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SELECTIONS OF MULTIFUNCTIONS OF TWO VARIABLES

BIAGIO RICCERI

0. Introduction. Let 7, X, Y be three non-empty sets and F be a multi-
function from 7 x X into Y. Then we may ask whether there exists a
selection of F having a certain type of regularity with respect to the first
variable and a certain other with respect to the second one. In practice,
one provides the sets T, X, Y with some measurable or topological or
even algebraic structures to consider types of regularity as measurability,
continuity, belonging to some Baire class and so on. In particular, it is
interesting to find Carathéodory’s selections. Recently, in [1], we have
given a contribution to this problem.

The aim of the present paper is to show how the technique of proof
used in [1] can be formalized in such a manner as to obtain, in a unified
way, several results about our present and more general problems. Thus,
as corollaries of a unique abstract theorem (Theorem 2.1), two specified
versions of the results of [1] are obtained as well as improvements in
several directions of some remarkable particular cases of the results con-
tained in [2] and [3]. We want also to stress that some theorems we
derive from Theorem 2.1 provide, as their consequences, new results on
selections of class ¢ on T x X (0 £ a < w;) of the given multifunction
F, in the case where T, X, Y are topologized. In particular, if & = 0, we
don’t assume that the product space 7 x X is normal.

The present paper has four sections. §1 is devoted to the notations used
and to the definitions which are needed in order to state Theorem 2.1.
This result is proved in §2. In §3 we explain the definitions put in §1.
Finally, in §4 we present several consequences of Theorem 2.1 which
differ from one another in some remarkable feature of topological nature.
We conclude by establishing, as an application of a result previously
obtained, an existence theorem on differential inclusions in Banach spaces
which extends Theorem 2 of [3].

1. Notations and definitions. For every set 4 # @, we denote by 2(A4)
the family of all subsets of 4 and by 24 the family 2(4A)\{@}. Given two
sets A', A" # @, we denote by #(A4’, A") the set of all functions from
A’ into A”. Given two sets B, C # @ and given F € (B, 2°) (resp.,
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Fe #(B, #(C))), we say that F is a multifunction (resp., generalized
multifunction) from B into C and, for every 4 € 28 and every Q € 2(C),
we put F(A) = | J,=4 F(t) and F~(Q) = {t € B: F(t) 1 2 # @}. Moreover,
we put #(F)={fe %#(B, C): f(t) € F(t) V t € B}. The elements of &(F)
are called the selections of F.

Given a generalized metric space (J, d) (that is d(x, y) can be + oo for
some x, y € 2), for every x € 3, 2, Q' € 2% and r e R*, we put: K,(Q, r) =
{ye2: 3zeQ:d(y, 2) <r}; KQ, r)={ye2: 3zeQ: d(y, z) £ r};
d(x, &) = inf{(d(x, y): ye 2'}.

Given a set D # @ and a generalized metric space (2’, d'), we will
always consider % (D, 2') equipped with the usual generalized metric
0a(fs 8) = sup,=pd’'(f(t), g(2)) for every f, ge #(D, 3'). Moreover, for
every & € 22D), we put

F«D, ) = {fe F(D,2): f(K(x, 1)) € & Vx e f(D),Vre R};
F D, 2%") = {Fe #(D, 2%"): F(K;(x, r)) € &§ Vx € F(D), Vr € R*};
F«D, 27) = {Fe F(D, 22'): F-(R,Ax, 1)) € & ¥x & F(D), Vr & R+).

If D is a topological space and & is the family of all open subset of D,
then F,(D, 2%) (resp., F (D, 2')) is the set of all lower semicontinuous
(resp., continuous) multifunctions (resp., functions) from D into 2'. If &
is the family of all closed subset of D, then Z 4D, 2%) is the set of all
pseudo-upper semicontinuous multifunctions from D into 3". If & is the
family of all Borel subsets of D of additive class a, with 0 £ a < wy,
and if 3’ is separable, then & (D, 2%') (resp., F (D, 2")) is the set of all
multifunctions (resp., functions) from D into 2" of lower class « (resp.,
of class ). If & is a g-algebra and if 3’ is separable, then F4(D, 2%")
(resp., F D, 2')) is the set of all &-measurable multifunctions (resp.,
functions) from D into J’. Moreover, if D and E are two topological
spaces, F e #(D, #(F)) is said to be an upper semicontinuous generalized
multifunction if the set F~(T) is closed for every closed set T € E.

Given a set D' # @@ and a vector space X, we will regard #(D’, ;)
as a vector space in the usual way. Moreover, if 2 is a normed space,
we will consider 2; with the metric induced by the norm and we put

FD', 2) = {fe F(D', 31): supep | ()] < + 00}

and [|f], = supep/ | f(1)]l for every fe # (D', 2y).

We now give three definitions which are explained in §3. In these defini-
tions it is always understood that A4, B are two non-empty sets and that
(2, d) is a generalized metric space.

DerFINITION 1.1 Let o7 € 2942 and Fe #(4, 2%). We say that the
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multifunction F is o/-stable if the following two conditions are satisfied:
OHLFE)N A+ Dy
(ii) for every ¢, r € RT and every fe.o such that F(a) N K, (f(a),r) # @
for all a € A4, there exists g € o/ such that g(a)e F(a) N K,(f(a), r + ¢) for
allae A.

DEFINITION 1.2. Let o7 € 2942, g€ 228 and {F,},=, be a family of
multifunctions from Binto 3. We say that the multifunctions of the family
{F,},=4 are equi-regular with respect to the pair (&, &) if for every fe
o/ and every r € R the set

U ) FrKdf@, r - ¢)

e€]0rlasA

belongs to &.

DEFINITION 1.3. Let

Be 2_9:(3’ 2F (4, Z'))’

& €2?®, 9 % e P(P(B)). We say that the quadruple (%, &, 2, %)
satisfies property (P) if for every He B (| F4(B, 27“42), every De @
and every he P(H|p) N F4,(D, F(4, 3)), where 7, = {Ee 2(D):
dE*e &: E = E* [\ D}, there exists he P(H) | F4(B, #(A, 2)) such
that, for every fixed a € A4, the function b — A(b)(a) belongs to F4(B, 2)
and A|p = h.

Finally, given & € 2?® and a family {g,},c, of functions belonging to
Zs(B, %), we say that these functions are equi-belonging to % (B, 2) if
the function defined 4 by putting for every b € B, h(b) = g(-, b), where
g(a, b) = g,(b), belongs to F (B, #(4, 2)).

2. The main abstract result. Our main abstract result is the following
theorem.

THEOREM 2.1. Let A, B be two non-empty sets, (X2, d) be a generalized
metric space, of €27AD BeFB2EAD) o228 9 <z e P(P(B)),
Ge Z#(A x B, 2%). Suppose that:

() for every b € B, the multifunction G(-, b) is s/-stable;

(B) the multifunction H defined by putting H(b) = £(G(-, b)) N « for
every b € B, belongs to #,;

(y) the multifunctions of the family {G(a, -)},=a are equi-regular with
respect to the pair (o, &);

(0) the quadruple (8, &, 9, %) satisfies property (P).

Under such hypotheses, for every D e 9 and every ¢ € S (G|axp) such
that ¢(-, b) € o for all b € D and that the functions of the family {p(a, *)},ca
are equi-belonging to F , (D, 2) there exists g € #(G) such that:

(a') for every b € B, the function g(-, b) belongs to o ;
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() the functions of the family {g(a, ‘)},ca are equi-belonging to
& 9(B9 2)7
(") 8laxp = ¢.

PROOF. Let us prove that the multifunction H, defined in (8), belongs
to F#(B, 2¥). To this end, let ¢ € H(B) and r € R*. It is easily seen that

H~(K, (¢, 1)
1) ={beB:Aet,e€]0,r[:
¢1(a) € G(a, b) N Ky(Ha), r — e) Vae A}.

Fix ¢*€]0, r[ and b* € (\,ea G, (Kif(a), r — €*)). Since ¢ € o,
by (@), it follows that there exists ¢ € o/ such that ¢y(a) € G(a, b*)
K (¢(a), r — e*/2) for every aeA. From this fact and from (1) it follows
that
2 H- (K1) = | () Gi(Kif(@), r — ¢)).

e€10,7[ eEA
Now, our claim follows from the fact that the set on the right-hand side
of (2), by (7), belongs to &.

At this point, let De 2 and let he %, (D, #(A, X)) be such that
ola, b) = h(b)(a) for every a € A, b € D. Since ¢ € #(G|axp) and ¢(-, b) €
o for every b e D, we have that h € &(H|p). But then, as the quadruple
(B, & 2, %) satisfies property (P), there exists h € P(H) | F(B, )
such that, for every fixed a € A4, the function b — h(b)(a) belongs to
F4(B, 2)and h|, = h. If we put g(a, b) = h(b)(a) for every (a,b) € A x B,
the function g has the desired properties.

3. Explanations of Definitions 1.1, 1.2, 1.3. In this section we establish
some results which explain the definitions put in §1. We shall use the
same notations. With regard to Definition 1.1 the following proposition
is useful.

PROPOSITION 3.1. Let # €274 and F, G € F4(A, 2%). Let one of the
following two conditions be satisfied:

(a) A is a topological space and 2 is the family of all open subsets of A.

(B) F(A) and G(A) are separable and & is closed under finite intersection
and countable union.

Then, if re Rt is such that I(a) = F(a) | KAG(a),r) # @ for every
a€ A, we have I, € F 4(A, 22).

ProOOF. The proof is exactly that of Proposition 2.1 of [1]. We include
it here for the sake of completeness. Put P(a) = F(a) x G(a) for every
a €A. Then, for every @', Q" € 2%, we have

() P=(Q' x Q") = F(Q) N G(Q.
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Moreover, for every Q € 22, we have

4 I;7(Q) = P({(x, ) e F(4) x G(A):d(x,y) <r} N (Q x D).

The assertion follows from (3) and (4), since any open set in F(4) x G(A)
is the union of a family (countable if () holds) of sets of type @' x 0",
with £, Q" open sets, respectively, in F(4) and G(A4).

We now establish the following result.

PROPOSITION 3.2. Let R € 27 and F € F 4(A, 2°). Let one of the follow-
ing two sets of conditions be satisfied.:

(a) A is a paracompact topological space; R is the family of all open
subsets of A; Z is a subset of A, with dimy(Z) £ 0; 2 is a Banach space,
if A # Z; the set F(a)is closed (resp., complete, if A = Z) for every a€ A
and convex for every ae A\Z.

(B) F(A) is separable; there exists & € 2?4, closed under finite union
and difference, such that, # = {D € #(A): 3{D,},D,e XVneN,: D =
(Usz1D,}; the set F(a) is complete for every a € A.

Then, if we put

_ (744, 2) if () holds,
B {{ fe F4d, 2): f(A) is separable} if (B) holds,

the multifunction F is of-stable.

REMARK. dimy(Z) < 0 means that dim(7) < 0 for every T e 2(2)
which is closed in A4, where dim(7T") denotes the covering dimension of 7.

Proor. First, we notice that for any G € (4, 2%), if we put G*(a) =
G(a) for every a € A, we have G—() = G*~() for every open set Q € 3.
Now, let r € R+ and f'e o be such that I,(a) = F(a) N K,(f(a),r) # @
for every a € A. By Proposition 3.1, in any case, the multifunction 7,,
and so also I*, belongs to F 4(4, 2%). Clearly, I¥(a) S F(a) N K(f(a), ).
Now, our assertion follows from Theorem 1.1 of [4], if (&) holds, or from
Theorem 3.2 of [5], if (B) holds. In particular, if (&) holds and if 4 = Z,
take into account footnote 2 of [4] and observe that Theorem 2 of [6]
remains valid for any lower semicontinuous multifunction, with complete
values, from a space as our 4 into a (generalized) metric space.

Another result about Definition 1.1 is the following proposition.

PROPOSITION 3.3. Let A be an extremally disconnected Hausdorff topolo-
logical space, # the family of all open subsets of A and F an upper semi-
continuous multifunction from A into 2, with compact values.

Then, the multifunction F is F 4(A, 2)-stable.
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PrOOF. Given r € R+ and f € F 4(4, 3), put G(a) = K,(f(a), r) for every
ae A. We have G;(Q) = f~1(K,(Q, r)) for every Q € 2%. Thus, the multi-
function G, is upper semicontinuous. If I(a) = F(a) N G,(a) # & for
every a € A, by Theorem 1 on p. 180 of [7], the multifunction I; is upper
semicontinuous. Now, our assertion follows from Theorem 1.1 of [8].

Consider now Definition 1.2. With regard to this definition, a first
result is the following proposition.

PROPOSITION 3.4. Let B be a topological space, & the family of all open
subsets of B, of € 2742 {F} 4 a family of multifunctions from B into
2 such that, for every b € B, the multifunction a — F,(b) is sf/-stable.
Suppose, furthermore, that for every b € B and every selection ¢ of the
multifunction a — F ,(b) belonging to of, one has
%) lim sup d(p(a), F,(c)) = 0.

c-b aEA

Under such hypotheses, the multifunctions of the family {F,},c, are

equi-regular with respect to the pair (£, &).

PROOF. Given f'€ o7 and reRY, fix b€ | )., (ocaFz (Ki(f(a). r — ¢)).
Therefore, there exists ¢* € ]0, r[ such that F,(b) N K (f(a), ¥ — *) # @
for every a € A. Since the multifunction a — F,(b) is o/-stable, there exists
¢ € o such that ¢(a) € F (b) N K (f(a), r — &) for every ae€ A, where
¢’ €10, £*[. By (5), there exists a neighbourhood V of b such that d(p(a),
F,(c)) < £'/2 for every ce V, ae A. Fix ce V, ae A. Let y € F,(¢) be
such that d(¢(a), y) < ¢'/2. Since d(p(a), f(a)) < r — &', we have d(y, f(a))
<r —¢'[2 and so y € Fy¢) N K,(f(a@), r — £'/2). Thus, we have proved
that the neighbourhood V of b is contained in the set | J.ci0,,c [Veca
F;(K/(f(a), r — ¢€)) which, therefore, is open.

It is easy to check that condition (5) is certainly satisfied whenever A
is finite and each F, is lower semicontinuous.
Still with regard to Definition 1.2 we have the following result.

PROPOSITION 3.5. Let &, @* € 22B), with @* S & and & closed under
countable union, and let {F,},c 4 be a family of multifunctions from B into
2, with F, € F4(B, 2%) U F (B, 2%) for every a € A. Moreover, let one
of the following two sets of conditions be satisfied.:

(a) For every family {E},c; in €*, one has (e E; € &;

(B) For every sequence {E,} in $*, one has [\, E,€ &; A is a separable
topological space; there exists a topology t' on 3 such that: (i) 3 is
7'-normal; (ii) every set F,(b) and every closed ball of 2 are t'-closed,; (iii)
for every b € B, the multifunction a — F(b) is t'-upper semicontinuous.

Under such hypotheses, if we put
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o = {.?"(A, 2) if (a) holds,
~ {fe #A, 2): fis d-continuous} if (B) holds,

the multifunctions of the family {F,},c 4 are equi-regular with respect to the
pair (£, &).

PROOF. Given A’ €24, put A] = {ae A': F, € F4(B, 2%)}. Given
fe F(A4, 2) and r € R, for every n € N such that n = [1/r] + 1, put

_ K,(f(a), r — 1/n) ifae A
Gn(@) = {I?,,(f(a), r— 1/n) if ae A'\A4].
We have
(6) U N FaK(fla,r—e)= U [) Fi(Gu(a).
e€10,7[ asA/ n=[1;]+1 a=A’

Now, if () holds, our claim follows immediately from (6), by taking
A’ = A. Suppose that (8) holds. Consider a countable dense set D & A.
Given fe &/ and r € R*, we claim that

) EE]LJJ[ ag F,(K(f(a), r —¢) = ee%).,[ aQD FZ(Kf(a), r — &)).

Obviously, the set on the left-hand side of (7) is contained in that on the
right-hand side. We show the opposite inclusion. Therefore, let b€ B
and ¢* €10, r[ such that F,(by) N K (f(a), r — ¢*) # & for every a€ D.
From our hypotheses and from Theorem 1 on p. 180 of [7], it follows
that the generalized multifunction a — F,(by) N K,(f(a), r — &*) is 7'-
upper semicontinuous in 4. By this fact and since D is dense in 4, it fol-
lows that F(bg) N K f(a), r — ¢*) # @ for every a€ A, and so b, be-
longs to the set on the left-hand side of (7). Finally, our thesis follows
from (6) and (7), by taking A’ = D.

Consider, finally, Definition 1.3. We have the following result.

PROPOSITION 3.6. Let one of the following three sets of conditions be
satisfied:

(a) B, &, Z, 2 are, respectively, as A, R, Z, 2 in(a) of Proposition 3.2;
B ={HeF(B,2540): HB) € F,A4,2)if B # Z and H(b) is closed
(resp., complete, if B = Z) for every b € B and convex for every b € B\Z};
2 = {De2B: Dis closed}; ¢ = &.

(B) B is a paracompact topological space which, moreover, is either
separable or o-compact; # = {He F(B, 274D): H(b) is complete for
every be B}; &, 9 are as in (a); & is the additive class 1 of Borel subsets
of B.

(1) # = {H € #(B, 2242): H(B) is separable and H(b) is complete
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for every b e B}; & is as # in (B) of Proposition3.2; 9 = {De&: B\D €
6} % = 6.
Under such hypotheses, the quadruple (8, &, 9, %) satisfies property (P)
ProOOF. Given he F(B, #(A4, 2)) and ac A, put hy(b) = h(b)(a) for
every b € B. Moreover, given zy € X and r € R, for every b € B, put

Zp ifa=a,
/i@ = {h(b)(a) ifa#aacd
We have
®) W (K (20, 1)) = bLE)Bh"l(Kpd(ﬁn r)).

Suppose now that A(B) is separable. Denote by {¢p,} a sequence dense
in A(B) and put

_ 20 ifa=a
/@ = {go,,(a) ifa#a,acA.
In this case, we have
(9) hé—l(Kd(ZO’ r)) = Ul h_l(Kpd(fm I'))

Now, let He # (| FB, 224), De 9 and he P(H|p N
#,.(D, (4, 3). Put

_ (H®) if be B\D
H(6) = {{E(b)} if be D.

Plainly, for every Q € 2(F(4, 3)), we have
(10) Hi(Q) = [H(Q) N (B\D)] U h~1(Q).

In any case, Hi € B (| F4B, 27“42), Precisely, this follows from
Example 1.3* of [9], if (a) or (B) holds, or from (10), if (y) holds. Now,
suppose that () or (y) holds. Then, respectively by Theorem 1.1 of [4]
of by Theorem 3.2 of [5], we have S(H,) (| F¢B, #(4,2)) # @. There-
fore, in these two cases, to finish the proof it suffices to take into account
(8) or (9), respectively. Suppose now that (3) holds. By Theorem 1.1 of
[10], there exist H,, Hy€ #(B, 224 D) with Hy € F 4B, 224 P) and H,
upper semicontinuous, such that, for every b € B, the sets Hy(b), H3(b)
are compact and Hy(b) & H3(b) & Hq(b). The set Hy(B) is, therefore,
separable. Precisely, this follows from Proposition 2.2 of [1], if B is sepa-
rable, or from Theorem 3 on p. 116 of [11] if B is g-compact. By Theorem
2 of [12], there exists h € L(Hy) (| Fo(B, F(A4, 2)). In particular, he
S(H,) and A(B) is separable. Now, the thesis follows from (9).
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4. Consequences of Theorem 2.1 and remarks. In the present section,
by using the preceding propositions, we shall derive several consequences
of Theorem 2.1. We give here their statements one after the other, while
various remarks on them will be made at the end. In the sequel, the
meaning of 7, X, Y, Fis that of the Introduction.

In the next five theorems X is a paracompact topological space, Z is a
subset of X, with dimy(Z) < 0, and Y is a Banach space or simply a
metric one provided that X = Z and, in Theorem 4.4, T = S.

THEOREM 4.1. Let (T, ) be a measurable space. Suppose that:

(1) the set F(t, x) is closed (resp. complete. if X = Z) for every (&, x) €
T x X and convex for every (t, x) e T x (X\Z);

(2) for every x € X, the set F(T, x) is separable and, if X # Z, also
bounded, the multifunction F(-, x) is J -measurable and for each of its
T -measurable selections ¢), one has

(11) gim sup d((t), F(t, &) =0

Under such hypotheses, for every closed set D S X and every ¢ €
F(Flrxp) such that, for all x € D, the function ¢(-, x) is I -measurable
and that the functions of the family {¢(t, -)},=r are equi-continuous, there
exists f€ $(F) such that:

(1") for every x € X, the function f(-, x) is T -measurable;

(2') the functions of the family {f(t, -)},=r are equi-continuous;

(3) flrxp = ¢.

Proof. Apply Theorem 2.1 by taking: 4 =T; B= X; 2 =Y, & =
{¢pe FAT, Y): J/(T) is separable and, if X # Z, also bounded}; # =
{He #(X, 22TY)): H(X) & o and H(x) is closed (resp., complete, if
X = Z) for every x € X and convex for every x € X\Z}; & = {E€ 2(X):
Eisopen}; 9 = {De 2(X): Disclosed}; ¢ = &; G = F.

With these choices, it is possible to check that the hypotheses of Theo-
rem 2.1 are satisfied. Precisely, conditions («), (1), (0) follow, respectively,
from Proposition 3.2 (part ), from Proposition 3.4 and from Proposition
3.6 (part ). Condition () is obvious. Our result follows then from that
of Theorem 2.1.

THEOREM 4.2. Let (T, ) be a measurable space, T being finite. Suppose
that:

(1) the set F(t, x) is closed (resp., complete, if X = Z) and separable
for every (t, x) € T x X and convex for every (t, x) e T x (X\Z);

(2) for every x € X, the multifunction F(-, x) is 9 -measurable;

(3) for every t € T, the multifunction F(t, -) is lower semicontinuous.

Under such hypotheses, the conclusion of Theorem 4.1 holds.
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ProOOF. The proof follows the same pattern of that of Theorem 4.1.
Take also into account the remark after Proposition 3.4.

THEOREM 4.3. Let T be a perfectly normal topological space. Suppose
that the hypotheses of Theorem 4.1 are satisfied, with “of lower class a”
and “of class «” (« > 0), respectively referred to F(-, x) and ¢, instead of
“T -measurable”.

Then, the conclusion of Theorem 4.1 holds, with “‘of class & instead of
“T -measurable”. Theorefore, if T and X are metrizable, the function f is
ofclassa + 1on T x X.

ProoF. The proof follows the same pattern of that of Theorem 4.1. In
particular, in applying Proposition 3.2 (part (8)), we must assume as '
the family of all Borel subsets of T which are ambiguous of class « (see
[7], p. 347). Thus, since T 'is perfectly normal, £ is the additive class « (see
also [13], p. 401). The last assertion of our theorem follows from Theorem
2 on p. 378 of [7].

THEOREM 4.4. Let T be a paracompact topological space and S be a
subset of T, with dim(S) < 0. Suppose that:

(1) the set F(t, x) is closed (resp., complete, if T = S and X = Z) and
convex for every (t, x) € (T x (X\2)) U (T\S) x Z)];

(2) for every x € X, the set F(T, x) is bounded provided that X # Z,
the multifunction F(-, x) is lower semicontinuous and for each of its con-
tinuous selections ¢, one has (11).

Under such hypotheses, the conclusion of Theorem 4.1 holds, with “con-
tinuous” instead of ‘' -measurable”. Therefore, the function f is continuous
onT x X.

ProOOF. The proof is analogous to that of Theorem 4.1. In particular,
we must use part (a) of Proposition 3.2. The last part of the conclusion
is immediate.

THEOREM 4.5. Let T be an extremally disconnected Hausdorff topological
space. Suppose that:

(1) that set F(t, x) is compact for every (t, x)€ T x X and convex for
every (t, x) € T x (X\Z);

(2) for every x € X, the set F(T, x) is bounded provided that X # Z,
the multifunction F(-, x) is upper semicontinuous and for each of its con-
tinuous selections ¢, one has (11). Under such hypotheses, the conclusion
of Theorem 4.4 holds.

ProoF. The proof is exactly that of Theorem 4.4, except that we must
use Proposition 3.3 instead of Proposition 3.2.

In the next four theorems, X is a paracompact and perfectly normal
topological space which is, furthermore, either separable or g-compact,



SELECTIONS OF MULTIFUNCTIONS OF TWO VARIABLES 513

and Y is a metric space, except that, in Theorem 4.8, it is assumed to be
a Banach space, if T # S.

THEOREM 4.6. Let (T, 7) be a measurable space. Suppose that:

(1) forevery (t,x) e T x X, the set F(t, x) is complete;

(2) for every x € X, the set F(T, x) is separable, the multifunction F(-, x)
is 7 -measurable and for each of its T -measurable selections ¢, one has (11).

Under such hypotheses, the conclusion of Theorem 4.1 holds, with “the
functions of the family {f(t, - )}, are equi-belonging to the class 1 instead
of (2) of that theorem.

Moreover, the set | ),x {f(-, x)} is separable in #(T, Y).

ProoOF. The proof is analogous to that of Theorem 4.1. In particular,
after choices by now obvious in order to apply Theorem 2.1, we must
use Proposition 3.6 (part (8)), by taking into account also its proof to get
the last part of our result.

THEOREM 4.7. Let T be a pefectly normal topological space. Suppose
that the hypotheses of Theorem 4.6 are satisfied, with “of lower class o
and “of class a” (a > 0), respectively referred to F(-, x) and ¢, instead of
“T -measurable”.

Then, the conclusion of Theorem 4.6 holds, with “of class o’ instead of
T -measurable”.

Moreover, the function f is of class « on T x X, provided that T, X
are metrizable.

3

Proor. For the first part of the conclusion see the proofs of Theorems
4.3 and 4.6. The second one follows from a more general result recently
proved by Z. Grande in [17].

THEOREM 4.8. Let T, S be as in Theorem 4.4. Suppose that:

(1) the set F(t, x) is closed (resp. complete, if T = S) for every (t, x) €
T x X and convex for every (t, x) € (T\S) x X;

(2) for every x € X, the multifunction F(-, x) is lower semicontinuous
and for each of its continuous selections ¢, one has (11).

Under such hypotheses, the conclusion of Theorem 4.6 holds, with *“‘con-
tinuous” instead of ‘T -measurable’.

Moreover, the function f is of class 1 on T x X, provided that T, X
are metrizable.

PRrROOF. See the proofs of Theorems 4.4 and 4.7.

THEOREM 4.9. Let T be as in Theorem 4.5. Suppose that:

(1) for every (t, x) € T x X, the set F(t, x) is compact;

(2) for every x € X, the multifunction F(-, x) is upper semicontinuous and
Jor each of its continuous selection ¢, one has (11).
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Under such hypotheses, the conclusion of Theorem 4.8 holds.
ProoF. See the proofs of Theorems 4.5, 4.6 and 4.7.
In the next three theorems, X is a compact metric space, with metric d’.

THEOREM 4.10. Let (T, ), Z, Y be as in Theorem 4.1, Y being also
separable. Suppose that:

(1) the set F(t, x) is closed (resp., complete, if X = Z) for every (¢, x) €
T x X and convex for every T x (X\Z);

(2) for every x € X, the multifunction F(-, x) is 9 -measurable;

(3) for every t € T, the multifunction F(t, ) is lower semicontinuous

(4) there exists a topology © on X, stronger than the one induced by d’,
and a topology ©' on F(T x X) such that:

(iy) X is ¢-separable;

(i) F(T x X) is ¢'-normal;

(is) every closed ball in F(T x X) and every set F(t, x) are t'-closed;

(iy) for every t € T, the multifunction F(t, -) is (z, ©')-upper semicontinu-
ous.

Under such hypotheses, for every E € I and every ¢ € S(Flg«x), such
that, for all t € E, the function ¢(t, -) is (d’, || - |)-continuous and that the
functions of the family {¢(-, x)},cx are equi-T -measurable, there exists
fe P(F) such that:

(1') for every t € T, the function f(t, +) is (d', || - ||)-continuous

(2') the functions of the family {f(-, x)},cx are equi-T -measurable;

(3) flexx = 9.

PrOOF. Apply Theorem 2.1 by taking: A =X; B=T; X =17;
o ={¢ e F(X, F(T x X)): ¢ is (d’, | - |)-continuous ; # = {H €
F(T, 22 %) H(T) is separable and H(t) is complete for every 1€ T};
E=9=%=9;G(xt) = F(t x) for every (x, t) e X x T.

Thus, conditions («) and (9) of Theorem 2.1 follow, respectively, from
Proposition 3.2 (part (a)) and from Proposition 3.6 (part (y)). Condition
(p) follows from the Theorem on p. 244 of [7]. Finally, from Proposition
3.5 (part (B3)), it follows that the multifunctions of the family {F(-, x)},cx
are equi-regular with respect to the pair (&', J), where o' = {¢¢€
F(X, F(T x X)): ¢is (z, || - |)-continuous}, and so, a fortiori, with respect
to the pair (&7, J), being o S &’. Our result follows then from The-
orem 2.1.

THEOREM 4.11. Let T, Z, Y be as in Theorem 4.3, Y being also separable.
Suppose that F satisfies conditions (1), (3), (4) of Theorem 4.10 and the
Jfollowing one:

(2) for every x € X and every closed ball Q of Y the set {te T: F(t, x)
Q # @} is of multiplicative class (a-1 a > 1).
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Then, the conclusion of Theorem 4.10 holds, with E ambiguous of class
« and with “‘equi-belonging to the class a” instead of “‘equi- -measurable.
Therefore, if T is metrizable, the function fis of classa on T x X.

PRrOOF. The proof of the first part of the conclusion is exactly that of
Theorem 4.10, except that, in applying Proposition 3.5 (part (3)), we must
assume, relatively to 7, as & the additive class a and as ¢* the multipli-
cative class @ — 1; moreover, in applying Proposition 3.6 (part (7)), & is
always the additive class o, # = &, and 2 is the family of all ambiguous
sets of class a. Let us prove now the second part of the conclusion. There-
fore, let T be metrizable. For every t€ T, put g(¢) = f(t, -). Denote by
C(X, Y) the set of all (d’, || - ||)-continuous functions from X into Y. More-
over, put ¢(t, x) = (g(t), x) for every (f, x)eT x X, and w(h, x) = h(x)
for every (4, x) € C(X, Y) x X. Thus, we have f(t, x) = aw(d(t, x)). It is
clear that the function w is continuous. Moreover, by Theorem V.1 on p.
377 and Theorem 1 on p. 382 of [7], the function ¢ is of class a. Hence,
our result follows from Theorem 2 on p. 376 of [7].

THEOREM 4.12. Let T, Z, Y be as in Theorem 4.11. Suppose that F satisfies
conditions (1), (3) of Theorem 4.10 and the following one:

(2) for every x € X, the multifunction F(-, x) is pseudo-upper semicon-
tinuous.

Under such hypotheses, the conclusion of Theorem 4.11 holds with a = 1.

PrOOF. The proof is exactly that of Theorem 4.11, except that we must
use part («) of Proposition 3.5, by taking as @* the family of all closed of 7.

Now, we make various remarks on the preceding theorems.

REMARK 4.1. Theorems 4.1 and 4.2 essentially specify the analogous
results of [1].

REMARK 4.2. We don’t know, in general, whether, by the equicontinuity
of the functions of the family { (¢, -)};cr, the function fin the conclusion
of Theorem 4.3 is actually of class @ on T x X. In certain cases, this
happens (see, for instance, [14], p. 241).

REMARK 4.3. Observe that the Michael theory on continuous selections
cannot be directly applied to obtain the existence of a continuous selec-
tion of a multifunction F satisfying the hypotheses of Theorem. 4.4 or
4.5. In fact, in Theorem 4.4, condition (2) implies that F is lower semicon-
tinuous on 7 x X, but, as is well-known, the product 7 x X need not
be paracompact. In Theorem 4.5, in general, F is neither lower semicon-
tinuous nor upper semicontinuous on 7’ x X.

REMARK 4.4. It is easily seen that, in Theorems 4.1-4.5, relation (11)
is necessary, that is to say, it is implied by the conclusion.



516 B. RICCERI

REMARK 4.5. Observe that Theorem 2 of [2], when it is applied to multi-
functions I" (our F) having weakly compact values and such that I'(Q x T)
(our F(T x X)) equipped with the weak topology is a normal space,
becomes a particular case of Theorem 4.10. To see this, it suffices to
apply Theorem I1.20 and Theorem III.30 of [15].

Observe, moreover, that, whenever X is countable, condition (4) of
Theorem 4.10 is trivially satisfied, since as ¢ we can take, in this case,
the discrete topology on X and as ¢’ the same topology induced by the
metric on F(T x X).

REMARK 4.6. Theorem 4.12 improves in several directions Theorem 1
of [3], whenever X (just our X) is a compact metric space. In particular,
with regard to condition (2), it is clear that there are pseudo-upper semi-
continuous (even single-valued) multifunctions which are not upper
semicontinuous.

To conclude, as an application of Theorem 4.12, we present an existence
theorem for differential inclusions in separable and reflexive Banach
spaces, which, in the finite-dimensional case, reduces to an improved
version of Theorem 2 of [3].

Let B be a separable and reflexive Banach space, x, € B, tp€R, a, r e R,
Fe #(I x K(xg,r), 25), where I = [t;, to + a).

Denote by d’ a metric inducing on K,(x,, r) the weak topology.

We have the following result

THEOREM 4.13. Let Z S (K (xy, 1)), with
dim gz, »),an(Z) < 0.

Suppose that:

(1) the set F(t, x) is closed for every (t, x)e I x K/(x,, r) and convex
Sor every (t, x)e I x (K (xq, ’\Z);

(2) the set F(I x K (xy, r)) is bounded;

(3) for every x € X, the multifunction F(-, x) is pseudo-upper semicon-
tinuous;

(4) for every te I, the multifunction F(t, -) is (d’, | -|)-lower semicon-
tinuous.

Under such hypotheses, there exists ¢ > 0 and at least a strongly
absolutely continuous function ¢ from [t,, ty + 0] into B, such that ¢'(t)
€ F(t, p(2)) a.e. in [to, tg + 8], p(tg) = X,.

Proor. It suffices to apply the Theorem on p. 438 of [16] to the
Carathéodory selection f of F whose existence is assured by Theorem
4.12.
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