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A STUDY ON
QUASI POWER INCREASING SEQUENCES

H. BOR AND H.S. OZARSLAN

ABSTRACT. In the present paper, using a quasi S-power
increasing sequence instead of an almost increasing sequence,
a result of Bor and Seyhan [5] concerning the ¢ — |C,a,
summability factors has been proved under weaker conditions.
Also, this theorem generalizes some well-known results.

1. Introduction. A positive sequence (b,) is said to be almost
increasing if there exists a positive increasing sequence ¢, and two
positive constants A and B such that Ac, < b, < Bey,, see [1]. Let
(¢n) be a sequence of complex numbers, and let > a, be a given
infinite series with partial sums (s,). We denote by z% and t& the
nth Cesaro means of order «, with @ > —1, of the sequence (s,,) and
(nay), respectively, i.e.,

a 1 . a—1
(1) 2, = A_% ZOAn_vSU,
a 1 S a—1
(2) lp, = Ao ZAn—uvaUa
n =1

(3) Ay =0(n%), a>-1, Af=1and A%, =0 forn >0.

The series ) a, is said to be summable ¢ — |C, |, k > 1 and o > —1,
if (see [2])

(4) D lenlan =z 1)|F < oo,
n=1
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But since t& = n(z% — 2&_,), see [7], condition (4) can also be written
as

(5) > n Fleata]* < oo

n=1

In the special case when ¢,, = n'~(1/F) respectively ¢,, = ndt1-(1/k)
¢ — |C, a, summability is the same as |C, |, respectively |C, a; 4|,
summability.

Quite recently Bor and Seyhan [5] have proved the following theorem.

Theorem A. Let (X,) be an almost increasing sequence, and let
there be sequences (By,) and (\,) such that

(6) |AN| < Bn,

(7) Brn — 0 as n — o0,

(8) ZN\Aﬂn\Xn < 00,
n=1

(9) [An| X5 = O(1) as n — oo.

If there exists an € > 0 such that the sequence (n°~*|p,|¥) is nonin-
creasing and, if the sequence (ws), defined by, see [9],

" maxj<y<n |t3| O0<ax<l

satisfies the condition

m

(11) Z n*(Jon|w®)* = O(X,n) as m — oo,

n=1

then the series Y anA, is summable ¢ — |C,a,, k>1,0 < a <1 and
ka+¢e>1.
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2. The main result. The aim of this paper is to generalize
Theorem A under weaker conditions for ¢ — |C, |, summability. For
this we need the concept of quasi S-power increasing sequence. A
positive sequence (v, is said to be a quasi B-power increasing sequence
if there exists a constant K = K(8,7) > 1 such that

(12) Knﬁ7n > mﬂ'ym

holds for all n > m > 1. It should be noted that every almost increasing
sequence is a quasi S-power increasing sequence for any nonnegative [,
but the converse need not be true as can be seen by taking the example,
say v, = n~ P for § > 0. So we are weakening the hypotheses of the
theorem replacing an almost increasing sequence by a quasi S-power
increasing sequence. Now, we shall prove the following theorem:

Theorem. Let (X,) be a quasi B-power increasing sequence for
some 0 < B < 1. If the sequences (\,) and (B) satisfy the conditions
from (6) to (11) of Theorem A, then the series D apA, is summable
o—1Cal, k>1,0<a<1and kao+¢e > 1.

Remark. If we take (X,,) as an almost increasing sequence, then we
obtain Theorem A.

We need the following lemmas for the proof of our theorem.

Lemma 1 [6]. If 0<a<1andl<v<n, then

v
a—1
E A pap
p=0

< max
1<m<wv

(13)

Lemma 2 [8]. Under the conditions on (X,,), (8r) and (\,) as taken
in the statement of the theorem, the following conditions hold, when (8)
1s satisfied:

(14) nBpXn, =0(1) as n — o0

(15) 38X, < oo

n=1
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3. Proof of the theorem. Let (7)) be the nth (C,«a), with
0 < a <1, mean of the sequence (na,X,). Then, by (2), we have

n

1
(16) T =1a > AT lvay A,
n oy=1

Using Abel’s transformation, we get

n—1 v
T = % ZA)\U ZA%:;pap A ZAa Lyay,
n oy=1 p=1

so that, making use of Lemma 1, we have

n

T < - % ZAz;l,vav
v=1
n—1
ZA"‘ AN + [An] 0
" v=1
=Ty + T, say.
Since
[Ty + Toa|* < 2 (\Tal\ + T2, )

to complete the proof of the theorem, it is sufficient to show that
- k
Zn_k lonT . |” < oo for r = 1,2, by (5).
n=1

Now, when k > 1, applying Holder’s inequality with indices k and &/,
where 1/k + 1/k' = 1, we get that

m+1 m+1 n—1 k
> o FenTs b < Z n k(A2 o ” {ZAgwg |AN, | }
n=2 v=1

m+1

< Z nfknfak |90n { Z,Uak |Bv| }
n:2n—1 k—1
(50
v=1
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m m—+1 7k|(,0

k n
()2 v )10 2, —ow

n=v+1

m mtl ek k

k k n | en |
D v i) D — o

n=v+1
m m—+1 1
Zvak k’Bv . k|(’0v‘ Z nak:+€
n=v+1
m
Z’Uak kﬂv - k|<pv‘ / xakJrg
m
=0(1) ) vBv " (wy |u])*
v=1
m—1
DY A Yotk o)’
v=1 =
m

+O)mBa 3 v H (W o))

v=1

3

=0(1) IA(vBy)| Xy + O(1)mBm X

S
Il
—

3
L

805

=0(1) (v +1)ABy — Bu| Xo + O(1)mfBn X

—

v=

=

m—

=0(1) Y v|AB| X, +0(1 ZwulX

v=1
+ O0(1)mBmXm
=0(1) as m — oo,
by virtue of the hypotheses of the theorem and Lemma 2.
Finally, we have that

Zn *lon T2 Z\A | (wg @)

n=1

m—1
(1D A, IZU w Jpu])*

n=1
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+0(1) M| D nF(wiy eal)”
n=1

m—1
=0(1) > |AM] Xp 4+ O(1) A | Xom
n=1

m—1

=0(1) > BuXn + O(1) Am| Xm = O(1)

as m — o0,

by virtue of the hypotheses of the theorem and Lemma 2.
Therefore, we get that

m
—k

Z n |(10nTr?,7‘

n=1

This completes the proof of the theorem.

k

=0(1) as m — oo, for r =1,2.

4. Special cases. 1. If we take (X,,) as a positive nondecreasing
sequence and € = 1, ¢, = n®t1~(/F) with 0 < § < 1, then we get a
result due to Bor [3].

2. If we take ¢ = 1 and ¢, = n'~(/F) respectively ¢ = 1, a = 1
and ¢, = n'~(/k) in this theorem, then we get a new result related to
|C, o, respectively |C, 1],, summability factors.

3. If we take ¢ = 1 and ¢,, = 1~ (/%) then we get a result due to
Bor [4] concerning the |C, a; 6|, summability factors.
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