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ORBITS OF LINEAR OPERATORS
TENDING TO INFINITY

VLADIMIR MULLER AND JAN VRSOVSKY

ABSTRACT. Let T be a bounded linear operator on a (real
or complex) Banach space X satisfying Zzo:l 1/||T™] < oo.
Then there is a unit vector « € X such that [|T"z| — oco. If
X is a complex Hilbert space, then it is sufficient to assume
that ZZO:1 1/|IT™||? < oo. The above results are the best
possible. We also show analogous results for weak orbits.

1. Introduction. Let X be a real or complex Banach space. Denote
by L£(X) the set of all bounded linear operators on X. The orbit of a
point z € X under an operator T € £(X) is the sequence (IT"z)52;

of vectors. Analogously, the weak orbit of x € X and x* € X* is the

sequence ({T™xz,z*))$° ; of real or complex numbers.

Orbits and weak orbits are closely connected with many fields of
operator theory, for example local spectral theory, semi-groups of
operators and especially with the invariant subspace/subset problem.
For a broader study, see [3, Chapter III] or [5].

It is still an open problem whether each operator on a Hilbert space
(or more generally on a reflexive Banach space) has a nontrivial closed
invariant subset (on l; a negative solution to this problem was given by
Read [6]). It is easy to see that an operator T has a nontrivial closed
invariant subset if and only if there is a nonzero vector x such that its
orbit is not dense.

This paper studies the existence of orbits tending to infinity, i.e.,
IT™z|| — oo as n — oo. This is an easy way to obtain a nondense
orbit and therefore a nontrivial closed invariant subset.

By the Banach-Steinhaus theorem, an operator T € L(X) has
unbounded orbits if and only if sup ||T"| = co. With orbits tending to
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infinity, the situation is not so simple. It is possible, cf. Example 4 or 3,
page 66], that ||7™|| — oo but there are no vectors z with ||| — oo.
However, if the sequence |1 || grows sufficiently fast, the desired orbit
exists.

We show that if > 1/||T™|| < oo, then there are always orbits tending
to infinity (and hence nontrivial closed invariant subsets). On the other
hand, there is an operator 1" satisfying ||7"|| = n + 1 for all n but
without orbits tending to infinity.

For operators on complex Hilbert spaces, it is possible to obtain better
results. For the existence of an orbit tending to infinity, it is sufficient
to assume that > 1/[/7™||* < co. This result is also sharp.

These results improve Theorems II1.2.A.7 and III.2.C.1 of [3] (for
Hilbert space operators) and the results of [4] in the Banach space
case. They also answer Problem 3.8 of [5].

We study also the existence of weak orbits tending to infinity. For
operators on complex Hilbert spaces the condition Y 1/||T™| < oo
implies even the existence of vectors z,y such that |(T"z,y)| — oo.
On the other hand, there is a Hilbert space operator T satisfying
IT™|| = n+1 for all n, such that there are no z,y with [(T"z, y)| — oo.
This improves the results of [4].

2. Orbits tending to infinity. The key tools to show positive
results are the following geometric theorems. We call them plank the-
orems since they solve several versions of the so-called plank problem.

Theorem 1 [1]. Let X be a (real or complex) Banach space and
f1, f2, .- € X* unit functionals. For each n € N, let a,, > 0 be such

that 22021 an, < 1. Then there is a point x € X such that ||z]| = 1 and
(z, fn)] > an for every n.

Theorem 2 [2]. Let X be a complex Hilbert space and f1, fa,... € X
unit vectors. For each n € N, let a,, > 0 be such that > oo a2 < 1.
Then there is a point x € X such that ||z|| = 1 and |(z, fn)| > a, for
every n.
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For the proofs, we refer to [1, 2], respectively. Using these deep
results, we obtain our main theorem. In particular, if 7}, is a sequence
of powers of an operator, i.e., if T,, := T™ for a fixed T' € L(X), then
the following theorem gives the existence of an orbit tending to infinity.

Theorem 3. Let X be a (real or complexr) Banach space and
T, € L(X), n € N. Suppose that one of the following conditions is
satisfied:

(i) either

1
2y <

(ii) or X is a complex Hilbert space and

S 1 < o0
g 3 .
= |||

Then there exists a point © € X such that ||T,z| — oco.

Proof. In case (i), set 7 := 1, in case (ii) set r := 2. Choose any
sequence (3;) of positive real numbers tending to infinity such that

Zoo g

n
S = < 00.
=Tl

The sequence of coefficients

1 L/r
(s + 1)V | T

Qp 1=

satisfies both
Zaz <1l and oy||T,| — oo.
n=1

Now consider the adjoint operators T,y € L£(X*). For each n € N,
find g, € X* such that ||g,|| < 1 and ||T}g,| > 1/2|T|| = 1/2||T,]|-
Finally, define unit functionals f,, € X* by

I gn
fn = T .
T gnll
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At this point, we are able to apply the plank theorems. Thus, there is
an x € X with ||z|| = 1 such that |(z, fn)| > oy, for every n. Therefore,

[Tnz|| = [|Tnz|lllgn

(T, g = (2, Tirgn)] = | (@, ) - 1T 90
Sy
2

v

v

|T|| — o0, asn — oco. o

The exponent of || T™|| in the above statements cannot be improved,
as the following example shows. We show that there is a Banach space
(complex or real) X and an operator 7' € £(X) such that [|[T"|| = n+1
for all n, ie., > 1/[|T"||'""® < oo for each € > 0, but there is no
z € X with ||T"z|| — oo. Similarly, there is a complex Hilbert space
H and an operator T € L(H) such that ||T"|| = (n + 1)*/2 for all n,
ie, Y 1/||T™[|**¢ < oo for each ¢ > 0, but there are no orbits (7"z)
tending to infinity.

We construct these operators generally in [P spaces.

Example 4. In the space X =[P, 1 < p < oo, there is an operator
T € L(X) satisfying ||T"|| = (n + 1)}/? for all n, such that there is no
z € X with ||T"z|| — o0 as n — o0.

Proof. Let (ex)52; be the standard basis in the space X = [P (real or
complex). Let T € £(X) be the weighted backward shift defined by

Tey, := { (k/k — 1)1/p€k_1 for k > 1,
0 for k = 1.

Hence,

n+l k 1/p
=11 (5) =

k=2
for all n. For the contradiction, suppose that there is an =z =
S o, cker € IP such that ||z|| = (305, |ex[P)/P < 1 but ||T"z|| — oo
as n — 0o. Consequently,
2n—1
Z |ITz||P — o0, asmn — oo.

j=n

1

n
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Let us estimate the above arithmetic mean. First we have

) > k 1/p p
DY (k—) o
k=j+1 J
2j
< D el St Z el
k=j+1 k=2j+1

where the second sum can be estimated by 2||z||P < 2 since for k£ > 2j
we have k/(k — j) < 2. If we sum up the inequalities, we get

2n—1 2n—1 2j
LD S W
Jj=n k=j+1
<ot 3 aryh
k=n-+1
4an
<2n+ Z |k [P4n(1 + Indn),
k=n-+1
so that
4n 1 2n—1
24+ 4(1+1In4 P> Tiz||P — oo.
+ 4( +nn)k_2+1|6k| _"jz:;“ z|| 00

Hence, for all n large enough, the lefthand side is greater than 6, i.e.,
. . 4n
if we write s, := > ;" ., |ck[?, then

S
~ 1+1Indn

But this is a contradiction since for such n we have

o0
= E lck|? > Sp + San + Saan + Saacan + -

b
Il
—

1+ Indin j711+lnn—|—jln4_

o

~.
Il
—
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If we use a shift on [? with weights ((k + 1)In(k + 1)/klnk)'/?
instead of (k/(k—1))'/?, a similar proof yields the same negative result
concerning the operator T' € L(IP) with even faster growth

1 1/p 1
n|| — P
lvadd] <21n2> ((n+2)In(n +2))"/7.
In particular, there is an operator T € L£(I') with ||T™|| ~ nlnn such
that there is no z € I* with [|[T"z| — oo.

Theorem 3 can be formulated also for semi-groups of operators.

Corollary 5. Let X be a Banach space, and let T(t) be a Cp-
semigroup of operators on X . Suppose that [° 1/||T(t)|| dt < co. Then
there exists an x € X such that

Jim [T (t)e]| = oo.

If X is a complex Hilbert space, then it is sufficient to assume that
IS /NT @) dt < oo.

Proof. Let C := sup{||T(¢)]] : 0 < ¢t < 1}. Let n € N. For
t € (n—1,n) we have T(t)T(n — t) = T(n), and so | T(¢)|| > ||T(n)| -
|T(n—t)[|7* = C~Y|T(n)|. Thus, the condition [;° 1/||T(t)||dt < oo
implies that > -, 1/||T(n)| < oo.

By Theorem 3, there exists an € X such that lim,_, [|T'(n)z| =
o0. For ¢t € (n — 1,n) we have ||T'(n)z|| < ||T'(n —t)| - || T(¢)z| and so
|T(t)z|| > C7||T(n)z||. Thus, lim;_, ||T(t)z| = co.

The statement for Hilbert spaces is similar. o

On the other hand, for each p, 1 < p < oo, there is a Cy-semigroup
T(t) on X = LP(1,00) such that ||T(¢)|| = (t+1)'/? but such that there
isno f € X with lim;_, ||T(¢)f|| = oo. Let the semi-group T'(¢) be
defined on LP(1,00) as a weighted backward shift by

2+t
z

TOE = ( )U3@+w,
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for f € X,t>0and z > 1, so that ||T(t)|| = (¢t + 1)}/P. If there is
an f € X with |T'(¢)f]| — oo, then it is possible to use an argument
analogous to that in Example 4 to get a contradiction.

3. Weak orbits. We study also the question when there are weak
orbits ((T™xz,z*)) tending to infinity.

Theorem 6. Let X be a Banach space and T € L(X). Suppose that
one of the following conditions is satisfied:

(i) either
Z HTn||1/2 < 0,
(ii) or X is a complex Hilbert space and

> i < o0
2]

Then there exist a point x € X and a functional z* € X* such that
[Tz, z*}| — oo.

But first, let us formulate a dual version of the plank theorem, see

[1].

Proposition 7. Let X be a (real or complex) Banach space and
T1,T2,... unit vectors in X. For each n € N, let a,, > 0 be such that
S0 an < 1. Then there is a functional f € X* such that ||f| =1
and [{xn, f)| > an, for every n.

Using Proposition 7, we succeed with a proof analogous to that of
Theorem 3.

Proof of Theorem 6. Again, in case (i), set r := 1, in case (ii), set
r := 2. Choose any sequence (8,) of positive real numbers tending to
infinity such that

oo
g 1T IIT/ 2
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The sequence of coefficients

1 L/r
(s+ 1)1/ ||T,||+/2

oy, 1=
satisfies both

Y an <1 and  ap||T,|Y? — oco.

n=1

For each n € N choose z, € X such that ||z,] < 1 and ||Thz,| >
1/2|T,].

Consider the unit vectors T,,x,, /|| Tz, ||- In case (i) we apply Proposi-
tion 7, in case (ii) we apply Theorem 2. In both cases we obtain a func-
tional z* € X* with ||z*|| = 1 such that |(Thzn,z*)| > ap||Thzs|. If
we again apply the plank theorems to the functionals T*z* /|| T0*x*||, we
obtain a point € X with ||z|| = 1 such that [(z, T} z*)| > a,||Trz*|.
Therefore,

(Thz,z*)| = (=, Tyz")| > an || Ty,
> anl[(@n, T,2%)| = an[(Thn, %)),

0(2

> a2 || Tpxn| > ?"HTnH — 00, asn — oo. O

Example 8. There are a Hilbert space H (real or complex) and an
operator T' € L(H) satisfying ||T"|| = (n + 1) for each n, such that
there is no pair z,y € H with |[(T"z,y)| — o0 as n — oo.

Proof. Let H be the Hilbert space with an orthonormal basis
{er,j : k€ N,1<j <k} Let T € L(H) be defined by

eu o= {6V (g /5= ) P o<
7 0 for j = k.

We have T = (((j +n/7) - (k= j +1)/(k = j +1=n)))" %ep jin
for j < k—n. It is easy to see that ((( + n)/j) - (k — 7 + 1)/
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(k—j+1—n))? <n+ 1. Moreover, T"eni11 = (n+ 1)ent1ni1,
and so ||T"|| = n+ 1 for each n.

Let z,y € H, x =} ;akjerj, Y = Dy, Br,jek,j with real or com-
plex coefficients oy ;, Bk ;. Suppose on the contrary that |(T"z,y)| —
oo. Without loss of generality we may assume that ||z|| = 1 = ||y||.

For each n large enough we have

2n—1

Z| "z,y)| > Tn.

On the other hand, we have

2n—1
> (T7z,y)l
2n—1 oo j+7‘ _]+1 1/2
=2 > Z [ |k,
r=n k=r+1j=1
<A+B+C+D,
where
2n—1 4n —r . 1/2
]+7“ —-j+1
A= Z < : J+1 > |tk Bk, -4,
r=n k=r+1j=1

J+7“ Eoi+l i
Z Z 1o |tk Bk,j+r s

k=4n+1 r=n j=n+1

0o 2n—1 n . . 1/2
_ j+r k—j+1 o
5 Sl 35 3 CELIRLES K L

[e'S) 2n—1 k—r

. ki 1/2
p= > ¥ ¥ () el

k=4n+1 r=n j=k—r—n+1
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‘We have:

— |ak, Bk k—it1]

1
4n & k |ozk,j|>2 (|ﬂk,k—i+1|>2
<5 22 ( vi) U

2),

b

INA
Mw

™
s‘w

< 2n(1+ In(4n)) Z Z (lok 1% + 1Br,5

k=n+1j=1

[eS) 2n—1k—r—n

B< Y > > 3lawiBriirl

k=4n+1 r=n j=n+1

oo 2n—1lk—-r—mn

S Z Z Z |0‘k,y| +|/3k3+r|)

k 4dn+1 r=n j=n+l1

oo

3n 3n
< > Z ok, 1% + 1Bk,41%) < 5

k=4n+1 j=1

oo  2n—1 n 3n — 1/2
<> (M) st

k4n+1r n j=1
3n—1

VS z'% R

k=4n+1 j=1 i=n+1

) 3n—1 1/2
<svavan Y Z%( > I6ui?)

k=4n+1 j=1 i=n-+1

i Z(O‘ o ZW/H >

k an+1 j=1

oo

3n o 9
_\/— \/_( +Inn) YD Bkl

k=4n+1i=n

Since the terms C and D are symmetrical, we have

3n
Dg\/_ \/_1+1nn Z Z |a;”

k=4n+11i=k—3n
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Thus, for n large enough, we have

2n—1

< 3 (T7e,y)]

r=n

3
> +3n\/_+2n 1+ In(4n)) Z Z \akd| —|—|,3k,7]|)

k=n+1j=1
3 oo
+7 (1+1Inn) Z Zwk,ﬂ + [ag k- J|)
k=4n+1 j=n
< 6n + n(1 + In(4n)) < Z Z|a,w| + 1B,51%)
k=n+1 j=1

e <] 3n
+3 > > (1Bl + |ak,kj|2)>,

k=4n+1j=n

Thus, for all n > ng, we have

4n k [eS) 3n
2 3D (lawilP+Beil)+3 D Y (Brjl* + ki)
k=n+1 j=1 k=4n+1 j=n
S 1
~ 1+1In(4n)
In particular, for n = 4°ngy, s =1,2,..., we have

10 = 522 |ag, ;12

k=1j=1

+1Br.41°)

k
Z (k312 + |Br.

s=1k=4%np+1 j=1
3

%)

o) 4°ng

+33 0 Y > (1Bl +lowe—il?)
s=1k=4%ng+1 j=4°no
oo

8

1 1
> - = =
_;1+ln45+1n0 ;l+lnn0+(s+l)ln4 oo

a contradiction. Hence, there are no x,y € H with (T"z, y)| — co.
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4. Summary. We summarize the results in the following way.
We consider the classes of all complex (real) Banach spaces and of
complex (real) Hilbert spaces. For each such class X, denote by ay the
supremum of all positive ¢ such that the condition > (1/[|7"||*) < oo
(for an operator T on a space from the class) implies that there is an
orbit (T"z) tending to infinity. Similarly, denote by S the supremum
of all ¢ such that > (1/|7"||*) < oo implies that there are z,z* with
[(T"z,z*)| — oo.

The known results are summarized in the following table (note that
the supremum is in fact maximum whenever the exact value is known):

X ax Bx
complex Banach spaces 1 1/2<Bx <1
complex Hilbert spaces 2 1

real Banach spaces 1 1/2<Bx <1
real Hilbert spaces 1<ar<2[1/2<Bx<1
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