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p-VALENT CLASSES RELATED TO CONVEX
FUNCTIONS OF COMPLEX ORDER

M. K. AOUF

ABSTRACT. Let C(b, p) (b # 0 complex, p = 1) denote the class of
functions f(z) = z? + X7, apz® analytic in U = {z: |z| < 1}
which satisfy, for z = re'? € U,

Re{p+—IF (1 + Zj]:,”((zz)) —p)} > 0.

From C(b, p), we can obtain many interesting known subclasses in-
cluding the class of convex functions of complex order, the class of
p-valent convex functions and the class of p-valent functions f for
which zf’ is A-spirallike in U. In this paper we investigate certain
properties of the above mentioned class.

1. Introduction. Let A,(p = 1) denote the class of functions f(z) =
z? 4+ 372,11 az* which are analytic in U = {z:|z] < 1}. Let Q denote
the class of bounded analytic functions w(z) in U, satisfying the condi-
tions w(o) = o and |w(z)| = |z|, for ze U. Also, let P(p) (with p a positive
integer) denote the class of functions with positive real parts that have the
form P(z) = p + 32332 ¢, z%, which are analytic in U and satisfy the condi-
tions P(0) = p and Re {P(z)} > oin U.

For fe A,, we say that f belongs to the class C(b, p) (b # 0 complex,
pzif

(1.1 Re{p + —II)—<1 + ZIJ:,E(ZZ)) - p)} > 0, ze U.

It 1s noticed that, by giving specific values to b and p, we obtain the
following important subclasses studied by various authors in earlier
works:

(1) C(1, 1) = C s the well known class of convex functions;

(i1) C(b, 1) = C(b), is the class of univalent convex functions introduced
by Wiatrowski [11] and investigated in [8] and [9];

(iii) C(1, p) = C(p), is the class of p-valent convex functions considered
by Goodman [3];
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(iv) C(cos A e7*, p), |A| < =/2, is the class of p-valent functions satisfy-
ing

Re{e”‘(l + Z;’((Z)) >} > 0, ze U,

i.e., the class of functions f(z) for which zf”(z) is A-spiral-like in U; and

(v) C(cos A e, 1) = CA || < =/2, is the class of functions for which
zf'(z) is A-spirall-like introduced by Robertson[10] and studied by Libera
and Ziegler [6], Bajpai and Mehrok [1] and Kulshrestha [5].

In [7] Nasr and Aouf introduced the class of starlike functions of order
b (b # 0 complex) defined as follows.

DEFINITION. A function f€ A; is said to be starlike function of order
b (b # 0 complex), that is f'€ S(b) if and only if f(z)/z # 0in U and

Re{1+—<(j{;()z) 1>}>o, ze U

We state below some lemmas that are needed in our investigation.

LeMMA 1 [8]. A(z) € C(b) if and only if

(i) there exists q € C such that h'(z) = (q'(2))?; and

(i) #'(z) = exp {J% — 2b log (1 — ze~*)du (1)}, where u(t) is a real—
valued non-negative non-decreasing function defined for t € [0, 2x] with
total variation [% du(t) = 1.

LEMMA 2 [8]. Suppose h(z) € C(b). Then H(z), defined by H(0) = 0 and

,< z+4+a )
’ _ 1+ az
HG = o+ as
for |lal < 1 and z € U, also belongs to C(b).
LeMMA 3 [9]. If h(z) = z + X352, b,z € C(b), then
bs| < 161,

lbgl = lelmax (1, 126 + 1}.

These bounds are attained by the function 4*(z) defined by

(1.2) KR = (1 —z2ym =1+ 3] 2tm

n=1 m=0 M + 1

ﬂ

LEMMA 4 [7]. G(z) € S(b) if and only if there is a function g(z) € S* (the
well known class of starlike functions) such that

G(z) = z< (Z)>
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LemMMA 5 [4]. Let w(z) = X332, dpz* be analytic with |w(z)] < 1 in U.
If vis any complex number, then

(1.3) ldy — vdi| = max {1, [v[}.

Equality may be attained with functions w(z) = z%Zand w(z) = z.
We also need the following lemma.

LEMMA 6. The function P € P(p) if and only if

_ (1 — w02
””‘p<y+&n>
where w € (.

It follows from the definition of C(b, p) and Lemma 6 that f'e C(b, p)
if and only if, for z € U,

2f"(z2) _ w@)(p—2pb—1)+(p—1)
(1.4) e = ) ., we.

2. Representation formulas for the class C(b, p).

LEMMA 7. The function f € C(b, p), where p = 1, if and only if
(2.1) f'(2) = pzt= YW (2))?
Jfor some h e C(b).

PROOF. Let f'(z) = pzt~Y(h'(2))? for h(z) = z + X525 b,2" € C(b), ze U.
By direct computation, we obtain

Re{p + %(1 + Zj[,l;(zz)) —p>}=pRe{l + —};i:%} >0

and the result follows from (1.1).

An immediate consequence of Lemmas 7, 1 and 4 is

THEOREM 1. f(2) € C(b, p), where p = 1, if and only if

(i) f'(z) = pz?~Lexp{—2pb & log (1 — ze~*)du (t)};
(i1) there exists a starlike function g € S* such that

, —1( (8(2) .
f(@) = pzr 1 ({8ELYY
and : P < z )

(iii) there exists a starlike function of order b (b # 0, complex), G €

S(b), such that
vy — o et (GE) Y
f@ = pri ({42

3. Coefficient estimates for the class C(b, p).
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THEOREM 2. If f(2) = z¢ + X%, a,2" € C(b, p) and y is any complex
number, then

B laps—p dl < (255 )bl max{L,

This inequality is sharp for each p.

_4p*b(p+2) #‘}

ProoF. Since f'€ C(b, p), we get from (1.4), after expanding and equating
coefficients, that

2
6D ap= - (220

A (p + 1)22pb + 1)
(33) Ap+2 <p ¥ 2>d + 4p2b(p ¥ 2) p+1

Using (3.2), (3.3) and (1.3), we get

o, p? ) { ‘ _4p*b(p+2) .}
lapre= pasal S (2 ) bimax {1,|@pb+ 1)~ AL,

and since (1.3) is sharp, (3.1) is also sharp.
COROLLARY 1. If fe C(b, p), then

2p?
(34 lapal < (5225 ) 1ol
and
<
(3.5) laprel < <P - )]b] max {1,2pb + 1]}.
The bounds in (3.4) and (3.5) are attained by the function f*(z) defined by
(3.6) [*(z) = pzt~Y(h'*(2))?,

where /4*(z) is defined by (1.2).

Proor. The inequalities (3.4) and (3.5) follow directly from (3.2) and
(3.1), respectively.

The bounds on the modulus of the second and third coefficients for
functions in C(b, p) are obtained by another method as follows.

THEOREM 3. If f(z) = z? + X i, a,2”€ C(b, p), p 2 1, then

2
G lapal = (5250 )1b]

and
(3.8) la,,+2|s( 5161 (max{1, 125 + 11} + 2(p = 1) [6].

These results are sharp with equality for f*(z) defined by (3.6).
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ProOOF. By Lemma 7, there exists an A(z) = z + };2, b,z" € C(b), such
that

e}

f@=p? 1+ X nazr
+

n=p+1

3.9 - )
= et i1 + S nber).
n=2

Expanding the right hand side of (3.9), we obtain
(3.10) f'(z) = pzt~1 + 2p2b,z? + p(3pbs + 2p(p — 1)) zp71 + ... .
Equating coefficients from (3.9) and (3.10), we have

(p + Dapy = 2p2b,,

(p + ayiy = p(3pbs + 2p(p — 1)b)).

Thus, the result follows from Lemma 3.

(3.11)

ReEMARK. Comparing the results in Corollary 1 and Theorem 3 we see
that:

(1) when max{l, |2b + 1|} in Theorem 3 is |2b + 1|, Corollary 1 is
a better result; and

(2) when max{l, |2b + 1|} in Theorem 3 is 1, Theorem 3 is a better
result.

We now prove the following

LemMMA 8. If integers p and m and greater than zero and b # 0 is com-
plex, then

nt 120b + 12

7= U+ 12
m 12pb +jI?

= o 5 lo ke . 22220

(3.12)

PRrROOF. We prove the lemma by induction on m. For m = 1, the lemma
is obvious.

Next suppose that the result is true form = g — 1.
We have

4 H i1 12pb 412
—E_ 2 p|b|2 b2 + kRe{b N
2 {olbrz + 52 (plble + kRe(s)) T] 522 4L

4p = k1 12pb + j|2
=P [pb2 + b2 + kRe{b}) T 1222 +J1°
=z {m | ;Zl(pl | 6H 1 e

+ (b + (g — DRefpp T 220 47
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= (61—1)2”1:I‘|2p17+j|2+ (4p?b|2+4p(g — )Re{b}) *2pb+ |2

gt 15 U412 g s G+1)2
_ 5 12pb + jI? {(q — D? + 4p(q — DRe{b} + 4P2|b|2}
7=0 (J+ 1) q?
— ff 2b +jI?
R G+ D2

showing that the result is valid for m = q. This proves the lemma.

THEOREM 4. If fe C(b, p), then

n—(p+1) 2 b + kl
<P 2
(3.13) 0 s &7 P2

forn = p + 1, and these bounds are sharp for each n.

ProoF. Since f € C(b, p), from (1.4) we have
(z"(2) + @pb — p + D) f'(@D)ol(z) = (p — 1) f(2) — 2f"(2)).

Hence
{ p(p — 1)zp-1 + g;l (0 + K)(p + k — Day,, zp++1
+ Qb — p + D)(pzp1 + ,fi (p + k)ap+kzi’+k‘1)} o(2)
= {(p = Dz + 35 (7 + Rapzr

= p(p = D22 = 5 (p + K + k = Dayazrt),
or
(Pr =D+ Cro—p2+p) + S {0+ KNP+ k=D
+ @b = p + D(p + K} 2y 2t) of2)
=22 =D +5) = (p + KNp + k = D)ayut,
which may be written as

> (2 +K)(p +k=1) +@pb—p + D) + K)ays,Hal2)

(3.14) .
= kgo((p —1D(p + k) —(p + k)(p + k — 1)) a2,

where a, = 1 and w(2) = X520 dpsq 2L
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Equating coefficients of z” on both sides of (3.14), we obtain
m—1
k?:]o (p+h)p+k—=1)+Q2pb —p+ D(p+ Kapdp)

={(p—-Dp+m—(p+mip+m-—1))aym,

which shows that a,,,, on the right-hand side depends only on a,, a,4,
<+ s @py ey Of the left-hand side. Hence, for k = 0, we write

:2.: ((k(p + k) + 2pb(p + k))apz*)w(2)

= ,;0(—/6(17 + k)aps 2* + kZ] AyzF,

=m-+1

form = 1, 2, 3, ... and a proper choice of 4,.
Letz =re®®, 0 <r < 1,0 <60 £ 2x. Then

m—1
;0 lk(p + k) + 2pb(p + K)I? |ap4]? r2¢
1 2m |m—1 12
= o 715 e + k) + 200(p + KNyt e do
k=0

? lo(re®)|2 dO

%
|

2n | m—1 ‘
1 'j‘o ;0 (k(p + k) + 2pb(p + k))ay, rk e

v
|

2m| m ©0 12
2‘ 3 (—k(p + k)agurte™ + 3 Ayrreit"dg
T JOo =0 k=m+1

szjo KAp + KR lapedlerh + 3, 4,27

=m+1

(3%

2 53 kp + k)2 layaler.
k=0

(3.15)
Setting r — 1 in (3.15), the inequality (3.15) may be written as

m—1
(3.16) kZ_;) (Ik(p+k)+2pb(p + k)2 — k¥ p + k)?)|apsl2Z2m2(p + m)?ay |2
Simplification of (3.16) leads to
m—1
;}0 4p(p + k)X p|bl? + kRe{b}) lay|? =2 mX(p + m)|ayinl?,

Le.,
4

p m—1
B17)  apinl* = Wm_)z;;o(p + K)%(plbl? + kRe{b}) lapisl?.

Replacing p + m by nin (3.17), we are led to
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4 n—(p+1)
(3.18) la,2 = W’_’—p)—z- ;;é (p + k)X plb|? + kRe{b})|apsl2,

wheren =z p + 1.
Forn = p + 1, (3.18) reduces to

292 2
lapal? = (5227 ) )

or

(3.19) lapul = (52 ) b1,

which is equivalent to (3.13).
To establish (3.13) for n > p + 1, we will apply an induction argument.
Fix n, n Z p + 2, and suppose (3.13) holds for k =1,2,3,...,n —
(p + 1). Then

4 n—(p+1 2pb + |2
(3.20) a2 <P <(n Pp)z<plb|2+ PN (plb|2+kRe{b})Hi }D ++1])'z>)

Thus, from (3.18), (3.20) and Lemma 8 with m = n — p, we obtain

la,|? < P2 "_ﬁﬂ) 12pb + j|? )
7=0 (.] + 1)2

This completes the proof of (3.13). This proof is based on a technique
found in Clunie [2].

For sharpness of (3.13) consider the function f*(z) defined by (3.6).
4. Properties of the class C(b, p).
LemMA 9. If fe C(b, p), then the transformation F, satisfying

pab~1zp-1 f’< —_IZ : :Z >

(4.1 Fi2) = 7@z + &) (1 + az)p@-DF1°
and F(0) = o, isin C(b, p), for all |a] < 1.

zeU

The proof of this lemma follows by using Lemmas 7 and 2.

LemMA 10. For |z| £ r and f ranging over C(b, p), the domain of values
of (zf"(2))If'(2)) is the disc with center (p(2Re{b} —1) + D)rz + (p—1))/
((1 = r?), 2p Im {b} r2)/(1 — r?)) and radius 2p?|b|r)/(1 — r2).

PrOOF. Whenever f(z) =z? + ¥ 14 a,2" € C(p, b), then lim,_,((f"(2) —
p(p — Dz?72[z¢7Y) = p(p + Dayy. For fe Cb, p), let Fy(z) = z? +
Yoz rr1Ad,z7 € C(b, p) be given by Lemma for |a| < 1. By direct calculation
we have
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@2)  p(p+ DAy =p(—la? LD _ p(p@b—1)+1)|al2+ p(p—1)/a.

S
Combining (3.4) and (4.2), we obtain
@y L@ _GO=DED =) o 2
f'(@ a(l — |al?) = (—lal?®)

From (4.3), it follws that, for |z| = r < 1,

(4.4) zZf"(z) _ (p2b -1+ 1Hr2+(p—1) | o 2pYdIr
' () 1 —r2 = 1-—-r2’

and the proof is completed.
THEOREM 5. The sharp radius of convexity of the class C(b, p) is
(4.5) {plbl + (p?b|2 — 2Re{b} + 1)1/2}-1.

PrOOF. From (4.4), we have

" (2) 1 — 2plblr + (2Re{b} — D)r2
Re<l * 3”(2) >§‘D< 1 —r2 >

where |z| = r. Thus Re(1 + (zf"(z)/f'(z))) > 0, for

|zl = r <r.=(plbl + «p?b]z = 2Re{b} + 7.
To show that (4.5) is sharp, we let f(2) = pz?~1[hy(2)]?, h(z) = (1 — 2)~%
and w = (r(r — p +/b/b))/(1 — rp +/b/b) and obtain
wis(w) _ (1 — 2plblr + (2b — D)r?
L ey o =2 )

which has a zero real part at r given by (4.5). This completes the proof of
the theorem.

5. Distortion and rotation theorems for the class C(b, p). It was shown
[8] that, for A(z) € C(b),

(5.1) Dy(r) = log | (2)] = Oy(r),
and
(5.2) Uy(r) < arg (H'(2)) = Ui(r),
where
_ _ (rIm{b} \2\ 12 _ rRe{b}
5 D 4(r) = — 2Re{b} log <<1 <|T>> T B >

+ 2Im{b} sin—1< rlr|r;){|b}>
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and

Uy9(r) = — 2 Im{b} log <<1 —< rl{ab} >2>l/2 T rim{b} )

|B]
+ 2Re{b} sin—1< rR;){lb} )

(5.4

The proof of the following two theorems follows from lemma 7 and
the above bounds.

THEOREM 6. If fe€ C(b, p), p = 1, then for |z| = r < 1, we obtain
(5.5) pour) s log LD < p 0y ()

Equality is attained in the left and right of (5.5) for the function f*(z)
defined by (3.6), for z = re'i, j = 1, 2, where

0y, = sin‘1< (rIm{lbb}lch{b} + IIIllb{lb} (1 B <rh|1;7fb} > >1/2)'

THEOREM 7. If f€ C(b, p), p Z 1, then, for |z| = r < 1, we obtain

(5.6)  (p — DO + pUy(r) < arg (f'(2)) = (p — DI + p?i(r).

Equality is attained in the left and right of (5.6) for the function f*(z)
defined by (3.6) for z = re's, j = 3, 4, where

. _/rIm{b}Re{b} | Re{b} rRe{b} \2\I'2
= =L )12y
e [b]2 6] [b]
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