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CONVERSE RESULTS IN
THE THEORY OF EQUICONVERGENCE
OF INTERPOLATING RATIONAL FUNCTIONS

M.A. BOKHARI

1. Introduction. Since the first extension of Walsh’s theorem in
1981 [1], there have been in the last few years a number of direct
theorems on the theory of equiconvergence of certain schemes of inter-
polatory polynomial sequences. A recent paper of Saff and Sharma (3]
also gives some direct theorems, but it deals with the equiconvergence
of two schemes of rational interpolants. Our object in this paper is
to obtain a sort of converse of this theorem on the lines of a corre-
sponding theorem due to Szabados [4] which is related to the Lagrange
interpolant and the Taylor sections of an analytic function.

Let f € A, (the class of functions analytic in |z| < p but not in
|z] < p, p > 1). As usual 7, will denote the class of polynomials of
degree < s. For a given o > 1 and for a fixed integer m > —1, let

(1‘1) Tn+m,n(z’ f) = Bn+m.n(zaf)/(zn - a,n)’ Bn+m.n(zv f) € Tntm,

interpolate f € A, in the n + m + 1 roots of unity. If, for a positive
integer [, we set

-1
(1-2) Zn,m(z;f) = Ruymn(2, f) - zrn+m.n(zaf» v),

v=0

where 7,,4m n(2, f,v) are certain rational functions given by (2.1) and
(2.3), then Saff and Sharma showed that if ¢ > p'*1, then

(1.3) lim A7, .(2,f)=0
n— 00
for |2] < p'*!. And if 0 < p'*t!, then (1.3) holds for all z € C with

|2| # 0. Moreover, this result is sharp in the sense that the region of
convergence cannot be improved.
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When o0 — 0o, we get an extension of a classic theorem of Walsh (5,
p. 153]. In this case, we know that

-1
(1.4) A, (2, £) = Lagm(2, ) = Y Papm(2, f0),
v=0

where L, (2, f) € Tnym is the Lagrange interpolant to f(z) in the
(n + m + 1)-th roots of unity and

n+m
(15) n+m(z f? = Z au(n+m+1)+jzja v=0,12,...,
=0

with f(z) := Zliozo akzk and Fn—ln—~<>o lanll/n = p—l-

Let A} (or A%C), p > 1, denote the set of all functions which are
analytic in |z| < p (or analytic in |z| < p and continuous in [z| < p). We
shall say that a sequence {S,(2)}3>, is U.B. in |z| < 9" if {S.(2)}5,
is uniformly bounded in every closed subset of |z| < ~".

The following theorem is due to Szabados [4]:

THEOREM A. Let [ > 1 and m > —1 be fired integers. If f € A}C
and if {Af%, (2, £)}5, is U.B. in |z| < p*! for some p > 1, then
feA;.

We shall prove an analogue of the above theorem when o > 1 is finite.

2. Preliminaries and statement of main result. Let f € A;C
and let
(2.1)
Tn+m.n(zvfy 0) = Pn+m.n(z»f7 0)/(zn - gn), Pn+m.n(z7 fv 0) € Tnim,

be the rational function which interpolates f(z) in the zeros of
2™ (2" — g7 ™). Set
(22) a‘n,m(z) =1- zm+la—n’ Bn,m(z) = Zm+l(2n — (T_").

Let N(v) :== (v+1)(n+m+1), v = 0,1,2,..., and let Sn(,) (2)
denote the unique polynomial in 7y(,) which interpolates the func-
tion {an,m(2)}’ (2" — o™)f(2) in Hermite sense at N(v) + 1 zeros of
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{Bn.m(2)}**!. Then Saff and Sharma (cf. [3, (3.6)]) established the
following relation:

SN(u)( ) anm(z)SN(u 1) ) {,Bn m( )}VPn-i»m,n(zyny),

where Py, tm.n(z, f,v) is a polynomial in 7, 4m,v = 1,2,3,... . This
enables us to define rational functions rn4m n(2, f,v),» = 1,2,..., of
the form

(2.3)

Tn+m,n(2,f, V) = Pn+m,n(zv fv V)/(zn - On)v Pn+m.n(zv .f7 V) € Tn+m-

We state our main result:

THEOREM 2.1. Let m > —1 and | > 1 be fized integers, and let
f € A;C. If, for some p > 1 and for some o > p'*!, the sequence
{A,mn(z,f)},"f=1 given by (1.2) is U.B. in |z| < p'*!, then f € A},

REMARK 2.1. Theorem 2.1 may be looked upon as a partial converse
of the statement (1.3). A natural question which arises at this point
is the following: If 1 < o < p'*! and if {A7 (2, £} is uniformly
bounded on every compact subset of the domain {z : |z| # o}, is
fe A}? We assert that, in general, the answer is in the negative. This

is easﬂy seen on taking f(z) = (2— n) where we choose a € (0, 1) such
that o < p(ttDa =: g+l Then, f € A, and, from the Saff-Sharma
Theorem (cf. (1.3)), we have A7, (a, f) — 0 on every compact subset
of {z:]2| # 0}. But f € A,.

REMARK 2.2. Theorem 2.1 is also valid if we consider m < —1. (See
(3] for the construction of the rational functions 7p4ma(2, f,v),v =
0,1,2,..., when m < —-1.)

3. Some lemmas. In this section, we shall compare some polyno-
mial interpolatory processes with some rational ones, and then show
that the sequences {Af ., (2, f)}32, and {A7, ..(2,f)}, o > p'*1,
given by (1.4) and (1.2) respectively, are either both bounded or both
unbounded in the region |z| < \/o. It will enable us to show that f is
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analytic in |2| < min(p, zz7yyy), Which is the main idea that underlies
the proof of Theorem 2.1.

LEMMA 3.1. Let m > —1 and o > 1. If f € A}C, then
(3.1) nlgl(:o{Ln+m(z’ f) = Tnimn(z,f)} =0, for|z| < Vo,

where Lpim(2, f) and Rnymna(2,f) = Bnimn(2,f)/(2" — o") are
defined by (1.4) and (1.1) respectively. Moreover, the convergence in
(3.1) is uniform and geometric on every closed subset of the region

|2| < o

PROOF. Let w be a primitive (n + m + 1)th root of unity. From the
definition of Lagrange interpolating polynomial, we have

ntm pim4l k
z -1 w
Ln+m(z7f)= E: 2 — Wk 'n+m+1f(wk)
k=0

and

n+m Zn+m+l _ 1 k

Bn+m,n(zv f) = Z

k=0

w
z—wk n+m+1

(W = o™ f(WF).

This gives us

n+m zn+m+1 -1 wkf(wk) wkn — 2"

Ruimn(z, f) = Logm(z, f) = 3

oS Rl n+m+1 2" —on
n+mn+m k k
= Z Z nm—j k(i+1) flW®) W —2n
n+m+1l 2n—on’

k=0 j=0

Since f € A]C, there is an M > 0 so that |f(t)] < M for every |t| < 1.
Let |2| = 7, 7 > 1. Then, from the above relation, we have

™+1

Lntm (2, 1) = Bugmon(z £ < M(n+ m + )7 2.
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If 0 > 7, we obtain

J— 1/n 2
m { max |Rusmn(z f) = Losm(z, I} < =

n—00 lz':r o

which establishes Lemma 3.1.

LEMMA 3.2. Let m > —1 be a fized integer and o0 > 1. If
f € A}C, then the conclusion of Lemma 3.1 remains valid if Ly, (2, f)
and Rnym (2, f) are replaced by Py, (2, f,0) and Tnym n(2, f,0) (cf.
(1.5), (2.1)) respectively.

PROOF. It is easy to see that 7, m(2, f,0) has the integral represen-
tation
7'n+m,n(:’:a f» O)
1 t" —o™  f(t) t™Y(t" —o") - 2™t (2" -0 ")
T 2mi lt|=6 2" —0" t—z tmtl(in — o ")

dt,

where 07! < § < 1. Also, we can write

. 1 t tn+m+1 _ zn+n+l
P11+m(zaf)0)_‘_‘/l f() :
t

= dt.
27 |=6 t—=z2 tntm+l

An elementary calculation now shows that

Tn+m,n(zv fv 0) - P1:+m(za fv O)
(3.2) 1 / F(8) Kn(t, 2)dt
it)=s (t — 2)

= E (tn — 0”'")(2" - Un)tn+m+l ’

where
(3.3)
Ku(t,2) 1 = (7™ - ntmt) (g0 qnpn 1) - gr(imt - o)
_ O,—n(tn _ zn)(tn+m+l _ tnz'm+1 _ zn+m+l).

Since supy, <; |f(t)] < M for some M > 0, from (3.2) we obtain

|7'n+m,n(zv f,O) - P1:+m(z» f, O)l
(3.4) < M Ka(t,2)
T 2m(6" —o7M)|e" — 0" Jiy=s! t—2

| latl,
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whereas

n+m
Kn(t, 2) 2 + n m—
AT (P — 2 t] nt+m—j _ t tJ J
t—2z ( Z Z
(3.5)

— 1 i n—j—
o n(tn+m+1 _tnzm+1 _Zn+m+ )§ :tjzn J 1‘

If |2l =7>1, and |t| = 6 < 1, then

Ktn(t’ Z)’ <@+ 6+ D)(n+m+ 1)+ 8" (m+ 1)

- 1 -
+o n(6n+m+l +6nTm+1 +Tn+m+ )nTn 1.

Notice that the relation (3.4) holds for all § € (0~!,1), which, upon
using (3.5) and then letting § — 1, gives us

CM(n+m+1)|z|*"
(1=o )" —on|

Irn+m,n(zv f,0) - n+m(z £,0)| <

Here C is constant independent of n. If o > |z| = 7, then it is easy to
see that

1/11 T2
S —_
g

lim { sup |Tn4m.n(z, f,0) — n+m(27f70)l}

N0 R zl=T

which proves the lemma.

LEMMA 3.3. Let m > —1 be a fized integer and 0 > 1. If f € AjC,
then the conclusion of Lemma 3.1 remains valid if L, ,,(z, f) and
Rn+m,n(z7 f) are replaced by n+m(z)f,v) and 7'n+’m,n(zv fvu)v v =
1,2,3,..., (cf. (1.5) and (2.3)) respectively.

PROOF. An integral representation of 754m n(z, f,v),v > 1, is given
by (cf. [3], (3.13))
(3.6)
1 t" — 0™ (anm(2))*"! Ho(t, 2 u)
n+m yJrV)S o : : ta
Tn+ ,n(z f V)27I'Z A|=6 on — ogn (ﬁn,m(z))u+l t— 2 ( )
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where 01 < § < 1 and

Ho(t,2,v) : = anm(2)Brm(t) = anm(t)Bam(2)
3.7) = Al gl g () (8 - 27)
_ O,—n(tm+1 _ Zm+1).

Also, from (1.5), we have
(3.8)

1 t tn+m+l _ ,n+m+l1
P,f+m(z,f,u)=—,/ f( ) : dt.
21 Jiy=s W+ D(n+m+1) t—2z2

Since {an,m(t)}* "1 =1+ 2;’;;(—1)3( ";1 )t +Hom) | from (3.6) and
(3.7) Tnym.n(a, f,v) can be rewritten as

(3-9) 7'n-!-m.n(za fs V) = Qn+m,n(zv fs V) + Tn+m,n(37 fs V)

with
— 1 t"—o" fQ)
Quimn(z, fiv) = ot Jit|=6 zn_Zn C IR —o - n))eFT
(3.10) RIAALET ML )
n_o™ t)Jn(t,
Tn+m.n(z,fau) = ﬁfm:b in_(;n * (tm+{§tr)n_a(.—i)))u+rdt»
where
v—1 v-1 ]
Ju(t, 2) := Hp(t, z,v) Z ( i )(—-tm+10'_n)1
Jj=1

_ O_—n((tz)m+l(tn _ zn) + tm+1 _ zm+1)~

Now one can easily see after some computation that

(3.11) Ty (2 fov) = O(iﬂ).

Eral

Also,

Q|

_ 1/n
(312)  Tm { sup [Quimn(s,f,0) = Piymala S0} <

n—oo |z|=T

<o
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which follows from (3.10) and (3.8) on mimicking the procedure starting
at (3.1) in Lemma 3.2. Therefore, from (3.9)-(3.12), we conclude that

. 1/n 72
lim { sup |[FPnimn(2, frv) — Prym(2, £, V)l} < —.
n—00 lz|=7 g
<o

REMARK 3.1. If [ is a fixed positive integer then it follows directly
from Lemma 3.3 that

2

S I/n 7

lim sup E Tnt+m, n(z § : n+m Z f V l} <—.

n—00 lz|=7 g
r<vo v=0

Next, we prove

LEMMA 3.4. Letl > 1 and m > —1 be fized integers and o > 1. If
f € AiC, then {A[ n (2, F,)}3%, is U.B. in |z| < /o if and only if the
sequence {A7, . ( }n , 15 also where AR, | (2, f) and A, | (=, f,)
are given by (1 4) and (1.2).

PROOF. From the triangle inequality and the definition of A3, | (2, f)
and AY? z, f), we note that

lnm(

18T (20 )] = 185 (2 D] € 18T (2, ) = BT (2 0]
< |Rn+m n(z f) n-{-m(‘z f)l
+|Ern+mn(z fv) Z P, (2, f,v)

v=0 v=0

An application of Lemma 3.1 and Remark 3.1 now gives the desired
result.

REMARK 3.2. If 0 > p?(+1)| then lemma 3.4 also holds if |z] < Vo is
replaced by |z| < p'*1. For this, it is enough to note that the lemmas
3.1-3.3 are valid for the region |z| < p'*! < /5.
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4. Proof of Theorem 2.1. First assume that o > p?(+1). By
the hypothesis of Theorem 2.1, {Af, . ( )}n_1 is UB. in |2]| < p’+1
From Remark 3.2, it follows that {AS, | (2, f)}52, isU.B.in|z| < Pt
too. Thus, f € A} by Theorem A.

Next, consider p'*! < o < p>(*D. Then {Af, ,.(2, )}, being
a U.B. sequence in |z| < p'*! is also U.B. in lzl < \/_ Now from
Lemma (3.4), it implies that the sequence {Af%, (2, f)}22; is UB. in
|z],v/o. If we let £'*! := /5, then f € A} (cf. Theorem A). Notice
that & > 1. Let p; :=sup{n: f € A;}. Then pr>1, fe A, and f
has a singularity on |z| = p;

The proof will be completed by showing that p; > p. Assume that
p1 < p. Then the set D* = {z : p*! < |2| < p*'} contains infinitely
many points, and {A7, (z,f)}3%,), being U.B. in || < Pt s
bounded at each point of D*. On the other hand, o > p'*! > pll'H.
Thus, {A7, .(z, f)}nz; can not be bounded at more than ! points
in the region |z| > pi™! (cf [2, Remark 2.2]). This contradicts the
boundedness of {A;n m(z,f)}32, at each point of D*. Therefore,
P12 p.
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