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A ¢-EXTENSION OF BAILEY’S BILINEAR
GENERATING FUNCTION FOR THE JACOBI POLYNOMIALS

H.M. SRIVASTAVA

ABSTRACT. This note presents a rather simple proof of an interest-
ing g-extension of Bailey’s bilinear generating function for the
classical Jacobi polynomials. The proof given here uses only such
elementary results as the g-analogues of Euler’s transformation,
Vandermonde’s summation theorem, and binomial expansion.

1. Introduction. Several interesting proofs are given in the literature
for Bailey’s bilinear generating function for the classical Jacobi poly-
nomials [1, p. 9, Eq. (2.1)]. One of the recent proofs is given by
Stanton [3]; it uses the orthogonality property of Jacobi polynomials and
a known quadratic transformation for a well-poised hypergeometric
4F, series. Indeed, as remarked by Stanton [3, p. 399], this technique
applies mutatis mutandis to yield a g-extension of Bailey’s result. The ob-
ject of the present note is to give a rather simple proof of the g-extension,
using only such elementary results as the g-analogues of Euler’s trans-
formation, Vandermonde’s summation theorem, and binomial expansion.

2. Definitions and preliminaries. Put
1, if n =0,
(I =00 = Ag)...(1 — g7, Vne{l, 2,3,...],

and let ,.,9, denote the standard g-hypergeometric series with p + |
numerator and p denominator parameters. Then, in terms of the little
g-Jacobi polynomials defined by

2N Gq,= {

q, aﬁqn‘f 1 ;

@B (y- - (aq; q),
(22) Pn (X, q) (q; q)" 2¢>1 q, 4x |,
ad;
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a g-extension of Bailey’s result has the form (cf. [3, p. 400, Eq. (5)])

3 (4:9),(aBd; 9),

s (ag: ), (Bg: g, PO TIEPED (65 @) PP (s )t
n= 7

( aﬁ‘” 7‘]) D402
(=55 9 —afqt, —qft:
(2.3) —; Bax, Bgy;
q; B9%xy, q
aq; Bq:
_ (—aBqt: q9) § (aBg; @)zrr2s (Bax; @)s (Bay; 9)s

(= 159 50 (— afqt: @), (— 4/t @)+ (@q; 9), (84 9).
~(Barxyy ¢
a9, @ 9

where, for convenience,
24 (A 9 = Ho(l — Ag9).
=

In our proof of the g-extension (2.3), detailed in the next section, we
shall require the following elementary results in the theory of g-hyper-
geometric functions.

[. A g-analogue of Euler’s transformation 2, p. 97, Eq. (3.3.2.3)]

[a, b; cla, c/b;
(2.5) 201 g9, z - (abz/c; q)., 201 q, abz/c |.

("‘ q)oc
¢ ¢,

Il. A g-analogue of Vandermonde’s theorem [2, p. 97, Eq. (3.3.2.7)]
g, b;

@6 o goq|=b {00 im0

¢

1. The g-binomial expansion (or Heine’s theorem) [2, p. 92, Eq.
(3.2.2.11)]

a,
(2.7) D 4. ZL i(‘i.i'.’q"))%.

|
’ .

3. Proof of the g-extension (2.3). In view of (2.5), the definition (2.2)
readily yields
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PP (x5 q)

G _ B @ (Ba%; Deo 55 stmive (@45 Dsy (=x)
(@5 9. (4%; @)oo /:oq (a5 ), (B8 Dur (0D,

and, using (2.1) in (2.2), we also have

(@Bg; Du 220 (4 Do (@5 Qe (@G @

Denoting, for convenience, the first member of (2.3) by @, and sub-
stituting from (3.1) and (3.2), we find that

(3.2) ped (p;q) = O Du 3 q"EDE QB @hpra (=)

(ﬁqx 9)eo A2+ +1/2) £ (r—2n+1) (=)
= n )
a (9% 9w n;Oq (61) (95 9),

(C(q q)n—r/ 7 qm(m—2n+1)/2(a,‘6q, q)m+n( y)m

( / n—¢ m= ’- m n—m 3 m
33 aq; q),(84; q) =0 (5 O (45 Dy (@45 q)

. [ee]
= _(ﬁqx S oo qUDAD bt /Dt D= ns—m
@x; Q) mm=0

@@ D rimin @B Domin (=27 (=Byo)™ (B1)

" (aq; 9, D BT Din—r (GD, @ Do (@5 D’

From the g-summation theorem (2.6) it is easily verified that

(aq; Dpim
3.4) @ DG D (g5 9), (g5 @),
min(/, m) rir—¢—m)
— q/m Z e 71 S
2 @D G D G5 Dm—r (aq; q),
and

(g3 @) /s min = (= ) q VDR ns
(45 90 (@45 @) i (BD5 @ prin—s

n ( ])s q(1/2)s(sv2n+l) (aﬁq2m+n+l q)s
S (@D @D (BT Dsomer

3.5)

>

which, together, yield

((Xq q)/+mrn (aﬁq q)2m+n; -
Ge @D @ Dn (@), ,(@q; 4), (@q; ) (B Dricn—

) min(/,m) n r(r —m)+(1/2)s(s—2n+1)
= (__ ﬂ)-—n q(‘l/Z)n(n Do m—mntns Z Z (__ 1);» o
== (75 9), (g5 q);

(aﬁq q)s+2m+n
(q q)/ r(q q)m r(q q)n— (qu q)r(,Bq q)slm— '

Substituting from (3.6) into (3.3), we obtain
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Now replace the summation index s in (3.7) by s — m and apply the
definition (2.1). Each of the resulting /-, m- and n-series can thus be sep-
arated, and from (3.7) we have

q (=1/2) (r+s) (r+s+1) (aﬁq q)2r+2x

_ (B4x; 9)e

NE

(9x; 9o +F20 (aq:9), (Bq: 9);
q7/8;
(Bg2xyt) (qt)
3.8 . 1D s+1;
(3:8) @9, (@ q)° 9, partix
; J
q"S ; aﬁq27+25+1 ;
190 q, Bg°1y |19 [' q, —q "t |.

Applying Heine’s theorem (2.7) to each of the ;@y’s occurring in (3.8)
and noticing, in particular, that
a,ﬁqu-{»Zs-I-l;
199 q. =Gt
( a‘qu“f‘S‘}‘lr q)
(=g Qo

(_aﬂq,; q)oo s q(l/2) (r+s) (r+s+1)
- (_t;q)oo (—afsqt;q)r-}-s(—q/r;q)r%-s ’

(3.9)

the last member of the g-extension (2.3) follows at once from (3.8); here we
assume that the various parameters involved are so constrained that
Equation (3.9) holds true.

This evidently completes our proof of the g-extension (2.3) in which the
second member is obtained upon merely interpreting the double series
as a g-hypergeometric function of two variables.
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