed point theorem on the cone is raised
in [14], see also in [4].
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Lemma 5.2. Let € be a cone in a Banach space and #: € — € a
compact operator, such that (0) = 0. Assume that an v > 0 exists,
verifying:

(A) u # t2(u) for all |lul| =r, t €]0,1].

Assume also that a compact homotopy F: [0,1]- € — € and R > r
exist such that:

(B1) u) = 540, u) for allu € €.
(B2) sAt,u) # u for any |lul| = R, t € [0,1].

(B3) A1, u) # u for any |ul| < R.
Let D={u € €:r <||ul]| < R}. Then, 2 has a fized point in D.

Now, we can state and prove our main result.

Theorem 5.1. Suppose that (H1)-(H3) hold true with |£M*) 4+ 1
replaced by |€|M*®) in (H2). Denote by p_ and py the minimum and
mazimum of p(x) on Q, respectively. The minimum and mazimum
of q(x), Mx) and k(zx) are denoted by similar symbols. Assume that
Ao>py—1, k- >pr—1andq_ >py—1. Then, at least one positive

solution for problem (1.1) exists.

Proof. We use Lemma 5.2 to prove our result. Denote
€= {uecC*(Q)|u(z) >0 on Q}.

Then % is a cone in C1%(Q). Define a mapping .# : ¢ — %, such
that for any u € €, J(u) denotes the unique solution of the following

problem
— Ay Hu) = f(z,u, Vu) x€Q,
Hu)(z) =0 z € 0.

By the strong maximum principle in [11] and the C*® estimates in [5],
the definition of J#’is reasonable, and in addition, .#"is compact. Note
that f(z,0,0) =0 in Q. Thus, J#(0) = 0.

We now verify the conditions stated in Lemma 5.2. We first verify
item (A). Let 0 < r < 1 be small enough. Suppose ||u|c1e = r and
u = t#(u) for some ¢ € [0,1]. Obviously, ¢ # 0. By the definition of
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J(u), it follows that
u
—Ap(gg)? = f(z,u,Vu), x€Q.
Taking u as a test function for the above equation, then we have
/ H7P@) | Ty [P@) g = / fz,u, Vu)udz.
Q Q
On one hand, recalling that ¢ € (0, 1], it follows that
/ t1=P@) |7y P dy > / |Vu[P@® d.
Q Q
On the other hand, by condition (H2), a C > 0 exists such that
/ fz,u, Vu)udr < C/ (uq(‘r)’Ll + O 4 [Ty MPy)
Q Q
Combining the previous three inequalities, we have
/ |Vul|P®) dz < C/ (u?@H 4y 8O Ty M@y da.
Q Q

Recalling that 0 < r < 1, it follows that |u(x)| <1 and [Vu(z)| < 1 on
Q). Consequently, we obtain

/|Vu|p+dx§/ |VulP@ dz,
Q Q

and
/ (I w7y A0y
Q
< / (w4 |V u) da.
Q
Combining the previous three inequalities, it follows that

/ |VulPtdz < / (w1 + u =t 4 | Vulr ) da.
Q Q
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Denote a = ([, |[Vu[P* dx)'/P+. Combining the Hélder inequality with
the Sobolev embedding theorem, we deduce

/ (w1 +u =t (VM) do
Q

(P+—=A-)/p+
< Cad-T £ Cat-T 4 Ot </ up+/(:0+>\)dx>
Q

< Cla®* + at =T 4 a)‘*“).
Therefore, it follows from the previous two inequalities that
aPt < C(aq*Jrl + aﬁ—+1 4 a>‘*+1),

or
- P+t gr——p++l L A —pytl >

for some constant Cy > 0. Note that ¢— > py — 1, k. > py — 1 and
A > py — 1. It follows from the above inequality that a constant
€o > 0 exists such that

1/p+
a= </ |Vu|p+dx> > €p.
Q

Consequently, 0 < rg < 1 exists such that

1 1/p+
max |Vu(z)| > (—/ |Vu|p+dx) > 1o,
z€Q |Q| Q

and hence,
[ullcre = ro.
So, if we take r = ro/2, then u # ¢t#(u) for any |ullci.« = r and
t €[0,1]. Ttem (A) is verified.
Next, we verify (B1)—(B3). Let u be the same constant in Lemma 5.1

and the homotopy %7 [0,1] x4 — ¥. For any (¢,u) € [0,1] x 6, (¢, u)
denotes the unique solution of the problem

{ — Ay At u) = fz,u,Vu) + pot x € Q,

(57) At u)(x) = 0 € 0.
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By the strong maximum principle in [11] and the C™® estimates in
[5], the definition of J#is reasonable, and J#is compact. Obviously,
Hu) = H#0,u) for any u € € Thus, (B1) is verified. By condition
(H2), two positive constants K, and Ko exist such that

Ku?®) — I~(2(|Vu|)‘(””) +1) < f(z,u, Vu) + pot
< Ko (u?® + |Vu M) 41).

Thus, we can apply Lemma 4.2 to problem (5.7) with J#(t, u) replaced
by u, and consequently, a positive constant C' exists, such that ||u|| < C
for any fixed point of J#t,u), where || - || stands for the uniform norm.
Then, by the C1'® estimate in [5], a constant R > 0 exists such that
lu]lcr.e < R for any fixed point of J#{t,u). Thus, (B2) is verified, while
(B3) is the direct corollary of Lemma 5.1.

By Lemma 5.2, a fixed point u for J{u) in € satisfies r < |Jul|g1.« <
R. By the definition of J# u is a solution of problem (1.1). Utilizing
the strong maximum principle in [11], we know that u is a positive
solution of problem (1.1). The proof is complete. i

APPENDIX

6. Global C* estimates. The appendices are employed to prove
Propositions 4.1 and 4.2 stated in Section 4, in other words, we do
the global C1® estimates on the bounded weak solutions for elliptic
equations of the form

(6.1) { —div A(z,u, Vu) = B(z,u,Vu) € Q,

u(z) =0 x € 0f.

Obviously, the global O estimates are based on the global C®
estimates. In this section, we concentrate on doing the global C¢
estimates, while the global C1'® estimates and the proof of Propositions
4.1 and 4.2 are given in Section 7.

Since the weak solution we considered here and in Section 7 is
bounded, without loss of generality, we can suppose that

max |u(z)| < M, M > 0.
€N
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Assume that

(A2) A: Qx [-M,M] xRY = R¥ and B : Q x [-M,M] - R.
A(z,u,n) and B(x,u,n) are measurable in z and continuous in (u,n).
Positive constants \* and A* exist such that

Ay = NnlP®, Al ug)| < Al

and

for any (z,u,n) € Q x [-M, M] x RN,

Throughout this appendix, we always suppose (A1), (A2') and (A3)
hold true.

The global C* estimates are based on the Hdélder continuity of
functions in the class %p(m)(ﬁ, M,~,7v,0), which was introduced
in [10]. B, (Q, M,7v,71,0) is the natural generalization of class
B,(Q, M,v,71,6), which was introduced in [15]. The approach we
used here is similar to that in [10, 15]. In fact, the interior C'* esti-
mates can be deduced from the results stated in [10]. However, the
boundary estimates were not considered there.

Definition 6.1 [10]. Let M,~,v; and ¢ be positive constants
with 6 < 2. We will say that a function u(z) belongs to class
By (Q, M, v,71,0) if u € WHPE@(Q), maxgq [u(z)] < M, and the
functions w(x) = +u(x) satisfy the inequality
(6.2)

/ |Vw[P@ de < ’y/
Bk,r Bkv/’

for arbitrary B, C 2 and such that &

p(z)

—k
w(z) dz+v|Br,l, 0<r<p

p—

(6.3) k > maxw(x) — M,

P

where By , = {z € B, | w(z) > k}.

Definition 6.2 [10]. We will say that function u belongs to
Bp)(Q, M, y,71,0) if u € Bp)(2, M,y,71,0) and, in addition, the
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p()

following holds:
—k
wiw) — k de +n|Q,l, 0<r<p

/ |Vw|P® dz < 7/
Q. Q| P—T

for arbitrary ball B, with center on 02 and k such that

P P

k > max {maxw(x) —0M, rrgaxw} ,

where Q, :=B,NQ, S, :=900NB, and Q. , :={z € Q, | w(z) > k}.

The following lemma is taken from [10], which states the interior
estimates on functions in the class %) (2, M,v,71,0).

Lemma 6.1. Let Q be a domain in RN, Br and Brys4 concentric
balls contained in Q. Then a positive constant Ry = Ro(M, Lo, ap)
and an integer s = s(N,py,7vy) > 2 exist such that, for any function
U € By (2, M,v,71,0), at least one of the following two inequalities
holds:

1
71287 + Y1 +

osc{u;Br} <7 R,

osc{u; Br/s} < (1 —727%)osc{u; Br},
for any R < Ry, where 7 = min{(1/2),(6/2)}.

Similarly to Lemma 6.1, we can obtain global estimates on functions
in the class %) (2, M,~,71,0). In fact, we have the following lemma.

Lemma 6.2. Let 2 be a domain in RY and satisfy (A3). Let u be
a function of class P2y (2, M,v,71,6). Suppose that, for any ball B,
with center on 02 and p < po, the following holds:

(6.4) osc{u;S,} < Kp°, ¢>0.

Let Br and Bgy4 be two concentric balls with center on 02 and R < pg.
Then a positive constant Ry = Ro(M, Lo, a0) < po and an integer
s =8(N,p+,v,00) > 2 exist, such that at least one of the following two
inequalities hold:

_ _Yt+m+1
osc{u; Qr} < max<{2K,7 12%p} 577}1%5,
(6.5) { R} < { Po ~

osc{u; Qp/a} < (1 —727%)osc {u; Qr},
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for any R < Ry, where 7 = min{(1/2), (6/2)}.

The proof of Lemma 6.2 is based on the following Lemmas 6.3 and
6.4.

Lemma 6.3. Let @ C RN be a domain, w(x) € W'PE)(Q) a
bounded measurable function with max,eq |w(z)] < M, M > 1. Bg,
Brj2 and By are concentric balls contained in §2. Suppose that, for
any balls B, and B,, which have the common center with Bgr, and
R/4 <r < p <R, the following inequality holds:

(6.6)

/ |Vw[P®) dz < ’y/
Bk,r\Bl,r Bk,p

where k' > —M ‘is a fized constant, which satisfies |Bj gj2| < (1 —
00)|Bry2l, and v > 1,71 and §o < 1 are positive constants. Denote
w = maxp, w(z) — k'. Then a positive constant Ry = Ro(M, Lo, ap)
and an integer s = s(N, py,7,00) > 2 exist, such that

1
w < 2°max { max w(x) — max w(x), ﬂﬁf},
Br Brya vy

p(x)

w—k dz +1|Br,l, 1>k>Fk,

p—r

for any R < Ry.

Proof. Denote p* = minp, p(x) and p’ = maxp, p(r). By (Al), a
positive constant Ry = (M, Lo, ag) exists such that
(6.7) R-Wi—p0) <9 (QM)pifpi <2,

provided R < Ry. We complete the proof in the following three steps.

Step 1. A positive constant § = 0(N,py,v) < 1 exists, such that, for
any kO > K/, if

(6.8) |Bo g2 < ORY,

then at least one of the following inequalities holds
max w(zx) < ! (ma w(z) + ko)
X = X ,

Brya 2\ Br

1
max w(z) < k° + ytmt+l
Br ’}/

IN
e

R.
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Denote H = maxpg, w(z) — k. Obviously H < 2M. We assume that

1
maxw(z) > k® + ﬂR,
Br Yy
namely, H > [(y+ 71 + 1)/7]R. Set
R R o H H
Pi= gty MERt S o
Yj = R_N|B/€jypj|v Dj+1 = Bk‘jvijrl \Bkj+17pj+1v J=0,1,....

Obviously k; > k° > k/. Taking | = kji1, k = kj, 7 = pj+1 and p = p;
in (6.6), then one obtains

9j+3 p(z)
[owurias sy [ (2 o ke s B, |
Djia Bkjv/’j

17=0,1,....
It follows from the Young inequality and the inequality above that

/ IVw|P~dx < (v + v + 1)| By, , |
Djt1

+ 'y2(j+3)pjf]:i_pjr / |lw — kj|pjfda:
Bhjopj

< ('Y +m+ 1)|Bkj7pj| + 72(j+3)p1R_p1Hpi |Bk_7‘7pj |

Recalling that H > [(y + v + 1)/7]R and p. > 1, one has v+ +1 <

vHP+R~P+, and consequently, it follows from the previous inequality,
that

/ |Vw|pi de < 9(i+4)p} ’yR_pi HPY |Bk_7~,pj |
Djy1

= 2UHIPL N RN-PL g} Yj.

Applying the Holder inequality to the left side of the above inequality
and recalling (6.7) and v > 1, one obtains
(6.9)

1/p*
/ |Vw|dx < (/ |Vw|P*dx) | Dy |t Y/P=
Djy1 Djta

< (ijN)l—l/pi 9(+4)pL /P 2 1/p R(N=PL)/pZ prpt /vt y;/Pi
— RN-p3 /P 2(j+4)p1/p171/pi HPL/PE n
SRNflg(jJrS)m,pri/pi yi, §=01,2,....
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Recalling that k; > k°, R/4 < pj+1 < R/2,j =0,1,..., it follows from
(6.8) and Lemma 2.2 that
(6.10) / |Vw|dx
Djt1
> (kj-i-l - kj)|Bkj+17Pj+l |1_1/N|Bp_7‘+1 \ Bk’j7ﬂj+1 |6(N)_1,0;+]\{
H _ _ _
> S (BN i) TN (4 N oy —0)B(N)
4_N0N —0

o N-1 1-1/N
~ 2 F23(N) HR" 7y,

where oy is the volume of the unit ball in RY. Combining (6.7) and
(6.9) with (6.10), and recalling H < 2M, one has

Yji+1 Sijy}+€7 jZO,l, )
where

6(ps+1 N/(N-1)
o= (BZEE) T pmpeeoy, oo L

47N0N —0
By Lemma 2.3, if

Yo = RV |Byo pyo| < e Hepm /e

_ (A Non =0 N v
— \B(N)26(p++1)y ’

namely,

B | < —1/ep=1/* _ 4 Noy —0 N_12—N(N—1)(p++1)RN
KRR © ~ \B(V)20%++y :

then
y; — 0 as j — oo.

Take

T S 4 Noy M —N(N?-1)
9—m1n{§4 ON, <W 2 .
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Then y; — 0 as j — oo provided |Byo /2| < ORYN. By the definition
of y;, we conclude that

BRT T N, _
| Brotr2,r/4] = jlggo |Bk;.p;| = jli{IC}QR yj =0,

and therefore "
maxw(z) < k® + —,
Brja (z) < 2
namely,

1
max w(x <—(maxwx —|—k0).
maxu(a) < 5 (maxu(a)

Thus, we complete Step 1.
Step 2. For any 6 > 0, there exists an integer s = s(N,p_, p+, 0,7, o)
> 2, such that if w > 2°[(y + 71 + 1)/7]R, then (6.8) holds for

E0 = maxw(z) — 27 Yy,
Br

Let s > 2 be an integer, which will be determined later. Suppose
that w > 2°[(y + 1 + 1) /7] R. Denote
(6.11) 4

kanéixw(x)—2_]w, Dj:Bka/g\Bijth/g, jZO,l,... .

Takingr = R/2,p=R,k=kjandl =Fk;y1in(6.6),j=0,1,...,5-2,
then we conclude

J,

Combining the above inequality with the Young inequality and recalling
that w > 2°[(y + 71 + 1)/7]R and p% > 1, we have
(6.12)

2 p(w)
<—> lw — k[P dx + 1| By, gl

Vuw|P® dp < /
[Vw|P"®de <~ 7

j By,
J kj.R

\Vw|P~da < (v + 1 + 1)| By,

DJ
2\ " .
+’Y(—> / |w—kj|p+dx
R B . r

< (74 7+ DB, gl + 207y wR ) By, g
S72(27j)p:(WR71)p1|Bk_7~,R|7 ] :Oalv"' 75_2'
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By the Holder inequality, it follows from Lemma 2.2 that

(6.13) (kj+1 — kj)|Bkj+1,R/2|1_1/N
L BNERY

< |Vw|dx
|BR/2\Bkj7R/2| Buj,r/2\Bi;, | ,R/2
N
< al )/ |Vw|dx
500'N D;
BN) N ey
< </ |Vw|pdx) |D;| Pt i =0,1,- 85— 2.
00N D;

Putting (6.12) into (6.13) and recalling that |By ., r/2| > |Bk,_, r/2|s
j=01....s—2and w < 2M, M > 1, v > 1, p- > 1 and
R-Pi—p2) < 2, we have

By, , rpel" N
< BIN) vy ouv2m o7 =i =7 /o g1/ =1 V=91 /0" ;|1

~ dgonN
< 2 B(N)y

RN=-P)/P" | p. 1 1/P"
500N | J|
Summing up the previous inequalities with j7 = 0,1,...,s — 2, and
noticing that

s—2 s—2 1-1/p*
S < (Linl) -

) =0
= |Byo,rj2 \ Br,_, ryol' 7P (s — 1)/P"

< (on RN (s =),

then we conclude that

8- 4P+ B(N)y )N/(N—l)RN

|Br, 1 r/2| < (
1R/ (S _ 1)1—1/}7— 500.]1\//10-%—

By the aid of the above estimates, we can choose the integer s with

4P p—/(p-—1)
o (LA Y
2 Q(N—l)/N5oU]1\;/p+




SOLUTIONS FOR THE p(z)-LAPLACIAN EQUATION 1721

such that
B, _,.rj2| <ORY.

Hence, we complete Step 2.

Step 3. Let 6 and s be the constants stated in Step 1 and Step 2.
Denote k° = maxp,, w —2~"Dw. From Step 2, we know that at least
one of the following inequalities holds

Y+7+1
Y

w< 28 R, |Byo g2 < ORN.

If the first one holds, then the conclusion is valid. Otherwise, by Step 1,
at least one of the following inequalities holds

1 1
max w(x) < —(maxw(x) + ko), maxw(z) < k° + wR,
Br/a 2\ Bgr Br vy

from which the conclusion follows immediately. The proof is com-
plete. O

Lemma 6.4. Let Q be a domain and satisfy (A3). Let w(x) €
WP (Q) be a bounded measurable function with maxgq |w(x)| < M,
M > 1. Bgr, Brjz and Bg,4 are concentric balls with center on 0.
Suppose that for any balls B, and B, which have the common center
with Bgr, and R/4 <r < p < R, the following inequality holds:

— k p(=)
/ |vw|z)($)daj < ’y/ wf‘ dz + 71| p)
6.14)  Joo ., @, PTT

I>k>FK,

where k' is a fized constant, which satisfies maxg, w(x) < k <
maxgq, w(x), v > 1 and 1 are both positive constants. Denote w =
maxp, w(z) — k. Then a positive constant Ry = Ro(M, Lo, ag) < po
and an integer exist s = s(N,p_,p4+,7,60) > 2, such that

1
w < 2°max { max w(z) — maxw(x), ﬂR},
Br Bry/a Y

for any R < Ry.
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Proof. Define

B(z) = max{w(z),k'} =€ Qg,
W)= kK xEBR\QR.

Noticing that &’ > maxg, w, one has @ € W'?(*)(Bg). By the aid of
(6.14), for any k > K/, it follows

/ VoP® de = / VulP@ de
By, »\Bi,» Qe \Q,r

w—k p(x)
(6.15) Sv/ —— | dr+7|Q,l
Qi | P
~ 7 p(®)
S’y/ —— | dz+|Bksl,
By, | P—T

where By , = {z € B, | W(z) > k}. On account of (A3), the following
holds

(6.16) |Brr ry2| = Q2| < (1 —60)|Bpryal-

Combining (6.15) with (6.16), we infer that w satisfies all the conditions
in Lemma 6.3, and consequently, it follows from Lemma 6.3 that
a positive constant Ry = Ro(M, Lo, ap) < po and an integer s =
s(N,p—,p+,7,00) > 2 exist such that

. ~ P 1
max w(z) — k' < 2° max { max () — max w(x), wR},
Br Br Br/a Y

for any R < Ry. Recalling that maxg, w(z) < k¥’ < maxq, w(z), the

above inequality implies that at least one of the following inequalities
holds

(6.17)

maxw(z) — k' < gs¥ M1

R,
Br ")/

(6.18)

maxw(z) — k' < 2S(maxw(x) — max { max w(z), k'})
Br Qr QR/4
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If (6.17) is valid, then the proof is completed. We now assume that
(6.18) holds. If maxq,,, w > k', then it follows from (6.18) that

(6.19) max w(z) — kK < ZS(m?;X w(z) — glj/)iw(x))

If maxq,,,, w < k', then obviously we have

maxw(x) — k' < maxw(xr) — maxw(x) < 2S(maxw(x) - maxw(x)),
Qr Qr Qr/a QR Qr/a

which implies that (6.19) still holds. Combining (6.17) with (6.19), we
complete the proof. O

Now, we can give the proof of Lemma 6.2 as follows:

Proof of Lemma 6.2. Suppose Br and Bp/, are two concentric
balls with centers on 9 and R < pg. Set 7 = min{1/2,§/2}. If
osc{u; Qr} < KRE, then (6.5) holds. If osc{u;Qr} > KRS, then
osc{u;Qr} > osc{u;Sr}, and thus at least one the following two
inequalities holds:

1
max u(z) < maxu(z) — zosc {u; Qr},
Sk Qr 2

1
max(—u(z)) < max(—u(z)) — zosc {u; Qr}.
Sk Qr 2
Let w be u or —u, such that

1
maxw(z) < maxw(x) — —osc{w; Qr},
Sk Qr 2

and consequently

maxw(z) — Tosc {w; N} > maxw(z).
Qr Sr

Set k' = maxgq,, w(z)—7osc {w; Qr}. Recalling that 7 = min{1/2,5/2},
this yields

>k > — .
%ixw(x) > k' > max { Héixw(x), max w(x) 5M}
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By the definition of %, ,) (0, M, ~,71,6), w satisfies all the conditions in
Lemma 6.4. By Lemma 6.4, a positive constant Ry = Ro(M, Lo, ap) <
po and an integer s = s(N,p_,p1,7,6p) > 2 exist such that

1
maxw(x) — k' < 2° max { max w(x) — max w(zx), wR},
Qr Qr Qr/a Y

for any R < Ry, which implies that at least one of the following two
inequalities holds (recalling that k' = maxq, w(z) — Tosc {w; Qr})

(6.20)
osc{w; Qr} < T—lzs(maxw(x) - maxw(x)),
Qr Qr/a
(6.21)
ose {w; O} < 7‘12‘”++1+IR < 7—125p3*€7++1+13.

If (6.20) is valid, then it follows that

77 2%0sc {w; Qrat < (17125 — 1) osc {w; Qr}

+ 7128 (min w(x) — min w(x)) ,
Qr QRr/a

and consequently, noticing that ming, w(z) < ming, ,, w(z), we con-
clude that
osc{u; Qp/a} < (1 —7277) osc{u; Qr},

which together with (6.20) and (6.21) implies the conclusion of Lemma
6.2. O

Combining Lemma 6.1 with Lemma 6.2, we have the following propo-

sition, which states the Holder continuity of functions in the class
%p(m)(gvarYa’Ylad)'

Proposition 6.1. Let Q be a domain and satisfy (A3). Suppose that
u € Bp)(2,M,y,71,0) and for any ball Br with center on 082 and
R < po, the following holds:

osc{u;Sp} < KR°, &>0.
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Then a positive constant Ry = Ro(M, Lo, ) < po and an integer
s =8(N,P_,pt,7, 6p) exist such that, for any R < Ry/24 and x¢ € (2,
the following holds:

osc{u; Qr(z0)} < cRy“R“,

where a = min{e, —logy, (1 — 727%)}, 7 = min{1/2,0/2}, ¢ =
(24)* max{c. R, 2M} and
1
¢« = 5° max {2K, 4712Sp65w}.
Y

Proof. Let Ry and s be the larger of those in Lemmas 6.1 and 6.2,
respectively. Take arbitrary xg € Q and R < Ry/24. We first conclude
that at least one of the following two inequalities holds

(6.22)
1
osc {u; Qr(wo)} < 5° maX{ZK, 47128[)(1)_5&}357

(6.23)
osc {u; Qr(zo)} < (1 —7277%) osc {u; Q2ar(xo)}-

In fact, set d = d(xo,09). If d > 4R, then Bar(zo) C 2, and it follows
from Lemma 6.1 that at least one of the following inequalities holds:

(6.24)

1
osc {u; Bap(xo)} < 47 7125pé_5w}%5,

1
7125ﬂR < 4r
Y

(6.25)
osc {u; Br(xo)} < (1 —727°) osc{u; Bag(zo)}.

If d < 4R, taking yo € 9 with |z — yo| = d, then Qr(z0) C Qr+da(yo)

and Qu(pta)(20) € Qurtsa)(o) € Q2ar(20). By using Lemma 6.2, at
least one of the following inequalities holds:

1
osc {u; Qryalyo)} < max {ZK, 7_125,066#}(1? +d)*,

osc {u; Qrya(yo)} < (1 —727%) osc {u; Qurya)(¥o)}
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and consequently, at least one of the following inequalities holds:
(6.26)
1
osc{u; Qr(zo)} < 5°max {2K, 77125pé_5w }RE,
v

(6.27)
osc {u; Qr(zo)} < (1 —727%) osc {u; Qasr(z0)}.

Combining (6.24)—(6.27), we obtain (6.22) and (6.23). Set
1
¢, = 5° max {2K, 4712Sp3—5w}.
Y

Then, by Lemma 2.4, the following holds:
osc{u; Qr(zo)} < cRy“R“,

where o« = min{e, —logy, (1 — 727%)} and ¢ = (24)* max{c.R§, 2M }.
The proof is complete. i

By applying Proposition 6.1, we can obtain the global C“ estimates
on the bounded weak solutions for problem (6.1).

Proposition 6.2. Let Q be a domain in RN and satisfy (A3). Then
positive constants R* = R*(M, Lo, ap) < po, o = o*(N, M, p_,ps, \*,
A*,00) and ¢* = c*(N,M,p_,py, \*, A*, 0y) exist such that, for any
bounded weak solution u of (6.1) and R < R*, the following holds:

osc{u; Qr} < "R

Proof. By Theorem 4.2 in [9], positive constants v, v; and &
exist depending only upon A\*,A* A ;p_,p; and M, such that u €

By (Q,M,v,71,6). By using Proposition 6.1 for u, we can obtain
the conclusion. The proof is complete. O

7. Global C!® estimates. In this appendix, we give the proof of
Propositions 4.1 and 4.2, in another words, we establish the global C'*®
estimates on bounded weak solutions of problem (6.1). The interior
Ch* estimates can be deduced from the results stated in [5]; therefore
we only need to consider boundary C'® estimates.
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As was mentioned in Section 6, here we always suppose that u is a
bounded weak solution of problem (6.1). Let the domain €2 be satisfied
by condition (H3). And, throughout this appendix, we always suppose
that (A1)—(A3) hold true. As we can see from (A2), a direct calculation
shows that (A2’) also holds with some positive constants A\* and A*;
thus, without loss of generality, we always suppose that (A2’) holds
throughout this appendix.

The following lemma is taken from [21].

Lemma 7.1 [21]. Suppose that A(x, z,n) satisfies assumptions (A2).
Then we have

(7'1) (A(:E, U, 77) - A(:C, U, 77/))(77 - 77/)
R p(z) > 2,
= olnl? + [0 P22 — g2 p(x) < 2,

where \g is a constant depending only upon N, p_, p+, A and A.

As the first step of proving the boundary O estimates, we translate
problem (6.1) into a new problem, which is defined on hemisphere
BF(0) and is equipped with a structure similar to (A2) by using
condition (H3).

For this purpose, we take arbitrary zo € 02, and without loss of
generality, via translation transformation, we can assume that z¢ = 0.
On account of (H3), positive constants rg, ¢, ag € (0,1) and function
h € Cho(RN-1) exist with h(0) = 0, VA(0) = 0 and ||h||c1.e0 < co,
such that Q,,(0) :== QN By, (z9) = QN By, (0) can be represented as

{y e RN | h(G) < y" < \Jri - |§|2},

under some rectangular coordinates systems in RY centered at 0 in

a basis fi1,...,fn, which may be different from the original basis
e1,...,en, where 4%, s = 1,..., N are the coordinates corresponding
to f1,...,fn. Noticing that (H3) still holds if we replace ro by any

positive constant r{, < rg, recalling that VA(0) = 0, so without loss of
generality, we can assume that 7y is small enough such that

_ 1 _
(7.2) IVh(y',...,y" | < 5 W N € By (0),
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where B,, is a ball in RV~1. For any point P € R, we denote
by (zt,...,2") and (y',...,y") the coordinates of point P in the
rectangular coordinate systems centered at 0 in the bases e1,... ,en
and f1,..., fn, respectively. Then the following holds:

(7.3) Wy = K. aN)T

where K = (fie;)nxn. It’s easy to see that K is a Hermite matrix,
namely

(7.4) KKT=K'K =1,

where [ is the unit matrix of order N x N. We denote U, = K(£,,(0)),
then

Uy, = {(yl,--- ) TRy T <Y

<R =+ )

Define a mapping @ : Uy, — ®o(Us,,), y — 2z = Po(y) as follows
(75) Zi:yi’ 7;:1’“.’]\]’_1’ zN:yN_h(yl’.“’yN_l).

Denote Vp := ®o(U,, ), then

(76) Vo = {(zl’,.. ,ZN) | 0 <ZN < 7,.8 _ ((21)2_’__,__*_(2]\]71)2)

— h(z,. .. ,zN_l)}.

Obviously ®( is a reversible mapping, and its inverse mapping is
denoted by ¥q. Then for any z € Vj, y = ¥o(z) can be represented as

(7.7) yi=2 i=1,...,N—1, yN =N nt . 2N,
Define a mapping @ : ,, — Vi such that

(7.8) O(z) = Oo(Kz), z€Q,

and its inverse mapping is denoted by ¥. Then by (7.4), one obtains

(7.9) UV — Q, U(z) = KT (Uo(2)), zeVj.
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For any (z,v,n) € Vo x [-M, M] x RN define

(7.10) %(zvvm) = ®'(V(2))A(¥(2),v, D' (¥(2))"n),
(7.11) B(z,v,n) = B(¥(2),v,® (¥(2))Tn).

On account of the assumptions on A(z,u,n) and B(z,u,n), we can

infer that A and B have the same continuity as A and B, respectively.
For any (z,v) € Vo x [-M, M] and n € RV \ {0}, we denote

~ IA.

A (Z7 v, 77) = <—1(Z, v, 7]))
! oy NXN

By (A2), we can see that A(z,v,n) and B(z,v,7n) satisfy assump-

tion (A2) with the constants A and A being replaced by some other

constants. In fact, we have the following lemma.

Lemma 7.2. Let mappings K, ®q, ¥o, ® and ¥ be defined by (7.3),
(7.5), (7.7)~(7.9), respectively. Assume A(z,v,n) and B(z,v,n) are
given by (7.10) and (7.11), respectively. Define p(z) = p(¥(z)) for any
z € Vy. Then positive constants A1, A1 and L exist depending only
upon A, A, X, A*, co, o, Lo and py, such that for any z1, z2, z € Vj,
v1,v2,v € [-M, M], n € RN\ {0} and £ € RV, the following hold:

(7.12) T A, (z,0,m)E = MnPO e,
(7.13) A(z,v,m)n > M|nP@,
(7.14) Ay (z,m)| < A|PH=2,
(7.15) |A(z,0,m)| < AP,
(7.16) |B(z,v,m)] < Aa(1+ [nP®),
(7.17)

|A(z1,v1,m) — A(z2,v2,m)| < Ar(J21 — 22| + o1 — v2*)
(PO [ PED T,

IP(21) — P(22)] < Li|z1 — 22, 1 <p- <p(z) < py < oo,

where n can be equal to 0 in (7.13) and (7.15)—(7.17).
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Proof. A direct calculation shows that

(7.19)

Ay(z,0,m) = ' (U(2))A4,(¥(2), v, D' (¥(2)) )@ (¥ (2))7,
(7.20)

' (W(2)) = BY(KU(:))K.
By the aid of the definition of ®¢, it follows that
/ _ IN—l 0

1 N-1 1 N-1
Vh— oh(yt,... ,y ),...,8h(y,...,y ) ,
ayl yN—1

for any y = (y!,... ,y") € U,,. For any y € U,,, and n € R", one has

oy(y)n=n—(0,...,0, Ve,  @4(x)"n=n—n"(Vh 07,

where 7j = (n',... ,7V 1), and consequently it follows from (7.2) and
(7.20) that

1 , 3 1 , T 3
(T21) Ll < [@EE < Sl glil <12l < Sl

for any z € V. Here we used the fact that |Kn| = |n| for any n € RV.
For any ¢ € RN, (z,v) € Vo x [-M, M] and € RN \ {0}, it follows
from (A2), (A2'), (7.19) and (7.21) that

€1 Ay(z,0,m)€ = (@' (W(2)TE)T Ay (¥(2), v, @' (¥ (2)Tn) (@ (¥(2))€)
> N (B (=) 20 (W (2)) T
1 PeeED=211 2 )
”‘5’7 56| =2 ATl

and _
A(z,v,m)n = AT (2), v, ®'(¥(2)) ) (@' (¥(2)) ")

> /\*|q>/(\1;(z))Tn|p(\P(2)) > 2—p+)\*|n|ﬁ(2).
And thus (7.12) and (7.13) hold, provided Ay < 27P+ min{\, A\*}.
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For any (z,v) € Vo x [-M, M] and n € RN\ {0}, by (A2), (7.19) and
(7.21), one has

|4y (2,0, m)| = | (¥(2)) Ay (¥ (2), v, @ ((2)) ") @' (¥(2))"
< glAn(‘If(Z),v,<1>’(‘I’(Z))Tn)‘1>’(‘lf(2))T|

= glé’(‘lf(Z))An(\I’(Z),v,‘P’\I'(Z))TW)TI

IN

214y (W(2), 0, (W (=) )]

PEEN-2  sa\pr
<22 <(—) AlpPe)-=2,

9,13
2

which implies (7.14) provided Ay > (3/2)P+A.

For any (z,v,m) € Vo x [-M, M] x RN, combining (A2') with (7.21),
then we have

|B(z,v,m)| = |B(¥(2), v, (¥(2)) " n)]

p(‘I’(Z))>

3 P+ 5
< (2 p(z)
(2> A (14 mP@),

and
|A(z,v,m)| = | (W(2))A(¥(2), v, @ (¥(2)) )]

AW (), v, @ (W (=) )

5 P(¥(z)-1

ZA* 3
2

577

3 P+ 5
21 A*p|p)-L,
(2) In|

Therefore, (7.15) and (7.16) hold provided A1 >max{(3/2)P+A,(3/2)P+A*}.
Let 21,22 € Vg, v1,v2 € [-M, M] and n € RN. We denote z; = ¥(z;)

IA
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and y; = Kx;, ¢ = 1,2. Recalling that |||/ c1.a0 < ¢g, we have

@ (1) — @' (22)| = [(Po(y1) — Po(y2)) K]
= [(®4(y1) — Po(y2))]

|Vh(y1) — Vh(y2)]

coly1 — ga|*®

colyr — y2|*°

= ¢colz1 — 22|,

<
<

and
z1 — 22| = [V(21) — ¥(22)|
= |[K"(Wo(21) — Wo(z2))|
(7.22) = |Wo(21) — Yo(22)|
< o1 = zo| + [R(Z1) — h(%)]
< (o + 1)|z1 — 22|,

where 7 = (n', ...,V 17T for any n € R", and consequently, by (A1),
(A2), (7.21) and the mean value theorem, we conclude

Ip(21) — p(22) = [p(¥(21)) — p(¥(22))]
< Lo|¥(21) — W(z2)]*
< Lo(co + 1)z — 22|,

and

|A(z1,01,m) — A(z2,v2, 1)
= |®' (1) A1, 01, ' (21) 1) — ' (22) A2, v2, @' (22) 1)
< @' (z1) (A(w1, 01, ' (z1)Tn) — Az, v, @’(xg)Tn)H
+ |® (1) (A(z1, v1, @' (22)" ) — A2z, v2, @' (22)"n))|
+ (9 (1) — @' (w2)) A(w2, v2, @ (w2) )

3
< §CO|$1 — 22| | Ay (21,01, (09" (1) + (1 — 0)' (2))n) | In|

3
+ —A(|$1 — Z‘2|a0 + |U1 — ’U2|a0)

2
p(r2)—1 3
27]

3
SN

p(z1)—2
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p(x2)—2
+colfer —22|* |50 Inl
3 P+
< 3(5) (co + 1)A(Jzy — 22| + [v1 — v2|*)
(I[P 4 P Iy
3 P+
= 3(5) (co+ 1) 0A(J21 — 22| + |vg — va]*®)

. (|n|ﬁ(z1)f2 + |77|z3(22)71)|,7|.

Thus (7.17) and (7.18) are obtained if we take A; > 3(3/2)P*(co +
1)1+a0 and L = Lo(l + Co)ao.

Combining the previous proof and taking
= Lo(l + Co)ao,
A1 = 27P+ min{\ A"},
3 b * 1+«
A = 3 max{A, A", 3(co + 1) T},

then (7.12)—(7.18) hold, and the proof is complete. O

Lemma 7.3. Let Vi be given by (7.6). Then a positive constant
ry <1 exists, such that

N

B;rl(O) = {(zl,... 2N Z:(zi)2 <r? N> O} C V.

i=1

Proof. Forany z = (z1,...,2M)T € R, wedenote 2 = (2%..., 2N 1T
€ RV-! For any z € RN with |z] < 2/\/_7‘0, recalling that h(O) =0,
we infer from (7.2) that

— N 3 ~ 3 1 2
\/ré —|Z12 = h(z) > \/—1_37”0 = |h(z) = h(0)] > \/—1—37“0 - §|z| > \/—1—37"0'

For any z € BQ/\/— (0), it is obvious that |Z] < 2/v/13ry and
N < 2/4/13ry, and consequently, it follows from the above inequality

that 5
0<zV < —rp< 7“2—?2—/1?,
h130 V7o || ()
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which implies that (recalling (7.6))

~ PN 2
B;’/\/ﬁro(O) - {z eRY|0< zN<1/7‘(2)—|z|2—h(z), |Z] <\/—1_37“0} V.

Let r; = 2/4/13rg. The proof is complete. ]

For any bounded weak solution u of problem (6.1), we define a new
function

(7.23) v(z) =u(¥(2)), z¢€ V.

Then, it’s easy to see that v is a bounded weak solution for the problem
(7.24) —divg(z, v, Vv) = E(z, v, Vv), z€W.

Moreover, by Proposition 6.2, it follows from (7.22) that

(7.25) |v(z1) — v(22)| < W (21) — U(22)|* < " (1+¢0)® |21 — 22|,

for any 21, 29 € V, such that |21 — 22| < R*/(co + 1).

By the definition of v, we can see that one can firstly obtain the
estimate on v to derive the boundary C!® estimates on u. For this
purpose, we use a similar argument used in [5, 16]. Let r; be the

constant in Lemma 7.3. For any 2y € B:‘l/Q(O) and 0 < R < 1/2,
select 2§ € Br(z0) N B (0), such that

B() = p+ (201 B) = max {3(2) | 2 € Br(z0) N B (0]},

and define

A(n) = A(z5,v(%5),m), n€RN.

We introduce two auxiliary functions wy and ws as follows: if Bagr(z9) C
B (0), we consider the boundary value problem

(7.26) { —divA(Vw1) =0z € Br(20),

wr(z) = v(z) z € 0BR(20),
and if zg € Bgl/Q(O) i= By, 2(0) N {z € RN | 2V = 0}, we consider the
boundary value problem
—divA(Vwz) =0 2z € Bf(2),
wa(z) = v(z) z € OB (20).

(7.27) {
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Then we have the following two lemmas, which state the properties
of wy and wy. As we will see later, these properties will be frequently
mentioned to study the properties of v.

Lemma 7.4. There is a unique solution wy € WP+ (Bp(2))N
L>(Bgr(z0)) of problem (7.26), such that

(7.28)
sup |Vw1|p+(Zo;R) < CR‘N/ |Vw1|p+(Z°;R)dz,
Bry2(z0) Br(z0)
(7.29)

osc {Vwn; Br(20)} < C(g) osc {Vwi;B,(20)}, 0<r < p<R,

(7.30)

/ |V, [P+ d, < ¢ (14 |Vo|p+ o)) gz,
Br(20) BR(Z())

(7.31)

sup |w; —v| < osc {v; Br(z0)},
BR(Z())

where o € (0,1) and C are positive constants depending only upon N,
A1, A and py.

Proof. The existence and uniqueness of the solution of problem (7.26)
can be obtained by using the standard argument on strongly monotonic
functionals. The strongly monotonic functional considered here is given
by T : W+ R (Br(z9)) — W10+ GoiR) (Bp (),

T(w)(n) == /B AV + Vo)Vnde, nw e WorCom (Be(0)),
R(zq)

where (p4(z0; R)) = p+(20; R)/[p+(2z0; R) — 1]. Let wy be the unique
weak solution of problem (7.26). Then, by the weak comparison
principle, we infer that —[jv]] < wi(x) < |jv|| for any = € Br(z0),
and thus wy € L*°(Bgr(z0)). Set

A.(n) =A(n) +en, neRN.
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Let v. be the unique weak solution of the problem

{ —divA.(Vw.) =0 x € Bg(2),
we(x) = v(x) x € OBg(20).

By using the global C1:® estimates in [16], positive constants a € (0, 1)
and C exist such that

||ws||clwa(M) = C

By utilizing the Arzela-Ascoli theorem, a function wy € C*/?(Bgr(z0))
and a subsequence of {v.} exist such that

We — wo, in Cl’o‘/Q(BR(zo)).

One can easily conclude that wy is a weak solution of problem (7.26).
Thus, it follows from the uniqueness of solutions for problem (7.26)
that w; = wo.

Set
F(t) = MtPrCoB=2 L o045,

Then, for any 0 < t < s,
(7.32) F.(t) > min{4® P+ 1}F.(4t), F.(t)t < F.(s)s, F.(t)>e.

Let A = A;/\1. By (7.12), (7.14) and (7.15), the following hold:

" Aon (€ = FelInl)I€l*,  [Aen(n)] < AF(In)),
[Ac(m)] < AF(|nl)Inl,

for all n € RY \ {0} and ¢ € RY. Combining (7.32) with (7.33), we
can apply Lemma 1 in [16] to obtain that positive constants o € (0, 1)
and C' exist depending only upon N, p; and A, such that

(7.33)

g

osc {Vwe; By(z0)} < C(g) osc{Vwe; B,(20)}, 0<r < p <R,

sup |Vw€|2F€(|Vw5|) <CR™N F€(|Vw€|)|Vw€|2d:v.
Br/2(20) Br(z0)
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Letting € — 0 in the above two inequalities, and recalling that w. — w;
in C*/2(Bgr(z9)), we obtain (7.28) and (7.29). Taking w; — v as a
test function, by simply calculating, we deduce (7.30), while (7.31) can
easily be deduced by the weak maximum principle for (7.26). Thus,
the proof is complete. O

Remark 7.1. Lemma 7.4 has been essentially proved in [16], where
the constant C' also depends upon p4(zo; R). Here we show that the
constant C' can be taken independent of py (zo; R), but of p; the super
bound of p(x). This fact is necessary for us to obtain the interior or
global C1'® estimates.

Lemma 7.5. Problem (7.27) has a unique solution wy € WhP+(20if0)
(B#(20)) N L>(B}(20)) such that

(7.34)
osc {Vuwy; B (20)} < C(L) sup [Vuws|, 0<r<R,
R) g+
BR(ZO)
(7.35)
1 1/p+(20;R)
sup |Vws| < C(—N/ |Vw2|p+(zo;R)dZ> ’
B;/Q(ZO) R Bg(zo)
(7.36)
/ |Vw2|P+(Zo%R)dz <C 1+ |V,U|;D+(20;R)) dz,
BIJ—;(ZO) B;(ZO)
(7.37)

sup |wa — v| < osc {v; B (20)},
B (20)

where C and o € (0,1) are positive constants depending only upon N,
A1, A1 and py.

Proof. The proof of the existence and uniqueness of the solution of
problem (7.27) is similar to that in Lemma 7.4, thus we omit it here.
For € > 0, set

A.(n) =A(n) +en, neRN.
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Let w. be the unique solution of the boundary value problem

{ —divA.(Vw.) =0 z¢€ BE(ZO),
we(z) = v(2) z € OB} (20).

Using the same argument in Lemma 7.4, it follows from the global C'*®
estimates in [16], the uniqueness of the solutions for problem (7.27) and
the Arzela-Ascoli theorem that a subsequence of {w.} exists such that

we — wz, in Cl’("/Q(BE(zO)).

Define a function F.(t) = A tP+(20i)=2 4 e for any ¢ > 0, and set
A = A1 /M, where \; and A; are the positive constants in Lemma 7.2.
By the aid of (7.12)—(7.15), one can verify that

Acy(n)| < AFc(In)),
(InD),

for any n € R™ \ {0} and ¢ € R”. In addition,

€A E = FE(DIEP, |
[A-(n)] < Kl

(7.38)
(7.39) F. > min{4* P+ 1}F.(41), F.(t)t < F.(s)s, F.(t) > e,
for any 0 < t < s. Combining (7.38) with (7.39), we can use Lemma 2

and Lemma 4 in [16] to deduce that positive constants o and C' exist
depending upon N, py and A, such that

sup |Vw.| <C OSC{%;B;RM(ZO)}
By, 5 (20)

and

osc {Vwe; B (z0) } SC(%) sup |Vwe|, 0<r <R,

B (z0)

Letting € — 0 in the above inequalities, then

(7.40) sup |Vws| < C osc %;B;R 4(20) ¢,
B, (20) R



SOLUTIONS FOR THE p(z)-LAPLACIAN EQUATION 1739

and

osc {Vwa; B (z0)} < C(}%) sup |Vws|,

B} (z0)

and thus (7.34) holds. Recalling that v(z) = 0 on B%(20) and applying
the local maximum principle (see Corollary 1.1 in [22]) to wa, a positive
constant C' exists depending only upon N, A1, A; and py, such that

1 )
osc {wg;B;R/4(z0)} < C(ﬁ /B+( ) |w2|p+(207R)da:
r (%0

)

>1/P+(20$R)

which implies that

1 - 1/p+ (205 R)
0sc {wg;B;RM(zo)} <CR(W/B ( |Vw2|17+(20» )dx>

7 (20)

by Poincaré’s inequality. Combining (7.40) with the above inequality,
we obtain (7.35). Taking we—wv as a test function, by simply calculating,
we deduce (7.36), while (7.37) can easily be deduced by the weak
comparison principle for (7.27). Thus, the proof is complete. o

To study further the properties of v, we also need higher integrability
on v stated in the following lemma which will be frequently used later.

Lemma 7.6. Let v be defined by (7.23). Then, positive constants
R <11, ¢andd exist depending only upon N, M, p_, py, A1, A1, Lo,
co, ap, o and c*, such that

(i) For any concentric balls Bog and Br contained in B} (0), one
has
(7.41)

1 s 1/(146) ] ~
<ﬁ/ | VP 0+ )dz) < c(l + N |Vv|p(z)dz>
BR B2R

and

/ |VoPPdz < 1,
Bar

provided R € (O,IA%] and § € (0,3\];
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(ii) For any z* € B? (0) := B,,(0) N {z € RY|zY =0} and R > 0,
with By (z) C B} (0), one obtains

1 ()(145) 1/(1496)
42 — p(z)(1+
(7.42) (RN/BW)'W' dz)

1 ~

B;R(z*)

and

/ |Vv|’3(z)dz <1,
+

B2R(z*)

provided R € (O,IA%] and 0 € (O,A].

Proof. Let R*, ¢* and o* be the constants in Proposition 6.2. We first
prove part (i). Let Bag and Bg be concentric balls contained in B;f (0)
with center z* and radius R < R*/2(1+ ¢p). Then, for any 21,29 €
Bsp, it follows from (7.22) that [U(z1) — ¥ (22)| < (14¢o)|21 — 22| < R*,
and consequently by the definition of v and Proposition 6.2, one obtains

[v(z1) — v(z2)| = [u(¥(21)) — u(¥(z2))|
(7.43) <t (21) = W(z)|*
< c*(eo+ 1) |z — 2|,
provided |z1 — z2| < R*/(1 + ¢o). Note that v satisfies equation (7.24).
Take £ € C§°(Bar), such that 0 < ¢ <1,£ =1 on By and |V¢| < 4/R.
Taking ¢ = &P+ (v — k) as a test function with k = [1/[Bzgl] [, vdz,
then by (7.13), (7.15) and (7.16), one has

(744) A / Vo) P+
Bar
gAl/ (1 + Vo) v — k|€P+dz
Bar
peds [ gl = K|V Ve
Bar

By the Young inequality, for any 0 < £ < 1, recalling that p(z) > 1,
the following holds:

P+ Hy—k| VP 1 VE| < 6P+ V| P3) e 7P+ gP+ =P |y |P() | g [P(),
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Taking R < min{[1/(co + 1)](A1/4A1c*)V/ " R*/[2(1 + ¢o)]}, putting
the above inequality with € = A1/(4p+A1) into (7.44), recalling that
V¢l < 4/R and (7.43), one obtains

A ; A _ - v —k[P®
2 |Vv|p(z)£p+dz§—|BgR|+)\1’““ (4p+A1) p+/ dz,
2 Bar 4 Bar R
or
(7.45)
v—k

B 1 p(2)
/ |Vo|PFeP+dz < <—+2 (4p, ) HPe ) <|BQR|+/ dz).
BQR 2 BQR

By applying Proposition 6.2 and (7.43), the above inequality implies
that a positive constant Ry = R1(N, p+, co,c*, a*) < min{[1/(co + 1)]
(A1 /4A1c*) " R*/[2(1 + ¢o)]} exists such that

R

/ VolP®)dz <1, R<Ry.
Bar

Hence, we can use Lemma 2.1 to conclude that positive constants o,
Ry and ¢y exist depending only upon N, Ly, ag, ¢, p— and p4 such
that
(7.46)
1

N
R Bar

v—k p(2)

R

1 - 140
dz < co+co <ﬁ /BQR |VU|P(2)/(1+o)dZ) ,

for any R < Ry. By utilizing (7.45) and (7.46), we deduce the Gehting
type inequality

1 . 1
7.47 —/ VolPPdz < e3 + ¢ <—/

for any R < min{R;, Ro}, which implies (7.41) (see [12, Chapter 5,
Proposition 1.1]).

140
|W|ﬁ(z>/(1+a>dz) ’

2R

Now we prove part (ii). Take arbitrary 2* € B (0) and R <
R*/(2(1+ co)), such that By, (z*) € B, (0). Noticing that v(z) = 0 on
B (0), (7.43) yields |v(z)| < ¢*(1 + co)® (2R)™ for any z € Biy(z*).
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Taking ¢ = £P+v as a test function and recalling the argument of the
proof of part (i), we then have

(7.48) / |Vo[PE) P+ dz
B;R(z*)

< (% +2 (4py) P ) (IBJR(Z*)I +/B %

B(2)
dz) ,

ar(2%)

and
/ |VolPPdz <1,
B;R(z*)

for any R < R;. For convenience, we temporarily denote p* and p%

the minimum and the maximum values of f(z) on Bj,(2*), respectively.
Without loss of generality, we suppose that R; is small enough, such
that 0 := (pip* — N(p% —p*))/(Np}) > 1+ o with some positive
constant o depending only upon N, p_ and py. Then it is easy to
conclude that

(7.49)

Consequently, it follows from the Young inequality that

/ |Vv|ﬁ(2)/(1+5)dz < |B;_R(z*)| +/ |Vv|’3(z)dz
Bl (z%)

Bl (z%)

(7.50)
<1+2%oy,

for all R < min{R;,1}. Combining (7.49) with (7.50), recalling

that § = [pip* — N(p} —p*)]/Np%, and noticing that 1 + 0 <

(N +p%)/N, it follows from the Sobolev embedding theorem, the

Young inequality and the Holder inequality that

(7.51)
~ ),
RN B;R(Z*)

1
< 2NUN + _N/
R B;R(z*)

p(2)

dz

2
R

v |+

Rdz
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1

(N+p3)/N
e |

< 2Ny + C{ [ vt
B;R(z*)
] ) (N+p})/N
<2Noyn +C|—x (1 n |W|p<z>/<1+5)) ds
RN Jg+ (.-
BQR(Z )
(N+pZ)/N
< C 4 CR-(N+pY) [/ |Vv|ﬁ(2)/(1+5)dz}
Bfp(=")

146
<O+ CR WN+pY) [/ |VU|5(Z)/(1+5)dZ}
B

;R(Z*)
(142N gy ) (NHPR)/N=(149)
145
< C 4+ CR~Py—pL)(N+pL)/PL [LN/ |vv|ﬁ(z)/(1+6)}
< RN/,

(2%

1 sy
<c+c[—N/ V[P O+ }

R B;R(Z*)

1 syt
<C+0C|— Vo[P(2)/(+e
<o+ [RN/BW)'“' ] ,

2R

for all R < {R;,1}, where C = C(N, Lo, ap, co,p—,p+). Combining
(7.48) with (7.51), we obtain the Gehting type inequality

140
/ |VolPPdz < C + C(iN/ |W|ﬁ<z>/<1+a>) 7
B;R(z*) R B;’R(z*)

for all R < {R;,1}, where C = C(N, Lo, o, co, P—, P+ ), which implies
(7.42) (see [12, Chapter 5, Proposition 1.1]).

It is easy to see that the constants E, cand o depend only upon N,
M, Lo, p—, p+, A1, A1, ag, cg and a*. The proof is complete. a

Combining Lemma 7.4 with Lemma 7.5, together with Lemma 7.6,
we have the following lemma, which states the “gap” between v and
w1 Or Wa.

Lemma 7.7. Let z* € B, (0), wy and wo be the solutions of problems
(7.26) and (7.27) with zo being replaced by z*, respectively (of course,
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in the meantime, A is defined by A(n) = A(z**,v(z**),n), where z**
is the point where p(z) gets its mazimum value on Br(z*) N B;(0).)
We denote p*, = p(z**) = max{p(z); z € Br(2*) N B, (0)}. Then two
positive constants Ry and C' exist depending only upon N, M, p_, p4,
A1, A1, Lo, ag, co, ¢ and o, such that for any R < Ry, the following
two hold:

(i) Let Br and Bag be two concentric balls contained in B}t (0) with
center at z*. Then one obtains
(7.52)

|V — Vu, [Prdz < CRa*ao/2/

BQR(Z*)

(1 + |Vv|’3(z)) dz

BR(Z*)

( (ii)) Let z* € BY (0) and R > 0, such that Byn(z*) € B (0). Then
7.53

J,

r(

B;R(z*)

z*)

Proof. We only prove part (i), since part (ii) can be proved analo-
gously. Denote

. / (A(Vo) — A(Vaw)) (Vo — Vo) da.
Br(z*)

Since v satisfies (7.24) and w; is the solution of (7.26) with 2o being
replaced by z*, we have

1= / (Vv)(Vv — Vwy) dz
Br(z*)

A
/ ( Az, v Vv)) (Vv —Vuwy) dz
Br(z*)
+/ B(z,v,Vv)(v — wy) dz
Brgr(z*)

=11 + Is.

Let R and o be the constants stated in Lemma 7.6 and let R*, ¢*
and a* be the constants stated in Proposition 6.2. Denote p* =
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minmfﬁ(z). Using condition (7.18), a positive constant Ry =

Ri1(L1, v, d) exists such that
(15 s=PETPE <5 pt <R)146), 2 Ba("),

provided R < Ry. Set Ro = min{R*, R, Ri}. Then [ . [Vu[f*)dz
< 1 (see Lemma 7.6) and R~° < C(L1, ), provided R < Ry. By
Proposition 6.2, Lemma 7.4 and Lemma 7.6, it follows from (7.17),
(7.43), (7.54) and the Young inequality that, for any R < Ry, one has
(7.55)

I} < C(R™ + R™*")

/ (|VoP* = + Vol )(| Vo] + [V |) dz
Br(z*)
< CR“O“*/ (14 |VolP* =Y (| Vo] + |V |) da
Br(z*)
< CR™* / (1+ Vo[ + [V [P+) dz
BR(Z*)
< CRW*/ (14 |Vo|P+)dz
BR(Z*)

< CR™ / (14 |Vo[PEA+) g
Br(z*)

. 1 ~ 1+6
< C R {|BR(Z*)| + RN <1 + == |Vv|p(z)dz) ]
R BzR(Z*)
< CR™% <|BR(Z*)| + RN / |W|ﬁ<2>dz>
BQR(Z*)

< CR™ / (14 |Vo[P®)) dz,
BQR(Z*)

where C' depends upon N, M, p_, py, A1, A1, Lo, oo, co, ¢* and a*.
Combining (7.16) with Lemma 7.4, together with Proposition 6.2, it
follows that

I, < Cosc{v; Br(z") (1 + |vv|i>(z)) dz
BR(Z*)

< CR™ / (1 + |VU|5(Z)) dz,
Bar(z*)
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where C'= C(N, A\, A2, py). So we obtain that
(7.56) [<CR / (1+ |VolP)) dz,
Bag(z*)
where C' depends upon N, M, p_, py, A1, A1, Lo, g, ¢o, ¢* and o*.
If pi > 2, we deduce (7.52) immediately from (7.1) and (7.56). If

P < 2, then by using the similar argument of (7.55), it follows from
(7.1), (7.56) and Lemma 7.6 that

/ Vo — Vw, [P+ dz
Br(z¥)

1/2
< U (IVv)? + |Vw1|2)<1’12>/2|W—Vw1|2dz]
BR(Z*)

1/2
' {/ (Vo] + [V, |?) =P/ vy — vw1|2p1_2dz]
Brgr(z*)

7\1/2 ) 12
<o() | [ 0wt 4 vuph]
Ao Br(z*)

I 1/2 ) 1/2
< C(—) [/ (1+ |Vv|p(z))dz}
AO B2R(Z*)

< CRa*ao/Q/ (1 + |w|’5<z>) dz,

BQR(Z*)

and consequently we also obtain (7.52). It’s easy to see that C depends
only upon N, M, p_, py, A1, A1, Lo, ap, cg, c* and a*. ]

Using the properties of w; and ws (namely, Lemmas 7.4 and 7.5) and
the “gap” between v and w; or wy (namely, Lemma 7.7), we have the
following lemma.

Lemma 7.8. We denote by p* (z;r) the mazimum value of p on
B,.(2) N B, (0). Then a positive constant Ry exists depending only upon
N, M, p_, py, M\, A1, Lo, ag, co, ¢ and o, such that for all R < Ry
and T € (0, N), it follows:
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(i) Let Bogr, Br and B, be concentric balls contained in B}t (0) with
center at z*. Then

(7.57) / |Vo|P+ 5P 4z
By (2*)

N—1
<C, (ﬁ) [/ [VoP+ 2B gz + RV|, 0< p < 2R,
R Bar(z*)

where C; is a constant depending only upon N, M, p_, p+, A1, A1,
Ly, ag, co, c*, o and T;

(ii) Let z* € B? (0) and R > 0 be such that By (z*) C B} (0). Then

T

(7.58) / V[P " 0) s
By (=*)

N—1
<C; (ﬁ) [/ (VoP+ 2R g, + RN, 0 < p < 2R,
R Bt (z*)

where C; is a constant depending only upon N, M, p_, pi, A1, A1,
Lo, ag, cg, c*, a and T.

Proof. We only need to prove the conclusion for the case p < R/2.
Let Byr, Br and B, be concentric balls contained in B; (0) with
p < R < Ry, where Ry is the constant stated in Lemma 7.7. Let
wy be the unique solution for problem (7.26) with 2o being replaced by
z* (see Lemma 7.7 for the exact meaning.) Then, by using Lemma 7.4,
part (i) of Lemma 7.7 and the Young inequality, we conclude that

(7.59)
/ |Vv|p1(2r*;p)dz
By (2*)
<C |VU—Vw1|p1(Z*;p)dz
By(2*)
+C |Vw1|p1(z*;p)dz
B, (2*)
<CRN +C Vv — Vwﬂpi(z*;R)dz

Br(z*)
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+CpN sup |V [P+ETE)
Bp(z*)

< CRN 4 CRo /2 / [VolP)dz

BQR(Z*)

N
—|—C(£) / |VolP+ R 4y
RJ Jprer

N
< C(Ra*ao/2+ <£> )/ VP20 dy
R BQR(Z*)

+ CRN.

Applying Lemma 3.2 in [24] to (7.59), we obtain (7.57). Hence, we
complete the proof of part (i). While the proof of part (ii) is similar to
that of part (i), the differences are these: the function w; is replaced
by wsg, which is the unique solution of problem (7.27) with 2y being
replaced by z*; we use Lemma 7.5 and part (ii) of Lemma 7.7 instead
of Lemma 7.4 and part (i) of Lemma 7.7, respectively. The proof is
complete. ]

By Lemma 7.8, we obtain the following corollary.

Corollary 7.1. We denote by pi(z;7) the mazimum value of p on

B,.(2) N B (0). Then a positive constant Ry < r1/4 exists depending
only upon N, M, p_, py, M, A1, Lo, ag, co, ¢ and o*, such that for
all z* € B:rl/Q(O), p < Ry and T € (0,N), it follows that
/ |VolP+ G0 dz < O pN T,
By (2*)NB, (0)

where C; is a constant depending only upon N, M, p_, p+, A1, A1,
Ly, ag, co, c*, a*, r1 and T.

Proof. Take arbitrary z* € BZ/Q(O) and p < Ry, where Ry will be

determined later. On account of the property of p(z) and Lemma 7.6,
¢> 0,0 > 0and R depending only upon N, M, p_, p+, A1, A1, Lo, co,
ao, o and ¢*, such that for any Z € B) ,(0) and R < R/2, it follows
that

~

pi(%2R) <p(2)(1+6), =z€ BR(2),
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and, by the Young inequality,

/ |Vv|p1(;;2R)dz < |Bag| +/ |Vv|g(z)(1+5)dz
B, (2) + (3

2r(%)
(7.60) <|Ba| + V[P (1+8) g
R BX (%)
R

<onRN 4+ [6(1+ R V)RN = ¢y

Denote d = dist (2*, B? (0)) < r1/2, where B (0) = B, (0) N {z €
RY | 2NV = 0}. Take 2} € Br01/2’ such that |z} — 21| = d.

If p > d, then by Lemma 7.8, for any 7 € (0,N), two positive
constants R; < R/2 and C} exist such that, for any p < Ry, it follows
from (7.60) that

/ |vv|pi(2*;p)d2
Bp(z*)nle/z(o)

< / V[Pt ("0 dz
B a(2)

< / (1+ Vo et d) gz
B a(2)

+d\" T
<G (p ) [/ |VolPh 2R gy 4 BY
Ry B;Rl (1)

+on(p+d)~
< [Crer + RY)RT N2V~ + on2NRT] pN T
N—T1

= Cl‘rp

If p < d, then by Lemma 7.8, for any 7 € (0,N), two positive

constants Ry < R/2 and C** exist such that, for any p < R, it follows
from the Young inequality and (7.60) that

|vv|p1(2*;p)dz

— / |Vv|p1(z*;p)dz
B, (z*)

/B,,(z*)mle/Q(o)
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N—1
) / |VolP+ D gz 4 dN}
L Bd(z*)
N—1r
) / |Vv|p1(zf;2d)dz + dN}
LJ B, (%)
N—1 N—1
<CH( = d —
-7 (d> i " <Rz>

. (/+ |Vv|p1(zf?2R2)dz+R§V>}
BzRQ(ZT)

<O [dm + 2N TRy N(er + RY) pN T

< C:* [(%) _’_2N77R‘2rfN(cl _’_Ré\f)]pN-r

= CQ-,—pNiT.

Taking Ry = min{R;, Rz} and C; = max{Ci,,Ca,}, then the proof is

complete.

O

Now we can state and prove the boundary C® estimates on v,
namely, we have the following proposition.

Proposition 7.1. Positive constants 3, C' and Ry exist depending

Only upon N: M7 P—, P+, )\17 Al; LO; Qg, Co, C

*a® and r1 such that,

for any z* € BT (0) and p < Ry, the following holds:

where

T1/2
/ Vo —{Vo},|de < CpN /P,
B,(=)NB, (0)
1
{Vov}, = Vv dz,

|Bp(2*) N B (0)] B,(z*)NB} (0)

and consequently,

and

osc {Vuv; B,(z*) N B (0)} < CpPlr+,

[Vu(z)| < C, z¢€ B:‘l/Q(O).
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Proof. For any z € B (0), we denote by p%(z;r) the maximum
value of p on B,(z)N B; (0). Take arbitrary z* € BZ/Q(O) and
p < Ry. Denote d = dist (z*, BY, (0)) and take z; € B (0) such that
d = |z* — 2}|, where B? (0) := {z € R" | 2% = 0} N B, (0). We denote

d=p_—1,
B a*apo(l+9)
AN +40(1+0) + 2%’
L ea(l1+9)

N +o(1+46)’
(N+¢e)[N+o(l+0)+ a*ay/2]
[N+o(1+08)](N—7+a*ag/2)’
B N +o(149)

F=NT o(1+6) +a*ag/2’

3

where o and o are the positive constants stated in Proposition 6.2 and
Lemma 7.4 or Lemma 7.5, respectively. Obviously, we have 0 < p < 1.
In addition, one obtains

0< 6= (N+(1/2)a* ag)[N+o(146)]—(1/4)a* ago(146)
(N+(1/2)a*ag)[N+o(146)]—(1/4)a* oo (146) [0 (146) /N+0o (146)+a* ap]

<1

Moreover, we have

*

(7.61) O[N+o(1+0)]—0u[t+o(1+6)] = fu <N+ c ;0 —7') = N+e,

and

(7.62) N +0(1+08) - 0lr + 0(1+)] > N, e(m“;o _T) SN

There is no difficulty in verifying (7.61) and the second inequality in
(7.62), so we only verify the first inequality in (7.62). For this purpose,
we note that the inequality is equivalent to the following

{[N +o(1+0)? +e {N +o(1+4+0)+ %a*ao} + %OZ*OCO}T

<o(l+ 5){%@*0[00(1 +o)—e {N +o(l+6) + %a*ao} }
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Note that [N + o(1 + d) + (1/2)a*ao] = (1/4)a*apo(l + §) and the
above inequality is equivalent to

1 1
{[N +0(1+6) + 7a"aol2N +o(1 + 5)]}7 < J0"aolo(1+9),
which can be deduced by
1
4IN+0(140)]|N+o(l+6)+ 504*040]7' < afaglo(1 + 6)%

Recalling the value of €, we can take 7 = [eo(1 + 9)]/[N + o(1 4 d)],
such that the above inequality holds, and consequently, the first in-
equality in (7.62) holds. We denote

N+ f=min{N+o(1+0)—0[r+0(1+9)],0(N+a ap/2—7), N+e},
then 0 < 8 < e. Set
R=/,’ r=RM = p'r.
Obviously, a positive constant R; exists such that
r
for any p < Ry = R1(N,p_,p4+, 1, A1, ", ap). On account of this, we
suppose that Ry < R;.

We continue the proof in two different cases: 2R < d and 2R > d.

Case 1. 2R < d. We denote by w; the solution of problem (7.26)
with zo replaced by z* (see Lemma 7.7 for the exact meaning). By
Lemma 7.4, Lemma 7.7 and Corollary 7.1, for any 7 € (0,N), an Rs

exists depending only upon N, M, p_, py, A1, A1, Lo, ap, cg, ¢*, «
and r1, such that

/ (Vv — { T}, [P+ Pz
B,(2*)NB;, (0)

T1

— [T (T, s
Bp(z*)
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<C |V, — {Vaw, },|P+E 0 dz
Bp(z*)

+C |V — Vo, [P+
By (2*)

p Up:(Z*;R) *(Z*R)
<cpV (—) (osc {Vwi; Brya(2*)})" "

R

+C Vo — Vwﬂpi(z*;R)dz
BR(Z*)

p\ VHoriTR) .
< C(—) / |Vo|P+ G5B 4y
R BR(Z*)

+ CRQ*QO/Q/ (1 + [Vo[P+ =721,
BQR(Z*)

p N+o(1+6) N
<C;|= R™TT
<cr(7)

+ CTRN+a*a0/27T
— CTpN+0'(1+5)79[T+0'(1+5)]

+ CTpO(N+oz*o¢g/2—T)
< CrpNtP,

for any p < R, where C; is a positive constant depending only upon
N7 M7 P—; P+, )\1; A17 LO; @p, Co, C*a O[*, 1 and 7.

Case 2. 2R > d. We denote by ws the solution of problem (7.27)
with R and zp replaced by r and 2, respectively. We temporarily

denote {Vv}, 44 = 1/|B;r+d(z’f)| fB,Ld(ZT) Vv dz. Then, it follows from

Lemma 7.5, Lemma 7.7 and Corollary 7.1 that, for any 7 € (0, N), an
R3 exists depending only upon N, M, p_, py, A1, A1, Lo, ap, co, c*,
a® and r1, such that

/ Vv — {Vv}p|pi(zf;r)dz
B, (z*)NB; (0)
<[ Ve (Tl
Bt (z7)
p+d 71

= C/ [Vwy — {Vws}pralP+ 17 dz
BT (27)
ptd 71
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+C/ |VU—Vw2|pi(zf”)dz
By a(2])
opl (275r)

<C(p+d)N (#)

. (osc {VwQ;B:-/Q(ZT)})Pi(zT;r)

+C Vv — Vwﬂpi(zf;r)dz
Bf(27)
d N+opl (2157) .
< C(’“L ) / VolP+ i
r B (z7)

i C,{,a*ao/Q/ (14 |Vo|P* G120 gz
Bt (zf)

R\ Nto(+9) )
< CT <_> ,r,Nf‘r + C—,—T’NJra ag/2—T
r

_ CTPH[NJrU(lJr(S)]79u[7+0(1+6)]
+ CTpO,u(N+oz*o¢g/2—T)
_ CTpN+€ < CTpN+ﬁ,
for any p < Rj3, where C; is a positive constant depending only upon

N7 M7 P—; P+, )\1; A17 LO; @p, Co, C*a O[*, 7 and 1.

Combining the above two cases, setting p} = pi(z*;R) or p} =
P’ (27;7), it follows from the Holder inequality that

/ Vv —{Vu},|dz
B, (=*)NB, (0)

* N\
< cp<l—1/P+>N( / Vo {W}w)
B,(:))NBY, (0)

< CpNJrﬁ/pi < CpNJrﬁ/m7

for all p < Ry = min{Ry, R, R3} and C depending only upon N, M,
P_, D+, A1, A1, Lo, g, co, ¢*, a* and r1. The above inequality implies
that

osc {Vu; B,(2*) N B} (0)} < CpP/r+,
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which together with the interpolation theorem leads to

|[Vou(z)| < C, z € BI/Q(O).

The proof is complete. O

Combining Proposition 7.1 with the interior C1'® estimates, we can
obtain the global C''* estimates, namely, we can give the proof of
Proposition 4.1 as follows:

Proof of Proposition 4.1. Let 1 be the constant stated in Lemma 7.3.
Take arbitrary x1, zo € Q, such that |1 — 25| < (1/9)r1. Without loss
of generality, we suppose that d(z1,09Q) > d(z2,09). Take 29 € 99,
such that |21 — 29| = d(x1,99). We consider the following two cases:
d(xz1,0Q) < (2/9)r1 and d(z1,9Q) > (2/9)r1.

Case I. d(z1,09) < (2/9)r;. It follows that

—_

1
|33(1] —x2| < |33(1] — x|+ |z — 22| < §T1 < 57‘0-

Thus, we have 1,72 € B, (z9) N Q. Let h be the function stated in

(H3), and let ®¢, ¥y, ® and ¥ be defined by (7.5)—(7.9) with 0 replaced
by 2, respectively. By (7.21), it follows that

3 r
@ (1) — D(a?)] < [@'(€) (21 —27)] < Sl = o <=
3
@ (z2) — B(a?)] < [@'(¢) (w2 — 2?)| < o lz2 = g < -
Define a function v(z) = u(¥(z)), for any z € V5. Denote 21 = ®(x1),
2y = ®(x2), 20 = ®(2Y), y1 = Ky and y2 = Kxo. On account of
the above two inequalities and Lemma 7.3, we have z1, 25 € B:‘l/Q (20)-
Obviously,
u(z) =v(®(x)),  Vu(z) = Vo(®(z))® ().

Then, it follows from Proposition 7.1 and (7.21) that

[Vu(z;)| = [Vo(@(x:)) @ (2:)] < ;IVU(‘I’(J%))I <C, =12
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and
[Vu(z1) — Vu(za)| = [Vo(z1)® (21) — Vo(z2)®' (22)|

< |(Vo(z1) = Vo(z2)) @' (1)
+[Vo(z2)[|® (21) — @' (22)]
< C|Vu(z1) — Vo(z2)]
+ C|Vh(g1) — Vh(32)|
< Clzy — 207+ + Clys — yo|™
< Clzy — x|,

where oy = min{ag, 8/p+}.

Case IL. d(z1,09Q) > (2/9)r1. Take 2 € 99, such that |z; — 29| =
d(z;,09), i = 1,2. Then one obtains

,
|z2 — 25| > |1 — @3] — |21 — 22| > d(21,0Q) — |21 — 22| > 51

Set x. = (x1+x2)/2, d = r1/18. Consider the ball By(z,). For
arbitrary # € By(z.), choosing 2° € 9Q, such that d(x,9Q) = |z — 29,
then one has

1 1

|z — 20 > |21 — 2°| — |z — 21| > d(z1,09) 9 > 9"

On account of this, we can use Theorem 1.1 in [5] to conclude that
positive constants C' and as € (0, 1) exist depending only upon N, M,
p_, P+, A\, A, Lo, ag and r1, such that

[Vu(z1) = Vu(zz)| < Clay — x2|*,
and consequently, it follows from the interpolation theorem that

[Vu(zy)| < C.

Taking Ry = r1/9, @ = min{aq, as}, then the conclusion follows by
combining Case I with Case II. The proof is complete. O

We can use a similar method to prove Proposition 4.2, and there is
no essential difference between the proof of Proposition 4.1 and that of
Proposition 4.2. Thus, we omit it here. ]
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