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ABSTRACT. The system (1) Adx/dt + Bx = f, where 4 and B are
n x nover C, x and f are n x 1 over C, is termed “regular’ if
det(s4A + B) # 0, s € C. Various results in the literature pertaining
to regular systems (1) when A is singular are derived here by exploit-
ing basic properties of the Laurent series for (4 + zB)™! on the
domain 0 < |z| < ¢ in C. The results for (1) are then used to get
analogous results for (2) (4,D? + --- + A,)y = g where D = d|dt
and the coefficient matrix 4, may be singular. These include a
procedure for drawing valid conclusions regarding solutions of (2)
when det(s’4, + --- + A4,) # 0, se C, by formal application of
the Laplace transform.

1. We consider systems of the form
(1.1) A% + Bx =f (% = dx/dt)

in which 4 and B are constant n x n matrices over C, the complex num-
bers, and x and f are C*-valued functions of a real variable . We will say
the system is regular if

(1.2) A(s) = det(s4 + B) # 0,s€C,

that is, s4 + B is invertible for some s € C. This terminology is adopted
because the pencil of matrices s4 + B is called regular when A4 and B are
square and (1.2) holds; see [4, p. 25, Vol. 11].

If A is non-singular, condition (1.2) clearly holds and in this case the
formulas and results presented below reduce to the familiar ones for the
equation X + A-1Bx = A1 equivalent to (1.1). Thus the interest here
lies in the case when det 4 = 0. This case has been treated elsewhere (see,
for example, [1], [4, Vol. 1], [9], [10]) and arises in some applications (see,
for example,[2], [3]). Our treatment unifies much of this earlier work;
moreover, it generally involves only well known mathematical tools and
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provides methods which often should be relatively more straightforward
to apply in analyzing any particular example of equation (1.1).

It should be pointed out that in recent years several investigations on
systems of the type considered here have been published in the engineer-
ing literature. Often the interest there is in the impulsive type of solution
which such systems can have, a topic which we do not address. (See [11]
which contains an extensive list of references.)

The regularity condition (1.2) is a natural one to impose when trying
to apply Laplace transform methods to equation (1.1). Specifically, if
x: [0, o) = C* is a solution of (1.1), with f continuous on [0, o), if x and
f have Laplace transforms % and f, and if e=%(z) — 0 as ¢ - oo when
Re(s) is sufficiently large, then it follows from (1.1) that

(s4 + B)x(s) = f(s) + AC

for = x(0). If (1.1) is regular, then (s4 + B)~! exists as a matrix of
rational functions of s and

(1.3) %(s) = (s4 + B f(s) + AQ).

If A is singular, the elements of (s4 + B)~! need not tend to 0 as Re(s)
— 00; hence for some { € C” the term (s4 + B)~1A( in (1.3) may not be
the Laplace transform of a function. For such { the initial value problem
(1.1) with f(¢) = 0 and x(0) = { will have no solution.

In §2 a Laurent series for (4 + zB)™! is used to obtain a series for
(s4 + B)~! when 4(s) # 0, and various relations are developed involving
A and B and the coefficients in this expansion. These are used in §3 to
obtain complementary projections Py and P; acting on C” in terms of
which we describe the conditions for existence and uniqueness of solutions
of the initial value problems

(1.4) Ax + Bx = f, x(0) =(
(L.5) A% + Bx =0, x(0) =
and an explicit representation for the solutions. Such conditions, the
values  for which solutions exist, and an explicit representation were de-
veloped in [1] and were derived also by Rose [9] using Laplace transform

methods. However, in both these instances equation (1.1) was first
modified to the equivalent

(1.6) Ax + Bx = (cA + B)Yf
where

(1.7) A, = (cA + B)'4, B, = (cA + B)"'B
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for some c € C such that 4(c) # 0. The resulting formulas and results
then involve the Drazin inverses A2 and BP? of A4, and B,. Our results are
equivalent, of course, but our development avoids explicit use of Drazin
inverses by direct consideration of the matrix function (s4 + B)~! which
seems to us more fundamental in light of the (so far purely formal) relation
(1.3).

In §4 we show how the eigenvalues and related Jordan chains for 41 +
B characterize the ranges of the projections Py and P;. The finite eigen-
values A € C for which det(4A + B) = 0 and the corresponding Jordan
chains are used to give a basis for the solution space of Ax + Bx = 0.
These results are then extended to higher order systems

(1.8) (AD1 + -+ + AD + Ay =g (D = d/dr)

in the case g = 0. Here the 4, aren x nand 4, may be singular.

An expression for the Laplace transform of any solution of a regular
equation (1.1) is developed in §5. This was done in [9] using Drazin in-
verses. We extend our result to obtain the transform of solutions of (1.8)
and determine conditions therefrom for the initial values y(0), Dy(0),
..., D71y(0) for which solutions exist.

2. Hereafter, uniess stated otherwise, we assume that condition (1.2)
holds. For s # 0 we may then write

(s4 + Byl = s71(4 + s71B)"L

Since the elements of (4 + zB)~! are rational functions of z € C we have
a unique Laurent expansion

@.1) (A+zB) 1= 3 20, 20,

k=—p

valid in some set 0 < |z| <, § > 0. This gives

2.2 (s4 + B)™t = p(s) + q(s), Is| > 1/o,
where
2.3) p(s) = ,?S 10,

is an » x n matrix polynomial (or polynomial matrix) and
(2.4 q(s) = Zos_k_lea Isl > 1/,
=

which tends to 0 as s —» oco. The uniquely determined coefficients Q, may
by computed by routine methods at least for moderate size n. As we show
later all Q, are generated readily from Q_; and Q so it suffices to compute
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the residues at z =0 of the matrix functions (4 + zB)™1 and
z71(4 + zB)™.
We may assume Q_,# 0in (2.1). Thenif y = 1,(4 + zB) 1 hasa pole
of order y at z = 0. In any case it is convenient to define O, = 0 for k <
— w1 and write (2.1) as

@2.5) (A+zByl= Y 240, 0<lzd<3a.
Substituting this into the relations.

A+ zBy 4 +zB)=1

A4+ zBY(A+zB)y1=1

which are valid for 0 < |z| < ¢, and equating coefficients of like powers
of z, we find

(2.6) 04 = —0Q4 1B, 40, = —BQy 1, k#0
Q2.7 0wd + QB =1, 40, + BO_; = I.

Here I is the n x n identity matrix. From (2.6) one easily obtains 4Q,B
= BQ,A if k # 0 and from (2.7) one gets AQyB = BQyA. Thus

(2.8) AQ,B = BQ,A, all integers k.

Suppose now that k # 0 and j # —1. Then by (2.6) Q,40; =
—Q4-1BQ; = 0,_140;11. A similar manipulation gives a like result for
Q,;AQ,and we have

(29 0w4Q; = 0414041, QjAQ, = Qi1AQp1, k #0,j # —1.

Repeated application of the first of these in case k < —1 and j = 0 gives
0:40; = 0;_,AQ;4, for all r 2 0. Since Q, = 0 for k < —yu, then
0,40, = 0. A similar argument applies to Q;4Q;, so we have

(2.10) 0,40, = Q;AQ, = 0if k < —1,j 2 0.

If k 20, = 0, then repeated use of (2.9) and then use of (2.7) gives

0, 4Q; = QoAQjr = Qi — Q-1BQjr = Qjyy by virtue of (2.6) and
(2.10). That is,

and a similar argument gives
2.12) 0440, = = Q4 ifk S —1,j S —1.

These relations enable us to establish the following theorem.

THEOREM 2.1. If A and B are n x n over C and A + zB is invertible for
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some z € C, then the coefficient matrices in (2.5) satisfy the following rela-
tions:

(2.13) 00400 = Qo 01BO 1 =0,
(2.14) = (—Q A0 = Q (—40)Y,  kz 1,
and

(2.15) 0 = (—QoB)'Qo = Qo(—BQo), k20.

ProOF. The first part of (2.13) is (2.11) for k = j = 0. From (2.7) and
(2.10) we get Q_1BO_; = O_; — QuAQ_1 — Q_;. Relation (2.14) can be
proved inductively using (2.12) and a similar induction using (2.11) and
(2.6) establishes (2.15).

COROLLARY 2.1. Under the hypotheses of Theorem 2.1, if A is non-singu-
lar, then Q, = 0 for k < —1. If A is singular, then Q, = 0 for k < —p
for some . = 1 but Q_, # 0 and, moreover,

(2.16) (@A) = (AQ_p* =0
and
2.17) Q1 #0, (401 #0.

Proor. If A4 is non-singular, then (4 + zB)™1 = A7Y(I + zBA™1)!
which is analytic at z = 0 so Q, = 0 for kK < —1. If 4 is singular, then

, = 0 for k £ —1 implies Qpd = AQ, = I by (2.7), a contradiction.
Thus if A is singular, some element of (4 + zB)™! has a pole at z = 0
and there is some g = 1 such that Q_, # 0 and Q, = 0 for k < — .
Then (2.17) follows immediately from (2.14). Also from (2.14) we get
(—Q_14)¢+= —Q_,A. By (2.6) this equals Q_, ;B and hence is the zero
matrix. Similarly (— 4Q_;)# = 0 so (2.16) holds.

We might note here that in [7] the relations (2.14) and (2.15) along with
the property (2.16) were used to define the Q,, k£ # 0, —1, in (2.1). The
development here is thus a sort of converse of that in [7].

3. Here we derive an explicit representation for solutions of a regular
system (1.1). Our derivation is similar to that in [1] but we avoid a direct
use of the Drazin inverse and the intermediate step of treating instead the
equivalent equation (1.6). The equivalence of our representation to that
in [1] is shown later in this section.

To simplify the notation in what follows let us define

(B.1)  Py=Qpd, P;= QB My = AQ,, M, = BQ_,.

By virtue of (2.7) and (2.13) we see that Py, and P, are complementary
projections, as are M, and M. That is,
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(3.2) Po+P =1 P!=P, i=0,1,
(3.3) My+M, =1, Mi=M, i=0,1.

Then one also has P;,P; = M;M; = 0if i # j. We will make frequent use
of these and other relations obtained from those in §2; for example,
PoQyB = QyBP; and P1Q_14 = Q_1AP;, by (2.8), and PyQy = Qp by
(2.13).

LeEmMMA 3.1. The vector function x is a solution of the regular system
(1.1) if and only if

(3.4) AP().* + BPox = Mof
and
(35) APIJE + BPIX = le

Proor. Equations (3.4) and (3.5) imply (1.1) by virtue of (3.2) and (3.3).
Conversely, if x satisfies (1.1), then

(3.6) MoAx + Mon = Mof:

But My4 = APy and MyB = AQ\B = BQyA = BP, by (2.8); hence,
(3.6) is (3.4). Similarly, multiplication of (1.1) by M, gives (3.5).

LeMMA 3.2. Suppose (1.1) is regular and f is continuous. Then (3.4) holds
for differentiable x if and only if
G.7) Pox(t) = e~9BPyx(0) + 5; e~OBEQ, f(7)dr.

Proor. Equation (3.7) implies
(3.8 Pox + QoBPyx = Qyf.

Multiplication of this by 4 gives (3.4) since AQ,BP, = BQyAP, = BP} =
BP,. Conversely, multiplication of (3.4) by Q, gives (3.8) since QoM = Q,
by (2.13), and Qy4AP, = Pj = P,. But (3.8) says that u = Px is a solution
of # + QyBu = Q,f for which (3.7) is the familiar variation of parameters
formula.

LemMMA 3.3. Suppose (1.1) is regular, A is singular and the pole of
(A +zB)ylatz =0 has order (= 1). If f has continuous derivatives
through order y, then (3.5) holds for differentiable x if and only if

(39  Pux= i‘z;:(—Q_lA)kQ-lfw = “g: O~ AQ_ ) f®.

Proor. Equation (3.9) implies
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—1
APyx + BPix = "ZL {=(—AQ_)+1fktD
=

+ BQ_(—AQ_ptf®}.

But BQ—I =] - AQo, QOAQ—I =0 and (AQ_I)/‘ =0 by (27), (210)
and (2.16). Applying these in (3.10) and recalling M; = BQ_;, we obtain
(3.5). Conversely, if (3.5) holds, we multiply by Q_;, use (3.1), (3.2) and
(2.13) and obtain

(3.11) Plx = Q—lf_' Q—IAPI'*'

Proceeding inductively, we may use (3.11) to establish

(3.10)

i—1
(12 P = 5 (= 0aAPQSP + (—QaA)PixY

k=t
forj=1, ..., u. For j = u this is (3.9), since (Q_;4)* = 0 by virtue of
Corollary 2.1.

REMARK 3.1. If 4 is non-singular, then the conclusion of Lemma 3.3 is
trivially valid since then Q_; = Py = M; = 0.

THEOREM 3.1. Under the hypotheses of Lemma 3.3 the initial value problem
(1.4) has a solution if and only if

(3.13) PiL = 52 (- 01401/,
=
If a solution exists, it is unique and is given by
(3.19) x(t) = u(t) + v(t)
where
(3.15) u(t) = e 9P + | 000, f(0)de
(3.16) v0) = 5 (= 01401 /90

ProOOF. If x is a solution of (1.4), then, since P, + P; = I, we have
x(2) = Pox(t) + Pyx(t) = u(t) + v(z) where, by Lemmas 3.1-3.3, u(z) =
Pyx(t) and v(¢) = Px(¢) are given in (3.15) and (3.16). Then P;{ = P1x(0)
= y(0) which is (3.13). Conversely, suppose { satisfies (3.13) and we define
x(t) as in (3.14)—(3.16). Then P, = v(0) and x(0) = u(0) + v(0) =
P + P =C. Since P, commutes with QB and PyQy = O, and
Py0_, =0, then Py(t) = 0 and Pyx(¢t) = Pyu(t) = u(t). Similarly P;
commutes with QoB, PIPO = 0, P1Q0 = Q—IBQO = _Q-—IAQI = 0 and
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P,Q_; = Q_; so Px(t) = P(t) = v(¢). It follows by Lemmas 3.1-3.3
that Ax + Bx = f, and since x(0) = {, then x is a solution of (1.4).

THEOREM 3.2. Under the hypotheses of Lemma 3.3 the initial value problem
(1.5) has a solution if and only if

(3.17 { = Pyw, some @ € C»,
or, equivalently, if and only if

(3.18) P =C

In this case the unique solution is given by

(3.19) x(t) = e @By,

Proor. Condition (3.13) when f(¢) = 0 becomes P;{ = 0 or Pi{ =
since P; = I — P, Conversely (3.18) implies P;{ = 0 since PP, = 0.
Relations (3.17) and (3.18) are equivalent since P§ = P, When f(t) = 0
equation (3.14) becomes (3.19) in view of (3.18).

It follows from Theorem 3.2 that the dimension of the solution space
of A% + Bx = 0 equals the rank of P,. We show later in this section that
it also equals the degree of det(s4 + B). Before doing this, however, we
shall discuss the relationship between the preceding results and those of
Rose in [9] and of Campbell, Meyer and Rose in [1]. In particular we
show that our Theorem 3.1 gives the solutions of (1.4) contained in
Theorems 5 and 7 in [1].

We note first that in [9] Rose gives a representation of the Laurent
expansion (2.2) for (s4 + B)~! on |s| > 1/§. From equation (12) in [9]
it follows that

(3.20) Qo = AP(cA + B)!
(3.21) Q1 = (I — A,4P)BP(cA + B).

(Incidentally, formula (12) in [9] is misprinted; the term involving z* there
should be summed on k from 0 to y — 1.) We note also that 4, B,, AP
and BP all commute. From (3.20) and (3.21) we get

(3.22) Py = Qod = APA, = A,AP
(3.23) P, =Q 1B= (- A.AP)BPB, = P,BPB,
since / — Py = P,. Similarly,

(3.249 Q¢B = APB,

(3.25) Q_14 = P\BPA,.

From (3.25) we obtain for all k > 1
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(QaA)k = PYBPA = Py(BPA,)
= (I — A, AD)(BPA).
If one defines f, = (c4 + B)7lf, then

(3.26)

3.27) f=(c4 + B)f,

and by (3.20) and (3.21) one gets

(3:28) Quf = A%/, |
(3.29) Q.1f = — A.AQ)BYf..

Substituting from (3.22), (3.24), (3.26), (3.28) and (3.29) into (3.13), (3.15)
and (3.16), one finds that our solution formula (3.14) and condition (3.13)
are transformed into essentially the form in which they appear in Theorem
7 of [1].

In Theorem 5 of [1] it was assumed that AB = BA and that 47(4) N
A(B) = {0} where .#7(4) and .#°(B) are the null spaces of 4 and B. These
conditions in fact imply that 4x + Bx = f is regular. (It is easy to see
that regularity implies A'(4) | 4'(B) = {0}.) Indeed, under these condi-
tions it was shown in the proof of Lemma 1 of [1] that for some non-
singular T one has

J 0 B, 0
(3.30) A= T[ JT—l, B= T[ ]T—l
0N 0 B,

where J and B, are non-singular, JB, = ByJ, NB, = BN, and N is
nilpotent (or absent if 4 is non-singular). But then J + zB, is invertible
for z near zero and N + zB, = zB,(I + z71B;'N) is also invertible for
z near zero since By'N is nilpotent. Thus 4 + zB is invertible near zero
so det(s4 + B) # 0. One can use the representations in (3.30) to compute
the Laurent series for (4 + zB)™1 on 0 < |z| < §. When AB = BA and
H'(A) N A (B) = {0}, then the hypotheses in Theorem 2.1 of [9] hold
and we infer from the expansion given there by Rose in equation (5) that

(3.31) Qo= AP, Q_, = Bo(I — AAP).

These may now be substituted in (3.13), (3.15) and (3.16) to give the for-
mulas of Theorem 5 and Corollary 2 in [1]. We note, however, that when
A and B do not commute but det(s4 + B) # 0, then, in contrast to
(3.31), our Q, need not be the Drazin inverse of 4.

From relations (3.20), (3.22), and (3.24) we see immediately that
AD(cA + B)™, APA, and APB,, respectively, are independent of ¢ for
those ¢ for which (c4 + B)7! exists. This independence was pointed out
for these expressions as well as for B?(cA + B)™! and A,B? in Theorem
8 in [1]. For these last two it does not seem to follow directly from our
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representation. However, as noted in Corollary 2.2 of [9], the index of A4,
is our parameter x which is determined by the behavior of (4 + zB)™!
at z = 0 and hence not dependent on c.

Finally, it is of interest to observe from (3.20) that 42 is a linear poly-
nomial matrix in c;

Hence lim,_,yAP = QyB and lim,_,(1/c)AP = Qg4 = P,y which limits were
given in equation (20) of [1] in the notation there.

We turn now to a characterization of the dimension of the solution
space of a regular system Ax + Bx = 0. In the next section we describe
a basis for this space as an alternative to the description in Theorem 3.2.

THEOREM 3.3. If A% + Bx = 0 is regular and A is singular, then the
dimension of the solution space, the rank of P, and the degree of A(s) =
det(s4 + B) are all equal.

Proor. Suppose the rank of Py is r. That the dimension of the solution
space of AX + Bx = 0 is r is clear from Theorem 3.2. Indeed, suppose
X is n x r and its columns are a basis for the column space of Py. Then
the columns of exp(— QyBt)X are a basis for the solution space of Ax +
Bx = 0. Now let Y be n x (n — r) and let its columns be a basis for the
null space of Py. Then, since Py and P, are complementary projections,
we have

(333) P()X = X, PoY = 0, PIX = 0, P1Y =Y

and the » x n matrix

(3.34) T = [X, Y]
is non-singular. Let '
(3.35) T1= [U]

V

where Uis r x n and V is (n — r) x n. From (3.33), (3.34) and (3.35)
we get

(3.36) Py = PyX, YT 1 = [X,0]T1 = XU
and similarly
3.37) P, =YV.

Moreover, the partitioning of 71 in (3.35) implies UX = I, and VY =
I,_, where I, denotes the k x k identity. Now, applying (2.13) and (2.8),
we get
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(3.38) 014 = P}Q_14A = P,Q_1AP, = YVQ_1AYV
(3.39) Q0B = P3Q,B = PyQyBPy = XUQBXU.
If we define

(3.40) a=—-V0_14Y, f = —UQyBX,

then Qo4 + Q14 = XU — YaVand QyB + Q_1B = YV — XU from
which it follows that

sI,— 0 U
(3.41)  (Qo + @-D(G4 + B) = [X, Y][ A .
0 I, ,—sa|V
Since VY = I,_,, then (—Q_14) = Ya*V, k = 1, by (3.38) and (3.40).
Hence a* = V(—Q_14)*Y so « is nilpotent by (2.16). It follows that
det(Z,_, — sa) = 1. By (3.41) then

det(Q + Q-_pdet(s4 + B) = det(sI, — fp);
that is

(3.42) A(s) = %det(slr -8

for some nonzero constant ¢ and the degree of A(s) is therefore r, the
rank of P,,.

REMARK 3.2. When Ax + Bx = O is regular and A4 is non-singular, the
conclusion of the theorem is trivially true since then Py = I,, and 4(s) =
det A4 det(sI, + A~1B). We note also that the above theorem is part of
Corollary 3.3 in Wong [10] where the relation (3.41) is developed, in
effect, in somewhat less explicit form. Finally, it should be pointed out
that the matrix involving s on the right in (3.41) is the canonical form
established by Weierstrass for the regular pencil of matrices As + B
(see [4, pp. 25-28, Vol. II]).

4. In this section we relate the projections Py and P; to the eigenvalues
and generalized eigenspaces for the problem (4A + B)E = 0. These
concepts have been exploited earlier by Lancaster (see [S], for exam-
ple) in connection with the equation (4,07 4+ -+ + A1D + Ag)y = g
(D = d|dt) for which the relevant polynomial matrix is C(1) = 4,47 +
<+ + A1A + Ay, A € C. Here we use results from §3 to establish the
basic facts regarding eigenvalues and Jordan chains for the simpler form
AA + B. These provide an alternate description of a basis for the solu-
tions of AXx + Bx = 0. We then derive the corresponding facts about
C(A) from those for the simpler form.

DErFINITION 4.1. Given n x n matrices 4 and B such that A(s) =
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det(4s + B) # 0, the number A€ C is an eigenvalue for As + B of mul-
tiplicity p if A is a zero of A(s) of multiplicity 4. The vectors &1, ..., &7
in C* form a Jordan chain of length ¢ corresponding to A if &1 # 0,

“.1) (A2 + B =0
and
“@.2) (AA + B)g? + Agr1 =0, p=2...,0.

They form a Jordan chain corresponding to oo for As + B if they form
a Jordan chain corresponding to the eigenvalue zero for 4 + Bs; that is,
if &1 # 0,

4.3) A1 =0
and
(4.4) AE? + BEP1 = 0, p=2...,0.
THEOREM 4.1. Suppose A(s) = det(4s + B) # 0 and that 24, ..., 2,
are the distinct zeros of A(s) with multiplicities , ..., p,, respectively.

Then for each A, there is a set of Jordan chains for As + B corresponding
to 2, such that

(a) the sum of the lengths of the chains corresponding to 2, is y, k = 1,
e My

(b) the collection of all these chains for all 2, is a linearly independent
set of r elements where r is the degree of A(s); and

(c) the collection of all these chains is a basis for the range of Py

Proor. Using the notation in the proof of Theorem 3.3, we get from
(3.41) that

A(Qp + 0_1)(4s + B)X = AX(sI, — p).
Since X = PyX = QuAX and Q_;4Q, = 0, this may be written as
4.5) (As + B)X = AX(sI — p).

Now we note from (3.42) that an eigenvalue for As + B is an eigenvalue
of § of the same multiplicity. Thus if A is an eigenvalue for s4 + B and
ul, ..., u’ € Cr a corresponding Jordan chain for 8, we have

4.6) (B — ADul =0, ul #0,
4.7 B—Aut=ul, p=2 .., 0.
Define £, ..., &7 e C" by

4.8) Er = Xu?, p=1...,0.

Then from (4.5)-(4.8) we get (44 + B)§! = AX(AI — B)ul =0 and
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(A2 + B)et = AX(AI — But = — A&, p=2,...,0.Hence &, ..., &
is a Jordan chain for 4s + B corresponding to A. Now for each 3,,
k=1, ..., m, there are Jordan chains u?(A,, h),p =1, ..., 04h), h = 1,
..., 7y such that g,(1) + .-+ + gx(r;) = g, which constitute a basis for
the generalized eigenspace of j corresponding to 4,. Moreover, the set of
r vectors made up of all these chains (for all 4,) forms a basis for C”. The
vectors £2(A,, h) = Xu?(A,, h) form Jordan chains for As + B having prop-
erty a). The total collection also has property b) since the columns of X,
being a basis for the range of Py, are linearly independent. Also c) is valid
since the r vectors £2(4,, h) are in the range of P, which has dimension r.

When r < n, then the range of P, is determined by the Jordan chains of
As + B corresponding to 0.

THEOREM 4.2. Suppose A(s) = det(4As + B) # 0 and r = deg A(s) < n.
Then there is a set of Jordan chains for As + B corresponding to
which forms a basis for the range of P;.

Proor. From (3.34) an-(3.41) we get
B(Qy + Q_1))(4s + B)Y = BY(l,-, — sa).

Since Y = PlY = Q__IBY, QOAQ—I = 0 and QOBQ—I = _Q].AQ—I = 0,
this may be written as (4s + B)Y = BY(I — sa). Hence

4.9) AY = —BYa.

All eigenvalues of « are zero since « is nilpotent. If ¥1, ..., vve C* " is
a Jordan chain for «, then

(4.10) avl =0, vI#0

and

4.11) av? = vyl p=2...,0.

Define &1, ..., &7 € C” by

4.12) & =Yv, p=1,...,0.

Then from (4.9)-(4.12) we get A8 = —BYav! = 0 and 4&? = — BYav?
= —B&rl p=2 ...,0. Thus &, ..., & is a Jordan chain for 4s + B
corresponding to co. Now there is a set of Jordan chains .v#(h) € C*,
p=1,...,0(),h=1,...,7, for a which forms a basis for C*7. The
corresponding set of Jordan chains &2(h) = Yv®W eCrr, p=1, ...,
oh), h=1, ..., 7, for As + B corresponding to oo has the property
claimed inasmuch as the columns of Y are a basis for the range of P;.

Theorems 4.1 and 4.2 assert that the ranges of P, and P; are spanned
by certain Jordan chains for 4s + B. The next theorem asserts that any
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Jordan chain for As + B must be in one of these spaces; thus the gener-
alized eigenspaces for As + B corresponding to the finite eigenvalues and
to oo give the direct sum decomposition of C» effected by the projections
P, 0 and P 1-

THEOREM 4.3. If £1, ..., &% is a Jordan chain for As + B corresponding
to the eigenvalue 2 € C (to ), then Pyt = &(P& = &),i=1,...,0.

ProOF. Suppose first that (4.1) and (4.2) hold. Multiplication of these
by O = Q_1BQ_, yields

(4.13) Pl = —AQ_14)P;&!
(4.14) P&t = —NQ_1A)Pi§? — Q1APEPL,  p=2,...,0.

Repeated substitution into the right side of (4.13) gives P;&l = 0O since
(Q_14)* = 0. Proceeding inductively using (4.14), we conclude that P1§ =
0,i=1,...,0,s0 Py = & as claimed. In the alternative case equations
(4.3) and (4.4) hold. Multiplication of these by Qy = Q,4Q, gives P&l =
0, Ppe? = —QuBPyEr1,p =2, ..., 0. Itfollows inductively that Py = 0,
i=1,...,0, whence P& = & as claimed.

REMARK 4.1. Theorems 4.1-4.3 generalize some of the relations in
Lemma 2.1 of Wong [10] for the case m = n. The matrices T and S in
Wong’s notation are our 4 and B; his space H| is the range of our Py; his
P and U are our P, and B, respectively.

The linear independence property stated in b) of Theorem 4.1 follows
from a seemingly weaker property. In the first place, the Jordan chains
ub(A4, ), p =1, ..., o(h) corresponding to different eigenvalues are
necessarily linearly independent. Secondly, for each k the Jordan chains
ub(A,, h),p=1,...,0ih),h=1, ..., 1, form a linearly independent set
provided the initial vectors ui(4,, 4), h = 1, ..., 7,, are linearly independ-
ent. These properties are inherited by the Jordan chains £2(4,, k), p = 1,
..., oi(h), for As + B corresponding to the finite eigenvalues A, and a
like property holds for those chains corresponding to co. Accordingly, we
introduce the following definition.

DEFINITION 4.2. Suppose 4(s) = det(4s + B) # 0 and that 4, ...,
An € C are the distinct eigenvalues of 4s + B with multiplicities z;, ...,
Um The Jordan chains &(A,, h), i=1, ..., guh), h=1, ..., 7, for
As + B corresponding to A,, k = 1, ..., m, will be called a complete set
of finite-value chains for 4s + B if property a) of Theorem 4.1 holds (that
is, o (1) + -+ +ox(z) = pupk=1,...,m)and foreachk = 1, ..., m,
the initial vectors £1(4,, h), h = 1, ..., t,, are linearly independent. The
Jordan chains &(h), i=1, ..., 0(h), h =1, ..., 7, for As + B corres-
ponding to oo will be called a complete set of co-value chains for As + B
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o)) + ... +a(t)=n—rwherer =y + --- + p, and £(1), ...,
;@(") are linearly independent.

T_'heorem 4.1 asserts the existence of a complete set of finite-value Jordan
for As + B which form a basis for the range of Py. Theorem 4.2
the existence of a complete set of co-value chains which form a basis

for the range of P;. From such complete sets one can construct Py and P;.
, each vector in C* is the sum of a unique vector in the range of P,
2 unique vector in the range of P,. Since P, + P, = I, for any j the
j;h Columns of P, and P, are determined uniquely by this decomposition
the j-th column of 7. From a complete collection of finite-value Jordan

;?ins ;'or As + B one also obtains a basis for the solution space of 4% +
=

THEOREM 4.4, Suppose A(s) = det(4s + B) # O and that
“1s) EQuh),i=1, ... h=1,.. ,t5k=1,...,m,
:;.“tco"'PIete set of finite-value Jordan chains for As + B. Then the functions

@.16) x(t; i, k, B) = gﬁ"e“‘?"@b k)

;i"’ i k. h ranging as in (4.15) form a basis forthe soluton space of A +
=

« PR00r. Using (4.1) and (4.2), one can readily verify that x(t; i, k, ) is
@1 of Ax + Bx = 0. There are r = deg 4(s) solutions given in
N'ot:) and the dimension of the solution space of A% + Bx =0 is r.
of that x(0; i, k, b) = &(A,, k), so any { = P is a linear combination
e ; vectors x(0; i, k, h). The same linear combination of the solutions
> b k&, b) gives the solution x(f) such that x(0) = {. Thus the set of

of 4. b8 in (4.16) is a spanning set and hence a basis for the solution space
)

W? now indicate how Theorems 4.1 and 4.4 can be used to analyze the
“101 space of

f""’ (AD¢ + --- + AD + Ay =g (D = dldp)
:o::‘chthe‘{,aren x n matrices over C and y and g are C"-valued func-
(An interesting application of systems (4.17) is given in [2].) The
:‘;‘1'8 We obtain in the homogeneous case, g = 0, are the same as given
S] where it was assumed that A, is non-singular. The more general case

in [6] using the Smith normal form of the polynomial matrix

(“8) Cis)=As1 + -+ + Ass + Ay, seC.
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We give an alternative treatment here.
We will say the system (4.17) is regular if A(s) = det C(s) # 0. The
system (4.17) is equivalent to the first order system

4.19) Ax + Bx =f
in which x and f are the ng x 1 vector functions
-y - -0
Dy :
(4.20) x=| . , f=1"
: 0
_ D1y . g
and A4 and B are the ng x ng matrices
I ... 0 0] 0 -1 --- 07
“4.21) A=| - SR B=| - - : :
0 .-- 10 o 0 ... —JI
0 -+ 0 4, | | Ag Ay -+ A

Note that det 4 = det 4,, so A4 is singular if and only if 4, is singular.
From the form of 4 and B in (4.21) one can verify that

0 -I--- 0 I 0 0 07
( : o -sI I --- 0 O
4.22) As + B = . . . .
0 0 o —] O —'SI e 0 0
_Co(s) Co(s) - -+ Cpa(® ]| = Lo
. 0 0 .--—sIT_

where Cy(s) = 4, + Apas+ -+ + A;s7%, k=0,1, ..., ¢ — 1. Noting
that Cy(s) = C(s), we easily get from (4.22) that

(4.23) det(4s + B) = det C(s).

Hence (4.17) is regular if and only if (4.19) is regular.

The dimension of the solution space of Ax + Bx = 0 is the degree of
det(4s + B) by Theorem 3.3. Since the relation (4.20) sets up a one-to-
one linear correspondence between the solution spaces of (4.17) and (4.19),
it is clear from (4.23) that the dimension of the solution space of (4.17)
in the homogeneous case, g = 0, equals the degree of detC(s). This fact
is known as Chrystal’s Theorem (see, for example, [3] or p. 327 of [6]).

A basis for the solution space of (4.17) when g = 0 can be obtained
from the Jordan chains for C(s).

DEerFINITION 4.3. Given the n x n matrices in (4.18) suppose that
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det C(s) # 0. Let 4y, . . ., 4,,€ C be the distinct zeros of det C(s) with mul-
tiplicities y;, ..., u,, respectively. The vectors 7(A;, h), i =1, .. ., g,(h),
form a Jordan chain for C(s) corresponding to 4, if 71(4,, #) # 0 and

p-1 . .
@29 THCOWP R =0, p=1,.... o),

where C%(s) is the i-th derivative of C(s). A collection of such chains,
h=1,...,7, k=1, ..., m is complete if

a) for each k, the vectors 9'(4,, ), h = 1, ..., 7, are linearly independ-
ent, and

b)foreachk =1, ..., m,

(425) O'k(l) + .- + a,,(lk) = Up-

We sketch now how the existence of such a complete set follows from
our Theorem 4.1. First note that (4.1) and (4.2) can be combined to a single
relation

(4.26) (A2 + B)§? + A§P1 =0, p=o,

with the requirement £! # 0 and the convention & = 0 for i < 0. In the
present context with 4 and B as in (4.21) we write £# € C™ in the form

&
4.27) gp=|:

&
with each &2 € C». The equation (4.26) is then equivalent to
(4.28) =22+ 8 j=1,.., k-1,
and
4.9) S At + AL + 6 = 0.

From (4.28) it follows inductively that

@30 &= g({)v—fe{—g j=0,1,..., g1
Using this with j = ¢ — 1, we also obtain

(431) 2+ &t = Y aiE

With (4.30) and (4.31) we see that (4.29) is then equivalent to

q J

5 SOV =0
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which in turn may be written as
g . .
a%owwea

This is the form (4.24) inasmuch as & = 0 for i < 0.

We see then that a Jordan chain &1, . . ., &2 € C# for As + B correspond-
ing to A determines a Jordan chain p? = §&eC”, p =1, ..., g, for C(s)
corresponding to A. From (4.30) we have £}, = A/&}]. It follows that if
e, h,p=1,...,0Mh), h=1, ..., 7, is a set of Jordan chains for
As + B corresponding to A such that £1(4, 1), ..., (4, 7) are linearly
independent, then for the related Jordan chains for C(s) given by »2(4, h)
= &&(2, k) the initial vectors (4, 1), .. ., p!(4, 7) are linearly independent.

Using the relation (4.20) and the result in Theorem 4.4, we easily get the
following theorem.

THEOREM 4.5. Suppose det C(s) # 0 and that (A, h), i = 1, ..., g(h),
h=1,...,%, k=1, ..., m is a complete set of Jordan chains for C(s).
Then the functions of t given by

(432 w5 i, ky By = 52 Lyereyina, ),

with i, k, h ranging as above, form a basis for the solution space of (4.17)
when g = 0.

" 5. As noted in §1, if (1.1) is regular and the Laplace transforms % and
f exist and e~s%(t) — 0 as ¢t — oo for sufficiently large Re(s), then

5.1 %(s) = (s4 + B) Y f(s) + AQ)

with { = x(0). In (2.2)-(2.4) we gave a representation for (s4 + B)7L
If we substitute for Q_, and Q, using (2.14) and (2.15), we find

(5-2) (s4 + B) 1 = (I + sQ_14)7'Q_; + (s] + QyB)™1Qg

since Q_;4 is nilpotent by (2.16). The representation (5.2) is valid for
Is| > 1/ and hence, by analytic continuation, for all finite s except where
sI + QB is singular. Substituting from (5.2) into (5.1), we find that

#(s) = (I + sQ14)70_4(f(s) + A)
+ (I + QoB)1Q)(f (s) + AD).
Regardless of , the second term on the right in (5.3) is the Laplace trans-
form of u(t) as defined in (3.15). The first term must then be the transform
of v(¢) as defined in (3.16).

Let us now adopt the point of view in [9] and ask the question: For what
vectors { is the right hand side of (5.3) the Laplace transform of a function

(5.3)
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x, and is such a function a solution of (1.1)? It is clear that not all { are
permissible inasmuch as the expression (7 + sQ_14)"1Q_ AL (corre-
sponding to the homogeneous case f(¢) = 0) is a polynomial and would
not be the Laplace transform of a function unless it were identically zero.

We now impose the assumption that the derivatives f® are continuous
on[0, ),k =0,1,...,p—1,and

(5.4 |f®() < Kert, t20,k=0,1,...,u—1,

for some real constants K, y with K > 0. Here |-| denotes some norm on
n x 1 vectors. Then by a standard result for Laplace transforms we have
fork=0,1,..., u — 1, where ¥g = g,

.5 st f(s) = LfO(s) + ’ishﬂﬂ—n(m,
h=

(the sum being zero for k = 0) and, moreover,
(5.6) Lf®(s) - 0 as Re(s) - + 0.
Using (5.5), we have

(U + 5014701 1) = 5 (~ 014V Q-1 219(s)

—1 f—

+ /2 Z:: (— Q_1A)*Q_;sk fE&HD(0)

k=1 h=

since (Q_;A4)* = 0 for k = p. Interchanging the order of summation
in the double sum and combining the result with the polynomial
(I + sQ_1A)71Q_; A, we find

( + 501 4)7Q_1(f(s) + 4D)
(5.7 = :Z;;:(—Q.IA)"’Q_l LFW(s)

= 5 1= QP C — 5 (01400 1/90) |

The sum on k in (5.7) is the Laplace transform of v(¢) as defined in (3.16)
and tends to 0 as Re(s) — + co. The sum on 4 is a polynomial and hence
not the Laplace transform of a function unless it is identically zero.
Clearly this polynomial is identically zero if and only if

4=l . ;
59 0-14[C — 5 (= 01i0179(0) | = 0.
=
THEOREM 5.1. Suppose A is singular, that (1.1) is regular, that f® is

continuous on [0, ) fork =0, 1, ..., u — 1, that (5.4) holds and C € C».
Then %(s) defined in (5.1) is the Laplace transform of a function x(t) if and
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only if T satisfies (5.8). If T satisfies (5.8), then the corresponding function
x(t) is a solution of (1.1) and

(5.9) x(0) = P + v(0)

where v is defined in (3.16). Moreover, every solution of (1.1) is obtained
from the Laplace transform x(s) for some T satisfying (5.8).

Proor. From the development preceding the statement of the theorem
it should be clear that %(s) given in (5.1) is the Laplace transform of a
function if and only if { satisfies (5.8). Moreover, if  satisfies (5.8), then
%(s) is the Laplace transform of x(¢) = u(¢) + v(¢) where u(z) and v(¢) are
defined in (3:15) and (3.16). But then u(¢) = Pyx(t) and v(¢) = Pyx(¢) and
it follows from Lemmas 3.1-3.3 that x satisfies (1.1). Moreover, then
x(0) = u(0) + v(0) = PL + v(0) by (3.15). Finally, suppose x(z) is a
solution of (1.1) and let { = x(0). By Theorem 3.1 we have then that
P, = v(0) where v is given in (3.16). But then { = Pl+ Pl = P +
v(0) and since Q_;APy = Q_;A0,4 = 0 by (2.10) we see that { =
satisfies (5.8).

REMARK 5.1. The conclusion in Theorem 5.1 is trivially true when A4 is
nonsingular since then Py = I, @_; = 0 and v(¢) = 0, the sum in (3.16)
being vacuous in this instance. The utility of Theorem 5.1 is that one may
employ Laplace transform methods formally for a regular system and
compute the transforms of solutions without explicitly computing Q_;
and Q,: one merely needs to choose { so as to assure

(5.10) lim %) = 0,
Re(s)—+oo0

which is equivalent to (5.8) when f satisfies (5.4). Since sx(s) — x(0) =
Zx'(s), then if f also satisfies (5.4) with k = y, we may use the fact that
ZLx'(s) - 0 as Re(s) = + oo to replace (5.9) by

(5.11) x(0) = lim sx(s)
Re(s)~+o0

for the { determined by (5.10).
To illustrate we consider the system

X1 — X+ X2=fy
(5.12) X1+ X + X3 =f;
X1 + 2x5 + X3 = fs.
We suppose f satisfies (5.4) for k = 0, 1. By an elementary calculation we
find for %(s) as given in (5.1) that
—5+2 ~s+1 s—1 [ +4 -G
(5.13) i(s) =| —s+1 -5 ) )+ L+ G
s—2/s s+1 —s=1+1/s]| fs(s) + & + T
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Note that in (5.13) the terms in s multiplying {;, {; and {3 are identically
zero. Thus, since s f(s) — f(0) as Re(s) » + oo equation (5.10) becomes

-1 -1 1 2 1 -1, - &
(5.19) -1 -1 1{f(0) +|1 0 0|2+ | =0.
1 1 -1 0 1 =15+ 3
This is equivalent to the one condition
(5.15) G — G2 = £10) + £0) — fx0)

from which we see that we may choose {, and {3 arbitrarily and determine
{, by (5.15). Condition (5.14), in effect, reduces (5.13) to

[—1 -1 17 2 1 -1
is)=| -1 -1 1|f'(s) + |1 0 0 [f(s)
! 1 —1] 0 1 -1
(5.16) - o 0 0
+| O 0 0 [(f(s) + 4D).
| —2/s 0 1/s |

We may now read off the solutions of (5.12) from (5.16). Thus

-1 =1 1 2 1 -1
x(t)=|—-1 -1 L1f'@®)+|1 0 0[f(®
517 ! 1 -1 0 1 -1
"0 0 0
+ 0 o o I;f(a)da+A§>.
-2 0 1

The initial value x(0) may be obtained from (5.16) using (5.11) or directly
from (5.17). Thus '

-1 -1 1 2 1 -1
x0) =|-1 -1 1lf/@+|1 o 0|£(0)
1 1 -1 o 1 -1
(5.18) "0 0 o
+| 0 o ol
-2 0 1

From this we see that x;(0) and x,(0) are determined completely by f(0)
and f’(0). However, using (5.15) and letting ¢ = J + {3, we get x3(0) =
f1(0) + f20) — f3(0) — f1(0) + c. Here c is completely arbitrary. Note
that if f(¢) = 0, then from (5.18) we find xy(¢) = 0, x5(¢) = 0, x3(¢) = c.
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This defines a one-dimensional space in keeping with the fact that in this
example det(s4 + B) = —s is of degree one.

The Laplace transform technique can be applied to regular systems
(4.17) of higher order than the first. Using the relationship to the cor-
responding first order system

(5.19) Ax + Bx = f(t)
with 4 and Basin (4.21) and fas in (4.20), we prove the following theorem.

THEOREM 5.2. Suppose that (4.17) is regular, that g'® is continuous on
[0, c0) and

(5.20) lg®@)| < Ker, 120, k=0,1,...,nq,
Jfor some real constants K, y with K > 0. For {? e C*,j =1, ..., q, let
(5:21) () = CECUDED + ++ - + CYNCD + §(s)]

where C(s) is defined below (4.22) and C(s) = A,. Then j(s) is the Laplace
transform of a function y(t) if and only if LV, ..., §@ satisfy the conditions
(5.22) lim j(s) =0

Re(s)—>+o0

(523)  lim l:s"j)(s) — ¥ sk-fc<f>:| -0, k=1,...,9—L

Re(s)—>+c0 =1

If Lo, ..., L@ satisfy (5.22) and (5.23), then the corresponding function
y(¢) is a solution of (4.17) and

(5.29) yor0) =g, j=1,...,9-1,
(5.25) y@D©O) = lim [sqji(s) -5 sq'iC(f)}
Re(s)—>+oo =1
PRrROOF. Define the ng x 1 vector
C(l)
c=|
C(q)

From the form of A4 given in (4.21) and of f given in (4.20) the expression

#(s) = (s4 + B)"Y(f(s) + AQ) can be computed using (4.22). After multi-
plying by the second factor in (4.22), one finds that

- I 0--- 0 O

-sI I--- 0 O

x(s)

(5.26) 0 0. —s I |
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[ C()TICY6) -+ CECals) ClTV|T Lo - T
.y e 0 0 .
- C(.;—l)
_ 0 s -1 0 J g®H+A4L9 |.
If we let
$1(s)
) =| :
Be(9)

where each ¢;(s) is n x 1, then (5.26) implies

&1(s) = J(s)
P2(s) = spy(s) — TP

(5.27)
$05) = 5Byr(s) — LD,
Hence
- 9(s) .
$5(6) — L
(5.28) #(s) = | 529(s) — sV — @
_S"*IJ'/(S; — 57D — - gD |

Now appealing to Theorem 5.1, we see that %(s) is the transform of a
function if and only if the corresponding condition (5.8) is satisfied. As
indicated in Remark 5.1, this is equivalent to (5.10) so we get conditions
(5.22) and (5.23) in view of (5.28). If these hold, then x(¢) is a solution of
(5.19) which implies y is a solution of (4.13). To get (5.24) and (5.25) we
apply (5.11) to %(s) in (5.28). From (5.27) and (5.22) we see that s¢(s) =
Gir1(s) + L9 - T asRe(s) > +oo forj=1, ..., 9 — 1. But s¢(s) —
y%~1(0) in view of (5.11) and the form of x in (4.20), so we get relations
(5.24). Also

5@,(s) = s99(s) — qi‘f'l STILD - yaD (0)
=
as Re(s) - + oo and this is (5.25).
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