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ON NORM A N D ZERO ASYMPTOTICS 
OF ORTHOGONAL POLYNOMIALS 

FOR GENERAL MEASURES, I 

MATTHEW F. WYNEKEN 

ABSTRACT. Let /i be a positive unit Borei measure with 
infinite support in the interval / = [-1,1], and let {p„(x)}„>0 

be the monic orthogonal polynomials associated to //. Let 
vn denote the unit measure having mass 1/n at each zero of 
Pn(x), and let An = (j(pn(x))2d^)l^2n. It is known that, 
subject to the condition that no set of unit /^-measure has ca­
pacity zero, when a subsequence of the sequence {t/n}„>i con­
verges, the corresponding subsequence of {Xn}n>\ converges 
as well. We give an example which shows that the converse 
statement is not true in general. 

Introduction and Definitions. We say that // is a weight measure 
if it is a positive unit Borei measure with infinite support in the 
interval / = [-1,1], where the support S (fi) is the smallest closed set 
of unit //-measure. Given a weight measure //, for n = 0 ,1 ,2 , . . . , let 
Pn{x) = xn -f • . . , denote the nth orthogonal polynomial associated to 
//, so that 

\ i / 2 
Pm(x)pn(x)dpJ = N„6w.tli 

where <Swn = {0 if m ^ n, 1 if m — n). Let vn denote the zero measure 
for Pn{x), i.e., the unit measure with mass 1/n at each zero ofpn(x), and 
let An = (Nn)

l<n be the nth linearized norm. It is known that, subject 
to the condition that no set of unit //-measure has capacity zero, when 
a subsequence of the sequence {vn)n>\ converges, the corresponding 
subsequence of {\n}n>\ converges as well. Here we give an example 
which shows that the converse statement is not true in general. 

If, for a unit Borei measure // defined on / , we have lim«—.^ / fdvv = 
J fdfi for all functions / continuous on 7,then we say that the sequence 
{^njn^i converges weakly to // or that /x is a weak limit of {vn }7,>i, and 
we write l i m ^ ^ vn = //. By a theorem of Helly, {v7)}7)>i always has 
weakly convergent subsequences. 
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The capacity of a bounded Borei set B is taken as its inner logarith­
mic capacity, i.e., C(B) = supKcBC(K), where K runs through all 
compact subsets of B, and C(K) is the capacity of K as derived from 
the logarithmic potential function U(z,fi) = Jlog(|z — t\~l)d/i(t) [4]. 
The following are properties of capacity [5]: For Borei sets B\ and B2, 

(i)BlcB2=>C(Bl)<C(B2), 

(Ü) C(BX) = 0 =» C\B2 U Bx) = C{B2\Bl) = C{B2), 

(iii) if Kn is compact, and Kn C A'n+i C / (n = 1,2,.. .), then 
l im, , -^ C{Kn) = C(Un>iA^T,). 

A carrier of a weight measure // is a Borei subset iE? of S(fi) such 
that /x(J5) = 1. Associated with \i are two numbers, C_ — inf C(B), 
where the infimum is taken over all carriers, and C — C(S(fi)). There 
exist weight measures // for which Ç_< C and these measures are called 
undetermined. The sequences of zero measures and linearized norms of 
an undetermined measure may or may not converge [7, 8, 9]. 

Let B be a bounded Borei subset of the complex plane C having 
positive capacity. The equilibrium measure for B is the unique unit 
measure // which satisfies the following [3, p. 171]: 

(i) U(z,v) <log(C(B)-1) tor z e C, 

(ii) U{Z,IA) = \og(C(B)-1) for z e B\Z, C{Z) = 0, 

(iii) S(f.i) C B, where B denotes the closure of B. 

We denote the equilibrium measure for B by fiß-

When B e / , condition (iii) can be changed to (iii)* S(/i) C / . 
To see this let \i be any unit measure satisfying (i), (ii), and (iii)*. 
Let Kn C A'„+i(n = 1,2,... ) be compact subsets of B\Z such that 
C(A'i) > 0 and l im n _ o c C(A n ) = C(B\Z) = C{B). Let /in be the 
equilibrium measure for Kn, and let 

vn(z) = (U(z^) - logiCiB)-1)) - (U(z,ßn) - l o g ^ A ' n ) - 1 ) ) . 

Then vn(z) is superharmonic on C\A'n and has a finite limit as z tends 
to infinity. Since U(z,fi) is lower-semicontinuous we have, for ( e Kn, 

lim inf vn(z) > liminf([/(2,/x) - logfCfB)"1)) 

- limsup(U(z,nn) - log(C(An) - 1)) 

>U(Cß)-\og(C(B)-l)=0. 
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Hence, by the minimum principle for superharmonic functions [1, p. 59] 
we have vn(z) > 0 for z G C\Kn and a fortiori for z G C\7. Thus, for 
some weakly convergent subsequence of {//„.}„>i, say lirm.:—^ ßnk — v, 
we have U(z, ji) - U(z, v) > 0 for z G C \ / . Thus U(z, fi) -U(z,is)=0 
for z G C\7, and hence /x = v [4, pp. 34, 50]. Since all this is true for 
li = HB we have v = ßB. Thus, when B C I, any measure // satisfying 
(i), (ii), and (iii)* must equal //#. 

Results and proofs. We first state a result on the relationship 
between the sequences of zero measures and linearized norms which is 
due to Ullman and whose proof will appear elsewhere. 

PROPOSITION. Let fi be an undetermined weight measure having no 
carrier of capacity zero, if a subsequence {*V}A->I of {^>}n>i has 
weak limit VQ, then the corresponding subsequence {^nk}k>i of{Xn}ji>i 
converges to a limit A0. Furthermore, A0 is associated with i/0 in the 
sense that, if {vmk}k>\ is any other subsequence o/{VT,}n>i converging 
weakly to v$, then the subsequence {\nk}k>\ also converges to \Q. 

It is our intention here to show that the converse statement to 
the proposition is not true in general by constructing an example 
of a weight function w(x) on / such that, for dß = w(x)dx, the 
subsequence {Anm}m>x converges while the subsequences {vn2k-i}k>i 
and {vU2k}k>i converge weakly to unequal limits. 

We now give four lemmas to be used in the construction. The first 
lemma extends the "transfer function" lemma of Ullman. 

LEMMA 1. [6, 8]. Let K be a finite disjoint union of nondegenerate 
closed subintervals in I. Then, for each positive integer n, there is 
a sequence {cn}n>i of positive numbers depending only on K such 
that l im,,^^ c r /

n = 1, and there is a family {r7Kß(x)}1t>\.o<o<i of 
nonnegative Borei measurable functions such that, for each 6,0 < 0 < \, 
and each polynomial qn{x) of degree n: 

(i) frnj(x)dx = n'2, 

(ii) An(6) = {x : T1UQ(X) > 0} is a compact subset of K, and 
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(iii) f{qn(x))2Tn.e(x)dx > cn(\\qn{x)\\K)2, where \\qn(x)\\K 

= max^tf \qn(x)\. 

We say that rn^(x) is a transfer function and An(0) a transfer set 
for K. Moreover, the transfer functions T7lto(x) can be chosen in such 
a way that C(An(0)) is a continuous and nondecreasing function of 6 
so that, for any compact subset J of J, 

(C{J), C{J U K)\ C {C(J U An{0)) : 0 < 0 < 1}. 

PROOF. For z e C, let G(z) = \og(C{K)-1) - U(z,fiK), and let 
Gt> = m a x 2 G ^ \G(z)\ where Ks = {z G C : min<€K \z - t\ < 6}. It has 
been shown [6] that if x* € K is chosen such that |ön(x*)| = ||ön(x)||/^ 
and we set dn — [nexp(nG2/n)i + 1 (brackets [•] indicating the least 
integer function), then, for x such that |x—x*| < (2d n ) _ 1 , it follows that 
\qn(x)\ > {l/2)\\qn(x)\\K. L e t / , = [- l+(fc- l ) (2dw)- 1 , -l+fe(2dTO)-1] 
and let {Kj : 1 < i < ran}, where mn < 4dn, be the nonempty 
sets (excluding any isolated points) among {K D h : 1 < k < 4dn}. 
We may express each Kj as a finite union of closed intervals, say 
Kj = Ji U • • • U J m , and if we set Jj = [aj,bj] for 1 < j < m, then 
let Jj(0) = [(a, + bj)/2 - 0{bj - a>)/2, (a,- + 6/)/2 4- 0{b3 - a3)/2} and 
Ki{0) = Ji(0)U---UJw(0) forO < 0 < 1. Then set cn = (4n 2 m n )" 1 and 
TH.Ö(^) = (n2™,,)-1 Ëi<*<mn X^(ö)W ( ^ « ( ö ) ) ) " 1 , where XKt(0)(x) 
is the characteristic function of the set Kj(0), and where £ indicates 
linear measure. Now x* will be in one of the sets AT,:(1), say x* € AV (1), 
so we then have 

(qn{x))2rnM(x)dx > (n2mn)-
1 (qn(x))2XK^(e){x) (t(K7m

l
{0)))dx 

>Cn{\\qn{x)\\K)2-

The fact that l i n in^^c n
 n = 1 follows since lim^oGv) = 0 [4, p. 7]. 

Now let An(0) = Ki{0) U ••• U Knin(0). The function C{An(0)) is 
nondecreasing by monotonicity of capacity. To see that C(An(0)) is 
continuous we will prove the general statement that, for a given Borei 
subset B of I and for a given positive £, there exists a positive 6 such 
that, for any Borei subset A of I where C(A) < 6, we have 

C{B) -e< C(B\A) < C(B U A) < C(B) + e. 
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We may assume that C{B) > 0, C(B)2 > C(A) > 0, C(B\A) > 0, and 
that B and A are subsets of [-1/2, 1/2] [4, p. 56]. From the inequality 
[4, p. 63] ( logC(^) ) - 1 > ( logCCfl^) ) - 1 + (logC(A))-\ it follows 
that C(B\A) > C(B)2 and also that 

C(B) < C(B\Ayi^c(A)+l^c^\A^. 

Hence C(B) < C(B\A) + s provided we choose C(A) sufficiently small 
so as to satisfy 

lQgd + c w j ) < ^ + cw> 
\ogC{B\A) - + \og(C(BV 

< log(CM) 
- logC(i4) + logC(J5\A)' 

Similarly, it follows from the inequality [4, p. 63] (iogC(B U ̂ ) ) _ 1 > 
(logC(B))-1 + ( logC(^))"1 that 

C(Bl)A) < C(ß) ( ,^ c^>+ , o«C ( ß )% 

and hence that C(B U A) < C{B) + e provided we choose C(A) 
sufficiently small so as to satisfy 

logC(J5) - logC(i4) + logC(B)' 

LEMMA 2. (SZEGÖ and TONELLO [4, p. 73]. Let K be a compact 
subset of I and let Mn(K) = inf ||<7r/(-**)lk? where the infimum is taken 
over all monic polynomials qn{x) of degree n. 

(i) if K contains at least n points, then there is a unique monic 
Chebychev polynomial of degree n for K, denoted T1t (x, A'), such that 

\\Tn(x,K)\\K = Mn(K). 

(ii) If K is infinite, then l im n ^(A/ n (A ' ) ) 1 / 7 ' = C{K). 

(iii) ForxeI,\Tn(x,K)\ < 2". 

LEMMA 3. [7]. Let fi be a weight measure with subsequence of monic 
orthogonal polynomials {pnm(x)}m>i anà zero measures {*V„}m>i-
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Let B be a carrier of \i of positive capacity with equilibrium measure 
HB- Then the following two statements are equivalent: 

(i) l i m ™ - ^ i/Tlm = fiB, 

(ii) \imsupm^\PnJx)\^~<C(B) 

for all x in some Borei subset B* of B of the same capacity. 

Let B be a bounded Borei set of positive capacity with equilibrium 
measure /i#. We denote by A(HB) the set {z € C : U(Z,/IB) — 
log(C(B)~1)}, and we will use the fact that C{A{fiB)) = C(B) [2, 
p. 189]. 

LEMMA 4. (ULLMAN). Let Bx and B2 be two Borei subsets of / , 
each having positive capacity C. Then ßBi = //^2

 lf anà on^V lf 
C{B1\JB2) = C. 

PROOF. Assuming C(B\ U B2) = C, it follows that / /ß l Uß2 is an 
equilibrium measure for B\ and B2, so ßBl = JJLB2. Conversely, if ßBx — 
/xß2, then U(z,ßBl) = U(z,fiB2) = log(C_1) for z € Bx U B2\Z where 
C(Z) - 0. Thus C < C(B1 UB2) = C(BX U B2\Z) < C(A(fiBl)) = C, 
s o C ( ß i U ß 2 ) = C. ü 

We now proceed with the construction of w(x). Choose intervals 
I\ and I2 in / and some number A such that mdLx{C(I\),C(I2)} < 
A < C(I\ U I2). For a compact set K, let Tn{x,K) be the Chebychev 
polynomial of degree n for K, and let ||Tn(a;, A')|| = ||Tn(x, A*)||/f. Let 
{àin)m>\ be a sequence of positive numbers decreasing to zero, and 
let no = 1. Then n\ can be chosen such that | |Tn i(o: , / i ) | |1 /n i < A 
(Lemma 2) and ^2n>n n~2 < (A/2)2n°, and there exists 6\ such that 
A — 6\ < C(I2 U AUl) < A where AUl — AUx{ß\) is a transfer set for 
I\ (Lemma 1); set rMl = Tni%sx. Similarly, n2 can be chosen such that 
\\TU2(xJ2UAni)\\

1^ < A, £ n > n 2 n " 2 < (A/2)2w*, and there exists 02 

such that A - S2 < C(I\ U A7l2) < A, where A1l2 = AJl2(62) is a transfer 
set for I2 U AUl ; set rTl2 = rn2<6>2. 

Generally, having chosen n\, n2,..., n2k-2 and ytni, ^4„2 , . . . , A7l2k_2, 
choose n2A_i such that WT^^xJiUA^UA^ U- • •U>ln2fc_2)||1/n2fc-1 
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< A and £ „ > „ „ , n~2 < (A/2)2""-2 , and let A„2k_t (with r , , , , . , ) be 
a transfer setlor l\ U A„2 U ̂ „ 4 U • • • U A„2k_2 such that A - S2i,-i < 
C(I2 U Ani U ^„3 U • • • U i4„2(, , ) < A. (We can do this because 
A - é2A._3 < C{h U Ani U An , U • • • U An2k_3) < A.) Similarly, choose 
n2k such that | |T„2 i t(i , /2 U Ani U i4„3 U • • • U ^ - J l T 7 " " < A and 
£7 1>„2 t n - 2 < (A/2)2"**-', and let A„2k (with T„2k) be a transfer set 
for / 2Ui4 n iUA n 3U-"Ui4 n 2 f c_ 1 such that A - ^ < C(h UA„2 LlA„4 U 
• • •U J 4„ 2 , )< A. 

Let iu(:r) = c^2k^l(Tri2k_l(x) + T„2fc(x)), c = ( £ m > i ( " m ) ~ )~ • 
and let dfi = w{x)dx. Let pn(x) be the n th orthogonal polynomial 
associated to /z, An be the n t h linearized norm, and vn the zero measure 
for pn(x). First, it follows from Lemma 1 and the fact | |p n (s ) lk ^ 
(C(A'))" [4, p. 62] that l i m i n f ^ ^ X„2k_, > A and liminfA—oc A„2t > 
A. Next, we have 

( ^ n 2 . - , ) 2 = J ( ? « « _ , ( x ) ) 2 U ' ( x ) d x 

< /(r„2,_I(x,/1uA„2u^n4u---u^,2,_2))M^)^ ([5]) 

< /Vn« . , (*, /l U A„2 U i B 4 U - U Al2,._2))M*)<fc 

/i U i4Ba U An4 U • • • U An2k_2 

+ /"(!»„_, (*, /i U A„2 U AM U • • • U An2k_2))
2w{x)dx 

I\(h U i4B2 U Ani U • • • U 
< A2n 2 f c_ 1 + ^ n » . , ((n2fc)-2 + ( n ^ + i ) ' 2 + • • • ) (Lemma 2) 

< (l + c)\2n2k-1, 

so l imsup^^^ An2fc_1 < A. Similarly, 

(N„2k)
2 = j(pn2k(x))2w(x)dx 

< f(T„2k (x, h U Ani U \ U - U An2k_, )fw{x)dx 

< j{Tll2k{x, h U i4Bl U 4 S U - U A l 2 l_, ))2^(x)rfx 
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+ / {T„2k(x,I2 U Ani U Ana U • • • U An2k_1))
2w(x)dx 

I\{h U Ani U An3 U • • • U 

< A2*- + c2 2"-((n 2 f c + 1 )" 2 + (n2 f c + 2)"2 + • • • ) 

< ( l + c)A2n2fc, 

so l i m s u p ^ ^ An2fc < A. Hence limm_^oc AUm = A. If we let A\ = 
Aril U An3 U • • •, and ^42 = An2 U ,4n4 U • • •, then it will follow that 
l i m ^ o c ^ - ! = WiiM2>

 a n d limfc-cx) Vn2k = ßhuAi- The arguments 
for these limits are identical so we demonstrate the first. By Lemma 3 
if suffices to show that l i m s u p ^ ^ \Pn2k-i(x)\l^n2k~1 — C(I\ U A2) for 
x € I\ U i42. Should this be fais there would exist x* e I\ U A2, some 
positive £, and an increasing sequence of positive integers {nj}j>\ C 
{n2k-i}k>i such that \pUj(

x*)\ > {C(h U A2) + e)nJ (j = 1,2,. . .) . 
Then 

(iVWj)
2 > cnj(\\pnj(x)\\IlUÄ2)

2 > cnj(C(hUA2) + e)2n> 

which would imply that l i m s u p ^ ^ Anj > C{I\ U^42), a contradiction. 
Finally, we have C{hUA2) = C{I2UAi) = A < C(hU/2), so it follows 
from Lemma 4 that /x^u^ 7̂  M/2uAi-
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